A Note on Sum Formulae of Generalized Pentanacci
Sequence

Abstract

During this paper, we first demonstrate the closed forms of sum formulae both >-7_ A\2* A, and

1 Az* A_, for the generalized Pentanacci numbers. Then, we grant summation formulae for

the sequences such as Pentanacci, Pentanacci-Lucas and other fifth-order iteration sequences.
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1 Introduction

First of all, we revisit the Pentanacci sequences. The Pentanacci sequence is a higher-order generalization
of the well-known Fibonacci sequence. Defined by a linear recurrence relation, each term in the
Pentanacci sequence is the sum of the five preceding terms:

An - An—l + An—2 + A7]73 + A7]74 + An757 n > 5;

with initial conditions Ao, A1, A2, As, A4 set to predefined values. The Pentanacci sequence has
applications in theoretical mathematics, particularly in combinatorics and the analysis of recursive
algorithms. Its study reveals deeper insights into the properties of linear recursions and their behavior
in higher dimensions, offering attractive connections to both discrete mathematics and dynamical
systems.




Now, we recall the generalized Pentanacci numbers. The generalized Pentanacci sequence
{A, (Ao, A1, Az, A3, Ay, s,t,u,v) >0 (OF {Ay}y>0) is defined in the following way:

AW = rAr]—l + SAn_Q + tAn_g + UA»,7_4 + ’L)An_5, (1 1)
Ay = CO7A1 =c1,A2 = 02,A3 = 63,A4 =c4,m > 5,

where Ao, A1, As, Az, A4 are arbitrary numbers (real or complex) and r, s, t, u,v are real numbers.
The sequence {A,},>0 have negative subscripts by definition as

U t s T 1
An= *;A—m—l - ;A—n+2 - ZA_"H - ;A—n+4 + EA_T'%’

forn =1,2,3,... where v # 0. Therefore, recurrence (1.1) satisfies for all integer 7.
Over the last years, the Pentanacci sequence has been the subject of extensive research by
various authors; see, for instance, [(8)], [(9)], [(11)], [(26)]-

Table 1: Some special cases of the generalized Pentanacci sequences.

No Sequences (Numbers) Notation Ref
1 Generalized Pentanacci {V,}={A4,(A;, A, A5, A3, A5 1,1, 1,1, 1) [(26)]
2 Generalized Fifth order Pell v, = {A (Ay, Ay, Ay Ag AL 2,1,1,1,1) [(27)]
3  Generalized Fifth order Jacobsthal {V } = {A (Ay, Ay, Ay A AL 1,1,1,1,2) [(28)]
4 Generalized 5-primes {v, }: {4, (Ay, Ay A A ,A432,3,5,7,11)  [(29)]

For some specific values of Ay, A1, Az, As, Ay and r, s, t, u, v, it is worthwhile to present these
special Pentanacci numbers in a table under a specific name. As an example, the literature employs
the sequence names and symbols (refer to Table 2) for specific cases of r, s, t, u, v, along with their
initial values.

The sequences and notations used in this study are as follows: Pentanacci {P,}, Pentanacci-
Lucas {Q, }, fifth-order Pell {P{}, fifth-order Pell-Lucas {Q'>}, modified fifth-order Pell { £{>}, fifth-
order Jacobsthal {.J*'}, fifth-order Jacobsthal-Lucas {;{*’}, modified fifth-order Jacobsthal { K>},
fifth-order Jacobsthal Perrin {Q'™}, adjusted fifth-order Jacobsthal { S}, modified fifth-order Jacobsthal-
Lucas {R\”}, 5-primes {G, }, Lucas 5-primes {H }, modified 5-primes {£, }.

Table 2: Some members of generalized Pentanacci sequences.

Notation OEIS [(12)] Ref
{P,}={A4,0,1,1,2,4,1,1,1,1,1)} A001591 [
{Q,} =1{4,(5,1,3,7,15,1,1,1,1,1)} A074048 [

(PP} ={A,(0,1,2,5,13;2,1,1,1,1)} A141448 [27)]
[
[

{Q(5>} ={A,(5,2,6,17,46;2,1,1,1,1)}
{E(‘J)} {A (0,1,1,3,8:2,1,1,1,1)}

{J<5)} {A,(0,1,1,1,1;1,1,1,1,2)} A226310  [(28),(2)]
{];@} ={4,(2,1,5,10,20;1,1,1,1,2)} A226311  [(28),(2)]
{K<5)} = {A (3,1,3,10,20;1,1,1,1,2)} [(28)]
{Q} ={4,(3,0,2,8,16;1,1,1,1,2)} [(28)]
{S(5>} ={4,(0,1,1,2,41,1,1,1,2)} [(28)]
{R(")} {4, (5,1,3,7, 15;1,1,1,1,2)} [(28)]
{G }={A4, (0 0,0,1,2;2,3,5,7,11)} [(29)]
{Hn} = {An(5, 2,10,41,150;2,3,5,7,11)} [(29)]
{E,} =1{4,(0,0,0,1,1;2,3,5,7,11)} [(29)]

To simplify notation, we henceforth omit the superscripts in these sequences. For instance, we
use P, instead of P .



Table 3: Some special studies of sum formulas.

Sequences Papers dealing with sum formulae
Pell and Pell-Lucas [(1),(4),(32),(6),(7)]
Generalized Fibonacci [(5),(13),(14),(15),(16),(17),(19)]
Generalized Tribonacci [(3),(10),(18)]
Generalized Tetranacci [(20),(25),(33)]
Generalized Pentanacci [(21),(22)]
Generalized Hexanacci [(23),(24)]

Theorem 1.1. Let z be a real (or complex) number. Forn > 0, we have the following formulas:

(@) Ifrz+sz? +t2° +uz? +v2° — 140, then

n
Zz/\A* = 2 (21(2) 1 5
= rz 4+ sz% +tz3 +uzt +vz° —1
_ ©i(?)
O(z)’

where,

O1(2) = 2" Ay pa—(r2—1)2"8 A, 53— (822 4rz—1)2" 2 Ay o — (822 1234 rz—1) 2" Ay 1+
w2 A, — 2 Ay 4+ 2P (re — 1) Az + 2% (s22 +rz — 1) Ag + 2(s22 + 122 +rz — 1) Ay + (s2° +t2° +

uzt +rz — 1) Ao.

(b) Ifr?z 4+ 2uz? — 5222 +122% — w22t + 022° + 252 4 2rt2? + 2rvz® — 2suz® + 2tvz? — 1 £ 0, then

m
A
g 2" Aoy
A=0

@2(2)

where,

T2z 4 2uz? — 5222 + 1223 — w224 + 0225 + 252 + 2rt22 + 2rvzd — 2suzd + 2tvzt — 1

O2(2) = —(uz? + 52— 1)2" Aoy o + (t+rs+vz4+1ruz) 2™ 2 Agy i + (u+ 22 —u?2% + 0225 +
rt+2tvz? +rvz — suz)z"+2A2n +(w+ru—svz +tuz)z"+2A27,,1 +o(r+v2? +tz)z"+2A2n,2 +
Z(uz +sz2—1)Ay— 22 (t+rs+vztruz) Az +2(r’z+uz® — 222 4 252+ rt2 +rvz® —suz’® —
Az — 22(v + ru — svz + tuz) Ay + (122 + 2uz® — 5222 + t22° — w22t 4 282 + 2rt2? 4 rv2® —

2suz® + tvz* — 1) Ao.

