Enhanced Adomian Decomposition Method for
Accurate Numerical Solutions of PDE Systems

Abstract

This research addresses critical challenges in numerical solutions, which
are vital for various engineering and physical fields. The Modified Adomian
Decomposition Method (MADM) is proposed as a novel approach for solving
linear and nonlinear partial differential equations (PDEs). MADM builds upon
the Adomian Decomposition Method (ADM) by incorporating a new integral
operator that significantly improves convergence rates and accuracy.

Numerical examples demonstrate the effectiveness of MADM in handling
complex nonlinear PDEs. Compared to traditional ADM, MADM consistently
achieves more accurate and rapidly converging solutions. This enhancement
is attributed to the novel integral operator, which addresses the limitations of
ADM for intricate nonlinear problems.

The paper outlines the application of MADM, its solution procedure, and its
effectiveness through numerical examples. Comparisons with standard ADM
solutions and exact solutions validate MADM’s accuracy and superiority. The
results suggest that MADM is a promising tool for expanding the applicability
of Adomian methods in the field of solving PDEs.

keywords:Adomian decomposition method, system of PDEs, numerical
methods, accuracy, convergence, approximate solutions.
1 Introduction
Partial Differential Equations (PDEs) are indispensable tools for modeling di-

verse scientific and engineering phenomena. Accurately solving these equa-
tions is vital for predicting system behavior, optimizing designs, and analyzing
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experimental data [16, 17, 27]. Traditional methods, however, may not be suit-
able for all PDEs, especially nonlinear ones. This has led to the exploration of
alternative approaches [27], such as the well-established Adomian Decompo-
sition Method (ADM).

ADM addresses nonlinear PDEs by decomposing the solution into an infi-
nite series [1, 25]. Researchers have continuously explored modifications and
extensionsto ADM [2, 3, 5, 7, 11, 12, 13], broadening its applicability to various
types of differential equations [9, 14, 15, 20, 26] Recent advancements, includ-
ing the integration of integral transforms, have significantly enhanced ADM’s
capability to solve complex, higher-order, and fractional differential systems
[18, 23, 19]

This research introduces a novel approach, the Modified Adomian Decom-
position Method (MADM), which builds upon ADM. MADM incorporates a new
integral operator specifically [10, 4] designed to improve convergence and ac-
curacy for complex nonlinear problems. Numerical experiments demonstrate
MADM'’s superior performance in obtaining approximate solutions compared
to traditional methods. The potential applications of MADM in fields such as
fluid dynamics and heat transfer highlight its significance as a valuable tool for
computational mathematics.

The following sections provide a detailed explanation of ADM and MADM,
including their application to specific nonlinear PDEs. Numerical examples are
presented to showcase MADM'’s effectiveness in handling nonlinearities and
converging towards approximate solutions. The conclusion emphasizes the
potential benefits of MADM in solving complex nonlinear problems.

2 ADM and MADM for PDE system solutions

2.1 Analysis of ADM

The system of partial differential equations that will be studied in this section
takes the general form of:

ub(z, t) + N (w2, t) + Ni(ug, .o yum) = gi(z), i=1,2,....m. (2.1)
The initial conditions are given by
ui(z,0) = fi(z).
The equation (2.1) is equivalent to
Liui(z,t) + Ni(®)ui(x,t) + Ni(ug, ..oy um) = gi(z), i=1,2,...,m. (2.2)

where L; = % represents partial differential operators, R; and N; represent
linear and nonlinear operator respectively.

