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Non-tipping Tube in Quiescent Water Based on
Static Moment Equilibrium

ABSTRACT |

In mechanics and engineering applications, the study of rigid body stability holds significant importance.
The method of static moment equilibrium is a critical tool for analyzing the stability of rigid bodies. In this
paper, a simple and practical non-tipping tube device is constructed, which can maintain balance in
guiescent water even under horizontal external force. The functional relationship between the inclination
angle of the tube and the external force was obtained through theoretical analysis, and the experimental
data modified the theoretical model. The device can detect external force up to 4.11+0.04 N (P=0.95).
This intuitive experimental device has potential applications in physics teaching and the fields of wind
detection engineering.
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1. INTRODUCTION

Stability is a common phenomenon in nature, for example, a small ball would maintain stability at the center of a bowl in
the absence of external forces, and a tumbler toy would remain upright when placed on a horizontal table [1,2]. The
investigation of the factors contributing to the stability of these objects has significantly advanced the progress and
utilization of mechanics (e.g., [3-5]). Simultaneously, the recent surge in machine learning has significantly enriched the
research work in the field of mechanics[6, 7]. The equilibrium characteristics of a mechanical system can be analyzed
based on the principle of minimum potential energy [8-9].

The non-tipping tube is a classical system equilibrium problem that has attracted the attention of numerous researchers
[10-11], and references therein. The equilibrium characteristics of the device can be briefly analyzed by using the
knowledge of static moment equilibrium of rigid body mechanics (e.g., [12-13]). This type of research may possess
practical application value in areas such as bioengineering [14], textile engineering [15], ocean engineering design [16-
17], and so on. Simultaneously, by investigating this issue, we can further enhance our comprehension of the mechanical
equilibrium problem, which holds a certain reference value in physics teaching.

In this paper, a non-tipping tube device is designed, which can be capable of maintaining balance and stability in
quiescent water under horizontal external force. The device enables real-time monitoring of the inclination angle through a
wireless three-axis sensor in the tube. The buoyancy center can be adjusted via tube immersion ratio in water. The
gravitational torque, buoyant torque, water plane restoring torque, and external force torque can be discussed through the
analysis of the rigid body model. Finally, a quantitative functional relationship between external force and the inclination
angle is established, which is further modified and verified through experiments.

2. METHODOLOGY

2.1 Experimental Apparatus

Experimental instruments: Bombo STEAM programming robot ET841, water, large sink, plastic tube, 3-axis wireless
inclinometer sensor, NaCl crystals, vernier caliper, glue gun, glue, high strength thin wire, rubber band, sealing ring,
sealing cover, raw material belt, high precision electronic balance, spring dynamometer.

2.2 Static Moment Equilibrium Fundamentals



Figure 1 shows the schematic diagram of the non-tipping tube device. The tube can be treated as a rigid tube with its
bottom end fixed at the hinge point by the high-strength thin wire and glue. Therefore, it can rotate around the hinge point
O in the vertical plane. As shown in Fig. 1, The center of gravity of the hollow tube will be toward the bottom once a
specific quantity of NaCl crystals has been introduced. Notice that the direction of gravity always acts vertically downward,
while the direction of buoyancy always acts vertically upward. When the tube is subjected to horizontal external, as shown

in Fig.1, it will induce a specific inclination angle, leading to the generation of gravitational torque (M—ngxé), buoyant

torque (M—b =Fbeb), external torque (M—ezaxE), and water plane restoring torque (Wm ). The four torques can achieve

static moment equilibrium at the hinge point O , thereby ensuring the stability of the tube. As the external force increases,
the angle of the tube will further increase, leading to a higher immersion ratio of the tube in the water. Hence, the
buoyancy is enhanced, leading to a significant increase in the buoyant torque. Meanwhile, the external force on the tube
is mitigated by reducing the exposed area, resulting in increased stability of the tube.
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Fig.1l. Schematic diagram of the non-tipping tube device.

