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1 Introduction 
The generalized Pentanaccisequence Wn(W0, W1, W2, W3, W4; r, s, t, u, v) n≥0(or shortly   
Wnn≥0)isdefinedasfollows: 

Wn =  rWn−1+sWn−2+tWn−3+uWn−4+vWn−5, (1.1) 

W0 =  c0,W1=c1,W2 =c2,W3 =c3,W4 =c4,n≥5 

W0,W1,W2,W3,W4arearbitraryrealorcomplexnumbersandr,s,t,u,varerealnumbers. 
Thesequence{Wn}n≥0canbeextendedtonegativesubscriptsbydefining 

W−n =−u
W− 

 
 

n+1 
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— vW− 
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— vW− 

 
 
n+3 

r 
— vW− 

 
 
n+4 

+
1
W 

v 

 
 
n+5 

forn=1,2,3,...whenv=0.Therefore,recurrence(1.1)holdsforallintegern.Pentanaccisequencehasbeenstudi
edbymanyauthors,seeforexample[(8)],[(9)],[(11)],[(26)]. 

Table1:Afewspecial ofgeneralizedPentanaccisequences. 
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{Vn}={Wn(W0,W1,W2,W3,W4;2,1,1,1,1)} 
3 GeneralizedFifthorderJacobsthal {Vn}={Wn(W0,W1,W2,W3,W4;1,1,1,1,2)}
 [(28)]4  Generalized5-primes 
 Vn   =  Wn(W0,W1,W2,W3,W4;2,3,5,7,11) [(29)] 

 

ForsomespecificvaluesofW0,W1,W2,W3,W4andr,s,t,u,vitisworthpresentingthesespecialPentanaccinumb
ersinatableasaspecificname.Inliterature,forexample,thefollowingnamesand 
notations(seeTable2)areusedforthespecialcasesofr,s,t,u,vandinitialvalues. 
Table2:AfewmembersofgeneralizedPentanaccisequences. 

 

{Qn}={Wn(5,1,3,7,15;1,1,1,1,1)} 
fifthorderPell {P(5)}={W  (0,1,2,5,13;2,1,1,1,1)} A141448 [(27)] 

n 
fifthorderPell-Lucas {Q(5)}={W (5,2,6,17,46;2,1,1,1,1)} [(27)] 

n 
modifiedfifth-orderPell {E(5)}={W  (0,1,1,3,8;2,1,1,1,1)} [(27)] 

n 
fifthorderJacobsthal {J(5)}={W  (0,1,1,1,1;1,1,1,1,2)} A226310 [(28),(2)] 

n 
fifthorderJacobsthal-Lucas {j(5)}={W  (2,1,5,10,20;1,1,1,1,2)} A226311 [(28),(2)] 

n 
modifiedfifthorderJacobsthal {K(5)}={W  (3,1,3,10,20;1,1,1,1,2)} [(28)] 

n 
fifth-orderJacobsthalPerrin {Q(5)}= {W (3,0,2,8,16;1,1,1,1,2)} [(28)] 

n 
adjustedfifth-orderJacobsthal {S(5)}={W  (0,1,1,2,4;1,1,1,1,2)} [(28)] 

n 
modifiedfifth-orderJacobsthal-Lucas {R(5)}={W  (5,1,3,7,15;1,1,1,1,2)} [(28)] n 

5-primes {Gn}={Wn(0,0,0,1,2;2,3,5,7,11)} [(29)] 
Lucas5-primes {Hn}={Wn(5,2,10,41,150;2,3,5,7,11)} [(29)] 

modified 5-primes En    =  Wn(0,0,0,1,1;2,3,5,7,11)
 [(29)]Foreasywriting, fromnowon, 
wedropthesuperscriptsfromthesequences, forexamplewewrite 
PnforP(5). 
Wepresentsome 

 
Table3: Afewspecial 

onsummingformulasofthenumbersinthefollowingTable3. 
 

ofsumformulas. 
Name of sequence Paperswhichdealwithsummingformulas 
PellandPell-Lucas [(1),(4),(32),(6),(7)] 

GeneralizedFibonacci [(5),(13),(14),(15),(16),(17),(19)] 
GeneralizedTribonacci [(3),(10),(18)] 
GeneralizedTetranacci [(20),(25),(33)] 
GeneralizedPentanacci [(21),(22)] 
GeneralizedHexanacci [(23),(24)] 

The following Theorem presents some linear summing formulas of generalized Pentanacci 
numberswithpositivesubscripts. 

 
Theorem1.1.Letxbeareal(orcomplex)number.Forn≥0wehavethefollowingformulas: 

 

 
n 

xkWk 
k=0 

 Θ1(x)  
= 

rx+sx2+tx3+ux4+vx5−1 

= Θ1(x) 

 
 

Θ1(x)=xn+4Wn+4−(rx−1)xn+3Wn+3−(sx2+rx−1)xn+2Wn+2−(sx2+tx3+rx− 
where

then1̸=0 rx+sx2+tx3+ux4+vx5− (a)If 

study

works

No Sequences(Numbers) Notation Ref 
1 
2 

GeneralizedPentanacci 
GeneralizedFifthorderPell {Vn}={Wn(W0,W1,W2,W3,W4;1,1,1,1,1)} [(26)] 

[(27)] 

Sequences(Numbers) Notation OEIS [(12)] Ref 
Pentanacci 

Pentanacci-Lucas {Pn} ={Wn(0,1,1,2,4;1,1,1,1,1)} A001591 
A074048 

[(26)] 
[(26)] 
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ux2 +sx−1xn+1W2n−2−x2(r+vx2+tx)W4+x(r2x+ux2+ 

where 

where 

 

1)xn+1Wn+1 + vxn+5Wn − x4W4 + x3(rx− 1)W3 + x2(sx2 + rx− 1)W2 + x(sx2 + tx3 + 
rx−1)W1+(sx2+tx3+ux4+rx−1)W0. 

(b) Ifr2x +2ux2−s2x2+t2x3−u2x4+ v2x5+ 2sx+ 2rtx2+ 2rvx3−2sux3+ 2tvx4−1̸=0then 

n 

xkW2k 
k=0 

 Θ2(x)  
=

r2x+2ux2−s2x2+t2x3−u2x4+v2x5+2sx+2rtx2+2rvx3−2sux3+2tvx4−1 

Θ2(x)=−(ux2+sx−1)xn+1W2n+2+(t+rs+vx+rux)xn+2W2n+1+(u+t2x−u2x2+v2x3+ 
rt+2tvx2+rvx−sux)xn+2W2n+(v+ru−svx+tux)xn+2W2n−1+v(r+vx2+tx)xn+2W2n−2+ 
x2(ux2+sx−1)W4−x3(t+rs+vx+rux)W3+x(r2x+ux2 −s2x2+2sx+rtx2+rvx3 −sux3 −1) 
W2 − x3(v + ru− svx+ tux)W1 + (r2x + 2ux2− s2x2 + t2x3− u2x4 + 2sx + 2rtx2 + 
rvx3−2sux3+tvx4−1)W0. 

(c) Ifr2x+ 2ux2−s2x2+ t2x3−u2x4+ v2x5+ 2sx+2rtx2+2rvx3−2sux3+2tvx4−1=0then 

n 

xkW2k+1 

k=0 
 Θ3(x)  

=
r2x+2ux2−s2x2+t2x3−u2x4+v2x5+2sx+2rtx2+2rvx3−2sux3+2tvx4−1 

Θ3(x) = (r + vx2 + tx)xn+1W2n+2 + (s − s2x + t2x2− u2x3 + v2x4 + ux+ rvx2− 2sux2 
+2tvx3+rtx)xn+1W2n+1+(t+vx−svx2+rux−stx)xn+1W2n+(u−u2x2+v2x3+tvx2+ 

 
 
 

Proof. 

sx+rtx2+rvx3−1)W3−x2(t+vx−svx2+rux−stx)W2+(r2x+ux2−s2x2+t2x3+ 
2sx+2rtx2+rvx3−sux3+tvx4−1)W1+vx2(ux2+sx−1)W0 

[(30), Theorem 2.1]. 

 
ThefollowingTheorempresentssomelinearsummingformulasofgeneralizedPentanaccinumberswithnegat

ivesubscripts. 
 

Theorem1.2. Forn≥1wehavethefollowingformulas:Ifv+rx4+sx3+tx2+ux−x5 ̸=0,then 
n 

xkW−k 
k=1 

 Θ4(x)  
=

v+rx4+sx3+tx2+ux−x5.
 

Θ4(x)=−xn+1W4−n+(r−x)xn+1W−n+3+(s+rx−x2)xn+1W−n+2+(t+rx2+sx−x3)xn+1W−n+1+ (u 
+ rx3 + sx2 + tx− x4)xn+1W−n + xW4 − x(r − x)W3 + x(−s − rx+ x2)W2 + x(−t − rx2− 
sx+x3)W1+x(−u−rx3−sx2−tx+x4)W0. 

