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The Modified Adomian Decomposition Method for
Numerical Solutions for PDE Systems with
Improved Accuracy and Convergence

Abstract

This study explores the potential of the Modified Adomian Decomposition
Method (MADM) for solving linear and nonlinear partial differential equations
(PDEs). MADM addresses limitations faced by traditional methods and builds
upon the Adomian Decomposition Method (ADM) by incorporating a new in-
tegral operator. This operator aims to enhance convergence and accuracy
for intricate nonlinear problems. The paper outlines the application of MADM,
its solution procedure, and its effectiveness through numerical examples for
both linear and nonlinear PDE systems. Comparisons are made with standard
ADM solutions and exact solutions to assess MADM'’s accuracy. The results
suggest MADM as a promising tool for handling complex nonlinear PDEs and
expanding the applicability of Adomian methods in this field.

1 Introduction

This research investigates the application of the Modified Adomian Decompo-
sition Method (MADM) for solving partial differential equations (PDEs). We
focus particularly on its effectiveness in handling nonlinear problems. Partial
differential equations (PDEs) are fundamental tools for modeling diverse scien-
tific and engineering phenomena. Solving them is crucial for predicting system
behavior, designing optimized systems, and analyzing experimental data ([16]
,[17]). Traditional methods may not always be applicable for solving PDEs,
especially nonlinear ones [12] . This necessitates alternative approaches like
the well-established Adomian Decomposition Method (ADM) [1]. ADM tackles
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nonlinear problems by decomposing the solution into an infinite series. Several
studies have explored modified methods for solving differential equations ( [2],
[31, [9], [11] ,[15]). ADM itself has expanded the range of solvable problems
for systems of ordinary and partial differential equations ([5], [7], [13]). This
research delves into MADM, which builds upon ADM. MADM incorporates a
new integral operator specifically designed to improve convergence ([10], [4])
and accuracy for complex nonlinear problems. We outline the solution proce-
dure and present numerical examples to demonstrate MADM’s effectiveness
in obtaining approximate solutions. Additionally, we compare the approximate
solutions obtained using MADM with the approximate solutions obtained using
the standard Adomian Decomposition Method (ADM) and the exact solutions.
We present the solutions in graphical forms as well. The following sections pro-
vide a detailed explanation of ADM and MADM, including their application to
specific nonlinear PDEs. The examples showcase how MADM handles nonlin-
earities and converges towards an approximate solution. The conclusion em-
phasizes the potential benefits of MADM for solving complex nonlinear PDEs,
and its contribution to this field.

2 ADM and MADM for PDE system solutions

2.1 Analysis of ADM
The system of partial differential equations that follows is expressed as
ul(x,t) + Ryus(x,t) + Ni(ug, ..., um) = gi(x), i=1,2...,m. (2.1)
The initial conditions are given by
u;(x,0) = fi(x).
The equation (1) is equivalent to
Liui(x,t) + Riui(x, t) + Ni(ug, ..., um) = gi(x), i=1,2,....,m. (2.2

where Ly = % represents partial differential operators, R; and IN; represent
linear and nonlinear operator respectively.

Applying the inverse operators L; () = f(f dt() to system (2) and applying
beginning conditions, then

u;(x,t) = fi(x) + Ly 'gi(x) — Ly 'Ryug(x,t) — Lo 'Nj(ug, .., um), i=1,2,...