2.3 Theoretical Analysis of Static Moment Equilibrium

As shown in Figure 1, the length of the tube is denoted as L , and the submerged length of the tube in a vertical position
is denoted as h . When the tube is at an angle of &, the buoyancy of the tube in water is F, = pgV = pgAhseco, where A

represents the tube cross-section area and p represents the density of the water. Mathematically, the water plane

restoring torque (M,, ) is generated by the couple moment generated by both the positive buoyancy force of the

submerged wedge (V. ) and the negative buoyancy force of the emerged wedge (V_) [18-19], as illustrated in Fig. 1, and
can be formulated as

M,, = pgl,sin 6?(1+%tan2 0)

zD* . . . . . .
where 1, = va is the second moment of the tube’s cross-section area, in which D is the diameter of the tube. Analyzing

the resultant torque on the tube, we define that its positive direction is perpendicular to the plane of the paper and points
to it. Thus,
M =M +M, +M,, +M,

=1, xG+LxF+M, +I,xF,
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When the tube is stabilized, the net torque acting on it becomes zero. The above formula can be simplified as follows.
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Hence, the external force Fe can be expressed as follows.
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Equation (1) represents the theoretical functional correlation between the horizontal external force Fe and the inclination
angle @ of the non-tipping tube device. The other measured parameters, D=43.00 mm, L=250.0 mm, h=125.0 mm,
poAn® _pgrD* _1G

2L 64L L
while taking g = 9.807 m/s2and p=0.9972x10° kg/m*. It can be derived that a=0.4438 N, b=0.0066 N and ¢=0.2237 N.
Therefore, by substituting the values of a, b and ¢ into equation (1),

F, = 0.4438tan @sec’ 6+ 0.0066 tan O(1+ % tan® @) —0.2237tan & )

I, = 630mm, A=1452.2 mm?and G =0.8878 N , are substituted into the expressions for a =

(a) (b) *°[
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Fig. 2. (a) Theoretical curve of the horizontal external force versus the inclination angle. (b) The enlargement
figure of the gray area in (a).

The theoretical function image of Fe versus @ is shown in Fig. 2 (a). As depicted in the figure, the static moment

equilibrium of the device exhibits half of a typical Pitchfork bifurcation diagram [20]. When considering the Fe in the

opposite direction, it would form a complete Pitchfork bifurcation diagram. The gray area is the theoretical measurable
area, and the maximum inclination angle @ is up to 60 degrees (1.05 rad). Since the tube would be completely
submerged in water without being affected by the external while @ is more than 1.05 rad, which makes the tube device
equipped with self-protection capabilities in super windy conditions. Figure 2(b) is an enlarged view of the gray area in Fig.

2(a). It can be seen from Fig. 2(b) when the tube is initially in a vertical state, even a weak F, can cause a noticeable & .
When the inclination angle & exceeds 0.8 radians, the & increases slowly with the rising.

A new physical quantity S (N/rad) is then defined to characterize the stability of the non-tipping tube at any given
inclination angle @ . The value of S can be derived by taking the first derivative of the function Fe with respect to the

variable @, expressingas S = (;Fg

. Hence,
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Fig. 3. Variation of theoretical stability with tube inclination angle.

The stability of the non-tipping tube S versus & is shown in the above Fig. 3. It is evident that as the & of the tube
increases, so does the stability S, indicating a higher level of tube stability and increased external force resistance, i.e.,

the sensitivity of the & diminishes as Fe fluctuates. On the contrary, when the tube is vertical or less than 0.6 radians,

even a slight force disturbance will result in a significant increase in tube inclination, as confirmed by the subsequent
experiments.

2.4 Device Preparation

1)The plastic tube, sealing ring, and sealing cover were designed by the Bombo STEAM programmed robot ET841 and
made by a plastics company.

