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A Study On Matrix Sequence with Generalized Guglielmo Numbers

Components

Abstract. We know that the diverse applications of matrix sequences in fields such as physics, engineer-
ing, architecture, nature, and art. Numerous authors have delved into the study of these matrix sequences
in existing literature. Furthermore, in this study, we define and investigate the generalized Guglielmo matrix
sequence. Hence, in detail, we explore four specific cases of that sequence that called triangular matrix se-
quences, Lucas-triangular matrix sequences, oblong matrix sequences, and pentagonal matrix sequences. We
present Binet’s formulas, generating functions, and the summation formulas for these sequences. Moreover,
we give some identities and matrices related with these sequences. Furthermore, we show that there always
exist some interrelation between generalized triangular, Lucas-triangular, oblong and pentagonal matrix
sequences.
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1. Introduction

In this section, we present some properties of the generalized Guglielmo sequence, such as reccurance
relations, Binet’s formula, generating function and characteristic equations, that we will need rest of the our

study. For more detail see, [10].
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A generalized Guglielmo sequence {W,,},>0 = {Wy,(Wo, W1, Wa)},,>0 is given by the third-order recur-

rence relations.
Wo=3W,_1—3W,_o+W,_3 (11)

with the initial values Wy = ¢g, W1 = ¢1, Wa = ¢2 not all being zero.

The sequence {W,, },,>0 can be extended to negative subscripts by defining
W_,= 3W—(n—l) - 3W—(n—2) + W—(n—S)

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
Now we present four special cases of the sequence {W,,}. Triangular sequence {7}, },>0, triangular-Lucas
sequence {H, },>0, oblong sequence {O,, },,>0 and pentagonal sequence {p,, }>0 are defined, respectively, by

the third-order recurrence relations

T, = 3T, 13T o+Ths To=0,Ti=1, Ty =3 (1.2)
H, — 3H, ,—3H, o+ H, s, Hy=3, Hy—=3, Hy=3 (1.3)
On = 30n1—30m 3+0n 3, Oy=0, 01 =2, 0s—6 (1.4)
Pn = 3pn-1—3pn—2+pPn-3, po=0,p1=1 p2=5. (1.5)

The sequences {T,}n>0, {Hn}tn>0, {On}tn>0 and {p,}n>0 can be extended to negative subscripts by

defining
T, = 3T (n-1) = 3T (n—2) +t T_(n—3),
H , = 3H_(4_1)—3H_(n_2)+ H_(n_3),
O, = 3()—(n—l) - 30—(n—2) + O—('n—3)7
D-n = 3P_(n-1) — 3P—(n-2) + P—(n-3)

for n = 1,2,3, ... respectively. Therefore, recurrences (1.2)-(1.5) hold for all integer n. Now, we give some

properties related to generalized Guglielmo numbers that we need for the rest of the study.

e The Binet formula of generalized Guglielmo numbers. Binet formula of generalized Guglielmo

numbers can be given as

W, = A1 + Asn + A3n2 (16)
where
Al = WO)
1
Ay = 5(—W2 +4W; — 3Wy),

1
Wy —2W; + W),

A3=§(
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ie.,
1 1 2
W, =Wy + 5(—W2 +4Wq — SWO)TL + §(W2 —2Wq + Wo)n . (17)

e For all integers n, triangular, triangular-Lucas, oblong and pentagonal numbers (using initial con-

ditions in (1.7)) can be expressed using Binet’s formulas as

T, = n(n + 1)’
2
H, = 3
O, = n(n+1),
pn = =n(Bn-1)

respectively.

[e.e]
e Suppose that fi, () = > W,z" is the ordinary generating function of the generalized Guglielmo
n=0

oo
sequence {W,},>0. Then, > W,z" is given by
n=0

3 W0 — Wk (W = 8Wo)a & (W — 8W, + 3Wo)a®
= S 1—3x+ 322 — a3 '

e Here, the characteristic equation of the generalized Guglielmo sequence
3 =32+ 3z -1=0.
e (Simpson’s formula for generalized Guglielmo numbers)For all integers n, we have

Wn+2 Wn+1 Wn
WnJrl Wy Whot | = 7(W2 —2W1 + WO)3~
Wn Wn—l Wn—2

Next, the first few generalized Guglielmo numbers with positive subscript and negative subscript is given
in the following Table 1.

Table 1. A few generalized Guglielmo numbers
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n W, W_n,

0 Wo Wo

1 W1 3Wo — 3W1 + Wy

2 Wo 6Wo — 8W1 + 3Ws

3 Wo — 3W; + 3Ws 10Wy — 156W; + 6Ws
4 3Wy — 8W1 + 6W, 15Wy — 24W1 + 10W,
5 6Wo — 156W; 4 10W, 21Wy — 35W71 + 16Ws
6 10Wy — 24W; + 15W, 28Wy — 48W1 + 21W,
7 15Wy — 35W1 + 21W, 36Wy — 63W7 + 28W,
8  21Wy — 48W1 + 28W, 45Wy — 80W + 36Ws
9  28Wy — 63W; + 36Ws 55Wy — 99W; + 45W,
10 36Wy — 80W7 +45W,  66Wy — 120W7 + 55W,
11 45Wo — 99W7 + 55W,  7T8Wy — 143W7 + 66W,
12 55Wy — 12007 + 66Wy  91Wy — 168W7 + 7T8Wy

13 66Wy — 143W, + 78Wso  105Wy — 195W; + 91W5

Next, we present the first few values of the Triangular and Triangular-Lucas, oblong and pentagonal
numbers with positive and negative subscripts:

Table 2. The first few values of the special third-order numbers with positive and negative subscripts.

n 012 3 4 5 6 7 & 9 10 11 12 13

T, 0 1 3 6 10 15 21 28 36 45 55 66 78 91
T, 01 3 6 10 15 21 28 36 45 55 66 78
H, 333 3 3 3 3 3 3 3 3 3 3 3
H_, 33 3 3 3 3 3 3 3 3 3 3 3
O, 0 2 6 12 20 30 42 56 72 90 110 132 156 182
O_, 0 2 6 12 20 30 42 56 72 90 110 132 156
pp, 0 1 5 12 22 35 51 70 92 117 145 176 210 247
Dn 2 7 15 26 40 57 7r 100 126 155 187 222 260

For more detail, see [10].

2. The Matrix Sequences of Generalized Guglielmo Numbers

Recently, numerous studies have explored sequences of numbers in the literature, focusing on sequences
of Horadam (generalized Fibonacci) numbers and generalized Tribonacci numbers. These include well-known
sequences such as Fibonacci, Lucas, Pell, and Jacobsthal numbers, as well as third-order Pell, third-order Pell-
Lucas, Padovan, Perrin, Padovan-Perrin, Narayana, third-order Jacobsthal and third-order Jacobsthal-Lucas

numbers. The sequences of numbers have found widespread applications in various research areas, including
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physics, engineering, architecture, nature and art. Conversely, matrix sequences have garnered attention,
particularly for different types of numbers. Next, we present some study published in the litherature related
to matrix sequences.

e For study related to Generalized Fibonacci matrix sequences see, [2,3,4,11,12,13,14,15,18].

e For study related to Generalized Tribonacci matrix sequences see,[1,6,7,8,9,16,17].

e For study related to Generalized Tetranacci matrix sequences see, [5].

