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Abstract

In this paper, closed forms of the sum formulas 3"} _, k=" W, and "7 _, ka*W_, for generalized
Pentanacci numbers are presented. As special cases, we give summation formulas of Pentanacci,
Pentanacci-Lucas, and other fifth-order recurrence sequences.
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1 Introduction

The generalized Pentanacci sequence {W,, (W, W1, Wa, W3, Wa; T, s, t, u,v) }rn>o0 (Or shortly {W, },.>0)
is defined as follows:

Wn = Tanl + SWn—Q + thffS + uWn74 + UWn757 (1 1)
Wo = co,Wi=c1,Wa=co, Ws=c3,Ws=cq,n>5
where Wy, W1, W, W3, W, are arbitrary real or complex numbers and r, s, t,u, v are real numbers.
The sequence {W,}..>0 can be extended to negative subscripts by defining

U t s r 1
W_pn = _7W—n+1 - 7W—n+2 - 7W—n+3 - 7W—n+4 + *W—n+5
v v v v v

forn =1,2,3,... when v # 0. Therefore, recurrence (1.1) holds for all integer n. Pentanacci sequence
has been studied by many authors, see for example [(8)], [(9)], [(11)], [(26)].
Table 1: A few special case of generalized Pentanacci sequences.
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No Sequences (Numbers) Notation Ref
1 Generalized Pentanacci V=W, (W, W, , W, W, W, 1,1,1,1,1)}  [(26)]
2 Generalized Fifth order Pell V. =W W, W, W, W, W,;;2,1,1,1,1)}  [(27)]
3  Generalized Fifth order Jacobsthal V. =W W, W, W, Ws, W,; 1, 1, 1, 1,2)}  [(28)]
4 Generalized 5-primes V.1 ={W (W, W, , W, W, W,;2,3,57,11)} [(29)]
For some specific values of Wy, Wi, Wa, W3, Wy and r, s, t,u, v itis worth presentlng these special
Pentanacci numbers in a table as a specific name. In literature, for example, the following names and
notations (see Table 2) are used for the special cases of r, s, ¢, u, v and initial values.
Table 2: A few members of generalized Pentanacci sequences.
Sequences (Numbers) Notation OEIS [(12)] Ref
Pentanacci {P,}={W(0,1,1,2,4;1,1,1,1,1) } A001591 [(26)]
Pentanacci-Lucas {Q,}={W,(5,1,3,7,15;1,1,1,1,1)} A074048 [(26)
fifth order Pell {(POY = (W (0,1,2,5,13;2,1,1,1,1)} A141448 [(27)
fifth order Pell-Lucas {Q(5>} ={W, (5,2,6,17,46;2,1,1,1,1)} [(27)
modified fifth-order Pell {E®Y ={W (0,1,1,3,8;2,1,1,1,1)} [(27)
fifth order Jacobsthal {J(5)} ={W (0,1,1,1,1;1,1,1,1,2)} A226310  [(28),(2)
fifth order Jacobsthal-Lucas {J<5)} (W, (2,1,5,10,20;1,1,1,1,2)} A226311  [(28),(2)
modified fifth order Jacobsthal (K} = {W (3,1,3,10,20;1,1,1,1,2)} [(28)]
fifth-order Jacobsthal Perrin QY = (W (3,0,2,8,16;1,1,1,1,2)} [(28)]
adjusted fifth-order Jacobsthal {S“’} {Ww,(0,1,1,2,4;1,1,1,1,2)} [(28)]
modified fifth-order Jacobsthal-Lucas {R(">} {w,(5,1,3,7,15;1,1,1,1,2)} [(28)]
5-primes {G,}= {Wn(O 0,0,1,2;2,3,5,7,11)} [(29)]
Lucas 5-primes {H,} ={W,(5,2,10,41,150;2,3,5,7,11)} [(29)]
modified 5-primes {E, }={W (0,0,0,1,1;2,3,5,7,11)} [(29)]
For easy writing, from now on, we drop the superscripts from the sequences, for example we write

P, for ¥
We present some works on summing formulas of the numbers in the following Table 3.

Table 3: A few special study of sum formulas.

Name of sequence Papers which deal with summing formulas
Pell and Pell-Lucas [(1),(4),(32),(6),(7)]
Generalized Fibonacci [(5),(13),(14),(15),(16),(17),(19)]
Generalized Tribonacci [(3),(10),(18)]
Generalized Tetranacci [(20),(25),(33)]
Generalized Pentanacci [(21),(22)]
Generalized Hexanacci [(23),(24)]

The following Theorem presents some linear summing formulas of generalized Pentanacci numbers
with positive subscripts.

