Numerical Scheme and Simulations of Caputo
Fractional Derivative-Based Unemployment
Model

ABSTRACT

The study constructs the numerical scheme of a Caputo fractional derivative unemployment
model through the generalized Adams-Bashforth-Moulton Predictor Corrector method. In
developing the numerical scheme, the developed system is primarily summarised in the
procedure of a fractional order of differential equations, and further described in the form of
Volterra integral to help achieve the iterative formula. The application of the numerical
scheme to the Caputo derivatives-based unemployment model yields the system’s
discretized form for simulation purposes.
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1. INTRODUCTION

There have been many models developed in thetarea of .unemployment, with [1] and [2]
developing and analysing a nonlinear mathematical model to control unemployment based
on some concept adopted from a developed model which considered a housing allocation of
homeless families as a result of natural<disaster by [3]. They made the assumption that,
every migrant to the unemployment chamber is qualified and capable of doing any assigned
work. They further assumed that, there-is a-constant rate of increase in thenumber of
unemployment. During the modelling'/process, they compartmentalized their model into
number of individuals who are employed, unemployed individuals and the new job openings
or vacancies created at any time.

The work of [1,2] served as a motivation for many researchers. [4] were motivated by the
work done by [1]. This led them to propose a model to better understand unemployment
problem and how it couldieasily be solved with self-employment as an intervention.
However, their-model failed to consider any time delay by the private sector and the
government in creating:additional vacancies. Additionally, [5] were also motivation by the
work of [1].[5] developed a mathematical nonlinear unemployment model and analysed the
optimality of the cost of new vacancies. They considered death and retirement of employed
individuals as‘vacancies, and also introduced two control variables in their optimal control
problem; These two optimal control variables introduced in the model were, government’s
implemented policies to create employment from the unemployed individuals, and
government creating vacancies.

Moreover, in addressing the issue in poor countries with scanty resources, [6] developed a
mathematical model comprising of three variables. The variables were number of people that
are employed, unemployed persons and available vacancies. They discovered that the
government may effectively address the issue of unemployment by increasing work
possibilities and lowering the rate of decline. They determined that, in doing so, it will raise
the employment rate, lower the rise in unemployment, and ultimately raise the
unemployment reduction rate.




According to [7], addressing the issue of unemployment depends solely on the support from
the public and private sectors. The work noted that, this support must be expressed through
raising the employment rate in accordance with the creation of new job opportunities for both
new entrants and the unemployed in the labor market.

Moreover, [8] also developed and analysed an unemployment non-linear model. This model
was embedded within it with two policies. Thus, providing skills manpower to the populace
and creating of new vacancies. They analysed their developed model with different constant
control strategies with a comparison to the results obtained with optimal control variable after
the usage of Pontryagin’s Maximum Principle. They unravelled that, a government’s policy
that creates more vacancies is the ideal situation than the government not embarking on any
policy. They further observed that government’s policy to provide skilled manpower is very
effective to maximising the objective function than just the policy of creating«new vacancies
as a result of death and retirement as adopted in the work of [9]. [8] additionally. controlled
both policies and identified that, when both policies are well controlled<by the government,
there is a greater minimised value of the objective function than when the government does
not control the policies. Additionally, they deduced that there is a minimised value in the
number of unemployed persons when both policies were controlled. with:the maximised
value of the objective function. In the end, they came to the conclusion that government
should set and oversee the policies in order to reduce the number of jobless individuals.

In a similar work done by [10] on the impact of vocational training on unemployment, their
work developed a four compartmental unemployment model with four systems of first order
ordinary differential equations for each of the compartments. The compartments were the
theoretical compartment, which represents persons not participating in vocational education
program as a result of hostile policy and/orits implementation by government, but engaging
in theoretical form of education, the second compartment was vocational compartment being
persons into vocational education with:the aim of greating vacancies for themselves after the
training, the third was unemployed compartment which was also those unemployed persons
as a result of the lack of vocational training or lack of startup capital despite their vocational
skills or training, and finally the. employed compartment which represented the employed
persons as a result of self-employment after the vocational training or were being employed
by others. Their model assumed that, the rate of disengaging from theoretical and vocational
education, and the rate"of migration to foreign countries for employment opportunities is the
same, and that, the employed persons do not lose their jobs except they resign from their
jobs in search of better opportunities. It is worth noting that, the assumption of the model
never factored:the.scenario when there is low skill acquisition of the vocational trainees
resulting in their inability'to be self-employed, and also the bidirectional effect of those losing
interest in theoretical education and going back to vocational education. Additionally, [10] did
not take fractional order derivatives into account while determining the threshold for the
implementation of vocational education to be successful using epidemic models. They also
concluded that the underutilization of vocational training contributes to Nigeria's high
unemployment rate.