(2.3)
The Adomian decomposition method approach presupposes that the unknown
functions u;(z,t) can be written as an infinite series of the form

u;(x,t) = Zuil(x,t), 1=1,2,...,m. (2.4)
n=0
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The nonlinear operator Nj(uy, - - - , up,) is defined using Adomian polynomials.
Ni(ug,...,um) = » AL i=12...m, (2.5)
n=0
where
i 1 dn oo (o]
A;:m[le (Zulnkna'”vzumnkn)] ) TLZO,LQ,"'
n=0 n=0 A=0

is an Adomian polynomial that can be constructed for all forms of all nonlinear-
ity.
Substituting Egs.(4) and (5) into Eq.(3) yields:

R; (iui,...,iuﬁ‘)
n=0 n=0
(2.6)

Identifying the Zeroth component ul for all terms. The recurrence relations
can be used calculate the remaining components f; and g;, ul,, n > 0 can be
determined by using the recurrence relations:

3 ul(x,t) = fi(x) + Ly 'gi(x) — Lt
n=0

u}] = fi(x)—i-L;lgi(x),

_Lgl

i
u1r1+1

n=0

2.2 Analysis of MADM

In order to solve a system (1) that matched the following conditions. The new
modified Adomian approach was employed in solving the system of nonlinear
partial differential equations in the case of fulfilling the following condition
Ai(B)ui(x,t) + Miuwi(x,t) = Rijui(x,t), i=1,2,...,m. We can rewrite the sys-
tem (1) as

u;:(xﬂt) + Ai(t)ui(xﬁt) = gi(x) - MiUi(X,t) - Ni(ula ceey um)a 1= 17 2a ceey
(2.7)
We define the direct operator and its corresponding inverse operator as follows
L; = e J () dt%ef Ai(t) dt Li—l() — e J i@ dt f(f el Ailt) dt () dt

Therefore

Liu;(x,t) = gi(x) — Mju;(x,t) — Ni(uy,...,um), i=1,2,...,m. (2.8)

Taking L; * of the two terms ui, \;(t)u; in the equation (7), we get

Ri(i“b"%iunm)}_Ltl<iAin>, t1=1,2,...,m,
n=0 n=0

m.

. (i AL) .
n=0

n > 0.

t
LY ((uh (0, t) + M(B)m(x, ) = e M@ as / el Mo 9wy (x, £) + A (b)wi(x, t) d
0

= w(x.t) - ui(x,0)®(0)® 1 (t)
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Where & 1(t) = e~/ ()t Applying the inverse operators to the equation

(8),we get
u;(x,t) = u;(x,0)®(0)e” f’\‘(t)dt—&-L;lgi(x)—L;l(Miui(x, t) + Ni(ug,...,um)).
(2.9)
The recursive relation is identified by:
uh = E(x)(0)@(t) + L; gi(x),
uim_1 = fLi_1 [Mi (Zu}l,..‘,Zun‘m> fLi_1 <ZA;) i=1,2...,m,
n=0 n=0 n=0

3 Numerical Example

Example 3.1. Consider the system of nonlinear PDEs
Ut + VpWy — VyWy +u =0,
Vi + Wy lly + Wylly — v = 0, (3.1)
Wi + UgVy + Uy, — w = 0.

With initial conditions

u(x,y,0) =Y,

v(z,y,0) =e"7Y,
w(z,y,0) = e *1Y,
To solve the system by the proposed method, we well be using the follow-
ing direct and inverse operators: Ly = e~ Jdt-Leldt [, = eldtde=[dt
ngefdt%e_fdt,
Lyt()=e I [rel ®0dt, Ly () = el [Jem T4 (dt, L3 () = el * [T () dt.
So we can write the equation (10),in the form

Li(u) = =(vawy — vywy),
LQ(U) = 7(wmuy + wyua:)a (32)
Ls(w) = —(ugvy + uyvy).

Taking the operator L7, L;" and L3 for uy + u, vy — v, wy — w of the system

(10)

respectively, we obtain
LiY(ug +u)= et /t el (uy + u)dt
oty - e,
Lyt —v)= ¢ /Ot e vy —v)dt

= ’U(.’L‘,y,t) - e$7y+tv

t
et/ e Hwy — w)dt
0

e ETyTt,

Lyt (wy — w)

= w(xvyat)i
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Taking the operator L', Ly and L3 for equations of the system (11)
respectively, we obtain

u(z,y,t) =TVt — Lfl(v$wy — VyWg),

v(x,y,t) = e YTt — L;l(wxuy + wyy ), (3.4)

w(a,y,t) = e — Ly (ugvy + uyv,).