(€) Ifriz +2uz? — 5222 + 1223 —u?2* + 0225 4+ 252 + 2rt2? + 2rv2® — 2suz® + 2twz* — 1 =0, then

U
hY

E z A2>\+1

A=0

@3(2)

where,

Tr2z 4 2uz2 — 222 + 12283 — 1224 4 0225 + 252 + 2rt22 + 2rvzd — 2suzd + 2tvzt — 17

03(2) = (r +v2® +t2)2"  Agyio + (s — 872 + 1227 — 0?2 + 022t +uz + rv2® — 2su2® +
202> + rt2) 2" Agpi1 + (E 4 vz — sv2® + ruz — st2)2"T Agy - (u — 62 4 0?2 4 tw2? 4
rvz — suz)z" T Agy 1 —v (u2® + sz — 1) 27T Ay — 22 (r + 02 +t2) A+ 2(rPr +uz’ + sz +
rtz? + rvz® — 1)As — zz(t + vz — sv2? + ruz — stz)As + (r2z +uz? — 5222 +422% + 252 +

2rt2? +rvzd — suz® + vzt — 1) A1 + vz (uz? + sz — 1) Ao



Proof. See Soykan [(30)], theorem 2.1, for the proof. O

Theorem 1.2. Forn > 1, we have the following formulas:If v + rz* + sz +t2% + uz — 2° # 0, then

n
Z ZAAfk = @4(Z)
A=1

v+ rzd 4+ 823 4122 Fuzr — 257

where,

Ou(z) = —2"1 A+ (r—2)2"TTA_ +3+ s+rz—2)2"TTA_ +o+ t4+rz24+sz—23)2"T AL +1+
n n n n

(u4rz® +82% +tz — 22" A + 2A4 — 2(r — 2)As + 2(—s — rz + 22) A + 2(—t — r2® — 52 +

2 A1 4 2(—u — 2% — 22 —tz 4 21) Ao.
Proof. See Soykan [(30)], theorem 4.1, for the proof. O

The paper is structured into 6 distinct sections. In section 1, we initially revisited the definition
of generalized Pentanacci numbers, laying out the formal expressions and recurrence relations. We
also drew from several important publications in the literature to build a foundation for our paper. For
a better understanding, we present three detailed tables. They include notations, some members of
sequences and related works. Moreover, we highlight two crucial theorems conducted by Soykan
in [(30)], which have proven invaluable in this research. In Section 2, we compute the following
sums for the generalized Pentanacci sequences {4, },>0 with positive subscripts: >7_  A\z*A,,

7_o Az A2y and 3°7_ A2 Az In section 3, we provide the closed-form solutions (identities) for
sums 3°0_ Az Ay, Y7 A2 Aan and Yo7 Azt Aqy for particular cases of z = —1 and 2 = i,
specifically considering the sequence {A4,},>0. In section 4, we compute the following sum for the
generalized Pentanacci sequences {A,},>o0 With negative subscripts: >-7_, Az*A_,. In section
5, we provide the closed-form solutions (identities) for sums -7_, Az*A_j, for particular cases of
z = —1 and z = i, specifically considering the sequence A, },>o. Finally, section 6 is the conclusion.
It summarises the findings of the article.

2 Sums Y1 AAy, Y1 Aoy and Y1 Az Ao with
non-negative subscripts

During this section, we compute the following sums for the generalized Pentanacci sequences { A, },,>0
with positive subscripts: S°7_ Az*Ax, 327 A2 Aax and 3°7_ Az*A2xy1. The following theorem
presents three significant summation formulas for generalized Pentanacci numbers with positive
subscripts.

Theorem 2.1. Forn > 0 and let = be a real (or complex) number. Then, we get the following formulae:

(@) Ifvz® +uzt +t2° + 522 +rz—1#£0, then

n
™
A AN =
; = (v2® + uzt + 23 4+ 522 + rz — 1)’

where,

D = 2" (822 23 duz® + vz drz—1) — 442827 +2° —02® +3r2) Appa — 273 (n(rz —
1)(s22 +t2° +uz +v2° +rz— 1)+ 3 — 52 +uz +202° +3r%2% — 6rz + 2rs2® +rtz* —rvz®)
Apis — 2" (p(s2® + rz — 1)(s22 + t2° + uz? + v2® 4+ rz — 1) + 2 — 4s2® + t2° + 2u2* +
3u2® 4+ 2r22% 4 2822 — drz 4+ drs2® — ruz® + stz — 2rv2® — sv2") Ao — 2T (n(s2 122 +
rz — 1)(s22 +t2° +uz + 025 +rz — 1) + 14 2rs2® + 2rtz* — 2ruz® + 2st2° — 3rvz® —
suz® — 2sv2” — twz® — 2827 — 262% + 3uz® + 4v2® + 22?4+ %2t + 1220 — 2r2) A + v



25 (n(s2% + 2% Fuzt 402 +rz — 1) + 3522 + 2t2° +uz? 4 4rz — 5) A, — 2% (2827 + t2° —
v2® 4+ 3rz — 4) Ay + 23(—s2% + uzt + 2025 + 3222 — 61z + 2rs2® + vtz — ru2® 4+ 3)A3 +
22(—ds2® 4125 4+ 2uzt 4+ 3v2° + 20222 426721 —drz + drs2® —ruz® 4 st2° — 2rv2® — 502" 4-2)
Ao + z(—2522 — 2t2% + 3uz? + dvz® + 1222 + 220 + 225 — 2r2 + 2rs2® + 2rt2t — 2ruz® +
2st2° — 3rvz® — suz® — 25027 — tw2® + 1) A1 — v2° (3522 + 22 4+ uzt + 4rz — 5) Ao.

(b) Ifr?z 4 2uz? — 5222 +t22% — w22t + 022° + 252 4 2rt2® + 2rvz® — 2su2® + 2tvz* — 1 #£0, then

n
Z )\ZAAQ)\
A=0

Qs
(122 4 2u2? — 8222 + 1223 — w224 + 0225 + 252 + 2rt2? + 2rvzd — 2suzd + 2tvzt — 1)27

where,

Qo = — 2" (p(uz® +52—1) (12 24-2u2 — s% 22 +122° —u? 2 02 2° 42524 2rt 22 - 2rv2® — 25u2° +
vzt — 1)+ 145222 +2t% 2% —u?2? B 20 4402 25 — 252+ 2rt 2% +drvz® +6tvzt 4-2r2uz® — st 2+
sPuzt 4+ 25u2° — 350228 — 2uv?2” — 2rsvzt + 2rtuz® — 4stvz® — 2tuv2® +r?s2? —uz?) Agy o+
22 ((t+rs+vzdruz)(rlz42uz? — 222 41225 — w2t F0?2® 4 252+ 2rt2? + 202 — 2su2’ +
vzt — 1)+ 2rs? 21323 —20%2% —2rs—3vz—2t+rPszFrita+dsvz® + 2uv2® +2ru? 2 4 2r3u 4
2r2022 +rudz® — s2023 + 2tu? 2t — 42v2t — 5tu? 2% +uPuz® + 2stuz® — rst? 2 +rs?uzd + 2rsu®
24— 2125023 + 2r%tuz® — 3rsv?2® — 2ruv?28 — 3ruz 4 2stz + drsuz? — drstvzt — 2rtuvz5)A2n+1
22 (n(ut+ Pz —u? 22 0Pt 2tw? Frvz —suz) (rP e+ 2uz® — s% 22 222 — w2t Pt 4
252 +2rtz? 4+ 2rvz® — 2suz2® 4+ 2twz* — 1) +4u?2? — 3t2 2 — 2u — 2uP2* — 5u? 2 — 2t + 2r%t% 2% —
3r2u?23 — 21223 + 4r?0?2% + 252022t — 35%0%2° + 13tz + rPuz — 8tz + 1323 + 4st22% — 452
wz? —6su?23 +2r3v22 4+ Puz® + t2uz® + sul 2% +8sv2 2t 4 2rv3 28 4+ 3uv?2° + 4rsvz? + 12stvz® —
2r2suz? — rs?vz® — 2rtul 2t 4 6r%tuz® + rtPvzt + 5rtv?2® — 45 tvzt — rulvz® — 2suv?2% + 2
rstz — 2stuvz® — 3rvz 4 bsuz + dtuvz®) sy + 22 (n(v +ru — svz +tuz) (1?2 4+ 2uz® — 227 4
1223 — P2t + 022 4 282 4 202 4 2rv2® — 2suz® 4 2tvzt — 1) + riuz — 30325 — 2ru — 20 +
r?uz + 2rudzt — 270228 — 45%02% + 2tuP2® + sP02® — 202 4 tuB2® — 4?2t + 250528 + 202
vzt + dstuz? + 2rsu?z® — 2rsv2? 4+ 2r%tuz® + rt?uz® — SPtuz® — 2r%uwz® — 3ruv?z® + 2
stv?2® — suvz® — 22wz’ — 2tuv?28 — 2rstvz® — Artuvz? + 5svz — 3tuz + 2r5uz)A2,,,1 +
22 ((r4v2+12) (12 24+ 2uz? — 222 12 2% —u? 2 02 2% 4 2524+ 2rt 2% 4 2rv2® — 2suz +-2tv 2t —
1) +r22—2r —4v2? — 0327 — 3tz 4+ dst2® +650v2° + 2tuz® +duvz? +2r2 2% 4 rt? 2% — s22% 4 2ru?
22 4 2022 — r022% — 25202 + tu?2® — 202® — 200228 + 2rsz + 2rsuz® — 25uvz5)A2n,2 +
22 (—r?z —duz® +45%2% — 223 +122° + 20221 + 30%2° — 55z 4+ 2rv2® + 6suz® + dtwzt + 212522 +
3ruz® —25%uzt — su?2° + t2uz® — 250228 — w27 4+ 2rst2® +Artuzt + 2ruvz® — 2stvz® + 2)A4 +
22 (3t4+03 20 4 3rsd-dvr—4drs® 2 —2r3s2—2r?tz —6sv2® —2tuz® —duvz® +rs® 22 —2rt? 22 4 5%t —
Aru?2® — 3riuz? — 3r2v2?% — 2rv? 2t + 252028 — tu? 2t + t2uzt 4 20022 + druz — dstz — 8rsuz® —
Artvz® 4+ 2suvzt —2r2 stz + 2rs?uz +rsu? 2t —drttuz® —rtuzt +-2rsv?2° — 2rfuvzt ruv?2 +
2rstvzt) A4 2(r* 22 4-2r3t 22 4 rPuzt — 21252 23 — r?suzt 4 4r? 2% 2t 2t - 202?20 4 2r%u® —
20228 — 2922 — 3rs?tzt — 2rs?uz® — drstuz® + Arstz® — drsuvz® + 2rsvzt — rt?vz® 4+ reu?28 +
drtuzt — 2rtv? 2" —rt2? +druvz® —rvd 28 4 512t +25%u2° — 45323 + 252t 20 + s2u? 28 — 5s2uzt +
2520227 + 65222 — st?uzb — 2st% 2t — 8stvz® + suv?2® + dsuz® — 650225 — 452+ 26223 — 2tuvz® +6
tozt +ul28 — w2t — 2uv?2” —uz? + 4022° + 1) Az + 23 (3v 4+ 20%2° + 3ru — 2r3uz — 2rvz —
2uvz? — 2ru?2? — rul 2t 4+ 7s%02? — 4?2 — 25302 — tBuzt 4 2t0? 2t — 50328 —w vzt — 8svz +
Atuz — 2rtvz? — 6stuz? +4dsuvz® + rsiuz? 4+ 3r2svz? — 5r2tuz? — drt?uz® + 2rsv?zt + 2% tuz® +
2stu’ 2t 4 st?vzt 4 2ruv®2® — 252uvz® +tuv?2® — drsuz 4 drstvz®) Ay + 022 (3r — 2r8 2 4+ 5vz® —
324 4+ Atz — 2ruz? — 6st2? — 8svz® — dtuz® — 6uvzt + rs?2? — 5r2t2? — 4rt?2® 4+ 25%t2% —
rulzt —4r?v23 —2rv? 2% + 35202 — 2t%02° — 02 28 1028 —drsz —6rtvzt + 2stuz? +4suvz5)Ao.