In this section we define generalized Guglielmo matrix sequence and investigate its properties.

DEFINITION 2.1. For any integer n > 0, the generalized Guglielmo matriz (MW,,) is defined by

MW, =3MW,,_1 —3MW,_o + MW, _3 (2.1)
with initial conditions
W1 W2 — 3W1 WO
MWy, = Wo Wi — 3Wy 3Wy — 3W71 + Wy s

3Wo = 3W1 + Wy 9W; — 8Wy — 3Wa  6Wy — 8W1 + 3Ws

Wy Wy —3W1 Wi
MWI = W1 W2 — 3W1 Wo 5
Wo Wi —3Wy 3Wy—3W; + Ws

Wo —3W1 +3Wy Wi —3Wse Ws
MW2 == W2 WO - 3W1 Wl
Wy Wy —3W1 Wy

The sequence { MW, },>0 can be extended to negative subscripts by defining
MW_, = 3MW_(,L_1) — 3MW_(n_2) + MW_(n_g,)
forn =1,2,3, ... respectively. Therefore, recurrence (2.1) holds for all integers n.

Three special cases of generalized Guglielmo matrix sequence, taking W,, = T,,,W,, = H,,W,, =

Oy, W,, = py, respectively, can be defined as follows.

DEFINITION 2.2. For any integer n > 0, the triangular matriz (MT,), Lucas-triangular matriz (MH,,),
oblong matriz (MO,,) and pentagonal matriz (Mp,,) are defined by
MT, = 3MT,_1 —3MT,_o+ MT,_3,
MH, = 3MH,_;—-3MH,_o+ MH,_3,
MO, = 3MOp—1 —3MO,_3+ MO, _3,

Mp, = 3Mpp_1—3Mpy_o+ Mp,_3
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respectively, with initial conditions

10 0 3 -3 1 6 —8 3
MT, = o010 |, Mhi=]1 0 0], M= 3 -3 1 |,
0 0 1 0 1 0 1 0 0
3 —6 3 3 —6 3 3 —6 3
MH, = 3 6 3|, MHK1=|3 -6 3 |, MH=|3 -6 3 |,
3 —6 3 3 —6 3 3 —6 3
2 0 0 —6 2 12 —-16 6
MO, = 020 ]|, MO1=]2 0 01|, MO=| 6 -6 2|,
0 0 2 0 2 0 2 0 0
1 2 0 5 —3 1 12 —-14 5
Mpy = 0o 1 2|, Mpp=|1 2 0|, Mp2= 5 -3 1
2 —6 7 0 1 2 1 2 0

MT_, = 3MT_(n_1) — 3MT_(n_2) + MT—(n—3)7
3MH—(n—1) — 3MH_(n_2) + MH—(n—3)7
Moin = 3,/\/107(,,171) — SMO,(n72) + MOf(n73)7

Mpfn = 3~/\/lp—(n—1) - 3Mp—(n—2) + Mp—(n—l%)

for n = 1,2, 3, ... respectively.

The following theorem gives the nth general terms of the generalized Guglielmo matrix sequence.

THEOREM 2.3. For any integer n, we have the following formulas of the generalized Guglielmo matrix

sequence:

Wn+1 _3Wn + anl Wn
MW" = Wn _Sanl + Wn72 anl . (22)
Wn—l _3Wn—2 + Wn—?) Wn—2

Proof. Suppose that n > 0. We prove (2.2) by mathematical induction on n. If n = 0, since W_; =
3Wo — 3W1 + Wy, W_o = 6Wy — 8W7 + 3Wo, W_3 = 10Wy — 15W7 4+ 6W5, we have

Wi —3Wy+W_4 Wo Wi Wy — 3W1 Wo
MWy = Wo =3W_14+W_o W_4 = Wy Wi — 3W, 3Woy — 3W1 + Wo
W_1 -3W_o+W_3 W_o SWo —3W1 +Ws  9W; —8Wy — 3Ws 6Wy — 8Wq + 3Ws
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which is true. Assume that the equality holds for n < k. For n = k + 1, we have

MWy = 3MW, —3MWi_1 + MWy_o

Wiyr  —3Wi + Wi Wi, Wi—n+1  —3Wa—) + We—1)—1 Wik-1)
= 3 Wi  —=3Wi1+ Wi Wiy | —3 Wi—1y —3Wae_n-1+We_1—2 We-1)—1
Wiy —3Wi o+ Wiz Wio Wi—ny-1 —3Wa_n—2+We_1)-3 Wae_1)—2

Wik—2+1 =3Wi2) + Wi—zy-1 Wa—g)
+ Wi—oy —3Wa_2y-1+Wi_2y-2 Wr_2)-1
Wi—oy-1 —3W_2y2+Wp_2-3 Wp_2)_2

Wikt1)+1 —=3Wiy1 + Wig1)—1 Wit
= Wit =3Wea)—1 + Wa)—2 Wern)—1
Wian-1 —3Wayrn—2+Wainy-3 Ween—2

Thus, by strong induction on k + 1, this proves (2.2).
For the case n < 0, similarly,(2.2) can be proved by strong mathematical induction on n. O
The following corollary gives the nth general terms of the the triangular matrix (MT,,), Lucas-triangular

matrix (MH,,), oblong matrix (MO,,) and pentegonal matrix (Mp,,).

COROLLARY 2.4. For any integer n, we have the following formulas of the matriz sequences:

Tn+1 *3Tn + Tn—l Tn
MT” = Tn _STnfl + Tn72 Tnfl ’
Tn—l _3Tn—2 + Tn—3 Tn—2

Hn+1 *3Hn + Hn—l Hn
MHn = Hn —3Hn71 + Hn,Q Hn71 ’
Hn—l _3Hn—2 + Hn—3 Hn—2

On+1 73011 + On—l On
MO, = O, —30,-14+ 04,2 O,_1 s
On—l _SOn—Q + On—?) On—2

pn+l 73pn + Pn—1 Pn
Mpn = Pn _Spnfl + Pn—2 DPn-1

Pn-1 _3pn—2 +pn—3 Pn—2

LEMMA 2.5. We suppose that « = 8 = =, the Binet’s formula of generalized (r,s,t) sequence is

W, = (A1 + Agn + Azn?) x a” (2.3)
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where a, 3,7 are the roots of the characteristic equation of the generalized (r,s,t) sequence and

Al = WO7

1
Ay = 5(—W2+4W1—3W0),

1
Wy —2W5 + Wo)

A3 == 5(

We now give the Binet’s formula for the generalized Guglielmo matrix sequence.

THEOREM 2.6. For every integer n, the Binet’s formula of the generalized Guglielmo matrix sequence

are given by

MW, = MA| + MAsn + MA3n2 (24)

where

MA, = MWy,

1
MA;, = 5(—MW2 +4AMW7 — 3MWO),

MA; = %(MWQ —2IMW; + MWy).

Proof. The proof can be done easily by using Lemma 2.5. [J
The following corollory gives the Binet’s formulas of the triangular, Lucas-triangular, oblong and pen-

tagonals matrix sequences.