Using the formulae u = >""" jun, v =" .~ v, @andw =Y °  w, in equation

(13), yields
Z Up = €$+y7t — Ll_l <Z An) )
n=0

n=0

i e A P (i Bn> , (3.5)

n=0 n=0

oo oo
E wy, = e Tyt _ L;l E Chl,
n=0 n=0

where A,,, B,,, C,, are the polynomials for the nonlinear expression
(Vpwy — VyWy), (Walty + Wyly), (Uugy + uyv,) respectively.
The general solution of the system is as follows

uo(z,y,t) = e,
upir(z,t) = —L7 AR =0, k>0,
vole 1) =& (3.6)
vp1(z,t) = —Ly'Br =0, k>0, '
wo(x,y,t) = e,

Wit1 (2, y,t) = —L;le =0, k>0.

The exact solution of the system is given by
(u7 v, ’UJ) = Uo(ﬂj, Y, t)) Uo(x» Y, t)a wWo (.TJ, Y, t) = (ex—i_y_t? ex_y-i_ta e_x+y+t)'
That is closed solution ([8],[16]).

Example 3.2. Consider system of linear partial differential equations of the
following form:

U — Vg — U+ V= —2, (3.7)
Vg — Uy — U+ V= —2.
With initial conditions:
u(z,t) =1+ €,
w(z,t) = -1+ €.
The exact solution is as follows [14].
w(z,t) =1+ e,
(#1) (3.8)

w(z,t) = -1+ et
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LetL; = efdt%e_fdt, Ly = e_fdt%efdt,
so L) =eld [fem S ()dt, Ly () = e S [} el 4 ()dt.
We can be written Eg. (15) as

Ll(u)
LQ(’U)

=—-24v, —v,
= -2+ u, + u.

Taking the operator Li*, Ly for u; — u, v, + v of the system (16)
respectively, we obtain

t
Lt (ug —u) = et/ et (uy — u)dt
0

u— (et 4 eacht)7

. (3.10)
Lyt (v, +v) = e_t/ el (v, + v)dt
0

v—(—e e,

Taking the operator L', Ly ' for equations of the system (18)
respectively, we obtain

u(z,t) = e + e + L7Y(=2) + L7 (v, — v),

3.11
v(z,t) = —e '+ e+ Lyt (—2) + Lyt (ug + u). ( )

The general solution of the system is as follows

ug(x,t) = e’ + e+ LT1(—2)
upy1(z,t) = Ly vk, —vg), k>0,
vo(x,t) = —e e+ Ly (—2),
Vg1 (w,t) = Ly M (up, +ug), k>0,

(3.12)

The first three solutions iterations are as follows

up = "t — el +2,
vo=e""t+et -2

3 1
uy = iet + 56725 -2,
3 1
= 756715 — §€t + 2,
1 ) 3
Ug = itet — Zet — Zeft + 2,
1o, 5 3,
Vg = 2te +4e +4e 2.

(3.13)
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(a) u(exact) (b) u(ADM) (c) u(MADM)

(d) v(exact) (e) V(ADM) (f) v(MADM)

Figure 1: 3D plots of the exact solution and 3-approximate solutions of the ADM
and MADM for Example(3.2)

Summing the above iterations yields

1 1 3
u(@,t) =uo+ur +up oo = e = 2eT 4 otel — 2l 424
(3.14)
et L L Lo 3
v(x,t) =vg+vi+uvat--=e tge tate e =2+

Which are the series of the approximate solution for u(z,t)and v(z,t) given
using MADM. And
The series of the approximate solution for u(x,t)and v(z,t) which are given

using ADM as
T T 12z
w(z,t) =up+ug +ug+---=1+e"+te® + -t + .-
2
1 (3.15)
U(l‘,t)zvo+v1+vz+~--=—1+ez+tez+§tze””+~-~
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Example 3.3. Consider the coupled system of nonlinear partial differential
equations of the following form:

Up + Wiy, — au = 3,

3.16
Wy — UW, + aw = . ( )
With initial conditions:
u(z,t) = e’*,
w(z,t) =e P
The exact solution is as follows ([8],[16]).
u(zx,t) = eBQHO‘t,
(3.17)

w(z,t) = 675‘”7‘“,
where o and 3 are constants.
To utilize the proposed technique, we start with this system representation:
Liu = 0 — wuy,

3.18
L2w:6+uww7 ( )

where L, = efadtﬁef—adt’ Ly = e~ Ja dt%efadt’

s0 L;lo:ef“ dt fot el —« dt()dt’ L;l() — e~ Jadt f(f eJ adt gy

Using the inverse integration operator L', Ly* for u; — au, w; + aw of the
system (25) respectively, possible to get

t
Ll—l(ut — au) — et / 67(¥t(ut _ au) dt — u — eﬁaj+at7
0
t (3.19)
Ly Hwe + aw) = e““/ e“(wg 4+ aw) dt = w — e P,
0

Using the inverse integration operator L7, Ly for the equations of the
system (27) respectively, we get

u(z,t) = Pt L L7YB) — Ly (wuy),

3.20
w(z,t) = e PP L L7YB) 4 Ly H(uw,). ( )
The complete solution set of system as follows
uo(x,t) = P2t L LTY(B),
) =—L7 A, k>0,
w1 (2,1) = =Ly A, k2 (3.21)

wo(z,t) = e Pr—at 4 Lgl(ﬁ),
wiy1(w,t) = Ly By, k> 0.

Therefore
t
’U,Q(al‘,t) :eﬂx+at+L;1<ﬁ) — eﬂx+at+eadt/ e_adt(ﬁ)dt
0

_ eﬁerat + eatﬂ 6

(0% «

)
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t
wO(Lt) :eiﬁxfo‘t—y—L;l(ﬂ) _ efﬁzfoct_kefadt/ eadt(ﬂ)dt
0

e Pemat _ 2l + é
a a

¢
up(x,t) = —LflAO —em‘/ e~ (woug, )dt
0

)

2 2 2
_ _Eteﬁm+at + %eﬂm—i—at o éeat o %eﬂx + é
« (&% (&% (&% (0%

t
wi(z,t) = Ly "By = e_o‘t/ e (upwo, )dt
0

2 2
_ B te—ﬁm—at + 6 e—ﬂx—at + ée—at o Eze—ﬁw o é
(0% (6% «

The decomposition series solution for the system which we obtained by MADM
are given by:

u(z,t) = wg+u+---
2 2 4
eBerat _ é + é _ &teﬁquat_'_ £t6ﬁ1+at+ %tZeﬂx%»at_'_.“
« (0% « « «
54
_ e,Berat + 7t265m+at N
2a2
w(z,t) = wo+wi+---

2 2 4
_ e—,@z—at + é o é + &te—ﬁw—at o éte—ﬂx—at + ﬂit2e—,@x—at 4.
a a o« e 202

54
_ e—,(i’a:—at + th—,@a:—ozt 4.
202

The decomposition series solution for system (25)which we got via ADM are

given by:
u(z,t) = wuo+ur+ug+---
t2 t3 3 ¢3 tt
= PP rateP® a1 a?f —aft P BB B P
2 6 3 3 8
w(x,t) = wo+w; +we+---

t? t3 t3 t3 t
= e P _ate P 4 a2§e_ﬂx + az/ﬁg + aﬁzge_ﬁw + 533 + ﬂ4§e_ﬂ$ +--
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(a) u(exact) (b) u(ADM) (c) u(MADM)

(d) w(exact) (e) w(ADM) (f) w(MADM)

Figure 2: 3D plots of the exact solution and 3-approximate solutions of the ADM
and MADM at « =-3, g =2 for Example(3.3)

10
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Example 3.4. Consider the system of nonlinear PDEs

U + VU — 2u =1,
‘ (3.22)

Vg — UV + 20 = 1.