 

Proof. [(30), Theorem 4.1]. 

 
Inthiswork,weinvestigatesummationformulasofgeneralizedPentanaccinumbers. 

rvx−sux)xn+1W2n−1− v 
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2 SumFormulasofGeneralizedPentanacciNumberswithPos
itiveSubscripts 

Thefollowingpositi
vesubscripts. 

presentssomesummingformulasofgeneralizedPentanaccinumberswith 

Theorem2.1.Letxbeareal(orcomplex)number.Forn≥0wehavethefollowingformulas: 

(a) Ifvx5+ux4+tx3+sx2+rx−1 0then 
 

n 

kxkWk 
k=0 

 Ω1  

=
(vx5+ux4+tx3+sx2+rx−1)2 

 

 
Ω1=xn+4(n(sx2+tx3+ux4+vx5+rx−1)−4+2sx2+tx3−vx5+3rx)Wn+4−xn+3(n(rx−1)(sx2+tx3

+ux4+vx5+rx−1)+3−sx2+ux4+2vx5+3r2x2−6rx+2rsx3+rtx4−rvx6)Wn+3 − xn+2(n(sx2+ 
rx− 1)(sx2+ tx3+ ux4+ vx5+ rx− 1) + 2 − 4sx2+ tx3+ 
2ux4+3vx5+2r2x2+2s2x4−4rx+4rsx3−rux5+stx5−2rvx6−svx7)Wn+2 

−xn+1(n(sx2+tx3+rx−1)(sx2 +tx3+ux4 +vx5 +rx−1)+1+2rsx3 +2rtx4−2rux5 
+2stx5−3rvx6−sux6− 2svx7− tvx8− 2sx2− 2tx3 + 3ux4 + 4vx5 + r2x2 + s2x4 + t2x6− 
2rx)Wn+1+ 
vxn+5(n(sx2+tx3+ux4+vx5+rx−1)+3sx2+2tx3+ux4+4rx−5)Wn−x4(2sx2+tx3−vx5 + 3rx − 
4)W4 + x3(−sx2 + ux4 + 2vx5 + 3r2x2− 6rx + 2rsx3 + rtx4− rvx6 + 3)W3 
+x2(−4sx2+tx3+2ux4+3vx5+2r2x2+2s2x4−4rx+4rsx3−rux5+stx5−2rvx6−svx7+2)W2 + 
x(−2sx2− 2tx3 + 3ux4 + 4vx5 + r2x2 + s2x4 + t2x6− 2rx + 2rsx3 + 2rtx4− 2rux5 
+2stx5−3rvx6−sux6−2svx7−tvx8+1)W1−vx5(3sx2+2tx3+ux4+4rx−5)W0. 

(b) Ifr2x +2ux2−s2x2+t2x3−u2x4+ v2x5+ 2sx+ 2rtx2+ 2rvx3−2sux3+ 2tvx4−1̸=0then 
n 

kxkW2k 
k=0 

= Ω2  

(r2x+2ux2−s2x2+t2x3−u2x4+v2x5+2sx+2rtx2+2rvx3−2sux3+2tvx4−1)2 

Ω2= −xn+1(n(ux2+ sx− 1)(r2x + 2ux2− s2x2+ t2x3− u2x4+ v2x5+ 2sx + 
2rtx2+2rvx3−2sux3+2tvx4−1)+1+s2x2+2t2x3−u2x4+u3x6+4v2x5−2sx+2rtx2+4rvx3+6tvx4

+2r2ux3 −st2x4+s2ux4+2su2x5 −3sv2x6−2uv2x7 −2rsvx4+2rtux4 −4stvx5−2tuvx6+ 
r2sx2− ux2)W2n+2 +xn+2(n(t +rs+vx+rux)(r2x+2ux2− s2x2 +t2x3− u2x4 +v2x5 
+2sx+2rtx2+2rvx3−2sux3+2tvx4−1)+2rs2x−t3x3−2v3x6−2rs−3vx−2t+r3sx+r2tx+4svx2

+ 
2uvx3+2ru2x3+2r3ux2+2r2vx2+ru3x5 −s2vx3+2tu2x4 −4t2vx4 −5tv2x5+u2vx5+2stux3− 
rst2x3 + rs2ux3 + 2rsu2x4− 2r2svx3 + 2r2tux3− 3rsv2x5− 2ruv2x6− 3rux + 2stx + 4rsux2− 
4rstvx4− 2rtuvx5)W2n+1+ xn+2(n(u + t2x − u2x2+ v2x3+ rt+ 2tvx2  + rvx− 
sux)(r2x+2ux2−s2x2+t2x3−u2x4+v2x5+2sx+2rtx2+2rvx3−2sux3+2tvx4−1) 
+ 4u2x2− 3t2x − 2u − 2u3x4− 5v2x3− 2rt + 2r2t2x2− 3r2u2x3− s2t2x3 + 4r2v2x4 + 
2s2u2x4−3s2v2x5+r3tx+r2ux−8tvx2+rt3x3+4st2x2−4s2ux2−6su2x3+2r3vx2+s3ux3+t2ux3+su
3x5 +8sv2x4 +2rv3x6 +3uv2x5 +4rsvx2 +12stvx3− 2r2sux2− rs2vx3− 2rtu2x4 
+6r2tvx3+4rt2vx4+5rtv2x5−4s2tvx4−ru2vx5−2suv2x6+2rstx−2stuvx5−3rvx+5sux+4tuvx
4)W2n+ xn+2(n(v + ru− svx+ tux)(r2x + 2ux2− s2x2+ t2x3− u2x4+ v2x5+ 2sx + 2rtx2+ 
2rvx3−2sux3+2tvx4−1)+r3ux−3v3x5−2ru−2v+r2vx+2ru3x4−2rv2x3−4s2vx2+2tu2x3+s3vx3− 
t2vx3+ tu3x5− 4tv2x4+ 2sv3x6+ 2u2vx4+ 4stux2+ 2rsu2x3− 2r2svx2+ 
2r2tux2+rt2ux3−s2tux3−2r2uvx3−3ruv2x5+2stv2x5−su2vx5−2t2uvx5−2tuv2x6−2rstvx3− 

where 

LENOVO 
2024-09-26 17:41:13 
-------------------------------------------- 
theorem LENOVO 
2024-09-26 17:41:29 
-------------------------------------------- 
missing , 
LENOVO 
2024-09-26 17:41:42 
-------------------------------------------- 
missing , 
LENOVO 
2024-09-26 17:41:49 
-------------------------------------------- 
missing , 
LENOVO 
2024-09-26 17:41:56 
-------------------------------------------- 
missing , 
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missing , 
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missing , 
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missing , 
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4rtuvx4+ 5svx − 3tux + 2rsux)W2n−1 + vxn+2(n(r + vx2+ tx)(r2x + 2ux2− s2x2+ 
t2x3−u2x4+v2x5+2sx+2rtx2+2rvx3−2sux3+2tvx4−1)+r3x−2r−4vx2−v3x7−3tx+4stx2+ 
6svx3 +2tux3 +4uvx4 +2r2tx2 +rt2x3− s2tx3 +2ru2x4 +r2vx3− rv2x5− 2s2vx4 +tu2x5− 
t2vx5− 2tv2x6+ 2rsx + 2rsux3− 2suvx5)W2n−2 + x2(−r2x − 4ux2+ 4s2x2− s3x3+ 
t2x3+2u2x4+3v2x5−5sx+2rvx3+6sux3+4tvx4+2r2sx2+3r2ux3−2s2ux4−su2x5+t2ux5−2sv2x6

− uv2x7+ 2rstx3+ 4rtux4+ 2ruvx5− 2stvx5+ 2)W4 + x3(3t + v3x6+ 3rs + 4vx −4rs2x − 
2r3sx − 2r2tx − 6svx2− 2tux2− 4uvx3 + rs3x2− 2rt2x2 + s2tx2− 4ru2x3− 
3r3ux2−3r2vx2−2rv2x4+2s2vx3−tu2x4+ t2vx4+2tv2x5+4rux−4stx−8rsux2−4rtvx3+2suvx4

− 2r2stx2+2rs2ux3+rsu2x4−4r2tux3−rt2ux4+2rsv2x5−2r2uvx4+ruv2x6+2rstvx4)W3+ 
x(r4x2+ 2r3tx3+ r3vx4− 2r2s2x3− r2sux4+ 4r2sx2+ r2t2x4+ 2r2u2x5+ 
2r2ux3−r2v2x6−2r2x−3rs2tx4−2rs2vx5−4rstux5+4rstx3−4rsuvx6+2rsvx4−rt2vx6+rtu2x6+4rt
ux4−2rtv2x7−rtx2 +4ruvx5−rv3x8 +s4x4 +2s3ux5−4s3x3 +2s2tvx6 +s2u2x6−5s2ux4 
+2s2v2x7+6s2x2−st2ux6−2st2x4−8stvx5+suv2x8+4sux3−6sv2x6−4sx+2t2x3−2tuvx6+6 
tvx4 + u3x6− u2x4− 2uv2x7− ux2 + 4v2x5 + 1)W2 + x3(3v + 2v3x5 + 3ru − 2r3ux − 2r2vx 
−2uvx2−2ru2x2−ru3x4+7s2vx2−4tu2x3−2s3vx3−t3ux4+2tv2x4−sv3x6−u2vx4−8svx+4tux−2rtv
x2−6stux2 +4suvx3 +rs2ux2 +3r2svx2−5r2tux2−4rt2ux3 +2rsv2x4 +2s2tux3 +2stu2x4+ st2vx4+ 
2ruv2x5− 2s2uvx4+ tuv2x6− 4rsux + 4rstvx3)W1 + vx3(3r − 2r3x 
+5vx2−t3x4+4tx−2rux2−6stx2−8svx3−4tux3−6uvx4+rs2x2−5r2tx2−4rt2x3+2s2tx3− 
ru2x4−4r2vx3−2rv2x5+3s2vx4−2t2vx5−tv2x6+u2vx6−4rsx−6rtvx4+2stux4+4suvx5)W0. 