2)Using a vernier caliper to measure the length L=250.0+0.08 mm (P=0.68) and the diameter D=43.0+0.02 mm (P=0.68)
of the tube. See Supplemental material part 1 for calculation and analysis of measurement uncertainty.

3)Seal the bottom of the plastic hollow tube with a sealing cover by a glue gun and fix a high-strength short thin wire in the
center of the bottom. Then, wrap the raw material belt around the bottom sealing ring for secondary sealing to enhance
the sealing effectiveness.

4)Place a thin layer of NaCl crystals in the tube, followed by positioning a 3-axis wireless inclinometer sensor horizontally
as shown in the Fig. 4(a). The wireless sensor is connected to the computer via Bluetooth and is capable of real-time
recording of current 3D angle information, as depicted in Fig. 4(b). Then, add an appropriate amount of NaCl crystals to
fully cover the sensor and use a sealing ring to compact the crystals, ensuring a horizontal solid layer. Record the
thickness of the solid layer for consistency in future experiments, and finally cover the top of the tube with another sealing
ring with a thin wire in the center.
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Fig. 4. (a) The interior diagram of the tube. (b)The computer displays real-time 3D angle information from the
sensor.

5)Using a high-precision electronic balance to weigh the mass of the entire tube m=90.53+0.02 g (P=0.68).

6)The center of gravity position of the entire tube is determined by using the suspension method with only a rubber band,
thus measuring re=63.00+£0.08 mm (P=0.68). The NaCl-air ratio in the tube allows for handy adjustment of the center of
gravity.

7)Hang the short thin wire from the bottom of the tube onto the chuck attached to the base of the large sink. Make sure
that the wire is as short as possible to ensure that the hinge point O of the tube remains unchanged.

8)Start adding water to the large sink until the tube can stand vertically, then add a 1-2 cm layer of water to enhance
stability. Hence, the buoyancy center can be conveniently adjusted by the sinking degree of the tube in the water. Gently
push the tube, it should quickly return to its vertical position.

2.5 Experimental Procedures

1)The length of the tube immersed in water is measured to be h=125.0+0.1 mm (P=0.68), and the distance between the

center of buoyancy and the hinge point O can be calculated as r, =

h 5 as depicted in Fig. 1.
2)After stabilizing the tube vertically, a spring dynamometer with an accuracy of 0.02 N is attached to the thin wire at the
top. The tube is then pulled horizontally to record the sensor's inclination data @ under different tension forces until it is

almost completely submerged in water. The tension force here is designed equivalent to the horizontal external force Fe.

The experiment was repeated 3 times to minimize measurement error and enhance data accuracy. The experiment data
are shown in Table 1. in the RESULTS AND DISCUSSION part.

3)Analyze the data between Fe and inclination angle @ in step 2) to revise equation (1). More information of experimental
conditions and precautions can be found in Supplemental material part 2.

3. RESULTS AND DISCUSSION
The data obtained by step 2) of 2.5 are as follows:

Table 1. Corresponding data of horizontal tension force and inclination angle

FN) 0 004 006 008 010 012 016 020 024 028 032 038
0)(rad) 0.00 039 042 046 048 050 054 058 061 063 066 069
0,(rad) 000 033 040 043 045 049 053 057 060 063 064 067
O(rad) 000 032 038 043 045 049 054 057 060 063 065 068
o(ad) 0 035 04 044 046 049 054 057 061 063 065 068

F(N) 044 o050 056 062 072 08 092 102 132 152 172 202
0 (rad) 071 073 075 077 079 08 085 08 08 090 091 093
0,(rad) 069 073 074 076 078 080 083 085 08 091 092 0093
Os(rad) 070 072 074 076 078 081 083 084 089 091 093 0093
o(ad) 070 073 o074 076 078 08l 083 085 08 090 092 0.93

Table 1 gives the experimental data of horizontal external force F, and the tube inclination @ . All data are deducted from

background errors. The @ in chart represents the mean value of three measurements of & to minimize measurement
error. The data of @ were plotted in the Fig. 5 as red solid points. Based on the obtained theoretical equation (2), actual
measurements and other potential factors may result in certain variations in the values of a and c . The magnitude of b is
approximately two orders of magnitude smaller than that of a and c, thus the impact of changes in b can be disregarded.