COROLLARY 2.7. For every integer n, the Binet formulas of the triangular, Lucas-triangular, oblong and

pentagonals matriz sequences, respectively, are given by

(a):
MT,, = MB; + MBon + MBsn?

where
1 0 0
MB, = MLy=(0 1 0 [,
0 0 1
3 1
. 2 2 3
MBy = S(-MT+4MT-3MTy)=| L 0 -1 |,
1 3
-3 2 =3
1 1
X 2 —1 3
MBy = S(MT, —2MTi+ MTy) = | § -1 3§
1 1
3 1 3
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i.e.

(b):

where

i.€.

(c):

where

%nQ—I—%n—Fl —n? —2n %nQ—&—%n
MT, = in?+1in 1—n? in?—1in
%nz—%n 2n — n? %n2—%n+1
MHn = MC1 + MCQTL + MC3TL2
3 —6 3
MC, = MHy=| 3 -6 3 |,
3 —6 3
0 0 O
1
MCy = S(=MH;+4MH, =3MHo)=| 0 0 0 |,
0 0 O
0 0 O
1
MCs = E(MHQ—QMHlJrMHo): 000 |-
0 0 O
3 —6 3
MH,=| 3 -6 3
3 —6 3
MOn:MD1+MD2n+MD3n2
2 00
MDD, MOo=| 0 2 0 |,
0 0 2
3 -4 1
1
MD, 5(*/\402 +4MO; — 3M00) = 1 0 —1 R
-1 4 -3
1 -2 1

1
MDs 5(./\/102 —2MO; + MOo) = 1 -2 1

1 -2 1
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i.e.
n>+3n+2 —2n%—4n n®+n
MO, = n?+n 2 — 2n2 n?—n
n?—n dn —2n% n?—3n+2
(d):
./\/lpn = MEl + MEQTL + ME3712
where
1 2 0
MEl == Mp() = O 1 2 9
2 —6 7
5 1
. 3 —2 -3
ME; = S(=Mpy+4Mp=3Mpo) = | -5 4 -5 |,
7 13
-5 10 =3
3 3
. 2 3 3
ME; = S(Mpz =2Mpr+Mpo)=| § -3 3
3 3
2 T3 3
i.e.
%n2+gn+1 —3n2—-2n+2 %nQ—%n
Mp, = %nQ — %n —3n?+4n+1 %n2 — %n +2

3n2—In+2 —3n?2+10n—6 32n?—Bn47

Now, we present some summation formulas for the generalized Guglielmo matrix sequence.

THEOREM 2.8. For all integers m,j we have

(a):
n—1 n—1 n(2—m—|—mn)
ZMka+j = Z(n./\/l/h + MAgjf
k=0 k=0
MA, n(652 + 65mn — 65m Jg 2m?2n? — 3m?n + m?) )
(b):
n—1 .
-1 -1 — 2
ZkMka+j - MAl%-FMAQn(n )(3]6 m + 2mn)
k=0
+MA3n (n — 1) (652 + 8jmn — 4jm + 3m>*n? — 3m?n)

12 '
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Proof.
(a) Using (2.4), we get

n—1 n—1
S MWimy; = > (MAL+ MAy (§ + km) + MAsz (j + km)?) (2.7)
k=0 k=0
n—1 n—1 n—1
= Y MA D MA (G +Ekm)+ Y MA; (j + km)?
k=0 k=0 k=0
n—1 .
27
= Y MA, 1 Ma,m ’;”m”)
k=0
—|—MA3n(6j2 —l—Gjmn—6{7’771—&(;2771277,2 —3m2n+m2) ) (2.8)
(b) Using (2.4), we get
n—1 n—1
S kMWiniy = Y (MA; + MAgk (j + km) + MAsk (j + km)?
k=0 k=0
n—1 n—1 n—1
= D EMA+ > MAK (j+km) + > MAsk (j + km)®
k=0 k=0 k=0
_ MA1n(n2_ 1) +MA2n(n -1 (3]6— m + 2mn)
_ 2 A 2,2 _ 9,2
+MA3n(n 1) (65 + 8jmn 124jm—|—3m n® —3m n) 0

From the theorem given above, we obtain the following corollary, which deals with the summation

formulas for the triangular, Lucas-triangular, oblong, and pentagonal matrix sequences.

COROLLARY 2.9. For all integers m,j we have

(a):
n—1 n—1 n(2 . _m+mn)
ZMTkm‘i‘j = Z(TLMBI +MBQ‘7—
2
k=0 k=0
+MBsn(6j2 + 65mn — 65m 7; 2m?n? — 3m?n + m2) ),
n—1 .
-1 —1)(35 - 2
ZkMTkm—i-j = MBlm‘I'MBQn(n )(]6 m + mn)
k=0
B, "= 1) (677 + 8jmn — djm + 3m*n” — 3m*n)

12

where
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MB]_ MT07
1
MBQ 5(_MTQ + 4MT1 — SMT()),
1
MBs3 i(MTQ —2MTy + MTy).
(b):
n—1 n—1 .
925 _
S MOpns; = 3 (MG + M@w
k=0 k=0
MG n(652 + 65mn — 6jm +6 2m?n? — 3m?2n + m?) )
n—1 .
-1 -1 - 2
ZkMOkm+j - Mcl%-FMCQn(n )(3]6 m + 2mn)
k=0
+MC3TL (n—1) (652 + 8jmn — 4jm + 3m?*n? — 3m>n)
12
where
MCl MHOa
1
MCs 5(—MH2 + 4MH, — 3MH,),
1
MCs 5(MH2 — 2MH; + MHo,).
(c):
w s n(2j — m+ mn)
Z MOgm+; = Z(nMDl + MDQ%
k=0 k=0
—|—MD3n(6j2 + 65mn — 65m —g 2m?n? — 3m?n + m?) ),
n—1 .
—1 -1 — 2
ZkMOkm+j - MD1%+MD27L(TL )(336 m + 2mn)
k=0
—l—/\/ngn (n — 1) (652 + 8jmn — 4jm + 3m?*n? — 3m?3n)
12
where
MDl MOO,
1
MDsy 5(—/\/102 +4MO; — 3MOy),
1
MDs 5(/\402 —2MO; + MOO)
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(d):
n—1 n—1 .
n(2j —m + mn)
D Mbimij = Y (nME; + MBy ==
k=0 k=0

n(652 + 6jmn — 65m + 2m?n? — 3m?n + m?)

+ME;3 5 ),
SkMp,mﬂ _ MEJ”%” D) (3j6— m + 2mn)
k=0
2 : : 2,2 2
+ME3n (n—1)(65* + 8jmn 124jm + 3m*n* — 3m*n)
where
ME; = Mpy,
ME, = %(*MPQ +4Mpy — 3Mpo),
MEs = L(Mps —2Mpy + Mpo).

Next, we present the generating function of the generalized Guglielmo matrix sequence.

