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The generalized Pentanacmsequencg W, (Wo, Wy, Wy, W3, Wy; 1, s, t, U, V) n}o(' :
Wonso)isdefinedasfollows: ! mISSIng :
Wh = MWao1+$WoooHWo-s+UWn_4+VWo-s, :

1

Wo = Co,W1=C1,W>2=C2,W3=C3,W,=C4,n=5 § :

Thesequence{Wn}n>ocanbeextendedtonegatlvesubscrlptsbydeflnlng ' LENOVO 1
l\N 2024-09-27 09:13:15
i

missing ,
forn=1,2,3,...when erefore,recurrence(l.1)holdsforallintegern.Pentanaccis
edbymanyauthor: forexample[(8)],[(9)].[(11)],[(26)].
Tablel:Afewspecial ofgeneralizedPentanaccisequences. e iy
LENOVO

2024-09-27 09:14:03
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No Sequences(Numbers) Notation Ref
Gener liz ntapacci IV I={W, (W, W1, W5, W3, W,;1,1,1,1,1)}
% enera gﬁ%or ell V32 W, (Wo Wy W Wa W, 2,11,1,1)} EE%?H
3  GeneralizedFifthorderJacobsthal {V.}={w, (WO,Wl,Wz,Wg,W4;1,1,1,1,2)}
[(28)]4 Ge era{zedS primes 1
V, = W,(Wy,W;,W,,W3,W,;2,3,5,7,11) [(29)] e e

1
ForsomespecificvaluesofWo,W1,W2, W3, Wsandr,s,t,u vmsworthpresentmgthesesn LENOVO :
ersinatableasaspecificname. Inliterature,forexample, thefollowingnamesand  12024-09-26 17:26:23 |
notations(seeTable2)areusedforthespecialcasesofr,s,t,u,vandinitialvalues. T — :
Table2:AfewmembersofgeneralizedPentanaccisequences. Imissing , |

1
1
1
1
1
1

Sequences(Numbers) Notation 1
Pentanacci {P.} ={W,(0,1,1,2,4;:1,1,1,1,1),

Pentanacci-Lucas { g? “W,(5,1,3.7.15:1,1,1,1.1)} |
}=

fifthorderPell {PO}=(w (0,1,2,513;2,1,1,1,1)} |

fifthorderPell-Lucas {Q(g)} ={W (5 2 6,17,46;2,1,1,1,1)} [(27)]
modifiedfifth-orderPell {Erts)} ={W (O 1,1,3,8;2,1,1,1,1)} [27)]
fifthorderJacobsthal {3CN=(w (0,1 1 1,1,1;1,1,1,1,2)} A226310 [(28),(2)]
fifthorderJacobsthal-Lucas {1(5P} ={W (2, 1 5,10,20;1,1,1,1,2)} A226311 [(28),(2)]
modifiedfifthorderJacobsthal {K&)} ={W (3 1,3,10,20;1,1,1,1,2)} [(28)]
fifth-orderJacobsthalPerrin {Q?‘:’)} {Ww (3 0,2,8,16;1,1,1,1,2)} [(28)]
adjustedfifth-orderJacobsthal {S@S)} ={W (O 1,1,2,4;1,1,1,1,2)} [(28)]
modifiedfifth-orderJacobsthal-Lucas {R(é}} {w (5hl 3,7,15;1,1,1,1,2)} [(28)]
5-primes {Gn} {wW,(0,0,0,1,2;2,3,5,7,11)} [(29)]
Lucas5-primes {H.}={W,(5,2,10,41,150;2,3,5,7,11)} [(29)]
modified 5-primes {Er = W,(0,00,1,1;,235711) r--" """ ---TTTo o oo mm oo mmmTy
[(29)[Foreasywriting, LENOVO !
wedropthesuperscriptsfromthesequences, forexamplewewrite 12024-09-26 17.28:56 _ o o o _____ —:
PaforP®. LENOVO i
Wepresentsome nsummingformulasofthenumbersinthefollowing Tablg 20240926 1731110 - - - - - oo o oo - '
LENOVO
Table3: Afewspecial i ofsumformulas. 2024-09-26 17:32:19
Name of sequence Paperswhichdealwithsummingformulas | ~======"—=-
PellandPell-Lucas [(1),(4),(32),(6),(7)] studies
GeneralizedFibonacci [(5),(13),(14),(15),(16),(17),(19)] | :
GeneralizedTribonacci [(3),(10),(18)] : i
GeneralizedTetranacci [(20),(25),(33)] 1 :
GeneralizedPentanacci [(21),(22)] e __ 4
GeneralizedHexanacci [(23),(29)] :LENOVO 1
The following presents some linear summing formulas of generalized 2024-09-26 17:32:49 ;
numberswithpositivesubscripts. . """"""""" !
Ithearem_ _ _ _ _ - _____ _:
LENOVO i

N N N o O T Ty Ty

LENOVO
2024-09-26 17:35:26

szWk ©1(x) Irevise this statement.
k=0 rX+sx2+tx3+ux4+vxs—1 LENOVO
2024-09-26 17:35:34

Theorem1.1.Letxbeareal(orcomplex)number.Forn=>0wehaveihefollowingform

|LENOVO
|2024-09-26 17:35:49

l
|
1
1
1
1
:mlssmg y 1
1
1
1
1
1
1
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DX M Wist + WX Wi — X*'Wa + 53(rx— 1)Ws + x3(sX% + rx— L)Wa + x(sx® + tx° +
rX—1)Wi+(sXC+BC+ux*+rx— 1)Wo.

(b) 1fr’x +2ux® — s+ —UA+ v+ 2sx+ 2rtd+ 2rvx — 2suxc+ 2tvxt — 1=
1

1
LENOVO I
12024-09-26 17:36:23 ]
-2 | 1
X W2k | TTTTTTTT T 1
k=0 Imissing , :
O2(x) : 1
= itttk Jl
2X+2UX2 —$2X2+12X3 — U2X4+V2X5+2SX+2rtx?+2rvx3 — 2sux3+2tv¥ | enovo i
LENOVO
©2(X)=—(Ux*+5x~1)X" " Won o+ (t+rs+vx+rux)x"  *Wap.1+ (u+ 4 2024-09-26 17:36:53
rt+2tvx? +rvx—sux)X™ 2 Wan+ (V+ru—svx+tux)X"  2Wap — 1+ V(1 4+ -—===-==-—-=-----
X2 (UXZ +5X—1)W4 =3 (t+rs+VX+rux)Wa+x(r2x+ux? —-s?x? +2sx+rt missing ,
Wo — x3(V + ru— svx+ tux)W; + (r’x + 2ux®— s% + 53— u
rvx —2sux+tvx* —1)Wo.
e
(©) Ifr’x+ 2ux’—s"x*+ % —uPx*+ VAX+ 2sx#2rtx+2rvx’ — 2sux’+2tvx’ — 1=0tl | £\ ovo :
1
12024-09-26 17:37:08 ;
X W1 . :
k=0 missing o o o o o e e e e e e a
O3(x) LENOVO
T2+ 2UX? — S2XZHE2X3 — UZXAHV2XE+ 28X+ 2 X2+ 2rvxd — 25Ux3+ 2ty 202409-26 17:37:20
e __ 4

LENOVO
O3(x) = (r + vx° + t)X " Wanaz + (s — 8% + t29%°— u™E + v¥X*
+2EVCHD) X W H+HVX — SVXEHTUX — SE)X T M Won +H(U—UxP+vAX) 777
VX —SUX)X™ Wan1— v UX? +5X—1X" Won_o— X2 (r+vx+tx)W,H missing
SXHECHTVXE — 1)W3 — X2 (tHVX— SUXH UX — SEX) Wt (r2x+ux? — s2x+t2x
25x+2rtx%+rvxe — suxC+tvx? — 1)W1+ (ux+sx— 1)Wo t

' [(30), Theorem 2.1]. :LENOVO :
12024-09-26 17:38:24 :

: esentssomelinearsummingformulasofgeneralizedPent| LENoOvVO
ivesubscripts. 2024-09-26 17:38:38

F=——-

Theorem1.2. Forn=1wghavethefollowingformulas:Ifv+rx*+sx+tx®+ux—¥*=0,t| L ENOVO
2024-09-26 17:38:55

= 0.4
XkW—k : AaARX) 0000000000 e

k=1 TVAHrXAHSX3HEX2ZHUX— X5 missing ,

)= X" Wt (F X AW g (51X X)X MW o+ (T 1 +5X4 | ENOVO
+ 1+ s+ tx— XOXTWo, + XWs — X — X)Ws + X(—S — rx+ X%} 2024-09-26 17:39:52
sHOWrx(—u—nC—sx’—tx+xHhwo.
lwhere R\theta A _ _ o ___ _
- [(30), Theorem 4.1]. LENOVO
2024-09-26 17:40:31

Inthiswork,weinvestigatesummationformulasofgeneralizedPentanaccinum| ravise this statement.