Therefore, two parameters A and C can be introduced for fitting adjustments to the values a andc . Therefore, the
equation

F, = (0.4438+ A) tan @sec? 8+ 0.0066 tan &(1+ %tan2 6)—(0.2237+C)tan @
was utilized to fit the experimental data points in Fig. 5. The Levenberg-Marquardt algorithm was employed to obtain the

fitting results, as depicted by the red fitting curve in Fig. 5. The red curve represents the actual experimental function of Fe
and 6.
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Fig. 5. The actual relationship between the horizontal external force and the tube inclination angle.

It can be seen from Fig. 5 that the data can perform very good fitting. The Adjusted R-Square is 0.99283, indicating that

the function model has high accuracy. From Fig.5, the red curve indicates that the maximum Fe value can reach the upper
limit of 4.11 N with uncertainty of £0.04 N (P=0.95) according to analysis of synthetic uncertainty in the Supplemental
material part 1. The values of A and C in the fitting function, as shown in the Fig. 5, are determined to be 0.3427 and
0.6239 respectively. Therefore, it can be concluded that the actual experimental function image satisfies the following
equation (4).

F, =0.7865tan &sec? 6+ 0.0066 tan 49(1+%tan2 0)—0.8476tan (4)

To ensure the validity of the experiment and the reliability of equation (4), a double-blind verification was carried out. After
applying a force of 1 N, the experiment yielded an inclination measurement of 47.80 degrees, while the calculation from
equation (4) resulted in an inclination of 0.83 radians (47.73 degrees), demonstrating the high reliability of the equation.

Simultaneously, to contrast the disparity between the experimentally fitted curve and the theoretically calculated curve,
both are plotted in Fig. 5 for intuitive comparison. As depicted in the figure, for € less than 0.85 radians, the discrepancy

between the two curves is negligible. However, for & exceeding 0.85 radians, the experimental Fe surpasses the

theoretical calculation value. The primary factor for this phenomenon is that when the & exceeds 0.85 radians, the hinge
point O ceases to remain stationary and undergoes a slight displacement. This slight displacement will cause the tube to

experience a counteracting force opposite to the direction of the Fe, resulting in a greater Fe than the theoretical value at
the same inclination. The revised values of A and C are large due to the same reason.
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Fig. 6. Theoretical and experimental inclination stability curves.

Furthermore, when comparing the stability of the two at any given inclination angle as depicted in Fig. 6, it is evident that
the actual tube exhibits a higher level of stability. The dynamic characteristics of the tube submerged in water are not
elaborated upon here, as this process entails surface wave disturbances, water turbulence, and other influencing factors.
Moreover, a more comprehensive simulation analysis is required involving fluid mechanics and aerodynamics [12, 20-21].

4. CONCLUSION

In this paper, a simple and practical non-tipping tube device is constructed based on the principle of static moment
equilibrium. The device can maintain balance in quiescent water even under horizontal external force. The tube allows for
handy adjustment of the center of gravity and the buoyancy center, with the inclination angle recorded by the three-axis

sensor in the tube. The angle of the vertical tube & will increase with the horizontal external force Fe, and as the @

increases, the tube exhibits greater stability. This result is supported by both theoretical analysis and experimental data.
Meanwhile, the precise functional relationship equation (4) is derived from the theoretical analysis and modified by the
experimental data, which is confirmed by the double-blind verification. The device can detect external force up to
4.11+0.04 N (P=0.95). This intuitive experimental device can be used as a demonstration experiment for teachers to
expound the idea of static moment equilibrium and it has potential applications in the fields of wind detection engineering.
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