With initial conditions
u(z,0) = €%,

v(z,0) =e".

This example is a special case of example 2, with « = 2,5 = 1 and the exact
solution is u = e*t v = e=®~t. The system can be expressed as follows

Liu=1—vuy,

(3.23)
Lov =14 uvy,

where L, = ) th%effzdt’ Ly=c¢" J 2dt%ef 2dt

L;l() — oJ2dt fot e—f2dt() dt, L;l() — o~ J2dt fot el 2 dt()dt_

Using Li', Ly* for uy — 2u, v, + 2v of the system (31) respectively, we may
obtain )

Ly (up —2u) = th/ e 2 (up — 2u) dt = u — e* 2,

°. (3.24)

Lyt (ve 4 20) = e_zt/ e (vy +2v) dt = v —e "2,
0

Applying L1, Ly * for equations of the system (32) respectively, we may obtain

u(z,t) = e+ L7H(1) — L7 Mouy,

o(x,t) = e~ 4 L71(1) + Ly uv,. (3.25)
The general solution of the system is as follows
ol 1) = €2 4 L1(1),
upr(@,t) = =Ly A, k20, (3.26)

vo(@,t) = e~ "2 4+ Lyt (1),
vpa(x,t) = +Ly By, k>0.

The first two solutions iterations are as follows

2t
_ x+y2t | € _1
Uuo € —‘riQ 2,
_ 1, 1, 1 1, 1
w = —Lt1A0=—§t€ +2t+164+2t_§€2t_ie. _~_§7

11
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—2t
— —x—2t __ € 1
Vo9 = € 9 + 2,
1 1 1 1
vy = L;lBO _ 7t6_w_2t 4 7e—w—2t + *6_2t Ze % 57
Summing the above iterations yields
) 1 1
Uapp(ffyt) =ugtu+---= Z€$+2t + §tez+2t — iex + -
(3.27)
o —x—2t 1 —x—2t 1 —x
vapp(ac,t)zvo—l—vl—i—---:ze —|—§te ~ ¢ IR

Which are the series of the approximate solution for u(z,t)and v(z,t) given
using MADM. And

(o)
t3 4
u:Zun=u0—|—u1+uz+---=eI+2tem—|—2t2ex—|—t3—2—ez—|—fer+--~
3 8
n=0
= PN & i
v:Z{)vn:vo+v1+v2+m:e*$—Qte*m+2t26ﬂ+t3+2§e*‘”+§e*$+~-~
n=
(3.28)

Which are the series of the approximate solution for u(x,t), v(x,t) that we pro-
duced via ADM.

12
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(c) u(MADM)

(b) u(ADM)

(f) v(MADM)

(e) v(ADM)

Figure 3: 3D plots of the exact solution and 3-approximate solutions of the ADM

and MADM for Example(3.4)

13
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Example 3.5. Consider the system of nonlinear PDEs
ou\ >
(vax> +u=1,

2
(ugv> —v=1.
T

u(x,0) = e”,

v(z,0) =e™".

%
ot

P,
ot

(3.29)

With initial conditions

The exact solution is given in as [6]

u(z,t) ="t

it (3.30)

v(z,t) =e
For the modified method, the system is expressed as follows

Liu=1— (vug)?,

3.31
Lov=1-— (uvm)Q, ( )

where L, = e~/ dt%ef at [, =¢l dt%e_f dt

LitO=e L@ [lel d()yat, L ()= el & [e= I () at.