Proof.
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2 SumFormulasofGeneralizedPentanacciNumberswithPos
itiveSubscripts

Thefollowingpd presentssomesummingformulasofgeneralizedPentana.'LENOVO :
1 1
vesubscripts. 12024-09-26 17:41:13 :
1
A e e -
Theorem?2.1.Letxbeareal(orcomplex)number.Forn=>0wehaveefollowingformu A
5 4 3 2 h e e e e e mm e mmmm ===
+UX HEXC+HSX X — en
(@) MHvx+ux*+tC+sx®+rx—1 it LENOVO
2024-09-26 17:41:42
K Q1 e
kX" Wi — e
k=0 (VXSHUXAHEX3+SX2+X—1)2 g 1Enovo
2024.10.26 17:41°49 — _ — — — _— _______
n+4 2 3 4 5 2 3 5 LENOVO
Q=X (N(SX“+EX+UX +VX +rX— 1) —4+2sX"+tX" — VX~ +3rX) Wn+a—X 2024-09-26 17:41:56

+UX X+ — 1) +3 )P +ux +2vx +3r2x° — B rx+2rsx Xt = rvx )W} - oo
x— D¢+ oé+ o+ v+ = 1)+ 2 imjssing
| :

2ux*+3vxC+2rx2+25%x* — Arx+4rsx — rux®+stx® — 2rvx® — svx’ )Whsz
n+1
—X

I
(N(X*+63Hrx—1)(sx2 +o3+uxt  +vx®  +rx—1)+1+2rd

+2s®—3rvx®—sux®— 2svx'— twx®— 2sx°— 2t + 3ux® + 4vx® H

2rx)Whp.1+ 1

VX (N(SXEHDCHUX VX HIX— 1) +38X 2+ 2D HUX AKX —5) Wi — X (24 e e e e e e e e e e e
AW, + X3(—sx? + wx? + 2vx® + 3rdd¢— Brx + 2rs + red*— rvx® + 3)Ws

32 (— 45X+ +2ux 3V +2r2x 3+ 255 — Arx+Arsx® — rux®+stx’ — 2rvx® —svx’ +2)W» +

(=25 — 2t + 3ux® + 4vx® + @ + 5 + t5¢— 2rx + 2rsx® + 2rex*— 2rux®

+25tx% — 3rvx® —sux® — 2svx’ — tvxC+ 1)W1 —vx>(3sX+ 2DCHUX HArX —B)Wm = = = = = == mm e e e e e e oo

1
2 2 22,23 2.4, 25 2 3 3 4 4_~LENOVO
(b) frx +2ux®—s X +tX" —uX"+ v X°+ 28X+ 2rtx“+ 2rvx’ —2sux™+ 2tvx —1—0| 2024-09-26 17:42:12
|
k I
KXWk Imissing ,
k=0 l
_ Q> !' _________________________
= | LENOVO
LENOVO
2024-09-26 17:42:38
Qo= —xX"H P+ sx— DIx + 2uxP— 5%+ - vl

2rtX22+23rvx32— %su>§+24tvx4 —21);l+52;<222t2x32— %sz4+u3>26+4v2x54— 25X missing ,

+2r°ux’ —st™X +s7ux” +2su° X’ -3sv X —2uv X' —2rsvx +2rtux —451{

Psx®—  UX)Woansz +XT2(N(t +rs+vx+rux)(rPx+2ux®—  s°x% 4

+25X+2r P+ 2rvxc - 25U+ 2tvx* - 1)+ 2rs?x - 53— 2v*x®- 2rs - 3vx -2}

+ I

2uvxC +2ru?x +2r’ ux? +2revx® +ru’x° —s?vx® +2tu’x* - 4t°vx’ -5tv’ s

rst>C + rs?ux® + 2rsu®*— 2r%svx® + 2r2tux®— 3rsv°— 2ruv®— 3rux + 2stx + 4rsux—
arstvx’—  2rtuv)Wonant+ x4 nu + tx —  udG+ vAGH itk 2ty + rvx—
SUX)(rPX+2Ux® — s+ — U VX +2sx+ 21+ 2rv — 2sux+2tvx* — 1)

+ 4u°— 3t — 2u — 2 — SVAC— 2rt + 2rtAé— 3riudd— A+ arvAE +
252U — BsAVAC Rt HPUX— BtV +4st?X% — 4s? ux® — 6sUBC+2r v +s S uxc+tPux®+su
5% +8sv* +2rv®x®  +3uv®  +rsvx®  +12stv—  2risux®—  rsvx—  2rtu®x?
rer2twc+Harttvx? +5rtv?x® —4s?tvx? —ru?vx® —2suvx® 4 2rstx—2stuvx® —3rvx-+5sux+4tuvx
IWWont x"2(n(v + ru— svx+ tux)(rPx + 2ux’— 23+ B — Ui+ v+ 2sx + 2rtd+
2rvx® — 2sux+2tvx’ — 1)+r3ux— 3v3x° — 2ru— 2v+rivx+2ru*x* — 2rvAE — 4s?v+ 2tudxC+s v —
v+ - A+ 255+ 208vxd+ dstux®+ 2rsuC— 2riswxi
2r2tux@+rtux® — s2tux® — 2r2uvx® — 3ruvAC+2stvAx° — su?vx® — 2uvx® — 2tuv®x® — 2rstvx® —

I

1

1

1

1

1

1

1
|
(r2X+2uUx2—S2X2+12X3 — U2XHV2XO+ 25X+ 21X+ = = = = == = = == = == m —— —————— — - «l
i
i
i
i
i
i
i
i
1

1
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4Artuvx*+ Bsvx — 3tux + 2rsuX)Wan-1 + WAN(r + v+ )X + 2ux’— s+
= U2 XA+ V2 X5+ 25X + 2r i+ 2rv X —25UxC+ 2t — 1)+ rPx —2r—4vx —v3x 7 —3tx + 4stC+
Bsvx’ +2tux® +4uvx® +2ried i — s +2ruxt +rvc— A — 2stvxt +tu’xC—
BvC— 2tvC+ 2rsx + 2rsux®— 2suvx)Wan—z + XA(—r’x — 4uxP+ 45— 33+
25+ 205+ 3vPx° — Bsx+ 2rvxC+BsuxCHaAtux +2r2sx?+3r2ux® — 252 ux’ —sudC+2ux® — 2svPx°
— w7+ 2rst+ Artux®+ 2ruvx®— 2stvx+ 2)Wa + X33t + V3x°+ 3rs + 4vx —4rs?x —
2r¥sx  — 2rtx — 6sv— 2tux’— 4uvk + 1= i+ Sfé— ari—
3r3ux®—3rvxC—-2rv2x*+ 252 -t X+ Pvx+ 2tv3xC+ drux —4stx —8rsux? —4rtvx’+ 2suvx?
- 2r’st+2rs2ux+rsu®’* — artux® — rtPux*+2rsvAC — 2riuvx +ruvxC+2rstux ) W+
X%+ 2+ Pux*— 2r%53— Psux+ ArfsyA+ A+ 2riudC+
2r2ux® — rv?x® — 2r% — 3rs?tx* — 2rs?vx® — Arstux®+4rst — 4rsuvx®+2rsvx’ — rtvx+rtudxC+art
ux’=2rtvx’ —rtx®  Hruv—nxE st 425%ux® =43¢ +28%tv®  +s7uix®—5s%ux’
+2522 X+ 652 x2—st?ux® - 2st%X* - 8stvx+ suvZ X+ 4sux®— 6svxC— dsx + 2t2 X3 - 2tuvx®+6
tvx® + U= ud— 2uv’— ux® + AvAC + )W, + x3(3v + 2v3C + 3ru — 2rfux — 2rivx
—2uvxX% —2ruAC — ruPx 752 — 4tuPxC — 283w — tux+2tv?x* — svx® — uPvx? — Bsvx+4tux — 2rtv
X2—6stux’ +4suvx® +rs2ux® +3r2svx’ —5ritux’ —4rt?ux® +2rsvix* +2s%tux® +2stu’x*+ stPvx*+
2ruv—  2sfuvx*+  tuv™®—  drsux  +  Arstw)Wr + wC@r - 2r’x
5V —3X - 4tX - 2rux®—BstX’ —8sv X —4tux —Buv X+ rs?x2-5ritx —4rt’x + 2% tx> -
ru®x*-4r?vx® -2rv®x® +3s?vx’* - 2t2vx® - tv2x® +u?vx® - 4rsx - brtvx? +2stux* +4suvx®)Wo.