(€) Ifriz+2uz? — 5222 + 1223 — w2t + 0225 4+ 252 + 2rt2% + 2rv2® — 2s5uz® + 2twz® — 1 # 0, then

Proof.

n
Y
Z Az A2A+1
A=0

Q3
T (122 4 2u2? — 8222 + 1223 — w224 + 0225 + 282 + 2rt2? + 2rvzd — 2su2d + 2tvzd — 1)2

)

where,

Q3 = 2" (n(r 4+ v2? 4 t2) (122 + 2uz? — 8222 +122° — w2t 4 0220 4+ 252 4+ 2rt2? + 2rv2® —
2suz® 4 2twzt —1) — 3v2? — 32 — 20327 — 2tz —r — 2ruz® + 2st2? + 4sv2® + 2uvz® +rs?y® —
r2tz? — 2rt? 2% + 3ru?zt — 22023 — 4rv?2® — sPuzt 4 2tu?2® — 41?025 — 5tv? 28 + uPvzb 4+ 4drsu
22 —6rtvzt 4 2stuzt) Aoy o +2"TH (n(s—s% 21227 —u? 28 o2t fuztrvz? —2suz? 4-2tv S frt2)
(r?z42uz® — 222 +122° — w2 + 0225 4 2824 2rt2? 4+ 2rvz® — 2su2® + 2tz — 1) + 2822 — 5 —
$322 = 3t%22 4+ 4u?23 — 20325 — 50?2t — 125222+ 2r%% 23 — 3r2u? 2t + 4r20% 25 — 3rvz? 4 6suz? —
8tvz® + 13122 + r2uz? + rtd2t + 251223 — 45%uz2® — 5su?zt + 2r3v2% + t2uzt + 4sv?2° 4 2r0°
27+ 3uv? 28 + 6stvzt + dtuvz® +rs?vzt — 2rtu? 2’ + 6r2tvzt + drt?v2® + 5rtv? 28 — ruv28 — 4r?
suz® —2rstuzt —2rtz —2uz) Ay 1+ 2" ((t vz —sv2 Fruz—stz) (rPr42uz? — 222 1220 —
w22t +022° + 252 + 2rt2? 4+ 2rv2® — 25u2® + 2wzt — 1) 4 5svz? — 2t32% — 30528 — 202 —t — 2tu
22 =22 22 — %22 rdu? rtuz? + st3 2+ 2rud 25 — 2rv? 2t — 452023+ 3tu 2+ sPuzt — TPt —
8tv2 2% + 25v%27 4+ 2u?v2® — 2ruz + 2stz + 2rsuz® — Artvz® + dstuz® — r¥stz? — 2r2svz® — rt?
uzt — 28%tuzt — 2stu?2® — 2r2uvzt + 4st?v2® — 3ruv?z® + 5stv?2® — su?vz® + 2rsu’t —
drtuwz®) Agy + 2" (n(u — u?2? + 0228 4 tvz? +rvz — suz) (1?2 4+ 2uz? — §22% 1227 — w4
v22% 4 252 4 2rt2® 4+ 2rvz® — 2suz® 4 2tz — 1) + u?2? —u+ U2t — 4?2 —ut2® —vt® —
2120223 4+ r2022% — s2u22t — 25%0%2° — 120220 + 2020227 — 3tw2? — SPuz? +riu2? — 2822 —
25uB 2% +6502 2 —rv3 28 —2t03 27 — 2rvz4-2suz+2rsvz? — 2rtuz? — druvz® +4stvz® —dtuvzt —r?
suz? — 2rtul 2t + 2r%tuz® + Pzt + st?uzt — sPtuzt 4+ 2ru?02® 4 suv? 28 4 3oz + drsuvzt 4+
dstuvz®) Agy—1 — 02" (n(uz? + 52 — 1) (1?24 2uz2’® — s% 22 +122° — w22 + 0225 4 252 4 21t +
2rvz® —2suz® 4+ 2twzt — 1)+ 148227 4262 2% —uz? —u? 2 +uP 28 + 40?25 — 2524 2rt 2% +drvz® 46
tozt + 12522 +2r2uz® — st?2* + s2uz* + 2s5u2 2% — 350%2% — 2uv? 2" — 2rsvzt + 2rtuzt — 4stvz® —
2tuv25) Agy—o+22(2r —r3 2+ 4v22 10327 £ 3tz —dst2? — 6502 — 2tuz® —duvz* —2r%t2% —rt? 25+
8223 — 2ru?2t — r2u2® 4 ro?2® 4 25702t — tu?2® 122 4 200228 — 2rsz — 2rsuz® + 2suv2®)
Ay + 2(r*2% + 2r%t2° 4+ ozt 4 2r%suzt + 3r?s2? 4 1222t 4 2r2u?2® + 2r%uz® — 20?2t —
2122 — rs?tzt — 2rs?vz® + Arstz® — 2rsuvz® + drsvzt — rt?028 4 rtu?28 + drtuzt — 2rt0?2" —
rtz% 4+ druvz® — 1328 + sPuzt + $22% — st?2t — dstvz® 4 2su?2® — 350228 — 252 + 2¢223 —
2tuvz® 4 6tvz? + 128 —u?2? — 2uv? 2" —uz® +40%2° +1) Az + 2% (—2riuz® 4+ 2r? stz + 3r?sv2® —
2r2tuz® —r?tz — 2r2022 + rs?uz® + 2rst?2® + drstvzt — drsuz® + 2rsv?2° 4+ 2rtuvz® — ruz2® —
2ru?2® + 2ruv?2® + 3ruz — 32 — 253vzt + 45%t22 — 25%uwz® 4 75?023 — st?vz2® + stu?2® —
2stv22% — Bstz + dsuvz* — sv327 — 8svz? + £32° + 4t2vz? — A2t + 5tw?2® + 2t — WPz’ —
2uvz® + 20328 + 3v2) g + 22 (—2r%v2? + 2r%suz® — 5r?tuz® + 3rfu?2® — riuz — 4r?u?t +
rs2v23 + 2rstuz® — drsvz? — Art?vzt + drtu®2* — 6rtv?2® + rulvz® — 2r032% + 3rvz — sSud +
28%twzt — 252022 + 452 uz? + 35202 2% — 6stvz® — sul 2% 4+ 65u?2% + 2s5uv? 2% — Bsuz — 8sv?z2* —t3
v2° + 2u22% + tPuz® — 220228 — 10327 + Atv2? + 202t — 4u?2? — 3uv?2® + 2u + 51}223)A1 +
022 (—riz —duz? +4522%7 — 223 1223 2022t 30225 — Bsz4-2rv2d F6suz® FAtvzt 4202527 4
3r2uz® — 28%uzt — su?2® + t2uz® — 250228 — w227 4+ 2rst2® + drtuzt + 2ruvz® — 2stv2® + 2)Ao.