Applying the inverse operators L; () = fot() dt to system (2.2) and applying
beginning conditions, then

wi(x,t) = filx)+ L7 gi(x) =L N (8w (2, ) =L Ny (uas - .oy um),  i=1,2,...m.
(2.3)
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The Adomian decomposition method approach presupposes that the unknown
functions u;(z, t) can be written as an infinite series of the form

u;(x,t) :Zuﬁl(x,t), i=1,2,...,m. (2.4)
n=0
The nonlinear operator N;(ug, - ,uy,) is defined using Adomian polynomials.
Ni(ug,..um) =Y AL, i=1,2,...,m, (2.5)
n=0

where
A;: 3 [MNZ <Zulnﬂna~"vzumnﬂn>‘| , n=>0,
s H n=0 n=0 =0

is an Adomian polynomial that can be constructed for all forms of all nonlinear-
ity.
By (2.4) and (2.5) in (2.3) yields:

D up(w,t) = fi(@)+ L gi@)— L7
n=0

Ai(t) (Zoufl, cee Z{Ju?) ~L;! (ZOA;) .
B " (2.6)

Identifying the Zeroth component «! for all terms. The recurrence relations
can be used calculate the remaining components f; and g;, u¢,, n > 0 can be
determined by using the recurrence relations:

uhy = filz)+ L7 gi(x),

Ai(t) (iui,,iu?)} —L;l (i/ﬂl>7 1=1,2,....,m, n>0.
n=0 n=0 n=0

i _ -1
Uppr = —L;

2.2 Analysis of MADM

In order to solve a system (2.1) that matched the following conditions. We can
rewrite the system (2.1) as

ui(x, t)+ N(ui(x,t) = gi(x) — Ny(ug, ..., um), 1=1,2,...,m. (2.7)

We define the direct operator and its corresponding inverse operator as follows
L= e— I 2 dt%efm,(t) dt Li_l() — o= S N(t) at f()t e Xi(®) dt() dt
Therefore

Liui(z,t) = gi(z) — Ni(u1, ... um), i=1,2,...,m. (2.8)
Taking L; * of the two terms u} + \;(¢)u; in the equation (2.7), we get
t
L7 ) + Xt t) = e IO @ [N @00 A1)
JO

= wi(x,t) —ui(z,0)(0)D (1),
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where ®~1(t) = e~/ X(®dt  Applying the inverse operators to the equation
(2.8),we get

wi(z,t) = ug(x, 0)®(0)e~ S XM L [ =g (2) — L7Y(N;(ug, ... um).  (2.9)
The recursive relation is identified by:
uy = [fi(x)@(0)27 (1) + L7 gi(),

ul L, = —Li1<ZA;> i=1,2...,m.
n=0

3 Numerical Example

Example 3.1. Consider the system of nonlinear PDEs
Up + VpWy — VyWy +u = 0,
Ut F+ Wty + Wyty — v =0, (3.1)
Wi + UgVy + UyVy — w = 0.

With initial conditions

u(xﬂ y? 0) = e$+y7
v(w,y,0) =",
71‘+y.

w(z,y,0) =e
To solve the system by the proposed method, we well be using the following
direct and inverse operators Ly = e Jdt-deldt [, = el dtLe=[dt [ =
ef dt%e—fdt’
— _ t — _ — _
Lyt()=e o [yel 0dt, Ly () = el ¥ [y e T (dt, L1 () = el * [ e T() dt.
So we can write the equation (3.1) in the form

Li(u) = —(vpwy — vywy),
Ly (v) = —(wguy + wyuy), (3.2)
Ls(w) = —(ugvy + uyvy).

Taking the operator L1, Ly" and L3 for u, + u, vy — v, wy — w of the system
(3.1)
respectively, we obtain

¢
Lyt (ug +u) = eft/ ' (ug + u)dt
0

= u(x7y,t) - el‘-i-y—t?
t
Ly (v —v) = et/e_tv—vdt
2 ( t ) 0 ( t ) (3.3)
= U($7y7t) - emiert»
t
Lyt (wy —w) = et/ e H(wy — w)dt
0
= w(x,y,t) —e TV,
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Taking the operator L', Ly and L3 for equations of the system (3.2)
respectively, we obtain

U(SL’, Y, t) = e$+y—t - Lfl(vwwy - Uywl’)v
v(z,y,t) = Tyttt _ Lgl(wxuy + wys), (3.4)

w(x, Y, t) = e U L?Tl(umvy + uyvr)’