=
kaW2k+1 f e
k=0 : missing ,
Q3

(r2x+2ux2—s2x2+t2x3— u2x4+v2x5+25x+2rtx2+2
R
I'LENOVO

Qa= x"H(n(r + v+ t)(r2x + 2ux’— s+ 53— ud*+ vAC+ 2sx + 12024-09-26 17:43:16

2t — 1) — 3wd— %= 2% — 2tx — 1 — 2rux} + 25t |--mmmmmmmmmmmmmee-

rsx* —r* o - 2rt* x> +3ru’x* - 2r’vx® - 4rv®x® -s’vx* +2tux” -4t°vx® - missing ,

X3 - :

Brevx*+2stux*)Wans o+ X" 1 (n(s - 52X+ 232 - U2 +v2x + ux+rvx?-2!

(r*x+2ux®— sHEHPE — U A+ 25X+ 2rt+ 21V — 2sux+2tvx* — 1)

2 A’ =20’ —5vAX P +2r°tC—3rfux* +4r’vix°—3rvx’ +4

rPux+ rdx*+ 2st3— 4s2ux®— 5suX*+ 2rvid+ tPux*+ 4sVAXCH 2o ceomme m s e e e

+4tuvx® +rs?vx* —2rtu’x® +6r2tvx* +4rt?vx®

+5rtvAxC — ru?vx® —4r2sux® - 2rstux’ — 2rtx—2ux)Wan+ 1+ X (N(t+Vx—svx® +rux-stx)(r’x

+2ux® - X +t2x3 -

UAHVAC+25x+2rt +21vxC — 2sux+2tvx’ — 1) +55vxE — 26353 — 3v3x® — 2ux — t— 2tux® - 2rt° X2 -

ST+ W HrAv +stx +2rudx - 2rvix - 4s?vxC +3tuP X +sPux - 7tPvxt - 8t +
2sv3’ + 2uPvxX°— 2rux + 2stx + 2rsux’— 4rtvx® + 4dstux’— r’st’— 2r’svx’— rtPux’—
2s%tux’—  2studX®—  2rfuvx®  +  4stvx®—  3ruv®  + BstvA®—  sutwx® 4+

215U — Artuvx)Wan+xX" (N(U— UAPHACHVE+HTVX— SUX) (F2x+2ux® — s+ — Uy 2
XX+ 2sx + 2t + 2rv— 2sux® + 2tvx*— 1) + UA¢— u + ux*— - uxC-
vAE—2rPudE + rAvi— Uit — 25— VA + 22UV — 3tvd— sfuX + rPux’—
262U — 25U X° +65v2X* —rv3x® —2tv3x” —2rvx+2sux+-2rsvx? —2rtux® —4ruvx® +4stvx® —4tuy

4 2 2 2.4 2. 3 2, 4 2 4 2. 4 2, 5 2.6 2, 6
XT-rosux”—2rtu°x’  +2rtvx”  +rtvxt +stux  —sTtvx®  +2ruvx®  +suvox. +3tuvx
+4rsyvx4+4stuvx5)W2n_1—vx"+1(n(ux2+ sX - 1) (r*Xx+2ux® - s+ 1253 - U+ vAx5+ 2sx +

2rtx“+
2rvxC —2sux® +2tvx? 1) +1+52x + 2t — ux? - U x* + U3 X +4v2x® - 2sx+2rtx® +4rvx3 +6
tvx’ +r’sx? +2rlux —st’x* +s%ux® +2suA°— 3svAxC—2uvx’ —2rsvx*

+21tux® — 4stvx® — 2LUVXS)Wan —o +X2 (21 -2 x+4vx +v3x +3tx-4stx? —6svx® —2tux’ —4uv X’ -
2r2t -rt?x3+
s73— 21U — rAVC+HVAC+252ux — tUACHAXC+ 2t — 2rsx— 2rsux+2suvx’)
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WX (52303 +3vd+ 2r2sux + 3+ + 2runC+2rPu — rvixe =2 — st —
2rsivx+ Arst®— 2rsuvx’+ 4rsvx’— rt?vx®+ rtux%+ Artux’ —
2rtv62x7—rtx2+4ruvx5—rv3x8+szux4+szx2—st2x4—4stvx5+23u2x5—3sv2x6—23x+2t2x3—2t
uvx® +

6tvx? + U3 —uPx* - 2uv2X” —Ux® +4vZXC + 1)Wa+x2 (—2rux? +2r2stx® +3rlsvx - 2r’tux’ -
rPtx —  2rv+ rsfuc+ 2rstiC+ drstux—  drsux+ 2rsvXC+ 2rtuv—  ru®xC—
2ruaC+2ruvdé+ 3rux — SfoC—  25%ux+ 4stE—  25fuvC+ 7su—  stPu+ stui—
25tv?x®—5stx + 4suvx’— sv3 X’ - 8svx®+ 3 x5+ 4t2vx - 2tu2 X+ 5tvExC+ 2t - uPvxC - 2uvxC+ 2v3
e+ BOWot XA(—2rv+  2rfsux®—  BrAtvC+ 3rru—  rfux —  AarvAX+ rstucH
2rstux’ —drsvx®— 4rtvx’+ Artux*— 6rodc+ riv— 2nx%+ 3rvx — Sud+ 28%tvx’ —
282U AP+ 3V — Bstv— suBC+  BsUBCH  2suvAX®— Bsux  — 8svAXi— P+
tudc+ ud— 2tAC— X+ atvdd+ 20— - 3wAC+ 2u + BVAG)W,
+vng—rzx—4ux2+452x2—s3x3+t2x3+2u2x4+3v2x5—53x+2rvx3+65ux3+4tvx4+2r23x2+
3rux® — 25%ux’* — suBC+HPUX® — 2svAXC — UVAX +2rstC+HArtux*+2ruvx® — 2stvx+2) W,