(a) Using the following recurrence relation

AU = T‘Anfl =+ SAnfz =+ tAnfg + uAn,4 + ’UAU75,

'UAn—S = ATI — TAn—l — SAn_Q — tAn_g — UATI_4.



We have

v x0x 2zAg

vx1xz2'4; =

2
vX2X2z7Ay =

v(n—2)2" %A, =
vin—1)z"""A4,, =

vxnxzTA, =

0x2°A5 —rx0x 2°4s —s x 0 x 2°43 — ¢ x 0 x 2°4,
—ux0x2°Ay,
I1x2"Ag—rx1x 2" A5 —sx 1x 2 A —t x 1 x 2 A3
—ux1xz"4s,
2><22A7—r><2><z2A6—s><2><zQA5—t><2><z2A4

2
—u X 2 X 2" As,

(1= 2)2" 2 Ay — (1 — 202" 2Aysz — s( — 2)2" 2 Ay
b — 257 Ay — uln — 2272 Ay,

(1= 102" Ay — 11— 12" Agys — 507 — 1) Ay
—t(n—1)z"" Apyr —u(n — 1)z Ay,

X 2"Apys —r XX 2TApra —s X x 2T Ayts
—txnx2"Apra —uxXn X 2TAp4q.

By adding the equalities side by side and applying theorem 1.1 (a), we obtain (a).

(b) and (c) Using the following recurrence relation

A”? = 7"A7]_1 + SAn_Q + tAn_g —+ UA»,]_4 + Q)An_5,

T’An—l = AU — SAn_Q — tAn_g — ’U,An_4 — UAn_5.

We get

1
rx1xax As

2
rXx2xxAs

rx(n—1)x w"71A2n71

rXnX .’EnAQ»,H_l

Ixz'Ads—sx1xa'As —t x 1 x 2' Ay
—ux1xz'Adg—vx1xa'A
2x 2% A6 —sx 2x 22 As —t x 2 x 22 A3

2 2
—uX2Xx A —vX2xXx A,

= (=1 xa" Ay —sx (n—1) x 2" Aay o
—tx(n—1)x x"71A2n73 —ux(n—1)x x"71A2n74
—v X (n—1) % $n71A2n75,

N X xTAgpyo — s X X T Az —t X X 2" Aoy

—u XN X x"Agn_g —v XN X angn_g.



By adding the equalities side by side the above equalities, we have that

n
T(—O X wOAl + Z)\JZ)\AQ)\+1) = (77 X InA2n+2 — 0 x aZOAQ — (—1) X 3:'_1140
A=0

n n
+ Z(A — Dz Agy) — s(—0 x 2% Ag + Z Az Aoy ) — t(—(n + 1)z Agyy 1
A=0 A=0

n n
Y A+ DM Aoxn) —u(—(n 4+ D" Az + > (A4 12 Azy)
A=0 A=0

*'U(*(’I] —+ 2)$n+2A2n+1 — (T) + 1)$n+1A2n_1 +1x :L’lA_1

n
+ (A +2)2 M Asn ).
A=0
Since . 1
A =—2A0— A — 24— Za5+ - A,
v v v v v
we obtain
n
7"(_0 X onl + Z AmAA2A+1) = (77 X InA2n+2 —0x LEOAQ — (—1) X m_le (21)

A=0

n n n
+a7! Z At Agy —x ! Z 22 Azy) — s(—0 x 2° Ao + Z Az Agy) — t(—(n + 1)z Agyy
A=0 A=0 A=0

n n n
2t Y AN onpr 2t D e ong) —u(—(+ Da" M Agy + 2t Y Xat Aoy

A=0 A=0 A=0

n
t
+II)1 Z xAAQ)\) — ’1)(7(7] =+ 2)x"+2A2,7+1 — (’I’] =+ 1)$n+1A2n_1 =+ 1 x 131(*%140 — ZAl
A=0

S T4l 2N 25" ,
542 UAJ + UA4) +x ;)/\-’E Aoy + 22 ;-’E Azxi1)
In a similar way, using the following recurrence relation
Ay =7rAy—1+sAp—2+tAy—3+uAy_a+vA,_s,
i.e.
rAy_1=Ay — sAy—2 —tAy_3 —uAy_4 — VA,_s.
We obtain the following obvious equalities;
rxlxaz'd; = 1xaz'As—sx1xz'A—tx1xz'4g
—u X 1 x xIA,l —uvXx1x mlA,g,
rx2xz?As = 2xz°As—sx2xz A3 —tx2x T Az

2 2
—uX2xXx A1 —vX2xzx Ao,

rx(m—1)xa" Aoy o = (p—1)xz" ' Asy 1 —sx(n—1)xz" ' As,_3
—tx(n—1)xa" " Asy_ g —ux (n—1) x 2" " Asy 5
—ux (n—1)x 2" " Ag, s,
rxnXazTAs, = nxxTAsi1 —sxnXaTAy 1

—txnXx l'nAQn_Q —u XnX x”Agn_g —v XN X x"Agn_4.



By adding side by side the above equalities, we have that

n n
r(—0 x 2% Ao + Z AIAAQA) =(-0x 2% A + ZAIAA2A+1)

A=0 A=0

n
—s(—=(n+ 12" gy + (A + D2’ Agxr) — t(—(n+ Da" Az,
A=0
n
+ Z()‘ + 1)1')\+1A2A) - u(*('l] + 2)$n+2A27]+1 — (7] + 1)x7l+1A2n_1

A=0

n
Flxa A+ (A +2)2" P A1) — o(=(n+ 2)2" P Agy — (n+ 12" Azy o

A=0

7
Flxat Ao+ (A +2)2 2 45).

A=0
Since
A = _EAO - EA1 - fA2 - CAs + lA4,
v v v v v
A = _E(_EAO - EAl - fA2 - CAB + 1A4) - EAo - f141 - CA2 + 1A3~
v v v v v v v v v

We have that

n n
r(—=0x 2%Ao + Y Azt Agn) = (0 x 2”41 + Y Az Aoaya) (2.2)
A=0 A=0

n n
—s(—=(n+ 1z Agypa + 2t Z Azt Aoyyr + ot Z 2 Aoni1) — t(—(n+ 1)z Ay,

A=0 A=0

n n
+az! Z Azt Aoy + 2t Z 2 Agy) — u(—(n +2)2"? Agy i1 — (n+ D" Agy
A=0 A=0

u t s r 1 2 ! 2 2 1 2
Ixa'(——Ag— —A1 — Ay — —A3 + - A > At A 22° ) 2 A
+1xz( Ao — AL SAr = 3+U 1)+ 2 x” Aoxt1 + 22 Azow 22+1)
t
—’U(—(n + 2)$n+2A2n — (77 + 1)1‘”+1A2n72 + 1 x xl(—%(—%Ao — ;Al — %Az — £A3

1 t S T 1 2 il A 2 il A
—Ay)— —Apg——-A1—-A —A Ax” A 2 Azy).
+5 4) SAo— AL = —Ax 4 3)+a )\E:O x” Agx + 2z )\Ezox 23)

Then, by using parts (b) and (c) of theorem 1.1, and solving the system of equations (2.1)-(2.2),
the desired result follows.
O

3 Results for special > values in non-negative subscripts

In this section, we handle the closed-form solutions (identities) for sums S°7_ A2 Ax, 3°7_ Az Aax

and 3°7_, Az* Az for particular cases of z = —1 and z = i, specifically considering the sequence
{An}WZU-



3.1 Thecase:=1

The case z = 1 of theorem 2.1 is provided in Soykan [(31)].

3.2 Thecase = —1

During this subsection, we overcome the closed-form solutions (identities) for sums 3°7_, A(—1)*Ax,

7_o AM(=1)*Aax and 37_, AM(—1)*A2x41 specifically considering the sequence {A,}.

Here, recall theorem 2.1 and set r = s = t = u = v = 1, this gives the result below.