Using the formulae w = 77 qun, v =Y oo gv, @ndw = Y w, in equation
(3.4), yields
Sy =t L (Z A”) |
n=0 n=0
Z oy = 7TV LQ_1 (Z Bn) ) (3.9)
n=0 n=0
(o) o)
S uom i (S,
n=0 n=0

where A,,, B, C,, are the polynomials for the nonlinear expression
(VaWy — VyWg), (Watly + Wyty), (Uzvy + uyv,) respectively.
The general solution of the system is as follows

UO ($7 y? t) = 6I+y7t’

uk+1(:z:,t) = 7L1_1Ak = 0, k Z 0,

vo(@,y,t) = e®IH, (3.6)
Vps1(z,t) = —Ly "By =0, k>0, '
’U)o(l’, Y, t) = e—1+y+t’

Wit (x,y,t) = —L;lc’k =0, k>0.

The exact solution of the system is given by
(’LL, v, ’U)) = UO(Z‘, Y, t)) Uo(l’a Y, t)a Wo (l’, Y, t) = (ex+y_t7 em_y+ta e_x+y+t)'
That is closed solution [8, 16, 22].

Example 3.2. Consider system of linear partial differential equations of the
following form:
Ut —Vp — U+ V= —2,

(3.7)

Vg — Uy — U+ V=—2.

With initial conditions:
u(z,t) =1+ €7,

w(x,t) = —1+e".
The exact solution is as follows [14].
u(z,t) =1+ w(x,t) = -1+ ",

LetL, = efdt%e_fdt, Ly = e_fdt%efdt,
so L) =eld [fem S ()dt, Ly () = e S [} eS 4 ()dt.
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We can be written Eq.(3.7) as

Li(u) = =24+ v, — v,

Lo(v) = =24+ u; +u. (3:8)

Taking the operator L1*, Ly for u; — u, v; + v of the system (3.7)
respectively, we obtain

¢
Lyt (ug —u) = et/ e (ug — u)dt
0

= u— (et + "),

. (3.9)

Lyt (v +v) = e*t/ el (v + v)dt
0

= v—(—e e,

Taking the operator L7*, Ly for equations of the system (3.8)

respectively, we obtain
u(z,t) = e + e+ L7 (=2) + L7 (v, — v), (3.10)
v(z,t) = —et + e+ Ly (—2) + Ly (ug + ). .

The general solution of the system is as follows
up(z,t) = e’ + e + L7 (=2)
upy1(z,t) = L7 (vp, — k), k>0,
vo(z,t) = —e F + et 4 Ly (-2),
vk (w,t) = Ly (ug, +ug), k>0,

(3.11)

The first three solutions iterations are as follows
up = Tt — et 42,
vo=e""tret =2
3 1
Uy = get + §€_t -2,
3 1 (3.12)

v = —§e_t - §et +2,

1 5 3
Ug = itet — Zet - ze_t +2,
5 3
—e Tt Zet — 2.

—lt —t4
2T ate Ty 4

Summing the above iterations yields

1 1 3
w(w,t) =up+ur+ug+--=e"T— et 4 —tel — Zef + 2+
4 2 4 (3.13)

, 1, 1 3
v(m,t)=vo+v1+v2+~-~=e”‘t+iet+§te‘t+1e‘t—2+~--
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(a) u(exact) (b) u(ADM) (c) u(MADM)

(d) v(exact) (e) v(ADM) (f) v(MADM)

Figure 1: 3D plots of the exact solution and 3-approximate solutions of the ADM
and MADM for Example(3.2)

Which are the series of the approximate solution for u(x,t)and v(x,t) given

using MADM. And
The series of the approximate solution for u(x,t)and v(x,t) which are given

using ADM as
T T 12m
w(z,t) =ug+ur +uz+---=1+e"+te® + —t%e" +---
2
1 (3.14)
v(x,t):vo+v1+v2+---:—1+e“7+te“’+§t2em+-~-
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Example 3.3. Consider the coupled system of nonlinear partial differential
equations of the following form:

Uy + Wiy — au = 3, (3.15)

Wy — UW, + aw = G.