Proof.(a)Using therecurrence relation

:LENOVO
12024-09-26 17:43:50

Wir=rWy-1+SW o +tWp-_3+uUW -4+

e Imissing ,
llenovo 1
=W,— - - - i
VWi—5=Wn— W1 —SWp2—tW_3—UW;—4 20240026 1744 TR — - - - - _ i
btai 'L ENOVO
an 2024-09-26 17:44:32
__________________ I
v<0CWy = 0xxX°Ws — =< 0x X W= 530X X Wa—tF == == == = = = — m m e e oo -
_ux0xx ° LENOVO
L L L L 2024-09-26 17:44:54 1
VX 1IxX' Wy = IxXXWp —rxIxXXx Ws—sxXIxx Wy—tr—=-=-=-=-—-—-=--=--=-—=-=-=-=-—-—-------
LENOVO
, —uxlx i(%vz , , 2024-09-26 17:45:01
VX 2xX"W, = 2%XXW7 —rx2xXxX"We—SX2X X Ws—tF === === == —-—————— - —— - - - - - - -
psex LENOVO
TUXSXXWs 2024-09-26 17:45:11
VN —2X"Who = (N—2)X" Wiz —r(n —2)x" Wheo—s( o309 _ o ____ !
_ o i
—t(n—2)x" W, —u(n—2)x" W jLENOVO :
-1, 1 -1 1 2024-09-26 17:45:33 |
vin =X "Wh-1 = (=X Whua—r(N —1)X" " Whig—S(k= === == === — - oo o ———— - - -
_ - |
—t(n—1)X" "Wni—u(n—1)x"‘wigg LENOVO :
N N N | 12024-09-26 17:45:43 i
vxnxx W, = NXX Whis—IrXNXX Wpi—SXNXX W=~~~ ==~ - === === ==-=======--
n n LENOVO
—txn>xXWhiz —UXNXX 2024-09-26 17:46:00
Ifwe add theequations side byside (and usingT 1(a)), weget(a) nyovci,c A A 4
LENOVO
R RN 4
LENOVO

Wn:rWn—1+SWn—2+th—3+UWn—4+VW
2024-09-26 17:47:02

'Wh-1=Wj—SWp—2—tW,_3—uWp_4— VW,
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12024-09-26 17:49:34

L5
1

1
Imissing ,

1
1
1
1
1
1
1
I e e e o e e o e o -
weobtain
r><1x<x"Ws = Ixx'W, —sx1xx"Wo—tx 1xx' W,
1 1 P e T
—ux1x —VX1XxX
. u 2l XWo—V 12x , :LENOVO
r><2>x"Ws = 22X W — 32X W —1x2X"Wj 2024-09-26 17:47:43
—Ux2xXWo—V> 2xXW; : LENOVO

; 2024-09-26 17:47:55

e
!

1l
= -
|
e
X
X
X
=3
y
|
»
X
E)
|
e
X
X
5
2
o
8.
)
D
]
R

r><(n—1)>=<x"""Wan—1

—t(N—1)*X" " Wan-3—Ux(n—1)x} LENOVO
—vx(n—1) <X MW, :2024-09-26 17:48:10

r<nx<x"Wanyy = nxx”W2n+2—ns>< n>3<xX"Wan—txnxx"\ missing,
—uxnx - —VXNX
uxnxXxWan-2 —vxnxx A ENovo
Now, ifweaddtheaboveequationssidebyside,weget : 2024-09-26 17:48:28
e

- K n o Imissing ,

r(—0>x "W+ KX"Wo1) =(N XX W, — 0> X Wz—(Jl

k=0 1

n n

= k—1 0 = k :
+  (k=1)X7 "Wo)-s(-0 xx"Wo+  kx ng)—t(—(n+3I
kﬁO k=0 n i
= k+1 n+1 = k+1
+ (KELD)XT T Wore 1) -U(=(N+1)X " Won+ (K+1)xT " Way)
k=0 k=0
—V(=*+2)x  "PWona—(n+)x " Waono+1xxt Wy
+ F 2 W),
k=0

Since 1

W u t s roo
11— —-=2w.— W, — W, — W,
1= W9 v 1 v 2 v 3
weobtain 12024-09-26 17:48:57

= .
r(—0><x0W1+ kaW2k+1)=(n><XnW2n+2—O><XOW2—(— 1)x X_l\/: missing ,
|

k=0
n n n 1

_12 % _12 Ky 0 2 Ky |

X R Wo—X T X W) —s(— 0% X W+ KXWy ) —tf

k=0 k=0 k=0 I
> > >

x5 KW +XE X Woke) —u(— (N+1)X "  Won+x* KXWy

k=0 k=0 k=0

=

N T X Wa ) —y(—(n+2)X™PW  2n+1 —(n+1)x

k=0

n

+1 1 u I
Wan-1 + 1 %Xx(—W o— W;
\ \"
n

s rooo1 2 =,
—W-W3 FW)EXT kW a1 T2XT XW 5p4).
v v k=0 k=0

Similarly,usingtherecurrencerelation

Win=rWpn-1+sWn-2+tWn-3+uWpn-s+
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i
ILENOVO 1
12024-09-26 17:49:55 :

]

'Whi-1=W;—SsW2—tW,-3—uWp_4— VW,

writethefollowingobviousequations; : LENOVO

12024-09-26 17:50:15

1
r<1x<x'W, = 1xx'Ws —sx Ixx Wi —tx 1xx' W, 1We write
—UX XKW —Vx 1XX :.:_'.:.::::::::::::::::::::::::
P<2xWs = 2xCWs —sx2xXCWa—tx2xx°W, lLENOVO i
2 2 1 2024-09-26 17:50:38 f
—UX2XXW{—VX2xX i :
—
. :missing , :
r><(n—1)=<x"""Wan—, = (n—1)><x”‘1W2n_1—s><(n—1)><x”‘1W2n.: :
—t><(n—1)><x”‘1W2n_4—u><(n—1)><x”1I :
—vx(n—1) xx"'w A 1
N f . ILENOVO |
r<nxx'Wan = NxXX"'Wani—S>XN>xX " Wan-g 12024-09-26 17:50:53 :
—tN3<XWan-a—U XN XX Wang —VX N} ==mmmmmmmmmmmmmmm oo e !
:missing , 1
! :
1
Now,ifweaddtheaboveequationssidebyside,weobtain : :
1
1
' :
I e e o e e e e e e e o e e e e -
n n
0 z ky _ 0 z ky
r(—0>xx"Wo+ KXWy )=(—0><x"W1+ kx"Wyis1)
k=0 k=0
n+1, Z K+1, n+1,
—s(—(N+1)x" "Wani + (k+1)X" " Wopsa) —t(—(n+1)x" "Wo,
k=0
Z k+1, n+2, n+1,
+  (KFD)XT Wo)—u(—(N+2)X “Wap —(N+1)X "Wop—g
k=0
1, Z k+2 n+2 n+1
+F1x<X"W_1+ (K+2)X" " Wope1) —V(— (N+2)X 7 “Won —(N+ )X "Wapn—2
k=0
+1 <X ' W_p+ Z(|<+2)x"+2 |
RN |LENOVO |
12024-09-26 17:51:17 :
1
__________________ ]
1
Imissing . :
Since ! |
1
1
! I
! 1
[ 1
Wo, _ ; lLENOVO i
g . 1
uu t s - S ; 12024-09-26 17:52:00 E
W, = (=W o— wi_ — PWATW)— W — W WA ST TS S S S s s s s mmmmm oo oo
2 CW omy W W o VE\Nz,tW v % y'LENOVO

12024-09-26 17:52:20
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n n

(¢} 2 ky (¢} 2 ky
r(—O><X Wo+ kx W2k)=(—0><x Wi+ kx W2k+1)
k=0 k=0

n

—s(— (n+1)Xn+1W2n+1+x

n n

k=0

> Z |
kXW2k+1+X XW2k+l) t(_l

ILENOVO
12024-09-26 17:52:36

1

1

]

__________________ ,
'We have :
1

! :
1

1

1

= 2
od(—tw lw —V\§ -W +£W3)+x— 2= kv +2x 25 kW
v v 1 v 2 2k+1 2k+1
k=0 k=0
n+2 n+1 1 u u t S r
—v(—(n+2)x —(n+1)x Won-2+1%X (— (— Wo W1 Wz—VW§ -
S I
)- Wi —le——vwz+\;w3)+x— DN VI SR STVIRY
k=0 k=0
’ LENOVO

(b) and(c)follow.C0

3 SpecialCases

Inthissection,forthespecialcasesofx, Wepresenttheclosedformsolutlons(ldentltled

_ Z
Z”k kx W, kx W, and kka Ziiprthespecific

3.1 Thecasex=1

Inthis & 3 weconsiderthespecialcasex=1.
Thecasex=10fTh giveninSoykan([(31)].

1

Inthissubsectionweconsiderthespecialcase

3.2 Thecasex=-

X=
o K(=1)"Wyand ™"

“—n

(identities)ofthesums™" | _o k(—1)"W,, o k(=1)"
caseofthesequence{W,}.