Proposition 3.1. Forn > 0 and setting r, s, t,u,v = 1 in theorem 2.1 leads to the next outcomes.
(a) EK:O )‘(_1)>\A)\ = %((_1)n (_(277 + 5)A71+4 + (477 + 8)A71+3 - (277 - 1)An+2 + (477 + 2)An+l +
(27] + 7)A”7) + 5A4 - 8A3 — A2 — 2A1 — 7A0)

(b) D0 o AM=1)Max = ((—1)" (27 — 1) Azyr2 +4A2y11 — (27 — 1) Ay — (40 +6) Azy—1 — (20 +5)
A2'y]72) + Ay +4A3 — 545 — 104, — 7A0)

(€) YN o A= angr = §((=1)" (20 +3) Azgsz — (20 +T) Az — 6 Azg—1 + (27— 1) Azy—2) + 544 —
4A3 —9A5 —6A1 + Ao)

The next corollary follows if we replace A, in the proposition 3.1 with P,. We additionally apply
the initial conditions where Py =0, P, =1, P, =1, Ps =2and Py = 4.

Corollary 3.1. Forn > 0, Pentanacci numbers get the followings:
@ XM= Py = 3((=1)" (=(20 + 5) Pyya + (40 + 8)Pyys — (20 — 1) Py + (4 + 2) Py +
2+ 7)) +1).

(b) >0 o AM(=1)*Pax = 2((=1)" ((2n — 1) Pany2 + 4Pani1 — (20 — 1) Pay — (474 6) Pay—1 — (20 + 5)
Pay_2) — 3).

(©) XU o A=) Pars1 = 3((=1)" (20 + 3) Pay2 — (20 + 7) Pay — 6Pay_1 + (20 — 1) Pay_2) — 3).

The next corollary follows if we replace A,, in the proposition 3.1 with Q,,. We additionally apply
the initial conditions where Qo =5, Q1 =1, Q2 =3, Q3 = 7and Q4 = 15.

Corollary 3.2. Forn > 0, Pentanacci-Lucas numbers satisfy the followings:
(a) ZK:O A(_l)AQk = %((_1)77 (=2n+5)Qn+a + (40 +8)Qu+s — (20 — 1)Qpi2 + (40 + 2)Qnt1 +
(2n+ 7)Qn) —21).

(b) >%_, A()—l)kQ)zA = 1((-D"((2n = 1)Q2n+2 +4Q2n+1 — (2 — 1)Q2y — (4N +6)Q2y—1 — (27 +5)
Qan_2) — 17).

(€) Ao A=1)*Q2rs1 = 1((=1)" (20 +3)Q2n+2 — (20+ T)Q2 — 6Q2y—1 + (27 — 1)Q2¢—2) + 19).
Here, recall theorem 2.1 and set r = 2, s =t = u = v = 1; this gives the result below.
Proposition 3.2. Forn > 0 and settingr = 2,s =t = u = v = 1, in theorem 2.1 leads to the next

outcomes.

@ Yo A=DMAx = §((=1)" (=83 +8) Ayra + (97 + 21) Ayss — (60 + 4) Aygz + (97 +6) Aya +
(317 + 11)A»,]) +8A4 —21A3 +4A5 —6A1 — ].le).

(b) U_o A=D1 Max = 5:((—1)" (57 — 6) A2y + 1542541 — (51 — 11) Ay — (107 + 13) Azy—2 —
(15?7 + 12)1427],1) - A4 + 15143 - 19A2 - 27141 - 23A0)

(©) 7o A=) art1 = 55 ((=1)" (107 + 3) Azyi2 + 5 A2y 41 — (107 + 18) Azy + (51 — 6) Azy—2 —
(57] + 19)A2’7—1) + 13A4 — 20143 — 28A2 — 24141 — Ao)



The next corollary follows if we replace A, in the proposition 3.2 with P,. We additionally apply
the initial conditions where Py =0, P, =1, P, = 2, Ps = 5 and P, = 13.

Corollary 3.3. Forn > 0, the fifth-order Pell numbers satisfy the followings:
@ 3o A=) Py = g((=1)" (—(31 + 8) Py + (90 + 21) Pyas — (61 + 4) Py + (9 + 6) Pyr +
Bn+11)P,) +1).

(b) S0 o A(=1)*Pax = 5= ((=1)" ((5n — 6) Pant2 + 15Payi1 — (51 — 11)Pay — (100 + 13) Pay 2 —
(1577 + 12)P277*1) — 3)

(©) X1 o A(=1D*Pary1 = 55((=1)" (100 + 3) Payya + 5Pays1 — (100 + 18) Pay + (51 — 6) P2y 2 —
(57 + 19) Pay_1) — 11,

The next corollary follows if we replace A, in the proposition 3.2 with P,. We additionally apply
the initial conditions where Qo = 5, Q1 = 2, Q2 = 6, Q3 = 17 and Q4 = 46.

Corollary 3.4. Forn > 0, the fifth-order Pell-Lucas numbers have the followings:
@ Yo A=DQx = 5((=1)" (=37 +8)Qua+ (90 +21)Qu+3 — (67 + 4)Qua2 + (97 +6) Q1 +
(B3n+11)Q,) — 32).

(b) >0_o A(—=1)*Qax = 55 ((=1)" (57 — 6)Qan+2 + 15Qan+1 — (51 — 11)Q2y — (10 + 13)Q2y—2 —
(150 + 12)Q2y—1) — 74).

(€) Ao A=1)*Q2r+1 = 35((=1)" (107 + 3)Q2p+2 + 5Q2y+1 — (107 + 18)Q2y + (51 — 6)Qay—2 —
(51 +19)Q2y—1) + 37).
Here, recall theorem 2.1 and set r = s =t = u = 1, v = 2; this gives the result below.

Proposition 3.3. Forn > 0 and settingr, s,t,u = 1,v = 2, intheorem 2.1 leads to the next outcomes.

@ Yo A1 x = §((=1)" (=30 +4) Ayra + (67 +5) Ages — (30— 5) gz + (61— 4) A1 +2
(377 + 7)1477) + 4144 — 5143 — 5A2 + 4A1 — 14140)

(b) 0_o A1) 2x = 52 ((=1)" ((5n — 14) Azyy2 + (51 + 11) Azge1 + (51 + 36) A2y — (20 — 11)
Aznfl — 2(10’[7 —|— 7)A27,,2) — 9144 + 16A3 —|— 16142 — 9141 — 34A0)

(€) 3o A= ant1 = 5((=1)" (10 = 3) Azy2 + (107 + 22) Azgr1 — (157 + 3) Ay + 2(51 —
14)A2’f?*2 — (157] =+ 28)142»,]71) +TA4+TA3 — 1845 — 43A, — 18A0).

The next corollary follows if we replace A, in the proposition 3.3 with .J,,. We additionally apply
the initial conditions where Jo =0, J1 =1, J2 =1, Js =1and Js = 1.

Corollary 3.5. Forn > 0, the fifth-order Jacobsthal numbers get the followings:
@ XX o A=D1 = G((=1)" (= (37 + 4) Jya + (61 + 5) Jyss — (31 = 5) Jngz + (67 — 4) Jys1 +2
Bn+17)Jn) —2).

(b) Yo A=DMox = (=1 ((5n = 14) Jan+2 + (57 + 11) 241 + (57 + 36)J2y — (207 — 11)
Jznfl — 2(107] + 7)‘]277*2) + 14).

(€) Ao A= a1 = 5 ((—=1)" (109 — 3) oy + (100 + 22)J241 — (157 + 3)Jay + 2(5n —
14)J277*2 — (1517 + 28)]27771) — 47)

The next corollary follows if we replace A, in the proposition 3.3 with j,,. We additionally apply
the initial conditions where jo = 2, j1 = 1, j2 = 5, j3 = 10 and j4 = 20.

Corollary 3.6. Forn > 0, the fifth-order Jacobsthal-Lucas numbers satisfy the followings:

(a) ZK:O )‘(_1)>\j)\ = %((_1)77 (=30 + 4)jnt+a + (6n + 5)jn+s — (30 — 5)jnt2 + (67 — 4)jnt+1 + 2
(304 7)jn) — 19).



(b) 1 o A(=1)Yjax = = ((=1)"((5n — 14)jant2 + (57 + 11)j2ge1 + (51 + 36)j2, — (20n — 11)
]27} 1 — 2(107] + 7)j2n—2) — 17)

(©) 7 o A= jarns1 = 5= ((=1)" (100 —3)jizn+2+(100+22) oy 11— (159+3) oy +2(5n—14) jay -2 —
(1577 + 28)j2n—1) +41).

The next corollary follows if we replace A, in the proposition 3.3 with K,,. We additionally apply
the initial conditions where Ky = 3, K1 = 1, K2 = 3, K3 = 10 and K, = 20.

Corollary 3.7. Forn > 0, the modified fifth-order Jacobsthal numbers have the following property:
@ o A=) K = 5((=1)" (—(Bn+4) Kys + (614 5) Kz — (30— 5) Kz + (67 — 4) K1 +2
(3n+T7)K,) — 23).