With initial conditions:
u(z,t) = e’?,

w(z,t) =e P2
The exact solution is as follows ([8],[16]).
u(z,t) = efrtat,
w(z,t) = e Pr—at
where o and 3 are constants.
To utilize the proposed technique, we start with this system representation:

Liu = 8 — wuy,

3.16
L2w:ﬁ+uww7 ( )

where L, = e adtd%ef 7adt’ Loy = e~ Ja dt%ef adt,

SOLl_l() —efaadt fotef—a dt()dt, L;l() — e Jadt fotefa dt() dt

Using the inverse integration operator L;*, Ly* for uy — au, w; + aw of the
system (3.15) respectively, possible to get

¢
Ly (ug — au) = e“t/ e~ (uy — au) dt = u — ePrrot,
; (3.17)
Lyt (wy + aw) = e_at/ e (wy + aw) dt = w — e Prot,
0

Using the inverse integration operator L, Ly ' for the equations of the
system (3.16) respectively, we get

u(z,t) = ebetat 4 Ll_l(ﬁ) - Ll_l(wux),

3.18
w(x,t) = e Pr—at 4 L;l(ﬂ) + L;l(uwx). ( )
The complete solution set of system as follows
ug(z,t) = P 4 L71(B),
U z,t)=—L7 A, k>0,
+1(,1) Lok (3.19)

wo(z,t) = e Pr—at | L;l(ﬁ),
wyi1(x,t) = Ly By, k> 0.

Therefore
t
’U,Q(al‘,t) :eﬂx+at+L;1<ﬁ) — eﬂx+at+eadt/ e_adt(ﬁ)dt
0

_ eﬁerat + eatﬂ 6

(0% «

)
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t
wO(Lt) :eiﬁxfo‘t—y—L;l(ﬂ) _ efﬁzfoct_kefadt/ eadt(ﬂ)dt
0

e Pemat _ 2l + é
a a

¢
up(x,t) = —LflAO —em‘/ e (woug, )dt
0

)

2 2 2
_ _Eteﬁm+at + %eﬂm—i—at o éeat o %eﬂx + é
« (&% (&% (&% (0%

t
wi(z,t) = Ly "By = e_o‘t/ e (upwo, )dt
0

2 2
_ B te—ﬁm—at + 6 e—ﬂx—at + ée—at o Eze—ﬁw o é
(0% (6% «

The decomposition series solution for the system which we obtained by MADM
are given by:

u(z,t) = wo+u+---
2 2 4
eBerat _ é + é _ &teﬁquat_'_ £t6ﬁ1+at+ %tZeﬂx%»at_'_.“
« (0% « « «
54
_ e,Berat + 7t265m+at N
2a2
w(z,t) = wo+wi+---

2 2 4
_ e—,@x—at+ é o é+ﬁ7t6_5$_at_ Bite—ﬁx—at+ﬂ7t2e—ﬂm—at+“.
a a o« e 202
54
— e—ﬂ$—(¥t + 7t26_’8$_at + .-
202

The decomposition series solution for system (3.15)which we got via ADM are
given by:

u(z,t) = wg+ur+us+---
t2 t3 tS t3 t4
= P patef + OZQEEBI + azﬂg - aﬂ2§eﬁr + 533 + ,34§65:” +-

w(z,t) = wo+ws+ws+---
2 3 3 3 ¢
= e P _ate P 4 a2§e_ﬂ” + az/jg + aﬁzge_ﬁm + B?’g + ﬁ4§e_’6“’ +--
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(a) u(exact) (b) u(ADM) (c) u(MADM)

(d) w(exact) (e) w(ADM) (f) w(MADM)

Figure 2: 3D plots of the exact solution and 3-approximate solutions of the ADM
and MADM at « =-3, g =2 for Example(3.3)

10
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Example 3.4. Consider the system of nonlinear PDEs

e —2u= 17
e Ul = 2 (3.20)

vV — UV, + 2v = 1.