[11] developed a fractional unemployment model to understand the dynamics of
unemployment in Ghana. The choice of the fractional derivative to that of the classical or
traditional models was as a result of the after-effect or hereditary characteristics and nuance
nature of fractional calculus models with[12] adding that, in many situations, nonlinear and
integer order models are not really acceptable in many frameworks. Again, [13] and
[14]posited that, many types of fractional derivatives have been used in many fields.
However, the fractional derivative that is mostly used is the Caputo fractional derivative due
to its requisition of initial conditions in the form of integer order, which can mostly be
associated to physical quantities. Based on the advantages,[11] in developing a Caputo



unemployment model to understand the dynamics of unemployment,considered four
compartments. Thus. The unemployment compartment (U), employed compartment (E), skill
training compartment (A), and new vacancies compartment (V). The work classified
graduates from skill training into two categories (high skilled and low skilled) and added that,
some of the high skilled trainees are supported with startup capitalto create vacancies for
themselves while the low skilled trainees fall back into the unemployment compartment. The
model further considered the impact of government revenue on job creation through
provision of logistics for the training institutions, and tax cuts or holidays for the employed to
enable them invest into the economy to yield a positive ripple effect of the employed creating
more vacancies for others, while institutions that enjoy tax holidays or tax cuts can invest
into expansionary strategies of the company to help create vacancies in the existing
industries.

2. LITERATURE REVIEW

Researchers have devoted considerable time and decades to study:fractional calculus with
fractional differential equations (PDEs) proving to be essential and superior models for
numerous physical systems due to the after effect or memory of these physical phenomena
or dependence of all past periods instead of just an instant [15]. [15] further noted that,
regular usage of PDEs have been enormous in the mathematical research community,
notwithstanding, nonlinear fractional differential equations might have an impossible
analytical solution. This impossibility compels researchers te.develop numerical schemes
from traditional approaches through an appropriate modification to be able to handle the
fractional derivative operators.

Contrasting the integer order derivatives to the Caputo derivative [16] and [17] noted that,
there is a problem when approximating the Caputo derivative of a function as a result of the
nonlocal property of the fractional -order derivative.Hence, the Caputo fractional order
derivative cannot be computed with only the local information about the point. In this case,
the integral in the Caputo fractional derivative demands the usage of the whole history of a
function in computing the fractional derivative [13].

There have been many.numerical methods like Adams-Bashforth-Moulton (ABM) predictor
corrector, fractional differential transforms, forward Euler, difference method, fractional linear
multistep method, -fractional backward differentiation formulae among others applied in
solving both linear and nonlinear fractional order. However, [15] found out that, ABM
predictor correctorrmethod outperforms the generalized differential transform method and its
enhancement being the multi-step generalized differential transform method. Also, [18]
presented a numerical scheme of the Cauchy problem through a model class of fractional
linear oscillators ‘and found out that, the Adams-Bashforth-Moulton (ABM) was more
accurate and converges faster than the explicit nonlocal finite-difference scheme.

[19] posited that, fractional Adams-Bashforth-Moulton is a strong method for solving ordinary
differential equations and has the ability to handle numerous chaotic models with [20] adding
that, this method is very stable for models of chaotic nature and other fractional ordinary
differential equations models. Also, among the numerous numerical treatments of fractional
differential equations, the work of [21] underscored that, the ABM predictor corrector method
by [22] is mostly recommended due to the simplicity in its implementation in both linear and
nonlinear fractional differential equations while [23] also noted that, the predictor corrector
method compared to the Euler's method produces better approximations.

Moreover, the work of [21] reviewed and compared five numerical methods that are used to
solve single term fractional differential equations using the criteria of consistency of the



method, convergence of the method and the stability of the method. They found that, out of
the five methods being the method of Implicit Quadrature which was introduced by [24], the
method of collocation also described by [25], the method of Approximate Mittag-Leffler which
was also considered in the work of [26], the method of Finite Difference found in the work of
[27], and finally the predictor corrector method by [28], the predictor corrector is better in
most cases on the basis of convergence, consistency and stability with other advantages of
the easiness of its implementation for nonlinear systems of equations as well as the ability to
be nearly optimal at the point when the Implicit Quadrature is even better.

The Adams-Bashforth-Moulton is a combined method made up of the Adams-Bashforth
method and Adams-Moulton method. Additionally, the Adams-Bashforth becomes the
predictor whiles Adams-Moulton becomes the corrector in a multistep <process to
approximate the solution of the differential equation. With the advantage of adaptability and
nonlocality exhibited by fractional order derivatives, the ABM method is able to simulate
better and flexible than the traditional derivatives. Hence, in this paper, the Adams-
Bashforth-Moulton predictor corrector numerical scheme is chosen forthe humerical design
and the approximate solution of the Caputo fractional derivative unemployment model
developed by [11].

3. DEVELOPMENT OF THE NUMERICAL SCHEME

The Caputo unemployment model developed by Nti et'al.(2024).is:
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Where o is a fractional order with O<a <1. Also, the initial values or conditions
associated to the model variables in the fractional order model in equation (1) is given by:

U, =U(0)=0,E, =E(0)>0,A = A(0)>0,V, =V (0) >0

The problem is primarily summarised in the procedure of a fractional order of differential
systems of equations as:

D, m(y) = f(m m(y)), vy [0,y] )

And,

m®(0) =m¢ whereq =0,1,..., p—1land p =[]



Describing equation (2) in the form of Volterra integral gives:
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As seen from equation (3), the iterative formula is obtained from equation (3) as:
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Equation (4) gives:
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From equation (5), m* (l//ml) becomes the predicted value, and is given by:
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The application of the above stated numerical scheme to the Caputo unemployment model

(1), gives the system’s discretized form as:
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4CONCLUSIONS

In this“research work, Adams-Bashforth-Moulton predictor corrector method has been
employed to develop a novel numerical scheme that can be used as an iterative formula in
the discretized form for the systems of equation of the Caputo unemployment model for

simulations purposes to help understand the dynamics of unemployment in Ghana.
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