(c) Ifr2x +2ux2−s2x2+ t2x3−u2x4+ v2x5+ 2sx + 2rtx2+ 2rvx3−2sux3+ 2tvx4−1̸=0then 
n 

kxkW2k+1 

k=0 

= Ω3  

(r2x+2ux2−s2x2+t2x3−u2x4+v2x5+2sx+2rtx2+2rvx3−2sux3+2tvx4−1)2 

Ω3= xn+1(n(r + vx2+ tx)(r2x + 2ux2− s2x2+ t2x3− u2x4+ v2x5+ 2sx + 2rtx2+ 2rvx3−2sux3 + 
2tvx4− 1) − 3vx2− t3x4− 2v3x7− 2tx − r − 2rux2 + 2stx2 + 4svx3 + 2uvx4 + 
rs2x2−r2tx2 −2rt2x3+3ru2x4−2r2vx3 −4rv2x5 −s2vx4+2tu2x5 −4t2vx5 −5tv2x6+u2vx6+4rsu
x3 − 
6rtvx4+2stux4)W2n+2+xn+1(n(s−s2x+t2x2−u2x3+v2x4+ux+rvx2−2sux2+2tvx3+rtx) 
(r2x+2ux2−s2x2+t2x3−u2x4+v2x5+2sx+2rtx2+2rvx3−2sux3+2tvx4−1)+2s2x−s−s3x2−3t2x
2 +4u2x3−2u3x5−5v2x4−r2s2x2 +2r2t2x3−3r2u2x4 +4r2v2x5−3rvx2 +6sux2−8tvx3+ r3tx2+ 
r2ux2+ rt3x4+ 2st2x3− 4s2ux3− 5su2x4+ 2r3vx3+ t2ux4+ 4sv2x5+ 2rv3x7 +3uv2x6 +6stvx4 
+4tuvx5 +rs2vx4−2rtu2x5 +6r2tvx4 +4rt2vx5 
+5rtv2x6−ru2vx6−4r2sux3−2rstux4−2rtx−2ux)W2n+1+xn+1(n(t+vx−svx2+rux−stx)(r2x
+2ux2−s2x2+t2x3− 
u2x4+v2x5+2sx+2rtx2+2rvx3−2sux3+2tvx4−1)+5svx2−2t3x3−3v3x6−2vx−t−2tux2−2rt2x2−
s2tx2+r3ux2+r2vx2+st3x4+2ru3x5−2rv2x4−4s2vx3+3tu2x4+s3vx4−7t2vx4− 8tv2x5 + 
2sv3x7 + 2u2vx5− 2rux + 2stx + 2rsux2− 4rtvx3 + 4stux3− r2stx2− 2r2svx3− rt2ux4− 
2s2tux4− 2stu2x5− 2r2uvx4 + 4st2vx5− 3ruv2x6 + 5stv2x6− su2vx6 + 
2rsu2x4−4rtuvx5)W2n+xn+1(n(u−u2x2+v2x3+tvx2+rvx−sux)(r2x+2ux2−s2x2+t2x3−u2x4+v2

x5 + 2sx + 2rtx2 + 2rvx3− 2sux3 + 2tvx4− 1) + u2x2− u + u3x4− 4v2x3− u4x6− 
v4x8−2r2u2x3 + r2v2x4− s2u2x4− 2s2v2x5− t2v2x6 + 2u2v2x7− 3tvx2− s2ux2 + r3vx2− 
2t2ux3−2su3x5+6sv2x4−rv3x6−2tv3x7−2rvx+2sux+2rsvx2 −2rtux2−4ruvx3+4stvx3−4tuv
x4−r2sux2−2rtu2x4 +2r2tvx3 +rt2vx4 +st2ux4−s2tvx4 +2ru2vx5 +suv2x6 +3tu2vx6 
+4rsuvx4+4stuvx5)W2n−1−vxn+1(n(ux2+sx−1)(r2x+2ux2−s2x2+t2x3−u2x4+v2x5+2sx+
2rtx2+ 
2rvx3−2sux3+2tvx4−1)+1+s2x2+2t2x3−ux2−u2x4+u3x6+4v2x5−2sx+2rtx2+4rvx3+6 
tvx4 +r2sx2 +2r2ux3−st2x4 +s2ux4 +2su2x5−3sv2x6−2uv2x7−2rsvx4 
+2rtux4−4stvx5−2tuvx6)W2n−2+x2(2r−r3x+4vx2+v3x7+3tx−4stx2−6svx3−2tux3−4uvx4−
2r2tx2−rt2x3+ 
s2tx3−2ru2x4−r2vx3+rv2x5+2s2vx4−tu2x5+t2vx5+2tv2x6−2rsx−2rsux3+2suvx5) 
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2 

n

we 

(b)and(c)Usingthe recurrence relation 

 

W4+x(r4x2+2r3tx3+r3vx4+2r2sux4+3r2sx2+r2t2x4+2r2u2x5+2r2ux3−r2v2x6−2r2x − rs2tx4− 
2rs2vx5+ 4rstx3− 2rsuvx6+ 4rsvx4− rt2vx6+ rtu2x6+ 4rtux4− 
2rtv2x7−rtx2+4ruvx5 −rv3x8+s2ux4+s2x2 −st2x4 −4stvx5+2su2x5 −3sv2x6 −2sx+2t2x3−2t
uvx6+ 
6tvx4+u3x6−u2x4−2uv2x7−ux2+4v2x5+1)W3+x2(−2r3ux2+2r2stx2+3r2svx3−2r2tux3− 
r2tx − 2r2vx2+ rs2ux3+ 2rst2x3+ 4rstvx4− 4rsux2+ 2rsv2x5+ 2rtuvx5− ru3x5− 
2ru2x3+2ruv2x6+ 3rux − s3tx3− 2s3vx4+ 4s2tx2− 2s2uvx5+ 7s2vx3− st2vx5+ stu2x5− 
2stv2x6−5stx+4suvx4−sv3x7−8svx2+t3x3+4t2vx4−2tu2x4+5tv2x5+2t−u2vx5−2uvx3+2v3

x6+ 3vx)W2+ x2(−2r3vx2+ 2r2sux2− 5r2tvx3+ 3r2u2x3− r2ux − 4r2v2x4+ rs2vx3+ 
2rstux3−4rsvx2− 4rt2vx4+ 4rtu2x4− 6rtv2x5+ ru2vx5− 2rv3x6+ 3rvx − s3ux3+ 2s2tvx4− 
2s2u2x4+4s2ux2+  3s2v2x5− 6stvx3− su3x5+  6su2x3+  2suv2x6− 5sux  − 8sv2x4− t3vx5+ 
t2u2x5+ t2ux3− 2t2v2x6− tv3x7+ 4tvx2+ 2u3x4− 4u2x2− 3uv2x5+ 2u + 5v2x3)W1 
+vx2(−r2x−4ux2+4s2x2−s3x3+t2x3+2u2x4+3v2x5−5sx+2rvx3+6sux3+4tvx4+2r2sx2+ 
3r2ux3−2s2ux4−su2x5+t2ux5−2sv2x6−uv2x7+2rstx3+4rtux4+2ruvx5−2stvx5+2)W0. 

 
Proof.(a)Using therecurrence relation 

 
Wn=rWn−1+sWn−2+tWn−3+uWn−4+ 

 

i.e. 
 