(b) 1o M=) Kax = 52 ((—=1)" (51 — 14) K242 + (51 4 11) Kay g1 + (51 + 36) Koy — (207 — 11)
K2n71 — 2(1077 + 7)K27]72) — 83).

(©) i M=1)*Koxy1 = 55((=1)" (107 — 3) Kapr2 + (100 + 22) Koyi1 — (157 + 3) Koy + 2(57 —
14)K277*2 — (1577 + 28)K2n71) + 59).

The next corollary follows if we replace A,, in the proposition 3.3 with Q,,. We additionally apply
the initial conditions where Qo =3, Q1 =0, Q2 = 2, Q3 = 8 and Q4 = 16.

Corollary 3.8. Forn > 0, the fifth-order Jacobsthal Perrin numbers get the followings:
@ X0 AM=1Qx = 5((=1)" (=31 + ) Qua + (67 +5)Qn+3 — (37 = 5)Qny2 + (67— 4) Q1 +2
(3n+T7)Qy) — 28).

(b) S0 o A(=1)*Q2x = 2= ((—=1)" ((5n — 14)Qan+2 + (517 + 11)Q2n 11 + (51 + 36)Q2y — (200 — 11)
Q2n-1 — 2(10n + 7)Q2,—2) — 86).

(©) X1 o A=D1 Qars1 = 55((=1)" (109 — 3)Q2p12 + (107 + 22)Qant1 — (157 + 3)Q2y + 2(5n —
14)Q2p—2 — (151 + 28)Q2y—1) + 78).

The next corollary follows if we replace A,, in the proposition 3.3 with S,,. We additionally apply
the initial conditions where Sg =0, 51 =1, S2 =1, S3 =2 and S; = 4.

Corollary 3.9. Forn > 0, the adjusted fifth-order Jacobsthal numbers satisfy the followings:
@ ZI_oA=1)*Sx = §((=1)" (=31 +4)Sy+a + (67 + 5)Sys3 — (37 — 5)Syr2 + (61 — 4)Sy+1 + 2
(37; + 7)5 )+5).

(b) D0_o AM=1)*San = 5 ((=1)" ((5n — 14)Sap+2 + (51 + 11)S2y11 + (57 + 36)S2, — (207 — 11)
SQ?? 1— 2(1077 + 7)5277 2) + 3)

(©) 7 o A(=D*Saxt1 = 5= ((—=1)" ((10n — 3)Sant2 + (107 + 22)S2q41 — (151 + 3)S2y + 2(5n —
14)8217 2 — (157] + 28)827] 1) — 19)

The next corollary follows if we replace A, in the proposition 3.3 with R,,. We additionally apply
the initial conditions where Ry =5, R1 =1, Ro = 3, R3 = 7 and R4 = 15.

Corollary 3.10. The following properties is satisfied by the modified fifth-order Jacobsthal-Lucas
numbers, forn > 0:

(@) 1o A~ Ra = 5((=1)" (~ (314 4) Rysa + (67 + 5) Res — (30— 5) Rysa + (67— 4) Ry +2
(37] + 7)R,,) — 56).

(b) >0 o A(=1)*Rax = 5= ((=1)" (57 — 14)Rays2 + (57 + 11)Rayy1 + (5 + 36) Ray — (200 — 11)
RQT? 1 — 2(1077 —+ 7)R27] 2) — 154).



(©) 37 o A(=1)*Raxt1 = 5= ((—=1)" ((10n — 3)Rany2 + (10n + 22) Rapt1 — (150 + 3)Ray + 2(5n —
14)Roy—2 — (157 + 28) Ray_1) — 33).

Here, recall theorem 2.1 and setr = 2, s = 3, ¢t = 5, u = 7, v = 11; this gives the result below.

Proposition 3.4. Forn > 0 and settingr = 2, s =3,t =5, u =7, v = 11, in theorem 2.1 leads to
the next outcomes.

@ Yo A=DM s = (=17 (=97 —2) Ayga+ (277 — 15) Az + 36 Ayz + (457 — 46) Aygr + 11
(917 + 7)A ) — 2A4 +15A3 — 36A5 +46A, — 77A0)

(b) Y7 o A=D1 Max = 255 ((—1)" (—(2199—184) Azys2+(10227—1759) Azyy 4 1-+(50377+1827) Az, —
(16797 — 6034) Az, 1 — 11(5841 — 807) Az, o) — 35 A4 — 73T Az + 1535A5 4 43554, + 2453 Ao).

(€) X7 _oAM—1)*Asns1 = 215 ((—1)" ((584n — 1391) Azyso + (43807 + 2379) Azyi1 — (27741 —
6954) Ag, — (79577 — 10165) Az, 1 — 11(2197 — 184) Ag,) o) — 80T A4 + 1430 A3 + 4180 A5 +
2208A; — 385A0).

The next corollary follows if we replace A,, in the proposition 3.4 with G,,. We additionally apply
the initial conditions where Go =0, G1 =0, G2 =0, Gs = 1 and G4 = 2.

Corollary 3.11. Forn > 0, the 5-primes numbers satisfy the followings:
@ 0o A=DGx = g ()" (=91 2)Gra+ (277 = 15)Gryps + 36Gy 12 + (450 — 46)Gyypa + 11
9n+ 7)Gy) + 11).

(b) ST  A(~1)*Gax = g5 ((—1)" (—(2197—184)Gay2+(10220—1759) Gap 1 +(50377+1827) Gy —
(16797 — 6034)Ga,y 1 — 11(584n — 807)Gay—2) — 807).

(€©) X7 o AM~1)*Cars1 = 55 ((—1)" ((584n — 1391)Gapy2 + (43807 + 2379)Gayy1 — (27741 —
6954)Ga,y — (79570 — 10165)Gay—1 — 11(2197 — 184)Ga,y o) — 184).

The next corollary follows if we replace A,, in the proposition 3.4 with H,,. We additionally apply
the initial conditions where Hy = 5, H; = 2, Hy = 10, H3 = 41 and H4 = 150.

Corollary 3.12. The following properties is satisfied by the Lucas 5-primes numbers, forn > 0:
@ 3o A1) Hx = g ((=1)" (—(9n—2) Hypga + (270 — 15) Hypys + 36 Hy o + (451 — 46) Hyr + 11
(9n +7)H,) — 338)

(b) Y 7_g A1) Hox = =25 ((—1)" (—(2197—184) Hayy2+(10220—1759) Hay i1 +(5037741827) Hazy —
(167977 6034) Ha, 1 — 11(5841 — 807) Ha,y_2) + 858).

(©) YU _ A=D1 Hoap1 = =5 ((—1)" ((584n — 1391)Hapqo + (4380 + 2379)Hapyr — (2774n —
6954)H2,, (79571 — 10165) Hap—1 — 11(219n — 184) Ha,)—_2) — 18129).

The next corollary follows if we replace A,, in the proposition 3.4 with E,,. We additionally apply
the initial conditions where Eg =0, £, =0, E> =0, E3 =1 and B, = 1.

Corollary 3.13. Forn > 0, the modified 5-primes numbers get the followings:
@ I A1 Ex =
(9n +7)E,) +13).

(b) Y7 A1) Eax = sis ((—1)" (—(2197—184) B2y 2+ (10220~ 1759) Bz 1+ (503774 1827) Bz, —
(16797 — 6034) Es, 1 — 11(5841 — 807) Ea,y_2) — 772).

(© XU o A—1) Earg1 = z555((—1)" ((584n — 1391)Ezpi2 + (43800 + 2379)Eayq — (27747 —
6954)E27, (79570 — 10165) Ea,—1 — 11(219n — 184) Ea,—2) + 623).

\ -

1 ((=1)" (=(9n = 2)Epya+ (270 — 15) Enys + 36 £y 12 + (450 — 46) Ep 1 +11

~



3.3 Thecase:=:

During this subsection, we cope with the closed-form solutions (identities) for sums $°7_, \i* Aj,
7_oNi* Az and S07_ Ai* Azx 41 specifically considering the sequence { A, }. Here, recall theorem
21andsetz =1i,r = s =t =u = v = 1; this gives the result below.

Proposition 3.5. Forn > 0 and setting r, s, t,u,v = 1, in theorem 2.1 leads to the next outcomes.

@ 7 XiM Ay = 5 (@(((1 = 9)n+6—i) Agra —2(n + (34 20)) Ayss + (5 — 10 — (1= 3i)n) Ay +
((24+20)n —4+10i) Ay + (1L +3)n 424 7i))Ay) — (6 — i) As 4 (6 +44) Az + (10 — 5i) Az +
(4 — 10i)A1 — (2 + 7Z)A0)

(b) S°U_o At Asx = 11 (7 (((9431)n+6+4T71) Azy g2 — (127416 +124) Aoy i1 + (8+i— (3—3i)n) Ay +(
2i — 8 — (6 —6i)n) A2n—1 + (2 — 135 — (3+ 3i)n) Azy—2) + (10 — 153) Ay — (12 — 28i) A3 — (14 +
5i) Az + (8 4 14i) A1 — (16 — i) Ap).