THEOREM 2.10. Let faqw, (z) = Yoo g MWypa™ and A = (aij)3xs denote the generating function of

generalized Guglielmo matriz sequences. Then,

S - — 2
faw, @) = 3 MW,a" = MWy + (MW = 3MWo)z + (MWy — BMW, + 3MW,)z 2.9)
n=0

1—3z+ 322 — a3

1
A.
1—3x+ 322 — a3

where

ain = Wi+ (—3W1 + WQ)iL’ + W0$2,

as1 = Wo+ (=3Wy + Wh)z + 322 Wy + (—3W; + Wa)z?,

asi = (3Wo — 3Wy + Wa) + (—=8Wy + IW; — 3Wa)a + (6Wo — 8W; + 3Wa)a?,
and

Wo — 3W1 + (W + 6W; — 3Wa)ax + (—3W, + Wy)a?

@12

Wy — 3Wo + (9Wo — 6Wy + Wa)x + (—8Wy + 9W; — 3Wy)a?

a22

aza — 9W1 — 8W0 — 3W2 + (21W0 — 26W1 + 9W2)5L‘ + (—15Wo + 21W1 — 8W2)132
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and

Wo + (=3Wo + Wi)z + (3Wo — 3W5 + Wa)a?,

a1z =
a3 = (3W0 — 3W7 + Wg) + (*SWO + 9W; — 3W2)$ + (6W0 — 8W1 + 3W2)$2,
as3 = (GWO — 8W7 + 3W2) + (—15W0 +21W7 — 8W2).73 + (10W0 — 15W7 + 6W2)$2.

Proof. Using the definition of generalized Guglielmo matrix sequences, and substracting x faw, (z),

22 faw, (o) and 22 fagw, () from faw, (7) we get

(1 =3z +32% — %) frw, (v) = Z MW, z" — 3z Z MW, 2™ + 32 Z MW, 2" — 23 Z MW, z"
n=0 n=0 n=0 n=0

n=0

= i MW, z" —3 i MW,z" 43 i MW" 2 — i MW, z"+?
n=0 n=0 n=0

= ) MW" =3 MW, 12" +3) MW, o — > MW, 5"
n=0 n=1 n=2 n=3
= (MWy+ MWz + MWez?) — 3(MWoz + MWi2?) + 3MWoz?
oo
+ > (MW, = BMW,_y + BMW,, 5 — MW, _3)a"
n=3

= MW+ MWiz + MWyz? — SMWyz — SMW, 22 + 3MWyz?

= MWy + (MW; — 3MWo)z + (MWy — SMW, + 3MW)a2.

Rearranging above equation, we obtain

MW() + (MWl - 3MWO)$ + (MWQ - 3MW1 + 3MW0).T2
1—3z+ 322 — a3

[ee]
Z MW, z" =
n=0

which equals the identity that stated in the in the Theorem. This completes the proof. O

The following corollary gives the generating functions of the triangular, Lucas-triangular, oblong and

pentagonal matrix sequences.

COROLLARY 2.11. The generating functions for the triangular, Lucas-triangular, oblong and pentagonal

matriz sequences, respectively, are given as

(a): If we take MW,, = MT,, in the Theorem 2.10, we get,

- 1 z(x—3) x
1
W,z"™ = _ 2
Z)M nT 1 — 321327 — 23 T 1—-3x T
n= 2

2 x—32% 322-3z+1
(b): If we take MW, = MH,, in the Theorem 2.10, we get,
. 3(z—1)7° —6(x—-1)° 3(x—1)°
;MWM" =T +13x2 — | 3~ 1)2 —6(z — 1)2 3(z —1)°
3(z—1)° —6(x—1)7 3(x—1)
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(¢): If we take MW,, = MO,, in the Theorem 2.10, we get,
2 2z (x — 3) 2x
1

(o)
Wy "= - 2
ZM SER g e e g 26 2z
222 22 (3w —1) 622 — 62 +2

n=0

(d): If we take MW, = Mp,, in the Theorem 2.10, we get,

- 2r+1 z? — 9z + 2 z(2x+1)
1
Z/\/lwnas"z17336”:627563 (2 +1) 62 —z+1  T2®—6x+2
n=0
7Tz —6x+2 —192° 4+ 192 —6 1522 — 192+ 7

Next, we give the generating function of the generalized Guglielmo matrix sequences with negative

indices.

THEOREM 2.12. Let gpmw, (z) = > on g MW_pa™ be generating function of the generalized Guglielmo
matriz sequence. For negative indices, the generating function for the generalized Guglielmo matrix sequence

is given as follows

[e%s} _ _ 2
Z MW, z" = MWy + (MW,1 3MWO)$ + (./\/121/1/723 SMW_1 + 3MW0)JJ (2.10)
= 1-3z432% -z

1
B
1—3z+ 322 — a3

where B = (b;j)3x3 and

by = Wi+ Wy —3Wy)x + 22Wha,
bor = Wy+ (—3W1 + WQ).’Z? + $2W1,
bsr = (3Wo — 3Wy + Wa) + (=3Wy + Wy)x + 22W,
and
bio = Wy —3W; + (=3Wpy + 10W; — 3Wa)z + (Wo — 3W7)z?,
boy = Wi —3Wo+ (Wo+6W; — 3Wa)z + (—3W; + Wa)a?,
byo = 9Wy — 8Wy + —3Wa + (IWy — 6W1 + W)z + (—3Wo + Wy)a?
and
biz = Wo+ (=3W; +Wo)x + 22Wy,
bos = (3Wo —3W1 + Wa) + (—3Wy + Wl)l‘ + $2WO7

bys = (6Wo — 8Wy + 3Wa) + (—8Wo + 9W, — 3Wa)x + (3Wy — 3Wy + Wa)z?.
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Proof. Using the definition of generalized Guglielmo matrix sequences, and substracting zgmw, (),

22gmw, (z) and 23gamw, (7) from g, (z) we get

(1 =3z +32% — 23 faw_, () = Z MW_,z" — 3z Z MW_,z"™ + 32* Z MW_,z" — 23 Z MW_,z"

n=0 n=0 n=0 n=0
= Y MW 2" =3 MW_a" T +3Y MW,z = MW,
n=0 n=0 n=0 n=0

= i MW_,x™ —3 i MW_(n_l).’ﬂn +3 i MW_(n_Q)IEn — i MW_(H_3)$H

n=0 n=1 n=2 n=3

= (MWy+ MW_1z+ MW_527%) — 3(MWoz + MW_12?) + 3MWya?

+ Z(3MW—(7L—1) - 3MW—(7L—2) + MW—(TL—E})):EH

n=3

= MWy+ MW_iz+ MW_sz% — SMWyz — SMW_12> + 3MW,yz?

= MWy + (MW,1 — SMWO)!E + (MW72 —3MW_q + 3MWO)x2.

Rearranging above equation, we get

iMW o MW+ (MW_1 = 3MWy)z + (MW_g — SMW_1 + 3MWy)z>
oy e 1—3x+322 —23

which equals the identity that stated in the Theorem. O
The following corollary gives the generating functions of the triangular, Lucas-triangular, oblong and

pentagonal matrix sequences with negative subscript .