 
 

 
 
 
 
obtain 

 

vWn−5=Wn−rWn−1−sWn−2−tWn−3−uWn−4 

 

v×0×x0W0 =   0×x0W5  −r×0×x0W4−s×0×x0W3−t×0×x0W2 

−u×0×x 
v×1×x1W1 =   1×x1W6  −r×1×x1W5−s×1×x1W4−t×1×x1W3 

−u×1× 
v×2×x2W2 =   2×x2W7  −r×2×x2W6−s×2×x2W5−t×2×x2W4 

−u×2×xW3 

. 

v(n −2)xn−2Wn−2 =   (n−2)xn−2Wn+3−r(n −2)xn−2Wn+2−s(n−2)xn−2Wn+1 

−t(n−2)xn−2Wn−u(n−2)xn−2Wn−1 

v(n −1)xn−1Wn−1 =   (n−1)xn−1Wn+4−r(n −1)xn−1Wn+3−s(n−1)xn−1Wn+2 

−t(n−1)xn−1Wn+1−u(n−1)xn−1Wn 

v×n×xnWn =   n×xnWn+5−r×n×xnWn+4−s×n×xnWn+3 

−t×n×xWn+2  −u×n×x 
 

Ifwe add theequations side byside (and usingTheorem1.1(a)), weget(a). 
 

 

Wn=rWn−1+sWn−2+tWn−3+uWn−4+vWn−5 

 
i.e. 

rWn−1=Wn−sWn−2−tWn−3−uWn−4−vWn−5 

W1

Wn+1 

vWn−5 

xW2 

0 

1 

n
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W−1 
1

Σ

Σ

− 

Σ 

Σ n+1 

v

v 2 v v 4 2k+1 

n

 

weobtain  
r×1×x1W3 =   1×x1W4  −s×1×x1W2−t×1×x1W1 

−u×1×xW0−v×1×x 
r×2×x2W5 =   2×x2W6  −s×2×x2W4−t×2×x2W3 

2 2 
−u×2×xW2−v×2×xW1 

. 

r×(n−1)×xn−1W2n−1 =   (n−1) ×xn−1W2n−s ×(n−1)×xn−1W2n−2 

−t×(n−1)×xn−1W2n−3−u×(n−1)×xn−1W2n−4 

−v×(n−1) ×xn−1W2n−5 

r×n×xnW2n+1 =   n×xnW2n+2−s×n×xnW2n−t×n×xnW2n−1 

−u×n×xW2n−2  −v×n×x 

Now,ifweaddtheaboveequationssidebyside,weget 
 

n 

r(−0×x0W1+ kxkW2k+1)=(n×xnW2n+2−0×x0W2−(−1)×x−1W0 
k=0 

n n 

+
Σ

(k−1)xk−1W2k)−s(−0 ×x0W0+
Σ

kxkW2k)−t(−(n+1)xn+1W2n+1 
k=0 n k=0 n 

+
Σ

(k+1)xk+1W2k+1)−u(−(n+1)xn+1W2n+
Σ

(k+1)xk+1W2k) 
k=0 

−v(−(n+2)x 
 
n+2 W2n+1−(n+1)x 

 
n+1 

k=0 

W2n−1+1×x1W−1 
 

 

+ (k+2)xk+2W2k+1). 
k=0 

 
Since 

 
 

weobtain 

W−1 = 
u

Wv 0 

t 
— vW1 

s 
— vW2 

r 
— vW3 

+
1

W 
v 4 

 
n 

r(−0×x0W1+ kxkW2k+1)=(n×xnW2n+2−0×x0W2−(−1)×x−1W0 (2.1) 
k=0 

n n n 

+x−1
Σ

kxkW2k−x−1
Σ

xkW2k)−s(−0×x0W0+
Σ

kxkW2k)−t(−(n+1)xn+1W2n+1 
k=0 n k=0 n k=0 n 

+x1
Σ

kxkW2k+1+x1
Σ

xkW2k+1)−u(−(n+1)xn+1W2n+x1
Σ

kxkW2k 
k=0 

n 

+x1 xkW2k 
k=0 

k=0 
 

)−v(−(n+2)xn+2W 
n 

 
 

2n+1 

 
—(n+1)x W 

n 

 
2n−1 

k=0 

+ 1 ×x1(−u
W 

 
t 

— vW1 

s r 
—W−W +

1
W)+x2

Σ
kxkW 

 

 

+2x2
Σ

xkW ). 
 

 

Similarly,usingtherecurrencerelation 

Wn=rWn−1+sWn−2+tWn−3+uWn−4+ 

k=0 k=0

n

W2n−3 

vWn−5 

3 2k+1

1

n

0
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Σ

Σ 
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2 v v v 1 v v 3 v 4 v 0 v 1 v 2

n n n

 

i.e. 
 

rWn−1=Wn−sWn−2−tWn−3−uWn−4−vWn−5 

 
 

writethefollowingobviousequations; 
 
 

r×1×x1W2 =   1×x1W3  −s×1×x1W1−t×1×x1W0 

−u×1×xW−1−v×1×x 
r×2×x2W4 =   2×x2W5  −s×2×x2W3−t×2×x2W2 

−u×2×xW1−v×2×x 

. 

r×(n−1)×xn−1W2n−2 =   (n−1)×xn−1W2n−1−s×(n−1)×xn−1W2n−3 

−t×(n−1)×xn−1W2n−4−u×(n−1)×xn−1W2n−5 

−v×(n−1) ×xn−1W2n−6 

r×n×xnW2n =   n×xnW2n+1−s×n×xnW2n−1 

−t×n×xW2n−2−u ×n ×x W2n−3−v×n×x W2n−4. 
 
 

Now,ifweaddtheaboveequationssidebyside,weobtain 
 
 

n n 

r(−0×x0W0+
Σ

kxkW2k)=(−0×x0W1+
Σ

kxkW2k+1) 
k=0 

n 
k=0 

−s(−(n+1)xn+1W2n+1+ (k+1)xk+1W2k+1)−t(−(n+1)xn+1W2n 
k=0 

n 

+ (k+1)xk+1W2k)−u(−(n+2)xn+2W2n+1−(n+1)xn+1W2n−1 
k=0 

n 

+1×x1W−1+ (k+2)xk+2W2k+1)−v(−(n+2)xn+2W2n−(n+1)xn+1W2n−2 
k=0

n 

+1×x1W−2+ (k+2)xk+2W2k) 
k=0 

 
 

Since 
 
 

W−1 = 
u

Wv 0 

t 
— vW1 

s 
— vW2 

r 
— vW3+ 

W− =  −u
(−u

W 
t s 

— W  −  W — r
W+

1
W)−t

W −s
W −r

W + 

W0 

we 

v 
1W 

3 

v 
1W 

4 

0 2

1

2
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v=1 

subsection

n n

Σ 
k=0 k=0

k=0 4

k=0 4 

k=0 4

+vW4)−vW0−vW1−vW2+vW3)+x kxW2k+2x xW2k). 
k=0

 

have 
n n 

r(−0×x0W0+
Σ

kxkW2k)=(−0×x0W1+
Σ

kxkW2k+1) (2.2) 
k=0 n k=0 n 

−s(−(n+1)xn+1W2n+1+x1
Σ

kxkW2k+1+x1
Σ

xkW2k+1)−t(−(n+1)xn+1W2n 
k=0 n n k=0 

+x1
Σ

kxkW2k+x1
Σ

xkW2k) −u(−(n + 2)xn+2W2n+1−(n + 1)xn+1W2n−1 
k=0 k=0 n n 

+1×x1(−u
W t s r 1 2

Σ k 2Σk — W −W −W +  W)+x kxW +2x xW ) 
v 0 v 1 

 
n+2 

v 2 v 3 v 4 

 
n+1 

 
k=0 

1 u 
 

 

2k+1 
 

u t 
 

  

 
k=0 

s 
 

 

2k+1 
 

r 
 

 −v(−(n+2)x W2n−(n+1)x W2n−2+1×x (−v(−vW0  −vW1  −vW2−vW3 

1 t s r 1 2
Σ 

k 
 

 

2
Σ

k 
 

 

 
(b) and(c)follow.□ 

 

 

3 SpecialCases 
Inthissection,forthespecialcasesofx,wepresenttheclosedformsolutions(identities)ofthesums 

nk=
0 kxkWk,

Σn
 kxkW2kand

Σn
 kxkW2k+1forthespecific ofsequence{Wn}. 

 

3.1 Thecasex=1 
Inthis weconsiderthespecialcasex=1. 

Thecasex=1ofTheorem2.1isgiveninSoykan[(31)]. 

 
3.2 Thecasex=−1 

 

Inthissubsectionweconsiderthespecialcase x= −1 andwepresenttheclosedformsolutions 
(identities)ofthesums

Σn k(−1)kWk,
Σn k(−1)kW2kand

Σn k(−1)kW2k+1forthespecific k=0 k=0 k=0 
caseofthesequence{Wn}. 

Takingr=s=t=u=v=1inTheorem2.1(a),(b)and(c),weobtainthefollowingProposition. 
 