(€) 30— Xi*Aani1 = 55 (7 (((3i — 3)n — 10 — 5i) Az 2 + (6 + 6) + 14+ 80) Asy i1 + ((3+ 9i)n —
24 9¢) Aoy + (61 + 8 — 68) Aoy—1 + ((9+ 3i)n + 6 + Ti) Azn_2) — (2 — 13i) A — (4 + 20i) A3 +
(18 — i) Az — (6 + 144) Ay + (10 — 157) Ao).

The next corollary follows if we replace A, in the proposition 3.5 with P,. We additionally apply
the initial conditions where Pp =0, P, =1, P, =1, P3 =2 and Py = 4.

Corollary 3.14. Forn > 0, the Pentanacci numbers satisfy the followings.
(@) Y7o Xi*Py = & (7(((1 =)+ 6 — i) Py — 200+ (34 20)) Pys + (5i — 10 — (1 — 30)) Pz +
(24 2i)n — 4+ 100) Pyr + (1 + ) + 2+ 74) Py) + (2 — 34)).

(b) S°U_o Ai*Pax = 15 (7 (((9+38)n+ 6+ Ti) Panro — (120 + 16+ 121) Pay 1 + (8 +4 — (3— 31)m) Pay +
(26 — 8 — (6 — 60)1) Pay—1 + (2 — 135 — (3 + 30)n) Pay—2) + (10 + 51)).

(€) 20— At Paxt1 = 15 (17(((3i — 3)n — 10 — 56) Pay2 + ((6 4 66)n + 14 + 8i) Py + ((3+ 9i)n —
2+ 94) Payy + (61 + 8 — 64) Pay—1 + ((9 + 3i)n + 6 + 7i) Pay—2) + (—4 — 37)).

The next corollary follows if we replace A,, in the proposition 3.5 with Q,,. We additionally apply
the initial conditions where Qo =5, Q1 =1, Q2 =3, Qs = 7and Q4 = 15.

Corollary 3.15. Forn > 0, the Pentanacci-Lucas numbers get the followings.
@ 5o A Qx = 55 (("(((L = ) 7+ 6— ) Quas — 2(n + (3+20))Qrs + (5 — 10 — (1 = 30)7) Q2 +
((2+20)n —4+100)Qpr1 + (1 +4)n + 24 7i)Qy) + (—24 — 174)).

(b) >-0_o XitQax = 155 (" ((9+30)n+6+70)Q2y 2 — (120416 +120) Qa1+ (8+i— (3—31)7) Q2 +(
2 — 8 — (6 — 61)7)Qay_1 + (2 — 13i — (3 + 3i)n)Qay_2) + (—48 — 25)).

(©) o X Qarer = 15 (7(((3i — 30 — 10— 5i)Qan sz + (64 6i)m + 14+ 80)Qays + ((3+90)y —
24 90)Qay + (6118 — 6)Qag1 + (94 30 + 6 + 76)Qay—2) + (40 — 374)).

In a similar way, readers can calculate the corresponding sums of other generalized fifth-order
Pentanacci numbers.

4 Sum >7_, \2*A_, with negative subscripts

In this section, we compute the following sum for the generalized Pentanacci sequences {A,},>o
with negative subscripts: °7_, Az A_,.



Theorem 4.1. Forn > 1 and let z be a real (or complex) number. Then, we get the following formula:
Ifo+rz* + 525 +t2° +uz — 2° £ 0, then

n 0
APA = .
; z A (v+rzt+ 823 +t22 + uz — 2%)?’

where,

Q= 2" ((—v—rzt —s2° —t22 —uz+2°%) —v+3rzt 42828 F 127 —42°) A a2 (n(r—2) (v +
r2t b s2d Ht2® fuz—2°) +6r2° fs2t —u2? —3r? 2t dro— 202328 —2rs2® —rt2?) A, 32T (n(s+
rz—22)(vrzt Fs2® F 2% fuz—2°) FArzt 4 4s2® —t2* —2uz® —3v2® —2r?2° — 25223 4 su—22" —drszt 4
ruz? —st2? +2rvz) Ao+ 2" T (it r2® +sz— 2% (v rzt F 52 2P fuz—2°) 4 2r2 " + 25254 2t2° —
Buzt — vz —r?28 —s% 2 1227 ftv— 28— 2rs2° — 2rt2 4 2ruz® —2st23 + 3rv2® Fsuz® +25v2) A1+
2 (p(utr2 +s22 Ftz— 2N (v ret +528 F 122 fuz—2°) — buzt fuv - 4rvz® £ 3sv2% 4 2tvz) A, +
2(v — 3rzt — 282° — 127 4 42°) Ag + 2(—672° — s2* + u2® + 3r%2* — ro 4 20z + 32°% 4 2rs2® + rt2?)
Az + 2(—4r25 — 4825 + t2* 4+ 2u2® + 3v2% + 2r22° 4 2522 — sv + 227 + drszt — ruz® 4 stz® — 2rvz)
Ao+ 2(—2r2" — 2825 — 2t2° + 3uz® + 4v2® 4 1220 4 822 41227 —tv + 28 4 2rs2° + 2rt2? — 2ru2® 4
2st2® — 3rvz? — suz? — 2sv2) A1 + vz(—u — 4r2® — 3522 — 2tz + 52*) Ao.

Proof. Using the following recurrence relation

ATI+5 = 'I‘An+4 + 5A77+3 + tA»,H.Q + uA*y]Jrl + ’UA17
= A—YI+5 = TA_n+4 + SA_n+3 + tA_n+2 + ’l,LA_n+1 + ’UA_n
U t s r 1
= A,= *EA—n-s-l - ZA—n-s-Z - ;A—M—B - ;A—n+4 + ;A—n+5
1 U t s r
= A= Aggs — CApn = DA = S A — Ao
i.e.
UAfn = A*TI+5 — TA7W+4 — SA7U+3 — tAfnJrQ — UA7W+1.
We obtain
vxnxzTA_, = nx2"A_ 45 —rxnXxz2TA_, 14
—sxnx2TA_pys—txnx2"A_pio —uxnx2"A_ 11,
v(n — 1)Z7I71A7n+1 = (n- 1)Zn71‘4*n+6 —r(n— 1)27]71"4*’”4»5
50— )27 Ayt — t(0 — D2 A s — uln — 127 Ay,
v(n—2)2" A e = (n—2)2" Ay —r(n—2)2" A0

(= 22" A s — 0 — 2)2" 2 A yea — uln — 2)2" A,

’U><3><Z3A_3 = 3><z3A277”><3><z3A1

—sX3X2Ag—tx3x2PA | —ux3xz2A o,
VX 2% 22A_y = 2><22A3—7"><2><22A2

—s><2><z2A1—t><2><22A0—u><2><z2A_1,
UXIXZIA,l = 1Xz1A4—r><1><zlA3

—sx1x2'As —tx1x2'A1 —u x 1 x 21 A.

By adding the idendities side by side and applying theorem 1.2 (a), we arrive the result. O



5 Results for special > values in negative subscripts

This section provides the closed-form solutions (identities) for sums >-7_, AzA_, for particular
cases of z = —1 and z = ¢, specifically considering the sequence A, },>o.

5.1 Thecase:=1

See Soykan [(31)] for the case z = 1 of theorem 4.1.

5.2 Thecase:= —1

This subsection considers the special case z = —1.

In this subsection, we give the closed-form solutions (identities) for sums >°7_ A(—=1)*A_j,
specifically considering the sequence A, },>o.

Now, recall theorem 4.1 and set r = s =t = u = v = 1; this gives the result below.

Proposition 5.1. Forn > 1 and setting r, s, t,u,v = 1, in theorem 4.1 leads to the next outcome.
T AM=DMoy = (D) (20 =5)A—pra— (4n—8) A3+ (2n+1) A—yyo — (4n—2) Ay +
(27] + 7)A—77) + 5A4 — 8A3 — A2 — 2141 — 7140)

The next corollary follows if we replace A, in the proposition 5.1 with P, and Q,, respectively.
We additionally apply the initial conditions where Py =0, Pr =1, P, =1, Ps =2, P, =4, Qo = 5,
Q1 :1,Q2:3,Q3:7andQ4:15.

Corollary 5.1. Forn > 1, we get the followings.

(a) 22:1 A(_l)/\Pfk = i((_l)n ((277_5)]3—71-0-4 - (477—8)P—n+3+(277+1)P—n+2 - (477—2)P—n+1 +
2n+17)P-y)+1).