COROLLARY 2.13. The generating functions for the triangular, Lucas-triangular, oblong and pentagonal

matriz sequences with negative subscript, respectively, are given as
(a): If we take MW_,, = MT_,, in the Theorem 2.10, we get,

322 =3z +1 z—322 22
1

ZMTfnac" =1 3r 13229 x? 1-3z =z
" x z(r—3) 1

(b): If we take MW_,, = MH_,, in the Theorem 2.10, we have,

3(x—17° —6(x—1)° 3(x—1)°
1

nZOMH,nx”zli?)er?)xZixg 3(z—1)° —6(x—1)7 3(x—1)
N 3(x—1)7° —6(x—1)° 3(x—1)°

(c): If we take MW_,, = MO_,, in the Theorem 2.10, we obtain,

622 —6r+2 —2x(3z—1) 222
1

O_n n — i 2 _
;M S B 2 2 — 6 2z
2x 2z (x — 3) 2
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(d): If we take MW_,, = Mp_,, in the Theorem 2.10, we get,
522 —3x+1 —322-5x+2 x(z+2)

1 2
ZMP nx" 1 3s132 23 z(z+2) 2z% — 9z + 1 x4+ 2

T+ 2 22 —z—6 202 —6x 4+ 7

Now, we give two special equality in the following lemma that we need rest of the study.

LEMMA 2.14. ([7?7])We assume that f(z) = Z anx” is the generating function of the sequence {an }n>0-

Then the generating functions of the sequences {agn}n>0 and {azn+1}n>0 are stated as

o ZW NGEIIENG
and

R S
respectively.

THEOREM 2.15. The generating functions of the sequence MWs,, and MWa, 11 are provided by

MWO + (MW2 — 3MWO)J} + (6MWO - 8MW1 + 3MW2)$2
1—3z+ 322 — a3

Frws, (m) = , (2.11)

MWl + (MW() - 6MW1 + 3MW2)CC + (3MWO - 3MW1 + MWQ)I2
1—3z+ 322 — 23

fMW2n+1(x) = (212)

Proof. We only proof (2.11). From Theorem (2.10) we can obtain following identities:

MWy — /. (MW = 3MW,) + (3MW0 — 3MW; + MWQ)
3¢ +3yT+ 22 +1
MW+ Va (MW = 3MW) + (3MW0 — 3MW, + MWs)
3VZ—3x+x2—1

faw, (V) =

frmw, (—VzE) =

Thereby, using lemma (2.14) identity (2.11) can be proved . The other identity can be found similarly. O
In the next corollary, we present the generating function of generalized Guglielmo matrix sequences with

odd and even subscript by using the Theorem 2.15

COROLLARY 2.16. The triangular, Lucas-triangular, oblong, and pentagonal matrix sequences with even

and odd subscript, respectively, are given as
(a): If we take MW,, = MT,, in the Theorem 2.15, we get,

MTy + (MT2 — 3MTO)£C + (GMTU — 8MTy + 3MT2)£L‘2

faare (@) = 1 -3z + 322 — a3

3z +1 —8x z(x+3)
1
= r(x+3) -322—-6x+1 a2(Bx+1) )

1—3x+ 322 — 23
z(3z+1) —8z2 622 — 3z + 1
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MT, + (MTO — 6MTy + 3MT2)£L' + (3MT0 — 3MT + MTg)x2

Iatta (@) = 1—3x+ 322 — 23
T+3 z? — 6z —3 3z +1
1
3x+1 —8z x (x4 3)

1—32+ 322 — a3
r(z+3) —-322-6x+1 x(Bxr+1)

(b): If we take MW,, = MH,, in the Theorem 2.15, we get,
MHO + (.MH2 — SMH())JT + (6MHO — 8MH1 + 3MH2)ZL‘2

Fartz, (7). = 1 -3z + 322 — a3
3(x—1)7° —6(@x—-1)° 3(x—1)°
1 2 2 2
= 1 30130 — a3 3(z—1)° —6(zx—1)° 3(z—1) ;
3(x—1)7° —6(x—-1)° 3(x—1)°
MHznte N 1—3z + 322 — 23

3(z—1)?% —6(z—-1)7 3(x-1)°

1
T | 3@ 6@-1* 3@-1)
3(z—1)° —6(x—1)7 3(x—1)

(c): If we take MW,, = MO,, in the Theorem 2.15, we get,
MOy + (MOy — 3MOq)x + (6MOy — 8MO; + 3MO,)x?

fr0, (x) B 1—3x+3x2 — 23
6x + 2 —16z 2z (x + 3)
1
= _ 2 _
1321 322 _ 23 2z (z+3) —622—12z+2 2z(3z+1)
2z (3z + 1) —162? 1222 — 6z + 2
f (.%‘) . MO, + (MOO — 6 MO + 3./\/102)33 + (3MOO — 3MO; + MOQ)JZz
MO B 1— 3z + 322 — 23
2r+6 2e2 — 122 — 6 6x + 2
1
6x + 2 —16z 2z (z + 3)

1— 3z + 322 — a3
2z (z+3) —622—122+2 2z(3z+1)

(d): If we take MO,, = Mp,, in the Theorem 2.15, we get,
f (SL') _ MpU + (MPQ - 3MP0)$ + (6Mp0 - 8Mp1 + 3./\/1]92)1'2
Mpzn 1— 3z + 322 — 23
202 + 92 +1  —622 — 202 +2 x(7Tz +5)
—1922 — 6z +1 1522 — 52+ 2

1
1 — 3z + 322 — a3 z(7z+5)
1522 — 5x + 2

—382%2 420z —6 26z%—21lz+7
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Mpyi + (Mpy — 6Mpy + 3Mps)x + (3Mpy — 3Mpy + Mpy)x?
1—3x4+322 —23

fMp2n+1 (:L’) =

T +5 x2 — 222 —3 222 4+ 9z + 1

1
= 202+ 92 +1 —622—-200+2  x(7Tx+5)

1—32+ 322 — a3
x(7Tx+5) —1922 —6x+1 1522 — 5z +2

3. Some Identities

In this section we give some identities related to generalized Guglielmo matrix sequences. Moreover, we
deal with some special identities such as the Catalan’s identity for the triangular, Lucas-triangular, oblong
and pentagonal matrix sequences. First, we investigate relation between MH,, and MW, in the following

theorem.

THEOREM 3.1. For any integer n the following equalities are true:

(a): (Wo — 2W1 + Wa)MH, = 3MW, 4 — 6MW, i3 + 3MW,, 1o.
(Wo — 2W1 + Wa)MH, = 3MWi3 — 6MW 2 + 3MW, 1.

(c): (Wo — 2Wy + Wa)MH,, = 3MW, 45 — 6MWyy1 + 3MW,,.
(Wo — 2W1 + Wa)MH, = 3MW, 1 — 6MW, + 3MW,_1.

(e): (Wo — 2Wi + W) MH,, = 3MW, — 6 MW,_; + 3MW,,_s.

Proof. For the prove identity (a) we use the mathematical induction on n. First we derive the proof for
n > 0. If we take n = 0, the identity (a) is true. We assume that the identity (a) holds for n < k and then
Jor n =k + 1 and using (2.2) and (1.6), we get

3Wy — 6W1 +3Wy 3Wy — 6W1 + 3Wsy  3Wy — 6W7 + 3Ws
SMW g y1y4a — MWy 13 + 3MWigi1)12 = 3Wo — 6W1 +3Wy 3Wy — 6W; +3Wy 3Wo — 6W; + 3W,
3Wy —6Wy +3Wy 3Wy —6Wy 4+ 3Wsy 3Wy — 6W7 + 3W,

3 3 3
= (Wo—2W1+Ws)| 3 3 3
3 3 3

= (W() —2Wy + WQ)MHk+1.