Proposition3.1.Ifr=s=t=u= thenforn≥0wehavethefollowingformulas: 

(a)
Σn k(−1)kWk=

1((−1)n(−(2n+5)Wn+4+(4n+8)Wn+3−(2n−1)Wn+2+(4n+2)Wn+1+ 
(2n+7)Wn)+5W4−8W3−W2−2W1−7W0). 

(b)
Σn k(−1)kW2k=

1((−1)n((2n−1)W2n+2+4W2n+1−(2n−1)W2n−(4n+6)W2n−1−(2n+5) 
W2n−2)+ W4+ 4W3−5W2−10W1−7W0). 

(c)
Σn k(−1)kW2k+1=1((−1)n((2n+3)W2n+2−(2n+7)W2n−6W2n−1+(2n−1)W2n−2)+ 

5W4−4W3−9W2−6W1+W0). 

Fromtheabove wehavethefollowing whichgiveslinearsumformulasof 
Pentanaccinumbers(takeWn=Pn withP0 =0,P1 =1,P2 =1,P3 =2,P4 =4). 

Then,usingTheorem1.1(b)and(c)andsolvingthesystem(2.1)-(2.2),therequiredresultof 

k=0

we 

Corollary Proposition,
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Corollary

Corollary
Proposition,

k=0 4

k=0 4 

k=0 4

k=0 4

k=0 4 

k=0 4

k=0 9

k=0 25 

k=0 25

k=0 9

k=0 25

k=0 25 

k=0 9

k=0 25 

 

Corollary3.1.Forn≥0,Pentanaccinumbershavethefollowingproperties. 

(a)
Σn k(−1)kPk=

1((−1)n(−(2n+5)Pn+4+(4n+8)Pn+3−(2n−1)Pn+2+(4n+2)Pn+1+ 
(2n+7)Pn)+1). 

(b)
Σn k(−1)kP2k=

1((−1)n((2n−1)P2n+2+4P2n+1−(2n−1)P2n−(4n+6)P2n−1−(2n+5) 
P2n−2)−3). 

(c)
Σn k(−1)kP2k+1=1((−1)n((2n+3)P2n+2−(2n+7)P2n−6P2n−1+(2n−1)P2n−2)−3). 

TakingWn =Qn withQ0 =5,Q1 =1,Q2 =3,Q3 =7,Q4 = intheabove we 
havethefollowing whichpresentslinearsumformulasofPentanacci-Lucasnumbers. 

Corollary3.2.Forn≥0,Pentanacci-Lucasnumbershavethefollowingproperties. 

(a)
Σn k(−1)kQk=

1((−1)n(−(2n+5)Qn+4+(4n+8)Qn+3−(2n−1)Qn+2+(4n+2)Qn+1+ 
(2n+7)Qn)−21). 

(b)
Σn k(−1)kQ2k= 1((−1)n((2n−1)Q2n+2+4Q2n+1−(2n−1)Q2n−(4n+6)Q2n−1−(2n+5) 

Q2n−2)−17). 

(c)
Σn k(−1)kQ2k+1=

1((−1)n((2n+3)Q2n+2−(2n+7)Q2n−6Q2n−1+(2n−1)Q2n−2)+19). 

Takingr = 2,s = t = u = v = 1inTheorem2.1(a),(b)and(c),weobtainthefollowing 
 

 

Proposition3.2.Ifr=2,s=t=u=v=1thenforn≥0wehavethefollowingformulas: 

(a)
Σn k(−1)kWk=

1((−1)n(−(3n+8)Wn+4+(9n+21)Wn+3−(6n+4)Wn+2+(9n+6)Wn+1+ 
(3n+11)Wn)+8W4−21W3+4W2−6W1−11W0). 

(b)
Σn k(−1)kW2k=  1((−1)n((5n−6)W2n+2+15W2n+1−(5n−11)W2n−(10n+13)W2n−2− 

(15n+12)W2n−1)−W4+15W3 −19W2 −27W1 −23W0). 

(c)
Σn k(−1)kW2k+1=  1((−1)n((10n+3)W2n+2+5W2n+1−(10n+18)W2n+(5n−6)W2n−2− 

(5n+19)W2n−1)+13W4−20W3−28W2−24W1−W0). 

Fromthelast wehavethefollowing whichgiveslinear formulasof 
fifth-orderPellnumbers(takeWn=PnwithP0 =0,P1 = 1,P2 = 2,P3 = 5,P4 = 13). 

Corollary3.3.Forn≥0,fifth-orderPellnumbershavethefollowingproperties: 

(a) 
Σn k(−1)kPk=

1((−1)n(−(3n+8)Pn+4+(9n+21)Pn+3−(6n+4)Pn+2+(9n+6)Pn+1+ 
(3n+11)Pn)+1). 

(b)
Σn k(−1)kP2k=

1((−1)n((5n−6)P2n+2+15P2n+1−(5n−11)P2n−(10n+13)P2n−2− 
(15n+12)P2n−1)−3). 

(c)
Σn k(−1)kP2k+1=

1((−1)n((10n+3)P2n+2+5P2n+1−(10n+18)P2n+(5n−6)P2n−2− 
(5n+19)P2n−1)−11). 

TakingPn =Qn withQ0 =5,Q1 =2,Q2 =6,Q3 =17,Q4 = 
 

inthelast 
 

wehave 
thefollowing whichpresentslinearsumformulasoffifth-orderPell-Lucasnumbers. 

Corollary3.4.Forn≥0,fifth-orderPell-Lucasnumbershavethefollowingproperties: 

(a) 
Σn k(−1)kQk= 1((−1)n(−(3n+8)Qn+4+(9n+21)Qn+3−(6n+4)Qn+2+(9n+6)Qn+1+ 

(3n+11)Qn)−32). 

(b)
Σn k(−1)kQ2k=

1((−1)n((5n−6)Q2n+2+15Q2n+1−(5n−11)Q2n−(10n+13)Q2n−2− 
(15n + 12)Q2n−1)−74). 
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(c)
Σn k(−1)kQ2k+1=

1((−1)n((10n+3)Q2n+2+5Q2n+1−(10n+18)Q2n+(5n−6)Q2n−2− 
(5n+19)Q2n−1)+37). 

Takingr=1,s=1,t=1,u=1,v=2inTheorem2.1(a),(b)and(c),weobtainthefollowing 
 

Proposition3.3.Ifr=1,s=1,t=1,u=1,v=2thenforn≥0wehavethefollowingformulas: 

(a)
Σn k(−1)kWk=

1((−1)n(−(3n+4)Wn+4+(6n+5)Wn+3−(3n−5)Wn+2+(6n−4)Wn+1+2 
(3n+ 7)Wn)+ 4W4−5W3−5W2+4W1−14W0). 

(b)
Σn k(−1)kW2k=

1((−1)n((5n−14)W2n+2 +(5n+11)W2n+1+(5n+36)W2n−(20n−11) 
W2n−1−2(10n+7)W2n−2)−9W4+16W3+16W2−9W1−34W0). 

(c)
Σn k(−1)kW2k+1=

1((−1)n((10n−3)W2n+2+(10n+22)W2n+1−(15n+3)W2n+2(5n− 
14)W2n−2−(15n+28)W2n−1)+7W4+7W3−18W2−43W1−18W0). 

TakingWn= withJ0 =0,J1 =1,J2 =1,J3 =1,J4 =1inthelast wehavethe 
following whichpresentslinearsumformulasoffifth-orderJacobsthalnumbers. 

Corollary 3.5.Forn≥0, orderJacobsthalnumbershavethefollowingproperties: 

(a)
Σn k(−1)kJk=

1((−1)n(−(3n+4)Jn+4+(6n+5)Jn+3−(3n−5)Jn+2+(6n−4)Jn+1+2 
(3n+7)Jn)−2). 

(b)
Σn k(−1)kJ2k=

1((−1)n((5n−14)J2n+2+(5n+11)J2n+1+(5n+36)J2n−(20n−11) J2n−1−2(10n+7)J2n−2)+14). 

(c)
Σn k(−1)kJ2k+1=

1((−1)n((10n−3)J2n+2+(10n+22)J2n+1−(15n+3)J2n+2(5n− 
14)J2n−2−(15n+28)J2n−1)−47). 

Fromthelast wehavethefollowing whichgiveslinear formulasof 
orderJacobsthal-Lucasnumbers(takeWn=jn withj0 =2,j1 =1,j2 =5,j3 =10,j4 =20). 

Corollary 3.6.Forn≥0, orderJacobsthal-Lucasnumbershavethefollowingproperties: 

(a)
Σn k(−1)kjk=

1((−1)n(−(3n+4)jn+4+(6n+5)jn+3−(3n−5)jn+2+(6n−4)jn+1+2 
(3n+7)jn)−19). 

(b)
Σn k(−1)kj2k=

1((−1)n((5n−14)j2n+2+(5n+11)j2n+1+(5n+36)j2n−(20n−11) 
j2n−1−2(10n+ 7)j2n−2)−17). 