With initial conditions
u(z,0) = e,

v(z,0) =e".
This example is a special case of example (3.2), with a = 2,3 = 1 and the
exact solution is u = ¢**t, v = e=*~t. The system can be expressed as follows
Liu=1—vuy,

(3.21)
Lov =1+ uv,,

where L, = edetﬁe_fM, Ly = e_det%efM,
_ t _ _ ¢

L; 1() — oJ 2dt fo e f?dt() dt, L; 1() — o J2dat fo el 2 dtodt'
Using Li*, Ly for uy — 2u, v; + 2v of the system (3.20) respectively, we may
obtain .

Lyt (uy — 2u) = e2t/ e (uy — 2u) dt = u — ® 2,

0

. (3.22)

Ly (v + 20) = e_zt/ (v 4+ 20) dt =v — e 72,
0

Applying L', Ly for equations of the system (3.21) respectively, we may ob-

tain (e, t) = 2 £ LTY(1) — LT o,
v(z,t) = e "2 4 Ly (1) + Ly tuv,. (3.23)
The general solution of the system is as follows
up(z,t) = "2 + LTH(1),
ugt1(x,t) = —LflAk7 k>0, (3.24)

vo(z,t) = e 4 L;l(l)7
Vg1 (w,t) = +Ly ' By, k> 0.

The first two solutions iterations are as follows

2t
_ ozt | © 71
Ho © Tty Ty
1
u = *L;1A0:*7t€m+2t+*€m+2t7 2t 16$+*,
—2t
— fa:72tie 1
V9 = € 9 +2,
_ 1, .o 1 . o 1 5 1 _ 1
v = Lt1B0:§te‘T t+Z€I t+§e t—ieaj—i,

11
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Summing the above iterations yields

5 1 1
Uapp(T,t) = ug +uy + -+ = ~e"TH § ™2 e 4 ...
4 2 4
(3.25)
Vapp(T,t) =vo+v1 + -+ = §e*$*2t+1te*$*2t—le*“rm
app\+L» 0 1 4 9 4

Which are the series of the approximate solution for u(z,t)and v(z,t) given
using MADM. And

Nt t3 t4
u:Zun:u0+u1+u2+~-~:ex+2te‘”—|—2t26”+t3—2§e‘”+§6x+~-~
n=0
> t3 t4
U:Zvn:vo+v1—|—v2—|—---zeﬂ”—2t67z+2t2679”+t3+2§eﬂ”—|—§67m+~-~
n=0
(3.26)

Which are the series of the approximate solution for u(x,t), v(x,t) that we pro-
duced via ADM.

12
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(b) u(ADM) (c) u(MADM)

(a) u(exact)

(e) v(ADM) (f) v(MADM)

(d) v(exact)

Figure 3: 3D plots of the exact solution and 3-approximate solutions of the ADM

and MADM for Example(3.4)

13
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Example 3.5. Consider the system of nonlinear PDEs

(0L
ot U ox “=5

@4, @ 2, *1
at "\ "oz v=

u(z,0) = e,
v(z,0) =e "

(3.27)

With initial conditions

The exact solution is given in as [6, 21]

u(w,t) = e*

v(z,t) = e "

For the modified method, the system is expressed as follows

Liu=1— (vug)?,

3.28
Lov =1 — (uvy)?, ( )

where L, = e~/ dt%ef at [, =¢l dt%e_f dt

LitO=e L& [fel d()yat, L ()= el & [le= I () at.