For the case n < 0 the proof can be done in the same way. Consequently the other equalities can be
prove similarly. Thus the proof completed. [

Next, the relation between generalized Guglielmo matrix sequences and oblong matrix sequences.

THEOREM 3.2. Let n is an arbitrary integer then the following equalities are true:

(a): 2MW,, = (10W0 — 15W4 + 6W2)M0n+4 + (37W1 — 24Wy — 15W2)./\/l0n+3 + (15WO — 24W4 +
10W2) MO, 5.
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(b): 2MW,, = (6Wy — 8W; + 3Wa) MO, 43 + (21W; — 15Wy — 8Wo) MO, 40 + (10Wy — 15W; +
6W2) MO, 1.

(€): 2MW,, = (3Wy — 3Wy + Wa) MO, 10 4 (9W1 — 8Wy — 3Wa) MO, 11 + (6W — 8Wy + 3Wa) MO,,.

(d): 2MW,, = WyOpy1 + (W1 — 3Wo)MO,, + (3Wy — 3Wy + Wa) MO, 1.

(€): 2MW,, = W10, + (Wy — 3W1)MO,,_1 + WoMO,,_,.

(f): (Wo — 2W1 + Wa)> MO,, = —2(—3W2 — W3 + WoW; + 3W, Wa) MW, 14 + 2(—8W2 — 3W2 +
3WoWy — WoWa +9W W) MW,y 5+ 2(WE +9W2 4 3W3 — 6Wo W1 + 3WoWa — 100, Wa) MW, 1 5.

(8): (Wo —2W1 + Wa)® MO,, = —2(—=W2+WoWa) MW, 4 34+ 2(WE—3Wo Wy +3Wo Wo— W1 Wo) MW, 45—
2(=3WE — W3 + WoWi + 3W1 Wa) MW, 41.

(h): (Wo —2Wy + Wa)> MO,, = 2(W2 + 3W2 — 3WoWy — WiWo) MW, 40 — 2(—W2 + WoW,; —
3WoWsy + 3WiWo) MW,y 1 — 2(— W32 + WoWao) MW,,.

(1): (W — 2Wy + Wa)? MO, = 2BW2+IWE+WZ —10Wo Wi +3WoWo—6W1 W) MW, 11 —2(3W2+
SWZ — 9WoW, + WoWy — 3Wy W) MW, 4 2(W3 + 3W2 — 3WoW, — Wy Wa) MW,,_ .

G): (Wo —2W1 4+ Wa)® MO,, = 2(6WE + 19W2 + 3W2 — 20Wo Wy + 8SWoWa — 15W Wa) MW, —
2(8WE +24W32 +3W3 — 2TWo Wy + IWoWo — 1TW  Wo) MW, _1 + 2(3WE +9WE + W2 — 10W, Wy +
3WoWy — 6W, W) MW, _s.

For the prove identity (a) we use the mathematical induction on n. First we derive the proof for n > 0.
If we take n = 0 the identity (a) is true. We assume that the identity (a) holds for n < k and then ,for
n =k + 1 and using (2.2) and (1.6), we get
(10Wo—15W3 +6Wa) MO 1) 1.a+(3TW1 —24Wo —15Wa) MO o415+ (15Wo —24W; +10Wa) MO 41142 =
W1  —6Wy+2Wnoy  2W,
MW, —6Wpy +2Wp o 2Wy 1 | = 2MWiy.

2Wn—1 *6Wn—2 + 2Wn—3 2Wn—2
For the case n < 0 the proof can be done in the same way. Consequently the other equalities can be

prove similarly. Thus the proof completed. [

Next, the relation between generalized Guglielmo Matrix Sequences and pentagonal Matrix Sequences

THEOREM 3.3. For any integer n the following equalities are true:

(a): 2T MW, = (64Wo —89W: +34Wo) Mpy, 44+ (229W) — 158Wo — 89Wo) Mpy, 45+ (103 W, — 158, +

64Wo) Mpy12.

(b): 2TMW,, = (34Wo — 38W1 + 13Wa) Mpy .43 + (109W; — 89Wy — 38Wa) Mpp o + (64Wo — 89W; +
34Ws) Mp1.

(c): 2TMW, = (13Wo — 5Wy + Wa)Mpnia + (25W1 — 38Wo — 5Wa)Mpnyr + (34Wy — 38W7 +
13Wo) Mpy,.

(d): 2TMW,, = (W0+10W1 —2Wg)Mpn+1 +(10W2—23W1 —5WO)Mpn+(13W0—5W1+W2)Mpn_1.
(e): 2TMW,, = (TWy —2Wo +4Wa) Mpr, + (10Wo — 35W1 + TWa) Mpn 1 + (Wo+ 10W; — 215 ) Mpy _s.
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(£): (Wo — 2W, + Wa)® Mp, = (2W2 + 20W2 + TW2 — 13WW; + 6WoWy — 23W3 Wo) MW, 44 +
(—6W2 + 3TWoWy — 19W Wy — 56W2 + 63W, Wy — 19W2) MW, 45 + (TWE + ATWE + 15W2 —
36WoWy + 19Wo Wy — 52W, Wo) MW, (5.

(g): Wy —2Wy + Wa)® Mp,, = (TWE+2W2 — 2WoWy — WoWa — 6Wy Wo) MW, 43+ (WE — 16W2 —
6W3 + 3WoWy + WoWs + 1TW Wo) MW, 10 + W3 + 21WE + TW3E — 13W W, + 6WWs —
23W i W) MW, 1.

(h): (Wy — 2Wy + Wa)® Mp,, = (W2 + 5W32 — 3WoWy — 2WoWa — Wi Wo) MW, 0 + (2WE + W2 —
TWoWy + 9WoWa — 5Wi W) MW,y + (TW2 4 2W2 — 2Wo Wy — WoWa — 6W, Wa) MW,,.

(1): (W — 2Wy + Wa)® Mp, = (BW2 + 15W2 + W2 — 16Wo Wy + 3WoWo — 8W1 Wa ) W1 + (—3W2 +
TWo W1 +5WoWa —8W2 —3Wy Wa+2W32) MW, + (W3 +5WE — 3Wo Wy — 2WoWa — W1 Wa) MW, ;.

(G): (Wo —2Wy 4+ Wa)® Mp,, = (12W2 + 3TWE + 5W2 — A1WW, + 14WWy — 27TW, Wo) MW, +
(—14WE +45WoW1 — 11 W Wa —40W? +23W1 Wo —3WZ ) MW, _1 + (BWE + 15WE+ W3 — 16W W1 +
3WoWa — 8Wy W) MW, _s.

For the prove identity (a) we use the mathematical induction on n. First we derive the proof for n > 0.
If we take n = 0 the identity (a) is true. We assume that the identity (a) holds for n < k and then ,for
n =k + 1 and using (2.2) and (1.6), we get,

(64W() —89W1 + 34W2)Mpk+5 + (229W1 — 158W, — 89W2)Mpk+4 + (103Wo — 158W7 + 64W2)Mpk+3 =
2TWi 42 27TW, 2TWie41

QW1 2TWier  2TW), | = 2TMWii1.