Takingr=s=t=u=v=1inTheorem2.1(a),(b)and(c),weobtainthefollowingPro

PropositionS 1.Ifr=s=t=u=

(a) '(z%ﬁ)v@ ygm(%\,g,) (\N(ZBV\?)V\éW+(4n+8)Wn+3 (2N—1)Wh.o+(4
- 2)+1%Y¥2M3(65% ((%_%m})\/\[,’aw:5+4W2n+1 (2n-1)Wan—(4n+6)\

0"

=,
(c)

5W4 4W3—9W,—6W1+

Fromtheabove § wehavethefollowing
Pentanaccinumbers(takeW,=P, withPo =0,P; =1,P, =1,P3=2,P, =4).

—1 andwepresenttheclof

thenfornii &ihavethefollowingform

—o k(—1)" Wi = ((4—3\-/%/()(2”+3)W2n+2 (2n+7)W2n—6Wop-1+(2n— 1l
0

Whlchglvesllr]'

1
12024-09-27 09:26:03 :
1

____________________________________________ |
IThen Jbyusingparts(b)and(c)oftheoreml |
rand solvingthesystem ofequations(2.1) - 1
!(2.2), the desired result follows. :
1

1

LENOVO
12024-09-26 18:N1:05
Li_Faoua

LENOVO

2024-09-26 18:05:03

LENOVO
|2024 09-26 18:05:59

1
1
1
1
1
1
1corollary \
1
1
1
1
1
1
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Corollary3.1.Forn=0,Pentanaccinumbershavethefollowingproperties.

KGANRES (1) (— (@+5)Pset (A1+8)Prig— (20— DPrear+ (4N+2)Prea
>3
()"0 K~ P2 (7 1)"(2n=1)Pansz+4P2ne1 — (20— 1)Pon— (4N+6)P20-1 —(201+5)

> _
(©) "k=0 k(_l)kP2k+1:1((4_ 1)"((2n+3)P2ns2— (2N+7)P2q—6P2n-1+(2N—1)Ppy-2) —3).

TakingWh =Qn withQo=5,01=1,Q2=3,Q3=7,Q4 = &2 intheal, |

. h X . HI =1 N V|V Y =
havethefollowing | whichpresentslinearsumformulasofPentanacci-Lu LENOVO

2024-09-26 18:06:54

Corollary3.2.Forn=0,Pentanacci-Lucasnumbershavethefollowingproperties.

2 _ n Il
€Y T;Z%K(/)—an)ﬁk_Qﬂ)l_((a—l) (—(2n+5)Qnua+(4n+8)Qnis—(2n—1)Qnio+(4nj COTONATY

(b) b?n() ]1)792k— (G 1)"((2n—1)Qzn2+4Qzn1— (20— 1)Qz0 —(41+6)Qzn-

>,
(©) k=0 k( 1)“Qaun=" (z-1)"((2n+3)Qzns2— (2N+7)Q2q—6Q2n-1+(2N— 1)Q2n 2)+19).
=2s=t=u=v=1inTheorem

LENOVO

202400268 1NBBA. o o o e e ]
LENOVO

2024-09-26 18:09:24

Proposition3.2. Ifr=2,s=t=u=v=1thenforn=> Gvehavethefokbwingformulas:

(a) |(3%+£1)j\}\/\94_|8 6%}_\/& S_% é/\\//\?fi_'ii +21 Wh+3—(6n+4)Wh. o+ ________________'__

b >, K ) _ 1 n missing ,
®) g R \Wes BN T 20 Rk Wapsiag o1 — 1D Wan—(10n+13

>,
(c) 0 K(=D*"Wiy1= X6z 1) ((10N+3)Woy, p+5Wop. — (10N+18)Won +(5n— :
HBA+19) W)+ 13W, = 20W3— 28W,— 24N —\We. . ,

Fromthelast wehavethefollowing whichgivesling LENOVO :
orderPellnumbers(takeW,=P,withP;=0,P1 = 1,P, = 2,P3 = 5,P, = 13). 2024-09-27 09:27:43

Corollary3.3.Forn=0fifth Pellnumbershavethefollowingproperties:

() zn@hﬁ(l—l}';k?ﬁigé— 1)"(— (3n+8)Pn.a+(9N+21)Ppg— (6N+4) Pr2+(91)

(0)™" 1 AP (SN =6)Pn.s+15P 01— (5n - 11)Pey—(10n1+13)P

z L
(©) =0 K(— 1) P2k+1—_((2'51) ((10N+3)P2p42+5P24:1— (10N+18) P2y +(5n— 6 ]
(5n+19)P2n 1)—11). 1 '

i

TakingP,=Q,withQo=5,Q:=2,02=6,Q3=17,Q4= &8 inthelast
thefollowing whichpresentslinearsumformulasoffifth-orderPell-Lucas|

LENOVO
2024-09-27 09:28:56

(@) K R ) (— (B48)QnH(O+21) Qg (61 4)Qu.z (o COTONIY

Corollary3.4.Forn=0fifth Pell-Lucasnumbershavethefollowingproperties

(6)™" g K(— 1) Q{751 (51— 6)Qzne+15Qzne1 — (51— 11) Q0 —(10n+13)
8n+ 12)0on-1)—74).
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>
(©) k=0 k(— 1) Qa1 =((55 1) "((10n+3)Q2042+5Qzn+1 — (10N+18)Qzn+(5n —6)Qzn-2—
(5n+19)Q2n-1)+37).

Takingr=1,s=1,t=1,u=1,v=2inTheorem2.

LENOVO
2W2AN0 26 1IRINE A7 - o e e -

. _ _ - - — i r
ProposmonS 3.1fr=1,s=1,t=1,u=1,v=2thenforn>0¥ehavethefollowingformula LENOVO

2024-09-26 18:15:52

(a) ItB?H’ 9)6?/“)4_ ﬁwgé gW( (;%/V_F ﬁwn+i4\$\§n + 5)Wn+3 (3n 5)Wn+2+( ____________________________________________

10, <(= W)t ) (R0, MW 1 G ) Wasai(F 3E0Wan—(
(C) Iﬁ.lﬁ\/\s 1) Woyr1= g(ﬁ) ((10n—-3 W2n+2+KN n+22 W2n+1—(:;-5n+3)W2n: :

n-2— (15n+2 2n— 1)+7W4+ 'W3—18W,—43

WithJo =0,J1 =1,J2 =1,J3 =1,J4 =linthela%
whichpresentslinearsumformulasoffifth-orderJacobsthalnun

LENOVO

FROQAND OC LN L A e e e e = = = —— -1

: orderJacobsthalnumbershavethefollowingpropel| enovo
2024-09-26 18:19:29

Corollary 3.5.Forn=0,

(a)z”@1&9—)}5@5%6—1)”(—(3n+4>Jn+4+(6n+5>Jn+3—(3n—5>Jn+2+(6n—4

=,
(0) ™" 0 K R ) (R 140 Tz 2 (B +11) Dz a+ (511+36) D20 ~(20

2n-1""

(C)Z —0 K(-1)*Jois 1=2((24) "((10N-3) I 4 o+(10N+22) Iy 1 — (15n+3)J2n ! I
14)Jzn 2—(15n+28)J2n-1) — 47). ,

whlchglvesllnear. LENOVO
125,13 =10,j4=20) 5024.09-26 19:01:20

Fromthelast . wehavethefollowing

orderJacobsthal-Lucasnumbers(takeW,=j, Withj =2,j1=

1

Corollary 3.6.Forn=0, rderJacobsthal-Lucasnumbershavethefollowin

:
|
I
|
I
=
@ " '(‘o‘hlig_)ﬂkilﬁ)l(@_ 1)"(=(3n+4)j s a+(6N+5)j s 3—(3N-5)jnr2+(6n-4)j i
I
|

)7 -0 KA R (G G 19kanz G 1Djana+Gn+36)n- (201

1
K(-1)"j s 10n-3)jores 2+ (100+22) o1+ 1~ (150+3)j o+ 2 ]
(C) laf?)]z(n 2) 2llénl+2§8 1223;1) 18( 45_‘) )jont2+(10N+22)jons+1—(15N+3)jon+ | |