Using LT", Ly* foru; +u, v, — v, of the system (3,27) respectively, it produces
the following

¢

Lyt (ug +u) = e_t/ e (ug +u) dt =u —e* ",
. (3.29)

Ly (v —w) = et/ e vy —v) dt =u—e "1,
0

Employing Ly L Ly' for equations of the system (3.28) respectively, we may
obtain

w(z,t) =e* P+ L7Y(1) — L7 Y (vuy)?
v(x(, t) ): e et i L;lili — L;liuvz; (3:30)
The general solution of system as follows
up(z,t) = €"" + LT (1),
upir(z,t) = —L7PAZ, k>0, (3.31)

Vo = 67m+t + L;1(1)7
vps1(z,t) = —Ly 'BE, k> 0.

The first two terms of solutions iterations are as follows

14
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ug(z, t) el —et
vo(z,t) = e T —1+4¢
ui(x,t) =
vi(z,t) =

t
—L7TAZ = —e_t/o e' (voug, )? dt

_ 2t621—t 4 Qtew—t + e2w—2t + 2ew—t + e—t _

€2 —92e" — 1

t
nglBg = fet/o e*t(uovom)2 dt

. 2t672z+t _ 2t€7x+t _ 672z+2t 4 2671’1%

—el e 27" 41

Summing the above iterations yields

v(x,t) =

uo + u 4= 2te2a:7t + 2t6w7t + e23v72t + 3613715 - 62;1: o
Vo + vy + R 2t672x+t _ 2t67r+t _ 672m+2t 4 2€7z+t + 67297 _

2em+

Which the approximate solutions for u(x,t), v(x,t) of the system that we ob-

tained by MADM are given.

And the approximate solutions for u(x,t), v(x,t) of the system that we obtained

by ADM are given.

u(z,t) = ug +ug +uz+ -

e+t — 62;t3 —e”’tQ—g—t—te’”
giltgez;m _ %(er +e%o)s

% :3(2627” + %e?””) - %(e—w + 5ew)2} £7
% :gegx + 2(2 + %ez)(eﬂc Jresx)] 46
o o]

i :281(2 + %e"ﬂ) — ;eﬂ t

é :€2£—€£—;:| t3+%[1+el‘]t2+~--

2e F ...
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e 23 t2
v(z,t) =vo+vi+ve+-- = e T4+t— —e*wt2+§—t+t67$
40 —ax Lo —3ay8
81 e 18(6 +e7°%)
174 1 _. 1
- = _E(Qe*% - 567‘”) + 5(6‘70 + 561)2] t7
174 2 1
_ 6 -ge—Sz + 5(2 _ Ee—m)(em + e—5m):| t6
112
— S (145e )+ (2— se )2 £
53
10 1 1
— 2|2 9:(2_76—30)_’_ —295] t4
4 L
17 1 1
_ g _67293 LT 2] t3 o 5 [1 ez] t2 +

Remark: By using the noise terms phenomenon in the above example

up(z,t) = up®(0)® 1 (t) =", Dty =e S,
vo(z,t) = we®(0)@ (1) = e ™, 7L(1) =l ¥,
ui(z,t) = Ly'(1) - LyTAf =0,
vi(z,t) = Ly'(1)—Ly'B; =0,
upy1(z,t )= —L7'AZ =0, k>1,
vpsr(a,t) = —Ly'Bi=0, k>1

We have
(uv U) = (’ILQ(QT, t)’ Uo(l‘, t)) = (ex_t’ e_$+t>=
which represents a closed solution. This also applies to Ex(3.3)and Ex(3.4)

16
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(d) v(exact) (e) V(ADM) (f) v(MADM)

Figure 4: 3D plots of the exact solution and 3-approximate solutions of the ADM
and MADM for Example(3.5)
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4 Conclusion

This research demonstrates that the Modified Adomian Decomposition Method
(MADM) is a valuable tool for tackling complex nonlinear partial differential
equations. While both MADM and the standard Adomian Decomposition Method
(ADM) are effective for linear systems, MADM offers improved convergence
and accuracy due to the incorporation of a new integral operator. The suc-
cessful application of MADM in the presented numerical examples expands
the capabilities of Adomian methods for solving a wider range of nonlinear
PDEs.
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