(c)
Σn k(−1)kj2k+1=

1((−1)n((10n−3)j2n+2+(10n+22)j2n+1−(15n+3)j2n+2(5n− 
14)j2n−2−(15n +28)j2n−1)+41). 

TakingWn =KnwithK0=3,K1=1,K2=3,K3=10,K4= inthelastproposition,wehave 
thefollowingcorollarywhichpresentslinear formulaof fifthorderJacobsthalnumbers. 

Corollary3.7.Forn≥0,modifiedfifthorderJacobsthalnumbershavethefollowingproperty: 

(a)
Σn k(−1)kKk=

1((−1)n(−(3n+4)Kn+4+(6n+5)Kn+3− (3n−5)Kn+2+(6n−4)Kn+1+2 
(3n +7)Kn)−23). 

(b)
Σn k(−1)kK2k=

1((−1)n((5n−14)K2n+2+(5n+11)K2n+1+(5n+36)K2n−(20n−11) 
K2n−1−2(10n+7)K2n−2)−83). 

(c)
Σn k(−1)kK2k+1=

1((−1)n((10n−3)K2n+2+(10n+22)K2n+1−(15n+3)K2n+2(5n− 
14)K2n−2−(15n+28)K2n−1)+59). 

Fromthelastproposition,wehavethefollowingcorollarywhichgiveslinear formulaof 
JacobsthalPerrinnumbers(takeWn=QnwithQ0 =3,Q1 =0,Q2  =2,Q3 =8,Q4 =16). 
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Corollary3.8.Forn≥0,fifth-orderJacobsthalPerrinnumbershavethefollowingproperty: 

(a)
Σn k(−1)kQk=

1((−1)n(−(3n+4)Qn+4+(6n+5)Qn+3−(3n−5)Qn+2+(6n−4)Qn+1+2 
(3n+7)Qn)−28). 

(b)
Σn k(−1)kQ2k=

1((−1)n((5n−14)Q2n+2+(5n+11)Q2n+1+(5n+36)Q2n−(20n−11) 
Q2n−1−2(10n+7)Q2n−2)−86). 

(c)
Σn k(−1)kQ2k+1=  1((−1)n((10n−3)Q2n+2+(10n+22)Q2n+1−(15n+3)Q2n+2(5n− 

14)Q2n−2−(15n+28)Q2n−1)+78). 

TakingQn=Wn withS0 =0,S1 =1,S2 =1,S3 =2,S4 =4intheproposition,wehavethe 
followingcorollarywhichpresentslinear formulaofadjustedfifth-orderJacobsthalnumbers. 

Corollary 3.9.Forn≥0, fifth-orderJacobsthalnumbershavethefollowingproperty: 

(a) 
Σn k(−1)kSk=

1((−1)n(−(3n+4)Sn+4+(6n+5)Sn+3−(3n−5)Sn+2+(6n−4)Sn+1+2 
(3n+7)Sn)+5). 

(b)
Σn k(−1)kS2k= 1((−1)n((5n−14)S2n+2+(5n+11)S2n+1+(5n+36)S2n−(20n−11) 

S2n−1−2(10n+7)S2n−2)+3). 

(c)
Σn k(−1)kS2k+1=

1((−1)n((10n−3)S2n+2+(10n +22)S2n+1−(15n+3)S2n+2(5n− 
14)S2n−2−(15n+28)S2n−1)−19). 

Fromthelastproposition,wehavethefollowingcorollarywhichgiveslinear formulaof 
fifth-orderJacobsthal-Lucasnumbers(takeWn=RnwithR0=5,R1=1,R2 =3,R3 =7,R4=15). 

Corollary3.10.Forn≥0,modifiedfifth-orderJacobsthal-Lucasnumbershavethefollowingproperty: 

(a) 
Σn k(−1)kRk=

1((−1)n(−(3n+4)Rn+4+(6n+5)Rn+3−(3n−5)Rn+2+(6n−4)Rn+1+2 
(3n+7)Rn)−56). 

(b)
Σn k(−1)kR2k=

1((−1)n((5n−14)R2n+2+(5n+11)R2n+1+(5n+36)R2n−(20n−11) 
R2n−1−2(10n+7)R2n−2)−154). 

(c)
Σn k(−1)kR2k+1=

1((−1)n((10n−3)R2n+2+(10n+22)R2n+1−(15n+3)R2n+2(5n− 
14)R2n−2−(15n+28)R2n−1)−33). 

Takingr=2,s=3,t=5,u=7,v=11inTheorem2.1(a),(b)and(c),weobtainthefollowingproposition. 

Proposition3.4.Ifr=2,s=3,t=5,u=7,v thenforn≥0wehavethefollowingformulas: 

(a)
Σn k(−1)kWk=

1((−1)n(−(9n−2)Wn+4+(27n−15)Wn+3+36Wn+2+(45n−46)Wn+1+11 
(9n+7)Wn)−2W4+15W3−36W2+46W1−77W0). 

(b)
Σn k(−1)kW2k=  1((−1)n(−(219n−184)W2n+2+(1022n−1759)W2n+1+(5037n+ 

1827)W2n−(1679n−6034)W2n−1 −11(584n−807)W2n−2)−35W4 −737W3 +1535W2 + 
4355W1+2453W0). 

(c)
Σn k(−1)kW2k+1= 1((−1)n((584n−1391)W2n+2+(4380n+2379)W2n+1−(2774n− 

6954)W2n−(7957n−10165)W2n−1 −11(219n−184)W2n−2)−807W4 +1430W3 +4180W2 + 
2208W1− 385W0). 

Fromthelastproposition,wehavethefollowingcorollarywhichgiveslinear5-
primesnumbers(takeWn=GnwithG0= 0,G1= 0,G2= 0,G3=1,G4= 2). 

Corollary3.11.Forn≥0,5-primesnumbershavethefollowingproperties: 
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(a)
Σn k(−1)kGk=  1((−1)n(−(9n−2)Gn+4+(27n−15)Gn+3+36Gn+2+(45n−46)Gn+1+11 

(9n+7)Gn)+11). 

(b)
Σn k(−1)kG2k= 1((−1)n(−(219n−184)G2n+2+(1022n−1759)G2n+1+(5037n+1827)G2n− 

(1679n−6034)G2n−1−11(584n−807)G2n−2)−807). 

(c)
Σn k(−1)kG2k+1=  1((−1)n((584n−1391)G2n+2+(4380n+2379)G2n+1−(2774n− 

6954)G2n−(7957n−10165)G2n−1 −11(219n−184)G2n−2)−184). 

TakingWn =Hn withH0 =5,H1 =2,H2 =10,H3 =41,H4 = inthelastproposition,we 
havethefollowingcorollarywhichpresentslinear formulasofLucas5-primesnumbers. 

Corollary 3.12.Forn≥0, 5-primesnumbershavethefollowingproperties: 

(a)
Σn k(−1)kHk=

1((−1)n(−(9n−2)Hn+4+(27n−15)Hn+3+36Hn+2+(45n−46)Hn+1+11 
(9n+7)Hn)−338). 

(b)
Σn k(−1)kH2k= 1((−1)n(−(219n−184)H2n+2+(1022n−1759)H2n+1+(5037n+1827)H2n− 

(1679n−6034)H2n−1−11(584n−807)H2n−2)+858). 
(c)

Σn k(−1)kH2k+1=  1((−1)n((584n−1391)H2n+2+(4380n+2379)H2n+1−(2774n− 
6954)H2n−(7957n−10165)H2n−1 −11(219n−184)H2n−2)−18129). 

Fromthelastproposition,wehavethefollowingcorollarywhichgiveslinear formulas 
modified5-primesnumbers(takeWn=En withE0 =0,E1 =0,E2 =0,E3 =1,E4 =1). 

Corollary 3.13.Forn≥0, 5-primesnumbershavethefollowingproperties: 

(a) 
Σn k(−1)kEk= 1((−1)n(−(9n−2)En+4+(27n−15)En+3+36En+2+(45n−46)En+1+11 

(9n+7)En)+13). 

(b)
Σn k(−1)kE2k= 1((−1)n(−(219n−184)E2n+2+(1022n−1759)E2n+1+(5037n+1827)E2n− 

(1679n−6034)E2n−1−11(584n−807)E2n−2)−772). 

(c)
Σn k(−1)kE2k+1=  1((−1)n((584n−1391)E2n+2+(4380n+2379)E2n+1−(2774n− 

6954)E2n−(7957n−10165)E2n−1 −11(219n−184)E2n−2)+623). 

3.3 Thecasex=i 
Inthis weconsiderthespecialcasex=i. 

Takingx=i,r=s=t=u=v=1inTheorem2.1(a),(b)and(c),weobtainthefollowingproposition. 