Using L7*, Ly for u; + u, v, — v, of the system (38) respectively, it produces
the following

t

Lyt (ug +u) = e_t/ e (ug +u) dt =u —e* ",
0 (3.32)

Lyt (vy —v) = et/ e vy —v)dt =u—e *T
0

Employing L', Ly for equations of the system (40) respectively, we may ob-
tain

w(z,t) =e* P+ L71(1) — L7 (vuy)?
v(x(, t) ): e "t 4 Ll‘lili - L;liuvz; (3.33)
The general solution of system as follows
up(z,t) = €' + Ly (1),
g1 (z,t) = —L7TAZ, k>0, (3.3

vo =e T+ Ly1(1),
vga(x,t) = =Ly ' BE,  k>0.

The first two terms of solutions iterations are as follows

14
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ug(z, t) el —et
vo(z,t) = e "t —1+¢
up(x,t) =
vi(z,t) =

t
—L7TAZ = —e_t/o e' (voug, )? dt

_ 2t621—t 4 Qtew—t + e2w—2t + 2ew—t + e—t _

€2 —92e%" — 1

t
nglBg = fet/o e*t(uovom)2 dt

= 2te T QeI _ oT2EHR 4 gl ol 4 o720 967 4
Summing the above iterations yields
u(z, U +uy + o= 202 4 2T 4 2772 L 3T 27 267 4.
v(x,t) = wo+ vyt =2e T _ Qpe T _ o720 4 gomatt 4 o720 9= 4L

Which the approximate solutions for u(x,t), v(x,t) of the system that we ob-

tained by MADM are given.

And the approximate solutions for u(x,t), v(x,t) of the system that we obtained

by ADM are given.

u(z,t) = ug +ug +ug+ -

e+t — 62;t3 —e”’tQ—g—t—te’”
giltgez;m _ %(er +e%o)s

% :3(2627” + %e?””) - %(e—w + 5ew)2} £7
% :gegx + 2(2 + %ez)(eﬂc Jresx)] 46
o o]

i :281(2 + %e"ﬂ) — ;eﬂ t

é :€2£—€£—;:| t3+%[1+el‘]t2+~--
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672$t3 2
—x —x42 —x
v(z,t) =vo+vi+ve+-- = e T4+t— —e Tt — —t+te
4 9 —4x —x —3x\4+8
—t t
81 TR
174 . 1
- = _E(Qe*% —e ) + 5(6‘70 + 561)2] t7
174 2 1
_ 6 -ge—Sz + 5(2 _ 76—m)(em + e—5m):| t6
112 1
— | Z(1 45T £ (2— —e )2
513
1 1 1
— 2|2 91(2 _ 76—30) 4 —2x:| t4
4 L
17 1 1
_ g _67293 LT 2] t3 o 5 [1 ez] t2 +

Remark: By using the noise terms phenomenon in the above example

We have

uo(z,t) = up®(0)@ 1 (t) =", Dty =e S,
vo(z,t) = we®(0)@ (1) = e ™, 7L(1) =l X,
ui(z,t) = Ly'(1) - LyTA =0,
vi(z,t) = Ly'(1)—Ly'B; =0,
upy1(z,t )= —L7'AZ =0, k>1,
vpsr(a,t) = —Ly'Bi=0, k>L1

(uv U) = (’ILQ(QT, t)’ Uo(l‘, t)) = (ex_t’ e_$+t>=
which represents a closed solution. This also applies to Ex(3.3)and Ex(3.4)

16
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(d) v(exact) (e) V(ADM) (f) v(MADM)

Figure 4: 3D plots of the exact solution and 3-approximate solutions of the ADM
and MADM for Example(3.5)

17
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4 Conclusion

This research demonstrates that the Modified Adomian Decomposition Method
(MADM) is a valuable tool for tackling complex nonlinear partial differential
equations. While both MADM and the standard Adomian Decomposition Method
(ADM) are effective for linear systems, MADM offers improved convergence
and accuracy due to the incorporation of a new integral operator. The suc-
cessful application of MADM in the presented numerical examples expands
the capabilities of Adomian methods for solving a wider range of nonlinear
PDEs.
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