TakingW, =KnwithKo=3,K;=1,K>=3,K3=10,K4=
thefollowingcorollarywhichpresentslinear formulaof

inthelastf 1

fifthorder LENOVO

2024-09-26 19:01:40

Corollary3 7.Forn=0,mo derJacobsthalnumbershavethefollowingpr

@ SR S (6 DR+t (G5 - (31-5)K o (6| SUMMLiON

=
(b) " W2%|f§:9(2|66k‘_7)%5n1)2 ((%é_)l‘l) Kon+2+(6n+11)Kon,1+(5n+36) Ko —

(C)Z -0 K(~1)“ Ko 1=X(651)"((10n~ 3)K2n+2+(10n+22)K2n+1—(15n+3)K2: i
14)K2n 2—(15n+28 K2n 1)+5 ) J

Fromthelastproposition,wehavethefollowingcorollarywhichgiveslinear b LENOVO
¢ JacobsthalPerrinnumbers(takeW,=QnwithQo =3,Q: =0,Q, =2,Q; =8 Q4I 2024-09-26 19:01:53

1
1
1
1
1
summation :
1
1
1
1
1
1
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2rJacobsthalPerrinnumbershavethefollowingpro
9p F’ILENovo

k 1 3n+4 6n+5 3n—5 6 12024-09-26 18:30:51
(a) '(3?1+(/)Q%Q§8)(6_ )"(—(3n+4)Qn.4+(6N+5)Qn.z— (3N—5)Qnant( n-I ____________________________________________

1
1
]
1
Ithe fifth-order :
1
1
1
1
1
1

Corollary3 8.Forn=0fifth

2n-17

50 KRB GEL y 14)Qun 2 (51+11) Qa1 +(51136) Qe (20)

|
©" EZ?)QZn i‘%h:rzs(fég Sﬁ% 3)Qzn+2+(10N+22)Qzne1— (150+3) Q20

TakingQn=W,withSy=0,S,=1,5,=1,53=2,S, =4inthepropositi@,wehavel'_" Y |
followingcorollarywhichpresentslinear ormulaofadjustedfifth-orderJaco

LENOVO
2024-09-26 19:02:13

fifth-orderJacobsthalnumbershavethefollo

Corollary 3.9.Forn=0,

G35 (6 1(~ (31+4)S0.s+(611+5)815 - (3-5)Sy.+(6n -4y SUMMAtion

22 K 212 1%h+7()(§25n1)2§ 3;} 14)S 2+ (5N+11) S +(5N+36) Sy — (200

Z L
(€)™ k=g K(—1)Si +1—‘(()751) ((10N—3)S2n+2+(10N +22)S5041 —(15Nn+3)San | )
14)82n 2—(15n+28 Son 1) 19 ) l 1

Fromthelastproposition,wehavethefollowingcorollarywhichgiveslinear 'LENOVO
fifth-orderJacobsthal-Lucasnumbers(takeW,=R,withRy=5,R;=1,R 2024-09-26 19:02:28

Corollary3 10.Forn>0,mo orderJacobsthal-Lucasnumbershavethefol

(a) It:'ﬁ'l‘i'g)R}RéG)((g l)( (BN+4)R44+(6N+5)R 13— (B3N—5)R .o +(6N—4

2(3 li(_ 21(15%57)%“ 2} (@14) 14)Rn:2+(5N+11)Ron.g +(5N+36)R2n—(2

" R zlz(Rfskﬁlfzs()Ei?l)«_lon 3Rz +(10N+22)Rznin — (15N 3Rz .

Takingr=2,s=3,t=5,u=7,v=11inTheorer§s \l LENOVO 1
12024-09-26 18:34:38

1

1

thenforn= Owlihavethefolls T :
1, in part (a), (b) and (c) of theorem (2.1), ,

[l s 5 U e gt ipincpg . vy
(a) '(9?159)\%)) éw4+§“fé\)/v( ey 246\7\&—%” 15 n+3+36Wn+2+(45n=LENOVO |

12024-09-26 18:35:36

(b) 5-8%7RN2n (1659n_(%&ﬂ \szgzll—g?l(&'}ngﬂwff(ﬂf) %no 222n35\}\Z‘5_9 \év'fwﬁi """"""""""""""""""""""
4355W1+2453W0) m|ssmg ,

c W 584N — 1391)Wop,,+(4380n+2379)W.
( ) '65954(w2n) (7857n— ﬁ?i@s ot —11(210n 2" é48wzn ~2)—807 ziisow
2208W;— 385Wo).

PropositionS 4 1fr=2,5=3,t=5,u=7\v

Fromthelastproposition,wehavethefollowingcorollarywhichgiveslinears-
primesnumbers(takeW,=GwithGo= 0,G;= 0,G,= 0,G3=1,G4= 2).

: . . |LENOVO
Corollary3.11.Forn=0,5-prifesnumbershavethefollowingproperties: 12024-09-26 19:02:47

summation
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=,
(a) D*Gi= 1 1)"(—(9N—2)Gpus+ (27— 15)Gpr.3+36G o+ (450 — 46)Gpyg +11

'Egn+7)en) +11).

(b) TIS%n JgogﬁeZn((53%)1”{5—8%11_9&)—7}81)_%1%6%922n—1759)GZH+1+(5037n+1827)62n—

b3
(€) " eeo K(— 1) Goir= (538" ((584n—1391)Gop,+(4380N+2379)G ppe1— (27740 —
6954)Gzn—(7957n—10165)G2n-1 —11(219n— 184)Gzn-2) — 184).

TakingW, =H, withHo =5,H; =2,H, =10,H3=41,H, = %inth[ """" CTTTTTT ST T T T T T
havethefollowingcorollarywhichpresentslinear formulasofLucas5-primé

LENOVO
2024-09-26 19:03:10

Corollary 3.12.Forn=0, 5-primesnumbershavethefollowingpropertie

dsummation
(a) '(9?1+(7)H)) §38S(‘11) (9N -2)Hp4a+ (27N -15)Hp . 3+ 36Hp. 2+ (450

ﬁ%%n A bR (B Ho A g A 220 — 17590 Han (503
(©7" o K(— 1) Har= (1) (584 1391)Hyp+(4380N+2379)Hapy — (A= === === === === === == === - ]
'6954)Hon— (7957n—10165)Han1 —11(219n— 184)Han5)—18129). ' .

Fromthelastproposition,wehavethefollowingcorollarywhichgiveslinear : ' ENOVO

modified5-primesnumbers(takeW,=E, withE;=0,E; =0,E, =0,E3 =1,E4 =1). |2024 09-26 19:03:24

Corollary 3.13.Forn>0, -pr|mesnumbershavethefoIIOW|ngproper‘

1

1

|

n B |
k(%li%én) 5_3)(@1—1)( (9N—2)Ep.a+(27N— 15)Ep.s+36E,.+(45n—4) i
|

|

;summatlon
F
> ]
b) " o k(— DEx= M n +(1022n—1759)E .1 +(50
(b) tx%#%-&%ﬁ)&n(%?;i)f s o7 Eyn gl JEznit( *, __________________________ |
b3
() "o k(— 1) Ean= (( ;a”((584n 1391)Epn, o+ 4380n+2379)E2n+1—(21 :
6954)Eq— (7957n—10165)Ezn-1 —11(219n=184)Ez,-2)+623). b I
3.3 Thecasex=i
inthis SHBERERR weconsiderthespecialcas reeua_LIIIIIIIIIIIIIIIID
Takingx=i,r=s=t=u=v=1linTheorem2.1(a} 290 Enovo

2024-09-26 18:43:30

|~ s R

ProposmonS 5.lfr=s=t=u=v=1thenforiizwehavethefollowingformulas:

LENOVO
(a) -il-(él\)/\l’( 4(Egswn?p&?(l+l)n+é+7lgn 3+2Ig ;E(Sézil()) 31+(10 2024-09-26 18:43:58
(4 10DWi— (2+7We). T
missing ,

e A AT Ve

(14+5|)W2+(8+14|)W1—(16—|)Wo

e L '

(4+20))W+(18— i)W, — (6+14i)W; +(10— 15i)Wo).