Proposition3.5.Ifr=s=t=u=v=1thenforn≥0wehavethefollowingformulas: 

(a) 
Σn kikWk= 1(in(((1−i)n+6−i)Wn+4−2(n+(3+2i))Wn+3+(5i−10−(1−3i)n)Wn+2+ 

((2+2i)n−4+10i)Wn+1+(((1+i)n+2+7i))Wn)−(6−i)W4+(6+4i)W3+(10−5i)W2+ 
(4−10i)W1−(2+7i)W0). 

(b)
Σn kikW2k=

1(in(((9+3i)n+6+7i)W2n+2−(12n+16+12i)W2n+1+(8+i−(3−3i)n)W2n+( 
2i−8−(6−6i)n)W2n−1+(2−13i−(3+3i)n)W2n−2)+(10−15i)W4−(12−28i)W3  − 
(14+5i)W2+(8+14i)W1−(16−i)W0). 

(c) 
Σn kikW2k+1=

1(in(((3i−3)n−10−5i)W2n+2+((6+6i)n+14+8i)W2n+1+((3+ 
9i)n−2+9i)W2n+(6n+8−6i)W2n−1+((9+3i)n+6+7i)W2n−2)−(2−13i)W4− 
(4+20i)W3+(18−i)W2−(6+14i)W1 +(10−15i)W0). 

Fromtheabove wehavethefollowing whichgiveslinear formulas 
Pentanaccinumbers(takeWn=Pn withP0 =0,P1 =1,P2 =1,P3 =2,P4 =4). 
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Corollary 3.14.Forn≥0, numbershavethefollowingproperties. 

(a) 
Σn kikPk=

1(in(((1−i)n+6−i)Pn+4−2(n+(3+2i))Pn+3+(5i−10−(1−3i)n)Pn+2+ 
((2+2i)n−4+10i)Pn+1+(((1+i)n+2+7i))Pn)+(2−3i)). 

(b)
Σn kikP2k=

1(in(((9+3i)n+6+7i)P2n+2− (12n+16+12i)P2n+1+(8+i−(3−3i)n)P2n+ 
(2i −8 −(6 −6i)n)P2n−1+(2 −13i −(3 + 3i)n)P2n−2)+ (10 + 5i)). 

(c) 
Σn kikP2k+1= 1(in(((3i−3)n−10−5i)P2n+2+((6+6i)n+14+8i)P2n+1+((3+9i)n− 

2+9i)P2n+(6n+8−6i)P2n−1+((9+3i)n+6+7i)P2n−2)+(−4−3i)). 

TakingPn =Qn withQ0   =5,Q1  =1,Q2   =3,Q3   =7,Q4   = intheabove we 
havethefollowing whichpresentslinear formulasofPentanacci-Lucasnumbers. 

 

Corollary3.15.Forn≥0,Pentanacci-Lucasnumbershavethefollowingproperties. 

(a) 
Σn kikQk=

1(in(((1−i)n+6−i)Qn+4−2(n+(3+2i))Qn+3+(5i−10−(1−3i)n)Qn+2+ 
((2+2i)n−4+10i)Qn+1+(((1+i)n+2+7i))Qn)+(−24−17i)). 

(b)
Σn kikQ2k=

1(in(((9+3i)n+6+7i)Q2n+2−(12n+16+12i)Q2n+1+(8+i−(3−3i)n)Q2n+( 
2i−8−(6−6i)n)Q2n−1+(2−13i−(3+3i)n)Q2n−2)+(−48−25i)). 

(c) 
Σn kikQ2k+1= 1(in(((3i−3)n−10−5i)Q2n+2+((6+6i)n+14+8i)Q2n+1+((3+9i)n− 

2+9i)Q2n+(6n+8−6i)Q2n−1+((9+3i)n+6+7i)Q2n−2)+(40−37i)). 

CorrespondingsumsoftheotherfifthordergeneralizedPentanaccinumberssimila
rly. 

 
becalculated 

 

4 SumFormulasofGeneralizedPentanacciNumberswithNeg
ativeSubscripts 

Thefollowing presentssomelinear formulas generalizedPentanaccinumbers 
withnegativesubscripts. 

 
Theorem4.1.Letxbeareal(orcomplex)number.Forn≥1wehavethefollowingformulas:If 
v+rx4+sx3+tx2+ux−x5̸=0,then 

n 

kxkW−k 
k=1 

 Ω4  

=
(v+rx4+sx3+tx2+ux−x5)2 

 

 
Ω4= xn+1(n(−v − rx4− sx3− tx2− ux+ x5) − v + 3rx4+ 2sx3+ tx2− 

4x5)W−n+4+xn+1(n(r−x)(v+rx4+sx3+tx2+ux−x5)+6rx5+sx4−ux2−3r2x4+rv−2vx−3x6−2rsx3−rtx2

)W−n+3+xn+1(n(s+rx−x2)(v+rx4+sx3+tx2+ux−x5)+4rx6+4sx5−tx4−2ux3−3vx2−2r2x5−2s2x3

+sv−2x7−4rsx4+rux2−stx2+2rvx)W−n+2+xn+1(n(t+rx2+sx−x3)(v+rx4+sx3+ 
tx2+ux−x5)+2rx7+2sx6+2tx5−3ux4−4vx3−r2x6−s2x4−t2x2+tv−x8−2rsx5−2rtx4+2rux3− 2stx3+ 
3rvx2+ sux2+ 2svx)W−n+1  + xn+1(n(u + rx3+ sx2+ tx− x4)(v + rx4+ sx3+tx2 + ux− x5) − 5vx4 + 
uv+ 4rvx3 + 3svx2 + 2tvx)W−n + x(v − 3rx4− 2sx3− tx2 + 4x5)W4 +x(−6rx5− sx4 + ux2 + 3r2x4− 
rv+ 2vx + 3x6 + 2rsx3 + rtx2)W3 + x(−4rx6− 4sx5 + tx4 + 2ux3 +3vx2 + 2r2x5 + 2s2x3− sv+ 2x7 + 
4rsx4− rux2 + stx2− 2rvx)W2 + x(−2rx7− 2sx6− 2tx5 
+3ux4+4vx3+r2x6+s2x4+t2x2−tv+x8+2rsx5+2rtx4−2rux3+2stx3−3rvx2−sux2−2svx)W1+vx(−u−
4rx3−3sx2−2tx+5x4)W0. 

where
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summation 
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summation 
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Proof.Usingthe recurrence relation 

Wn+5 = rWn+4+sWn+3+tWn+2+uWn+1+vWn 

⇒ W−n+5=rW−n+4+sW−n+3+tW−n+2+uW−n+1+vW−n 
u t s r 1 

⇒  W−n=−vW−n+1−vW−n+2−vW−n+3−vW−n+4+vW−n+5 

1 u t s r 

i.e. 
 

 

 
 
 

obtain 

⇒  W−n=vW−n+5−vW−n+1−vW−n+2−vW−n+3−vW−n+4 

 
vW−n=W−n+5−rW−n+4−sW−n+3−tW−n+2−uW−n+1 

v×n×xnW−n =   n×xnW−n+5−r×n×xnW−n+4 

−s×n×xW−n+3−t×n×x W−n+2−u×n×x 
v(n−1)xn−1W−n+1 =   (n−1)xn−1W−n+6−r(n−1)xn−1W−n+5 

−s(n−1)xn−1W−n+4−t(n−1)xn−1W−n+3−u(n−1)xn−1W−n+2 

v(n−2)xn−2W−n+2 =   (n−2)xn−2W−n+7−r(n−2)xn−2W−n+6 

−s(n−2)xn−2W−n+5−t(n−2)xn−2W−n+4−u(n−2)xn−2W−n+3 

. 

v×3×x3W−3 =   3×x3W2−r×3×x3W1 
3 3 

−s×3×xW0−t×3×xW−1−u×3× 
v×2×x2W−2 =   2×x2W3−r×2×x2W2 

2 2 
−s×2×xW1−t×2×xW0−u×2× 

v×1×x1W−1 =   1×x1W4−r×1×x1W3 
1 1 1 

−s×1×xW2−t×1×xW1−u×1×xW0. 

Ifwe add theequations side byside (and usingTheorem1.2(a)), we get(a). 
 

5 Cases 
 

Inthissection,forthespecificcasesofx, wepresenttheclosedformsolutions(identities)ofthesums 
nk=
1 kxkW−k,

Σn
 kxkW−2kand

Σn
 kxkW−2k+1forthespecificcaseofsequence{Wn}. 

 

5.1 Thecasex=1 
Inthissubsection,weconsiderthespecialcasex=1. 

Thecasex=1ofTheorem4.1isgiveninSoykan[(31)]. 

 
5.2 Thecasex=−1 
Inthissubsectionweconsiderthespecialcasex=   1. 

Taking r=s=t=u=v=1in Theorem4.1,we obtainthe following Proposition. 