21Wi  2TWi—o 2TWj_q
For the case n < 0 the proof can be done in the same way. Consequently the other equalities can be

prove similarly. Thus the proof completed. [

THEOREM 3.4. For all integers m,n the following identity holds:

MWm+n = Tm—lMWn-i-Q + (Tm—S - 3Tm—2)MWn+1 + Tm—2MWn~

Proof. First, we assume that m,n > 0. the theorem (3.4) can be proved by mathematical induction on m.

If m =0 we get

MW, = T_lMWn+2 + (T_g - 3T_2)MWH+1 + T oMW,
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which is true since 71 = 0,75 = 1,T_3 = 3. We assume that the identity given holds for m < k. For
m=k+1, we get

MWostyin = 3MWiig — 3MWoisoy + MW s

— 3(Th A MWps + (T — 3Tp2) MWy 1 + Ty s MW,)
—3(ThaMWi o + (Tos — 3Tp—3) MWyt + Tho_sMW,.)
H(Ty—sMWyio + (Th—5 — 3Tj—a) MWy 1 + T s MW,

= (BTp—1—3Tp—2+ Th—3)MW,yo + ((3Tk—3 — 3Tk—a + Ti—5)
—3(3Th—2 — 3Th—3 + Tha) ) MWisr + (3Th—2 — 3Tj_3 + Ths) MW,

T MWiis + (Ths — 3T ) MWty + Tt MW,

= Tis1)-1tMWiio + (Teg1)-3 — 3T (k1) —2) MWip1 + T(gg1)—2 MW,

Consequently, by mathematical induction on m, this proves Theorem 3.4. The case m,n < 0 can be proved
similarly. [J
Forn >0, m > 0 and taking MW,, = MT,, or MW,, = MH, or MW,, = MO,, or MW,, = Mp,, ,

respectively, we get,

MTsn = T xMToss + Tyt — 3Tm—2)MTps1 + Trns MTy,
MHopin = TonxMHypps + (Ton—s — 3Ty2)MHp i1 + TynoMH,,
MOpin = Tom1MOnis+ (Tos — 3Tom—2)MOns1 + Ton_aMOn,
Mpimin = Tm-aMppgo+ (Tin—s — 3Tm—2)Mpny1 + Tin—oMpy.

Next Lemma, we give some identities raleted to MA;, MAy, MAs, MBy, MBy, MB3, MC1, MC>,
MC;),, MDl, ./\/11)27 MD3, MEl, ME2 and MEg.

LemMA 3.5. The following identities holds:
MBIMA, = MBMC, = MBiMDy = MByME;
MBZ = MByMBs = MB3MB; =0
MByMCy = MCoMBy = ME,MCy = MCoME; =0
MBsMEs = MEsMB3 = MBsMDs = MD3sMB3 =0

Proof. Using matrix multiplication the proof is done. [J
Note that MB; = M1y is identity matrix.

Next Lemma, we give some relation linked to Guglielmo matrix sequences.

LEMMA 3.6. For all integers m and n, we have the following identities.
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(a): MToMW,, = MW, MTy = MW,,.
(b): MWoMT,, = MT, MWy = MW,,.
(c): MT,MT,, = MT,, MT,, = MT,4,.
(d): MT,, MW,, = MW, MT,, = MWy, 1.
(e): MT,,MH, = MH,MT,, = MH, .
(f): MT,,, MO,, = MO, MT,,, = MO, 4.
(8): MT,,Mp, = Mp, MT,, = Mpp4n.
(h): MWoMW,, = MW, MW,.

(i): MW, MW, = MW, MW,, = MWy MW, _¢p,.
(i): MT_, = (MT,)".

(k): MW_,, = (MWp)'="(MW_q)".

Proof. Identities can be established easily.

(a): The proof can be easily seen since MTj is the identity matrix.
(b): The proof can be seen by using Theorem 2.3 and Corollary 2.4.

(c): Using Lemma 3.5 we have the following equalities,

MTnMTm - (MBl + MBQn + MB3n2)(MB1 + MBQm + MBng)
= MB} + MB;MBym + MByMBsm? + MB; MByn + MByMBymn 4+ M By MBsnm? + M By M Bsn? -

(MB; + MBs(n +m) + MBs(n +m)?)

The identity MT,, MT,, = MT, 1., can be seen similarly. This completes the proof that we
need.

(d): From (b) and (c), we have

M T M W, = M Tn M T, M Wo

MTy g MWy

MW7n+n-

(e): Take MW,, = MH, in (d).
(f): Take MW,, = MO, in (d).
(g): Take MW,, = Mp, in (d).
(h): If we perform matrix multiplication and compare the entries of the resulting rows and columns,

the required proof is complete.
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(i): If we use (d) and (h) and (b), we have

MWOM Wn+m MWOMWnMTm

MWy, MWy MT,,

MWy, MW,

The identity MWoMW,, 1, = MW, MW,, can be seen similarly. This completes the proof of (h).

(j): First, we establish the proof the case n > 0 by using mathematical induction on n. If n = 0 then

we have

and

10 0 oo\
MT, 010]=]010 = (MTp) ™
00 1 00 1
-1
0 1 0 0 1 0
MIy=10 0 1 |=[0 0 1 = (MTy)"
1 -3 3 1 -3 3

Let the equality given in the (j) holds for n < k. For n = k 4 1, by using (c¢), we obtain

(MTypq) ™

(MTMTy) ™ = (MT) Y MT) ™ = MT_ MT_,,
0 1 0 Topir  —3T 4Ty Ton
0 0 1 T —3T 1 +T o Topa
1 -3 3 T 1 3T o+T 35 T . o
T g 3T 1+ T o T k-1
T ;1 =3Il g2 +T f_3 T o

3T 1 — 3T+ T 41 10Ty — 12T g o+ 3T g3 —3T_ 3T o —3T_f_1+T

T (krnyvr =31 (k1) + T (k1)1 T (k+1)
T (k+1y 3T (eyn-1+tT-@rn—2 T (r41)-1
T_(k+1)=1 —3T_(er)—2 + T-(hy1)—3 T_(kt1)—2
MT_ (g 11y-

Thus, by induction on n, this proves (j) for n > 0. For the other case n < 0 the proof can be done similarly.

This complates proof.

(k): If we take m = —n + 1 and n = —1 in the identity (i), we obtain that

MWoMW_,, = MW_p (i MW_,. (3.1)
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If we multiply both side of the equation that we obtain above with MW, and using (i) we have

the relation

MWoMWoMW_,, = MWoMW_, 1 MW_,

MWy MW_  MW_;.

Repeating this process then we obtain

(MW" T MW_,, = (MW_,)".

Thus, it follows that

MW_,, = (MW)' ™ (MW_;)".

This completes the proof. [

Note that using Lemma 3.6 (k) and (d), we obtain

MW_, (MW (MW _ )"

(MW, MW_ )" (MW_)"

= (MW_)' T (MW,)' T (MWV_)"

and then by Lemma (j), we get

MW_,, = (MT,) =" (MW,) " (MW_1)".

Using Lemma 3.6 and comparing matrix entries, we obtain next result.