(b) 22:1 A(_l))\ - = i((_l)n (2n=3)Q-nta—(4N—8)Q-nt+3+(2n+1)Q—n+2—(4n—2)Q—n+1+
(2n+7)Q-y) —21).

Here, recall theorem 4.1 and set r = 2, s =t = u = v = 1; this gives the result below.

Proposition 5.2. Forn > 1 and setting r = 2 and s,t,u,v = 1, in theorem 4.1 leads to the next
outcome.

I AEDM = (=D (30 = 8)A—yra — (90 — 21) A5 + (67 — 4)A—yi2 — (99 — 6)
A—ﬂ+1 + (67] =+ 11)A—77) =+ 8144 — 21A3 + 4A2 — 6A1 — 11A0)

The next corollary follows if we replace A, in the proposition 5.2 with P,, and @,, respectively. We
additionally apply the initial conditions where P, = 0, P, = 1, P, = 2, Ps =5, P, = 13, Qo = 5,
Q1 =2, QQ =6, Q3 = 17andQ4 = 46.

Corollary 5.2. Forn > 1, we have the followings:

@@ >3, ’\(_I)AP*X = é((_l)n (B3n—=8)P_pya—(IN—21)P_p134+(6n—4)P—ypi2— (I —6)P_py1+
(6n+11)P_;) + 1).

(b) 22:1 )‘(_1)>\ka = %((_l)n (37 = 8)Q—n+a — (I = 21)Q—p13 + (67 — 4)Q_p12 — (97 — 6)
Q-n+1 + (6n+11)Q—,) — 32).

At this point, recall theorem 4.1 and set »r = s =t = v = 1 and v = 2; this gives the result below.



Proposition 5.3. Forn > 1 and setting r,s,t,u = 1 and v = 1, in theorem 4.1 leads to the next
outcomes.

T AEDMy = 5((=1)" (B — 4)Ayya — (67 — 5)A—pia + (30 + 5) A2 — (61 + 4)
A_pi14 Bn+14)A_y) + 444 — 5A3 — 5As + 441 — 144o).

The next corollary follows if we replace A, in the proposition 5.3 with followings respectively:
n = JW with Jy =0,/i=1,Jo=1,J5=1,J4 =1,

n :jn with Jo=2,71 = 1,52 = 5,53 = 10, j4 = 20,

= K, with Ko = 3, K1 =1, K2 = 3, K3 = 10, K4 = 20,

=QnWith Qo =3,Q1 =0,Q2 =2,Q3 = 8,Q4 = 16,

n = SU with Sp =0,51=1,5=1,5=2,54, =4,

n = Rn with Ry = 5, Ri =1,R; =3,Rs =7, Ry = 15.

3

B

Corollary 5.3. Forn > 1, we get the followings:

@ X ADMa = 5(=1)" (Bn—4)J—psa — (67— 5)Jpr3+ (30 +5) J—yr2 — (60 +4) J_yi1 +
(3n + 14)J_ )—2).
(b) Y0  A=1)Yoa = 5((=1)" ((3n = 4)j—n+a — (61 = 5)j—n+3 + (30 + 5)j—n+2 — (60 +4)j—n+1 +

(317 + 14)] n) —19).

(c) Z ( K- A= é((_l)n ((3"7 - 4)K7n+4 - (677 - 5)K*’U+3 + (377 + 5)K*’U+2 - (677 +4)
K—n+1 —|— (37] + 14)K—7I) — 23)

d) S ADMQ-x = (=) (Bn — )Q—nta — (6n — 5)Q—nys + (30 + 5)Q_nt2 — (6n + 4)
Q-n+1+ (Bn+14)Q—,) — 28).

€ Y1 A=D*Sx = (=1 (830 — 4)S_psa — (67 = 5)S_yi3 + (3 + 5)S_12 — (61 + 4)
S_ny1+(3n+14)S_y) +5).

(f) 22:1 )‘(_1)/\R7>\ = é((_l)n ((377 - 4)R—n+4 - (677 - 5)R—n+3 + (37] + 5)R—n+2 - (677 + 4)
R_pi1+ (Bn+14)R_,) — 56).

Proposition 5.4. Forn > 1 and settingr = 2,s =3,t =5, u =7, v = 11, in theorem 4.1 leads to
the next outcomes.

T DMy = (1) (9742)A 44— (270+15) A5 +36A 40— (457+46) A1 —
(18’[7 — 77)14,7,) — 2144 + 15143 — 36A2 —|— 46141 — 77A0)

The next corollary follows if we replace A, in the proposition 5.4 with G,,, H,, and E,, respectively.
We additionally apply the initial conditions where Go =0, G1 =0, G2 =0,Gs =1, G4 = 2, Hy = 5,
Hy =2,H, =10, H3 =41, Hy =150, Exc =0, F1 =0, F2 =0, Es = 1and B, = 1.

Corollary 5.4. Forn > 1, we get the followings:
(@ > A(-1 /\G*A = %((_1)77 (M+2)G—pta— (2T +15)G—y13+36G 42— (450 +46)G 41—
(1877 77)G n) +1

)
(b) YN A H-x = g1 (=1)7 (90+2) Hopra—(2T0+15) Ho i3 +36 H— 2 — (450 +46) Hp 1 —
(1877 TTVH_,) — 338

(©) T3y MM = (-



5.3 Thecase:=:

In this subsection, we present the closed-form solutions (identities) for sums >°7_, Xi* A_, specifically
considering the sequence A, },>o0. At this point, recall theorem 4.1 andsetr =s=t=u=v = 1;
this gives the result below.

Proposition 5.5. Forn > 1 and setting r, s, t,u,v = 1, in theorem 4.1 leads to the next outcomes.

T NMAY = Z (1 +14) n—6—1) A_yya+(6—2n—4i) A5+ (10+5i— (1 + 3i) ) A—ppa+(
(2=20)n+4+100)A_ i1+ (1+9)n—2+Ti)A_,) + (6 +¢)As — (6 —4i) Az — (10 4+ 5i) A2 — (4 +
10§) A1 + (2 — 7i) Ao).

The next corollary follows if we replace A, in the proposition 5.5 with P, and Q,, respectively.
We additionally apply the initial conditions where Py = 0, L =1, P, =2, Ps =5, P+ = 4, Qo = 5,
Q1 :1,Q2:3,Q3:7andQ4:15.

Corollary 5.5. Forn > 1, we obtain the followings.

(@ Y0 MM Pox = 5 (1" (1 +4) n—6—4) P—yya+(6—27—4i) P13+ (10450 — (1 4 34) 1) P2+ (
(2= 20)n+4+100)P_p1 + (1 +1)n— 2+ Ti)P_,) + (=2 — 3i)).

(B) 0y XPQon = & (7(((1 +6) n—6—)Q s+ (6—201—4) Q— (10451~ (1 + 38) ) Q-2+
(2= 20) 1+ 4+ 100Q i1 + (1+1) 1 — 2+ T0) Q) + (24 — 175)).

Corresponding summations of the other fifth-order generalized Pentanacci numbers can be calculated
in a similar way.

6 Conclusion

In this study, we initially revisited the definition of generalized Pentanacci numbers, laying out the
formal expressions and recurrence relations. We also drew from several important publications in
the literature to build a foundation for our paper. To enhance comprehension, we present three
detailed tables. Table 1 showcases the notations of some special cases of the generalized Pentanacci
sequences with the related references. Table 2 gives the notations of some members of generalized
Pentanacci sequences with the OEIS numbers of some of them and related papers. Finally, Table
3 presents the some special studies of sum formulas related to sequences and related studies.
Moreover, we highlight two crucial theorems conducted by Soykan in [(30)], which have proven
invaluable in this research. These theorems, referenced frequently throughout this paper, provided
key theorems that significantly contributed to the development of the results presented here.

In Section 2, we compute the following sums for the generalized Pentanacci sequences {A,},>0
with positive subscripts: 37_, Az Ay, 37 Az A2y and 07 A2t Ao,

In section 3, we provide the closed-form solutions (identities) for sums 3°7_ 2™ Ax, 3°7_, Azt Aa
and >°7_, Az Aaxayq for particular cases of z = —1 and z = i, specifically considering the sequence
{A,},>0. The above sums have been calculated for the sequences listed in Table 2 when z = —1
and z = i.

In section 4, we compute the following sum for the generalized Pentanacci sequences {A,},>0
with negative subscripts: >>7_, Az A_.

In section 5, we provide the closed-form solutions (identities) for sums °7_, A\z* A_ for particular
cases of z = —1 and z = 1, specifically considering the sequence {A4,},>0. The above sums have
been computed for the sequences listed in Table 2 when z = —1 and z = i.
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