Theorem 1.1. Letx be a real (or complex) number. Forn > 0 we have the following formulas:

(@) Ifro+ sz® +tx® + uz* + va® — 1 # 0 then

K _ O1(z)
;)gv Wi = re + sx? + ted + uzt 4+ vzd — 1
_ ©i(=)
O(x)

where
O1(z) = 2" Woia — (rz — D)z P Woys — (s2® + rz — 1)a" P2 W — (s2? 4+ tz® 4+ rz —
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D" W1 + 02" W, — 2 Wy + 23 (re — 1)Ws 4 2 (s2® 4+ re — D)We + o(sz® + tz® +ra —
Wy + (sz? + tz® + uz* + roz — 1)Wo.

(b) Ifriz + 2ux® — s%2? + 2% — u?a? + 02a2® 4 252 4 2rta? + 2rva® — 2sux® + 2tvz® — 1 # 0 then

n
k
E x Wzk
k=0

_ O (z)

P2z 4 2ua? — s222 + 223 — w2zt 4 02’ 4 2sx + 2rtx? + 2rved — 2suxd + 2tvzt — 1

where

Oa(x) = —(uaz? + sz — 1)x”+1W2n+2 + (t—&—rs—l—vx—i—rua:)x"J“QWan + (u+t2x—u2x2 +ov2xd 4+
rt+2tv:r2+rv:c—sux):c"+2W2n+(v+ru—svx+tux)x"+2W2n_1 +v(r—|—vx2+tx):c"+2W2n_2—|—
2 (ua® +sx—1)Wy—2® (t+rs+vr+rue) Wa+a(r’ec+ux’® — s22? + 2sz +rta® +rve® —suz® — 1)
Wo — 23(v + ru — svx + tux)Wh + (r?z 4 2ua? — 22 + 22 — w?x? + 252 + 2rta? + rox® —
2suz® + tvrt — 1)Wp.

(€) Ifr2x 4 2ux? — s%2% + t?2® — u?2® + v%a® + 252 + 2rta® + 2rva® — 2sua® + 2tvz? — 1 = 0 then

n
2 : k

X W2k+1
k=0

3 Os(z)

T2z 4 2ua? — s222 + 223 — w2zt + 02’ + 25z + 2rtx? + 2rvad — 2suxd + 2tvxt — 1

where

O3(x) = (r +va® + tr)z" M Wapio + (s — sz + t22% — v?2® + v22* + ur + rva® — 2suz? +
vz + rta:);c”+1W2n+1 + (t+vx — svr? + ruz — stx)x"HWgn + (u— w?z? + 022 + tox? +
roxr — su:c)m"+1W2n,1 — (u:ﬂ2 + sx — 1) 2" M Wan_o — 22 (r+ vr? + tx)Wy + :c(r21: +uzr®+
sz + rtx® + rvz® — YWs — 22(t + vr — sva® + rux — str)Wa + (r’z + ua® — 22 + 2% +
25z + 2rtx? + rox® — suz® + tort — D)Wy + va® (ua® 4+ sz — )Wy

Proof. Itis given in Soykan [(30), Theorem 2.1]. O

The following Theorem presents some linear summing formulas of generalized Pentanacci numbers
with negative subscripts.

Theorem 1.2. Forn > 1 we have the following formulas:If v 4 rz* 4 sz® 4 tz? 4+ ux — 2® # 0, then

O4(x)

St = ( 5
P v+ rzt + sz 4 te? + ux — z°

O4(z) = "' Wi p+(r—)2" T Wiz +(s+re—a®)z" T W_ o+ (trra? 4 se—ad) " T W, 1+
(u+ra® + sz +tox — )" TWop + aWa — 2(r — 2)Ws + 2(—s — rz + 22)Wa + z(—t — ra? — sz +

YW1 + z(—u — rz® — sx? — to + ") Wo.

Proof. ltis given in Soykan [(30), Theorem 4.1]. O

In this work, we investigate summation formulas of generalized Pentanacci numbers.
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2 Sum Formulas of Generalized Pentanacci Numbers with
Positive Subscripts

The following Theorem presents some summing formulas of generalized Pentanacci numbers with
positive subscripts.

Theorem 2.1. Letx be a real (or complex) number. For n > 0 we have the following formulas:

(@) oz’ +uz* +ta® + sz® +rz — 1 # 0 then

S o
ka*Wy, =
szo v (vad + uzt 4tz + sa? + rx — 1)