8|)\ﬁ

Fromtheabove wehavethefollowing
Pentanaccinumbers(takeW,=P, withPo =0,P; =1,P, =1,P3=2,P, =4).

: LENOVO
12024-09-26 19:03:40

1
1
1
1
1
summation :
1
1
1
1
1
1
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:LENOVO |
@ ="y KB (4146 ) Prea— 2(1+(3+20))Po. (5~ 10— (13 2024-09-26 18:45:41 :
(@+2)n—AT10)P +H((L+H)N+2+7))P)+(2—31). T :

I thePentanacci 1

1

1

1

1

1

1

Corollary 3.14.Forn=0, numbershavethefollowingproperties.

(b)Z o ki“ P2k——(1 (((9+3i)N+6+7i)Popin— (12n+ 16+ 121)Pyp 1+ (8 +i - '
(21 -8 —(6 — 6|)n)P2n 1+(2 —13i —(3 + 3i)N)P2n-2)+ (10 + 5i)). |

I

(c) z"k=o Ki“Poy1 = 2(i74((3i—3)n— 10— 5I)P2n+z+((6+61)n+l4+8|)P2n+1+((31
5RO P ot (B8 61) P +((9+31)N+6+71)Pan_3)+(—4—30)). Fe s e e o e e oo mmmmmmmmmmmoood
TakingPn=QnwithQo =5,Q1 =1,Q2 =3,Q3 =7,Qs = ggintheaf _ — "~ T T TTTTTTTTTTTTR

. s . j T e N 0 |V -
havethefollowing i whichpresentslinear formulasofPentanacci-1| LENOVO

2024-09-26 19:04:08

Corollary3.15.Forn=0,Pentanacci-Lucasnumbershavethefollowingproperties.

(8) >\ K“Qu=2(i%((1— )6 )Quea— 2(1+(3+20))Ques(5i— 10— (1—3p) SUMmMation
((2+2i)N—4+1001)Qns1+(((1+i)N+2+70))Qn)+(— 24— 17i)).

Zn -k -
0" o QR e R B+ 0 .

(C)Z —0 Ki"Qaira = 2(i74((3i=3)N—10—50) Qonso#+((6+61)N+14+80) Qo1 +((3+91)N—
2+9|)Q2n+(6n+8 6i)Q2n-1+((9+3i)N+6+71)Q2n—2)+H40—-371)).

CorrespondingsumsoftheotherfifthordergeneralizedPentanaccinumberssin; ' ENOVO
rly. 12024-09-26 18:47:21

IS|m|larly, can be calculated.
4 SumFormuIasofGenerallzedPentanacuNum

ativeSubscripts - I

Tt_]tﬁfollom{!ng : t presentssomelinear j formulas % generallze(i'LE,\lOVO
withnegauvesubscripts. 12024-09-26 19:04:32

Theorem4.1.Letxbeareal(orcomplex)number.Forn=1wehavegefollowingfo
v+ +ux—x7=0,then
=
kaW—k — )
k=1 (VHIXA+SX3HEX2+UX — X5)2 =

Q4

4 3 5 s JLENOVO

Q4= (v = - s - Uk X0) = Vo4 $2024.09-26 18:50:14
4X5)W—n+4+X Yn(r- x)(v+rx +ox3+tx? +ux X )+6rx +ox? —ux? 3r X +rv 2
YW _nea+x"" (n(s+rx X 2(v+rx +$XC+ X+ UX-X )+4rx +4sx —tx* 2ux
+5v-2X"—4rsx*+ rux?-stx +2rvx)W_n+2+x”+1(n(t+ rx+sx X 3Y(v+rx*+

I
1
I
I
o +ux—x7)+2rx +25x°+26¢ — ux’ — 4vx®— rx - +tv x®—2rsx°—2rt :
1
1
1

n+1

lmlssmg 0

3rvx®+ sux2+ 25V)Wonia + X" n(u + rx + 5%+ tx X )(v + rx*+ sx3+tx‘I

uv+ 4rvxc + 35vx + 2tvx)W_ + x(v — 3rx st tx +4x )W4 +x( 6nCI

rv+ 2vx + 3x% + 2rsx + rtx?)Ws + X(= arx®— 4sx® + tx* + 2ux® +3vx? + 2r2x'“'+'2's'x'—' S\V2) ot Snlnine e
4rsx*— rux? + st — 2rvx)W, + X(—2rx’— 2sx°— 2tx°

+3UX +AVCHAXC +8HAC — tv+xC+2rsx®+2rtx* — 2rux+2stx® — 3rvx® — sux? — 2svx) W1 HX(—Uu—

4rx® —3sx%—2tx+5x)Wo.
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Proof.Usingthe recurrence relation

Wn+5 = rWn+4+SWn+3+th+2+UWn+1+VWn

4 W—n+5:rW—n+4+SW—n+3+tW—n+2+UW—n+1+VW—n
u t S r

> Won=— W= Wonea— Wonea— Wensat Womss
1 u t S

= W—n=VV\7L—n+5—VW—m1—VW—n+T—VW—n+3—7VW—n+4

e D
ILENOVO 1
12024-09-26 18:50:49 ]

VW_n=W_ni5—IW_nis—SW_pni3—tW_pni2—UW i1

obtain

LENOVO
VXMW = MW g 11X W s 2024-09-26 18:51:17
— XN XWonsz—txN>xX Wopiz—UXNXX L_ET\IZ)\;C;___ """""""""
VN—DX"Weona = (= DX Wenie—r(n= X" "Wonis 12024-09-26 18:51:29 |
=S = DX Wopa—t(n= X" Wi —u(n—1f = = =TT T T T 1
VIN=2X" Wiz = (N=2)X"*Woniz—H(N=2)X"*W-nss } 2024-09-26 18:51:45 |
—5(N—2)X" AW s~ t(N—2)X" AW _peg—U(n—2f T~ == == "= mmmmsmmmmsmoes g

[
i LENOVO 1
12024-09-26 18:51:56 :
1
1

vx3xxX°W_3 = 3><X3W2—r><33><x3W1 , '
—5% 3xXWp—tx 3% XW-1—ux3x
Vvx2xXW_, = 2x¥ Wg—r><2><x W,
—s><2><xW1—t><2><xWo u><2>< 1 LENOVO
VXDXWo = DWW e Wa . | 2024-00-26 18:52:35 .
—s><1><xW2 t><1><xW1—u><1><xWo : """""" ;
Imissing . _ _ oo 4
Ifwe add theequations side byside (and usingTh (a)), we get(a). ;-LENOVO
:2024-09-26 18:53:10
5 Cases I LENOVO

. . - . 12024-09-26 18:56:12
Inthissection,forthespecificcasesofx, Wepresenttheclosedformsolutlons(ldentltlei

22k= KXW, " ) k¢ Wiand ™" ) kka_mlforthespecificcaseofseq Special

5.1 Thecasex=1 E
1

Inthissubsection,weconsiderthespecialcasex=1. e
Thecasex=10fThe iveninSoykan[(31)].

|LENOVO
12024-09-26 18:56:28

5.2 Thecasex=-1 |

Inthissubsectionweconsiderthespecialcasex= 1. _
Taking r=s=t=u=v=1in Theorem4.1,we obtainthe following Propositic

r.'II\Q.II_I'\C\ D102 0N = ===

Pro;g§ltlon5 .1.lfr=s=t=u=v=1thenforn=gwehavethefollowingformulas: I LENOVO

a1 ((2n-5)W_ An-8)W _ 3+ (2n+1)W_ o
2)W_n+l+(2n+73 n)+5\/§; 23\;\5 Wz— *4 (/ ) n+a( ) n+272024-09-26 18:57:55

!
!
:formulas.
!
!
!
!
!
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Pentanacci-Lucas numbers (take W, =P, with Pp =0, P,
takeWn=QnwithQo=5,Q1=1,Q,=3,Q3=7,Q4=15,respectively). 1

Corollary5.1.Forn>=1,wehavethefollowingproperties.