THEOREM 3.7. For all integers m,n and r, the following identities hold:

(a): MT" = MT o,
(b): MT}" | = MT{" MT,,
(c): MTp,_ MTyy = MT2 = MT3.

Proof. We prove for m,n,r > 0. The other cases can be proved similarly.

(a): We can write N as

MT = MT,MT,.. MT,, (m times).
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Using Lemma 3.6 (c¢) iteratively, we obtain the required result:

MT™ MT,MT,...MT,

m times
= My, MT , MT,.. MT,
m—1 times

= ML MT ,MT,. MT,

m—2 times

= MT(mfl)nMTn

= MTpy,.
(b): As a similar approach in (a) we have
Mngrl == MTn+1.MTn+1...MTn+1 == MT7n(n+1) == MTmMTmn == MTlMTmflMTmn

Using Lemma 3.6 (c¢), we can write iteratively,

MTm = MTIMTmfh

MTmfl = MTIMTm.an

MTy, = MTIMT;.
Now it follows that

MT::}'_l = MTlMTm—lMT'rnn

= MTyMT,.. MTyMTy,, = MT"MTp,..

m times

(c): Lemma 3.6 (c) gives
MTTL—T'MTTL-‘:-'I" = MTy, = MT,MT,, = MT72L

and also

MT,_ MTy iy = MTsy = MTyMTy... MT5 = MTY.

n times

Next Theorem, we encounter similar outcomes for the matrix sequence MW,,.

THEOREM 3.8. For all integers m,n and r, the following identities hold:
(a): MW, MW, 4, = MW2Z
(b): MW = MW MT,,,.
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Proof.

(a): Using Binet’s formula of generalized Guglielmo sequence given in Theorem 2.6 and matrix mul-

tiplication, we obtain

MW, MWy — MW2E = (MA;] + MAy(n+7) + MAz(n 4 7)%)(MA; + MAs(n — 1)
+MAs(n —1)?) — (MA; + MAyn + MAsn?)?
= —20°r? MAS — 2nr MASMA; + r* MAS — 12 MAS + 2M A1 M As
= 0.

At least, we get the result as required.

(b): By Theorem 3.7, we have

MW MT,,, = MW MWy.. MWy MT, MT,,.. MT,,.

m times m times

By applying Lemma 3.6 (b) iteratively, it follows that

MW My = (MWoMT)(MWoMT,)... ( MWoMT,)

MW, MW,... MW, = MW

This completes the proof. O

4. Conclusion

In this study we define generalized Guglielmo matrix sequence and give four special cases that we named
triangular matrix sequence, Lucas-triangular matrix sequence, oblong matrix sequence and pentagonals
matrix sequence. We also define the Binet’s formula of the generalized Guglielmo matrix sequence and
its special cases. Moreover, we give generating function and sum formulas related to generalized Guglielmo
matrix sequence. Furthermore, wei give some lemma and theorem using matrix properties and some formulas.
We know that the matrix sequences are fundamental issue in linear algebra and have applications in various
fields including numerical analysis, differential equations, control theory, and computer graphics. Thus, we

believe that our study will contribute to ongoing research in this field.

References

[1] Cerda-Morales, G., On the Third-Order Jacobsthal and Third-Order Jacobsthal-Lucas Sequences and Their Matrix Rep-
resentations. Mediterranean Journal of Mathematics, 16 (2019) 1-12.

[2] Civciv, H., Turkmen, R., On the (s; t)-Fibonacci and Fibonacci matrix sequences, Ars Combin. 87 (2008) 161-173.

[3] Civciv, H., Turkmen, R., Notes on the (s; t)-Lucas and Lucas matrix sequences, Ars Combin. 89 (2008) 271-285.

[4] Gulec, H.H., Taskara, N., On the (s; t)-Pell and (s; t)-Pell-Lucas sequences and their matrix representations, Appl. Math.
Lett. 25 (2012), 1554-1559, doi.org/10.1016/j.am1.2012.01.014.



UNDER PEER REVI EW

(10]

(11]
[12

(13]

(14]

(15]

(16]

(17]

18]

Soykan, Y., Matrix Sequences of Tetranacci and Tetranacci-Lucas Numbers, Int. J. Adv. Appl. Math. and Mech. 7(2),
57-69, 2019.

Soykan, Y., Matrix Sequences of Tribonacci and Tribonacci-Lucas Numbers, Communications in Mathematics and Appli-
cations, 11(2), 281-295, 2020. DOI: 10.26713/cma.v11i2.1102

Soykan, Y., Tribonacci and Tribonacci-Lucas Matrix Sequences with Negative Subscripts, Communications in Mathematics
and Applications, 11(1), 141159, 2020. DOI: 10.26713/cma.v11i1.1103.

Soykan, Y., Gocen, M., Cevikel, S., On Matrix Sequences of Narayana and Narayana-Lucas Numbers, Karaelmas Science
and Engineering Journal, 11(1), 83-90, 2021. DOI: 10.7212/karaelmasfen.824911.

Soykan, Y., Tagdemir, E., Irge, V., A Study on Matrix Sequence of Adjusted Tribonacci-Lucas Numbers, J. Int. Math.
Virtual Inst., in Print.

Soykan,Y., Generalized Guglielmo Numbers: An Investigation of Properties of Triangular, Oblong and Pentagonal Numbers
via Their Third Order Linear Recurrence Relations, Earthline Journal of Mathematical Sciences, 9(1), 1-39, 2022.

Uslu, K., Uygun, ., On the (s,t) Jacobsthal and (s,t) Jacobsthal-Lucas Matrix Sequences, Ars Combin. 108 (2013), 13-22.
Uygun, §., Uslu, K., (s,t)-Generalized Jacobsthal Matrix Sequences, Springer Proceedings in MathematicséStatistics,
Computational Analysis, Amat, Ankara, (May 2015), 325-336.

Uygun, $., Some Sum Formulas of (s,t)-Jacobsthal and (s,t)-Jacobsthal Lucas Matrix Sequences, Applied Mathematics, 7
(2016), 61-69, http://dx.doi.org/10.4236,/am.2016.71005.

Uygun, S., The binomial transforms of the generalized (s,t)-Jacobsthal matrix sequence, Int. J. Adv. Appl. Math. and
Mech. 6(3) (2019), 14-20.

Yazlik, Y., Taskara, N., Uslu K., Yilmaz, N., The generalized (s; t)-sequence and its matrix sequence, Am. Inst. Phys.
(AIP) Conf. Proc. 1389 (2012), 381-384, https://doi.org/10.1063/1.3636742.

Yilmaz, N., Taskara, N., Matrix Sequences in Terms of Padovan and Perrin Numbers, Journal of Applied Mathematics,
Volume 2013 (2013), Article ID 941673, 7 pages, http://dx.doi.org/10.1155/2013/941673.

Yilmaz, N., Taskara, N., On the Negatively Subscripted Padovan and Perrin Matrix Sequences, Communications in
Mathematics and Applications, 5(2) (2014), 59-72.

Wani, A.A., Badshah, V.H., and Rathore, G.B.S., Generalized Fibonacci and k-Pell Matrix Sequences, Punjab University
Journal of Mathematics, 50(1) (2018), 68-79.