Proposition5.1.Ifr=s=t=u=v=1thenforn≥1wehavethefollowingformulas: n 
k=1 k(−1)kW−k=

1((−1)n((2n−5)W−n+4−(4n−8)W−n+3+(2n+1)W−n+2−(4n− 
2)W−n+1+(2n+7)W−n)+5W4−8W3−W2−2W1−7W0). 

we 

W−n+1 

x2W−1 

x3W−2 

n
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FromtheaboveProposition,wehavethefollowingCorollarywhichgivessumformulasofPentanacciand 
Pentanacci-Lucas numbers (take Wn  = Pn  with P0  = 0, P1  = 1, P2  = 1, P3  = 2, P4  = 4 and 
takeWn=QnwithQ0=5,Q1=1,Q2=3,Q3=7,Q4=15,respectively). 

Corollary5.1.Forn≥1,wehavethefollowingproperties. 

(a)
Σn k(−1)kP−k=

1((−1)n((2n−5)P−n+4−(4n−8)P−n+3+(2n+1)P−n+2−(4n−2)P−n+1+ 
(2n+7)P−n)+1). 

(b)
Σn k(−1)kQ−k=

1((−1)n((2n−5)Q−n+4−(4n−8)Q−n+3+(2n+1)Q−n+2−(4n−2)Q−n+1+ 
(2n+7)Q−n)−21). 

Taking r=2,s=t=u=v=1inTheorem4.1, we obtainthe following Proposition. 

Proposition5.2.Ifr=2,s=t=u=v=1thenforn≥1wehavethefollowingformulas: n 
k=1 k(−1)kW−k=

1((−1)n((3n−8)W−n+4−(9n−21)W−n+3+(6n−4)W−n+2−(9n−6) 
W−n+1+(6n+11)W−n)+8W4−21W3+4W2−6W1−11W0). 

Fromthelast wehavethefollowing whichgives formulas fifth-order 
Pellandfifth-orderPell-Lucas numbers (takeWn=Pn withP0 =0,P1 =1,P2 =2,P3 =5,P4 =13 
andtakeWn=Qn withQ0 =5,Q1 =2,Q2 =6,Q3 =17,Q4 =46,respectively). 

Corollary5.2.Forn≥1,wehavethefollowingproperties: 

(a)
Σn k(−1)kP−k=

1((−1)n((3n−8)P−n+4−(9n−21)P−n+3+(6n−4)P−n+2−(9n−6) 
P−n+1+(6n+11)P−n)+1). 

(b)
Σn k(−1)kQ−k=

1((−1)n((3n−8)Q−n+4−(9n−21)Q−n+3+(6n−4)Q−n+2−(9n−6) 
Q−n+1+(6n+11)Q−n)−32). 

r=s=t=1,u=1,v=2inTheorem4.1,weobtainthefollowingProposition. 

Proposition5.3.Ifr=s=t=1,u=1,v=2thenforn≥1wehavethefollowingformulas: n 
k=1 k(−1)kW−k=

1((−1)n((3n−4)W−n+4−(6n−5)W−n+3+(3n+5)W−n+2−(6n+4) 
W−n+1+(3n+14)W−n)+4W4−5W3−5W2+4W1−14W0). 

Taking,respectively, 
Wn=JnwithJ0  =0,J1=1,J2=1,J3=1,J4=1(fifth-orderJacobsthalnumbers), 
Wn=jn withj0 =2,j1 =1,j2 =5,j3 =10,j4 =20(fifthorderJacobsthal-Lucasnumbers), 
Wn=KnwithK0=3,K1=1,K2=3,K3=10,K4=20(modifiedfifthorderJacobsthalnumbers), 
Wn=QnwithQ0=3,Q1  =0,Q2 =2,Q3 =8,Q4  =16(fifth-orderJacobsthalPerrinnumbers), 
Wn=Sn withS0 =0,S1 =1,S2 =1,S3 =2,S4 =4(adjustedfifth-order Jacobsthal numbers), 
Wn=RnwithR0=5,R1=1,R2=3,R3=7,R4=15(modifiedfifth-orderJacobsthal-Lucasnumbers), 

thelastProposition,wehavethefollowingCorollary. 

Corollary5.3.Forn≥1,wehavethefollowingproperties: 

(a)
Σn k(−1)kJ−k=

1((−1)n((3n−4)J−n+4−(6n−5)J−n+3+(3n+5)J−n+2−(6n+4) 
J−n+1+(3n+14)J−n)−2). 

(b)
Σn k(−1)kj−k=

1((−1)n((3n−4)j−n+4−(6n−5)j−n+3+(3n+5)j−n+2−(6n+4)j−n+1+ 
(3n+14)j−n)−19). 

(c)
Σn k(−1)kK−k=

1((−1)n((3n−4)K−n+4−(6n−5)K−n+3+(3n+5)K−n+2−(6n+4) 
K−n+1+(3n+14)K−n)−23). 

in 
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theorem 
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(d)
Σn k(−1)kQ−k=

1((−1)n((3n−4)Q−n+4−(6n−5)Q−n+3+(3n+5)Q−n+2−(6n+4) 
Q−n+1+(3n+14)Q−n)−28). 

(e)
Σn k(−1)kS−k=

1((−1)n((3n−4)S−n+4−(6n−5)S−n+3+(3n+5)S−n+2−(6n+4) 
S−n+1+(3n+14)S−n)+5). 

(f)
Σn k(−1)kR−k=

1((−1)n((3n−4)R−n+4−(6n−5)R−n+3+(3n+5)R−n+2−(6n+4) 
R−n+1+(3n+14)R−n)−56). 

r=2,s=3,t=5,u=7,v=11inTheorem4.1,weobtainthefollowingProposition. 
 

Proposition5.4.Ifr= 2,s= 3,t= 5,u= 7,v= thenforn≥1wehavethefollowingformulas: 
n 
k=1 k(−1)kW−k=

1((−1)n((9n+2)W−n+4−(27n+15)W−n+3+36W−n+2−(45n+ 
46)W−n+1−(18n −77)W−n) −2W4+15W3−36W2+46W1−77W0). 

Fromthelast wehavethefollowing whichgives formulasof5-primes, 
Lucas 5-primes and modified 5-primes numbers (take Wn =  Gn with G0 =  0, G1 =  0, G2 =  0, G3   =1, 
G4= 2, take Wn= Hn  with H0= 5, H1= 2, H2   = 10, H3   = 41, H4   = 150, take Wn   = En  

withE0=0,E1=0,E2=0,E3=1,E4=1,respectively). 

Corollary5.4.Forn≥1,wehavethefollowingproperties: 

(a)
Σn k(−1)kG−k=

1((−1)n((9n+2)G−n+4−(27n+15)G−n+3+36G−n+2−(45n+46)G−n+1− 
(18n −77)G−n)+ 11). 

(b)
Σn k(−1)kH−k=

1((−1)n((9n+2)H−n+4−(27n+15)H−n+3+36H−n+2−(45n+46)H−n+1− 
(18n −77)H−n)−338). 

(c)
Σn k(−1)kE−k=

1((−1)n((9n+2)E−n+4−(27n+15)E−n+3+36E−n+2−(45n+46)E−n+1− 
(18n−77)E−n)+13). 

 
5.3 Thecasex=i 
Inthissubsection,weconsiderthespecialcasex=i. 

Taking r=s=t=u=v=1in Theorem4.1,we obtain thefollowing proposition. 

Proposition5.5.Ifr=s=t=u=v=1thenforn≥1wehavethefollowingformula: 
n 
k=1 kikW−k=

1(in(((1+i)n−6−i)W−n+4+(6−2n−4i)W−n+3+(10+5i−(1+ 3i)n)W−n+2+ 
((2−2i)n+4+10i)W−n+1+((1+i)n−2+7i)W−n)+(6+i)W4−(6−4i)W3−(10+5i)W2− 
(4+10i)W1+(2 −7i)W0). 

FromtheaboveProposition,wehavethefollowingCorollarywhichgivessumformulasofPentanacciand 
Pentanacci-Lucas numbers (take Wn  = Pn  with P0  = 0, P1  = 1, P2  = 1, P3  = 2, P4  = 4 and 
takeWn=QnwithQ0=5,Q1=1,Q2=3,Q3=7,Q4=15,respectively). 

Corollary5.5.Forn≥1,wehavethefollowingproperties. 

(a)
Σn kikP−k=

1(in(((1+i)n−6−i)P−n+4+(6−2n−4i)P−n+3+(10+5i−(1+ 3i)n)P−n+2+( 
(2−2i)n+4+10i)P−n+1+((1+i)n−2+7i)P−n)+(−2−3i)). 

(b)
Σn kikQ−k=

1(in(((1+i)n−6−i)Q−n+4+(6−2n−4i)Q−n+3+(10+5i−(1+ 3i)n)Q−n+2+ 
((2−2i)n+4 +10i)Q−n+1+ ((1+ i)n −2+ 7i)Q−n)+ (24−17i)). 

Correspondings
imilarly. 

oftheotherfifthordergeneralizedPentanaccinumberscanbecalculated 
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