(«’=1)Zn |<(—21n|§r(7—)3F)'inP)—+kl=)l_((z—1)n((2n =5)P—n+a=(4N-8)P—n+z+(2N+1)P—ns2- (i

(b)zn K(-1)*Q-="(G-1)"(2N-5)Q-n+a~(4n-8)Q sz +(2N+1)Qps2o~@AN-2)Qra F o
(2n+7)Q_n) 21)

1
1
:
1 1
of the Pentanacci :
:
1
1
1
1

Taking r=2,s=t=u=v=1inTheo e obtainthe following Propost LENOVO

Q[\QA.IKJ;DC.1J\J\E o A N T

Proposmon5 2.1fr=2,s=t=u=v= 1the§1forn>1wehavethef0IIOW|ngformq LENOVO

R= 1k |
1) ((3n-8)W 9n- 21 W3+ (6N-4)W_ 2024-09-26 19:06:10
W_n+1+(6n+&1)2N_n)+8V\5@_ 2)1\(/93+4V\)/2— 91 ) et (ON-AWonz

Fromthelast . wehavethefollowing whichgives
Pellandfifth-orderPell-Lucas numbers (takeWn=P,withPq=0,P1 =1,P,=2,P31 ;gzl\ﬂgoze e
andtakeW,=Q, withQo =5,Q1=2,Q,=6,Q3 =17,Q, =46,respectively). !

1
1
-
|
|
|
|
|
|
|
|
|
|
|
. . r-l--ll ——————————————————————— |
CoroIIary5.2.Fornzl,wehavethefollowmgpropertles: § , e I
d 2024-09-26 19:24:06 :
1

1

|

1

1

1

-

|

|

J

|

|

|

|

|

|

|

|

|

|

|

|

(a) 1k(+%(%n+i‘1)§(gﬁl()(3n 8)P—n+a=(9IN-21)P—n13+(6N-4)P—n:2—(§

—n+1

(0" e K(-1)“Q-="(-1)"((BN-8)Q-n+a=(9N-21)Q—n+3+(6N-4)Q -2}
Q1 +(6n+11)Q-n)—32). i

r=s=t=1,u=1,v=2inTheorem4.1.

inthefollowingProposition. T
I'LENOVO

Propg§ition5 .3.1fr=s=t=1,u=1,v=2thenforn = Ivehavethefollowingformulas: ;’maw"e i
LENOVO

k=1
k =1(-1)"((3n-4)W_ N=5)W _nr5+(3n+5)W_
W_n+1+(3n+(1 zlv_n)i‘4v6(§ 5)V\$( o+ {4WO JWoneat(BntS)Wonsz :2024 el 2l

Taking,respectively, : .
Wh=JawithJy =0,J1=1,J,=1,J3=1,J,=1(fifth-orderJacobsthalnumbers), :
Wh=jn Withjo=2,j1 =1,j2 =5,j3 =10,j4 =20(fifthorderJacobsthal-Lucasnumb¢
Wn=anithKo=3,K1=1,K2=3,K3=10,K4=20(modifiedfifthorderJacobsthal
Wh=QnwithQo=3,Q1 =0,Q-=2,Q3=8,Q4 =16(fifth-orderJacobsthalPerrin

Wh=RnwithRo=5,R;=1,R,=3,R3=7,R,=15(modifiedfifth-orderJacobsthal-Lucasnumbers),
% thelastProposition,wehavethefollowingCorollary.

Corollary5.3.Forn>1,wehavethefollowingproperties: P T T T T T T T T T T T T T ST e m T,

>
(<1)"((3N-4)J —r1.a—(6N-5)J —ns5+(3n+5)J - 6n2024 -09-26 19:26:52
@) +1+(Qn+14) '3 )23( N-4)J—n+a—(6N-5)J—n+3+(3N+5)J—n+2—(

Byu3|ngthelastproposmon wehavethe fivin]

=,
O g A FTage D (N —nsa~(6n-5)i -5+ (31+5)j -nez-(6n eorolay.

1
© o1 k(D K= )" (3K 04~(BN-)K o BN+ - ¢ :
K nea+ (Bn+ 14K n) - 23). :

]
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>3
(@) "1 k(D) Q=" (5 1) A(Bn-4)Q-n+a~(BN-5)Q-ns3+(3N+5)Q—n+2~(6n+4)
Qn+1+(3n+14)Q-,)—28).

(€) >n _n+1+(13)n§r1k4)§(n Q53(3n 4)S—n+4=(6N-5)S—n+3+(3N+5)S—n.2-(6n+4)

=,
() kR1_n+(1+123n+]l_(Z)|g(9%)—((63)n 4R —n+2—(6N-5)R—+3+(3N+5)R—n.2-(6N+4)

thefollowingPropositi - LENOVO

2024-09-26 19:28:55
ProgsmonS Afr=2,5=3,t=5,u=7,v= &4 thenforn> lwehavethefoll{' N Z)\;c; """"""""""
k=1 k( l) W— == (( 811) ((9n+2)W—n+4 (27n+15)W—n+3+36W—n+2 ()I 2024-09-26 19:29:02

46)W_ni1— (180 —77)W-—n) —2Wa+15Ws—36W+46W;— 77Wo).

r=2,5=3,t=5,u=7,v=11inTheorem4.1

Fromthelast . wehavethefollowing
Lucas 5-primes and modified 5-primes numbers (take Wn= GnWith Go= 0,{5054.09-26 19:29:57
G4: 2, take Wn: Hn with Ho: 5, H]_: 2, Hz = 10, H3 = 41, H4 =
withEo=0,E1=0,E,=0,E3=1,E,=1respectively).

I
lsummation formulas of the 5-prime

Corollary5.4.Forn>1,wehavethefollowingproperties:

@77y K1) G =2 (1) (O +2)G - 4~(27N+15)G . 3+36G -~
(18n 77)G-n)+ 11). ]

L S | P,

(b) '(Ién })H —y g%sl) ((9N+2)H_n+2a—(27n+15)H_, 4 3+36H 1o —(45n+46)H 1 -

(€ 1 K~ DX E =2 (er )" (ON+2)E s~ (2714 15)E s 3+ 36E —ry 12— (45N-+46)E —py 11 -
'len 77)Emy+13),

5.3 Thecasex=i

X=i.
tain thefollowing proposition.

Inthissubsection,weconsiderthesp
Taking r=s=t=u=v=1in Theorem

'LENOVO

2024-09-27 09:04:20
ProgsmonS .5.Ifr=s=t=u=v=1thenforn=1wehavethefollowingformula: :

1 KW =2 (((A+D)N-6-1)W s s +H(6-2n-4i)W—, . 3+(10+5i - (1
((2—- 2|)n+4+lO|)W_n+1+((1+|)n 2+71)\W-n)+(6+i))W4—(6—4i)W3— (lO+5|)\A

(4+10i)W1+(2 —71)Wo). ,

1theorem 4.1,

FromtheaboveP
Pentanacci-Lucas numbers (take Wi =P, with Py = 1= 1 P,=1,P;=
takeWn=QnwithQo=5,Q1=1,Q,=3,Q3=7,Q4=15,respectively). 1

:summation

(a)Z k| P_ k—_(k ((A+D)n-6-1)P_i s +(6-2n-4i)P_, . 3+(10+5i- (1+|
(2 2|)n+4+lO|)P_n+1+((1+|)n 2+71)P_p)+(—2—-3i)).

b k_ 1 6 neat(6-2n-4i e 10513 .
() I2(21 I2|)Qn+4+1d) (é_:,ll)f((lj)l)Qn 24:§|)Q:)+ ()2Q4 13??;)( 811+ 3)NQ-nzt

Corollary5.5.Forn>1,wehavethefollowingproperties.

oftheotherflfthordergeneral|zedPentanaccmumbersca LENOVO

Correspondings
imilarly. |2024 09-27 09:06:12

1
1
1
1
1
1summations :
1
1
1
1
1
1
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