where

U = 2" (n(s2® +tzd tuzt +or® fre—1) — 44 2s2% 12 — v’ + 3re) Wi — 2" (n(re —
1)(s2? +ta® +uz* +vr® +re — 1)+ 3 — sa® +ua® + 2025 4 3r22? — 6rz 4 2rsa® + rtxt —rvx®)
Wias — 2" 2 (n(sz? + re — 1)(s2? + tx® + ua* + vz® +re — 1) + 2 — dsz® + ta® + 2ua* +
3vz® + 2r2x? 4 28zt — dra + drsx® — rua® + stx® — 2rva® — sva”)Wige — 2" (n(sz? +
ta® 4 re — 1) (s2® 4 to® + ux? +va® 4 re — 1) + 14 2rsaz® 4 2rte® — 2rux® + 2stz® — 3rva’® —
suz® — 2svx” — tvx® — 2s2? — 2%z + 3uzr? + dvz® + 22 + P2t + 220 — 27’36)Wn+1 + v
2" TP (n(sz? + ta® +uz® +va® +re — 1) + 3sz? + 2t + ua + drx — 5)W,, — 2 (2s2% 4 ta® —
vx® + 3rr — )Wy + 23 (—sz? + uz? 4+ 2vz® + 3r22% — 6rz + 2rsz® + rtz* — rox® + W5 +
22 (—4sz? +ta® 4+ 2ux* 4 3vax® + 2r22? 4+ 25%2* — drx 4+ drsz® — rux® + sta® — 2rva® — svz” +2)
Wso + :r(—2sm2 — 2tz + 3uz? + dvz® + r2x® + 22t + 228 — 2rx + 2rs2® + 2rtat — 2rux® +
2stx® — 3rva’ — sux® — 2sva” — tvr® + 1)W1 — va®(3sx? + 2tx® 4+ uz* 4 drz — 5)Wo.

(b) Ifr?z + 2ux?® — s%x? + t223 — vz + %1% + 25z + 2rta® + 2rva® — 2sux® 4 2tvs? — 1 # 0 then

Z kl‘kWQk

k=0

— QQ

T (r2z + 2ux? — 222 + 1223 — w2zt + 0225 + 251 + 2rtx? + 2rvxd — 2suxd + 2tvrd — 1)2
where
Qo = —2"(n(ux? + sz — 1)(r’z + 2uz® — s%2? + 2% — w2? 4+ v%2® + 25z + 2rta® +

2rve® — 2sux® 4 2tva® — 1) + 1+ 822 426223 —u?2* +uPab + 4v22® — 2524 2rta® + drva® 46
tozt +2r2ux® — st?2* + s2uxrt + 2su?2® — 35022’ — 2uv?s” — 2rsvrt + 2rtuxt — dstvar® — 2tuva® +
r?sx? —ux?)Wopi2 +2" 2 (n(t +rs+ve+rux) (rPe+ 2ux’® — s22? + 1223 —u?a* oz’ + 25+
2rtz? 4+ 2rva® — 2sux® +2tvrt —1)+2rs?z — 323 —2032° —2rs —3vx — 2t + 3 szt +4sva 4+
2uvz® +2ru’z® +2r3uz® + 2rtva? +ruda® — sSPva 4+ 2tu 2t — 4t vt — 5tv? 2’ +uoa® + 2stua® —
rst?zd + rs?uz® + 2rsulzt — 2r2sva® + 2r%tuz® — 3rsva® — 2ruv?a’® — 3rux + 2stx + 4rsu
z? — drstor® — 2rtuvz®)Wan1 + 2" 2 (n(u + 2z — v?z? + 022 + rt + 2tvz® + rvx — sux)
(r’z + 2ua® — %2% + 2% — WPzt + v® 4 25z + 2rta? + 2rva® — 2sux® + 2twxt — 1)
+4uz? —3t20 — 2u—2ulat — 50223 — 2rt + 2028222 — 3r2u2ad — $2t2ad + 4r?o et + 25202t —
3520225 +r3te 4+ riux — 8tvz? +rida® + 4st’a® — 4s?ux? — 65w’z + 2r3va? 4+ sSuad + t2uad + s
w3x® 4+ 8sv2xt + 2rv3 28 4 3uv?a® + drsve? + 12stva® — 2r2 suz® — rs?vz® — 2rtu et + 6rtus® +
Art?vxt +5rtv’ s’ — 452t —ru?vr® —2suv? 28+ 2rstx — 2stuva® —3rvm+5sum+4tuvm4)Wgn +
"2 (n(v + ru — svz + tuz) (r’z + 2uz? — s2x? + 22 — w2t 4+ 022’ + 252 + 2rta® + 2rve® —
2suz® + 2tvxrt — 1) +riuz — 3032 — 2ru— 20+ rivr 4 2rutst — 2rv?2® —4s?ve? + 2tula® + 5%
22— 23 + tula® — 4tz + 250328 + 2uvz?t + dstux® + 2rsu®a® — 2r2sva? + 2rftux? +
rt?uz® — s2tuz® — 2r2uva® — 3ruv?a® + 2stv?a® — suva® — 26%uva® — 2tuv?a® — 2rstva® —
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drtuvz® + 5svr — 3tux + 2rsux)Wan—1 +vz" 2 (n(r + va® + tz) (ric + 2uz? — s%2? + 22 —
w2zt 40225 + 25z 4+ 2rtr? + 2rva® — 2sux® + 2tvat — 1) 4132 — 2r —dva? — 032" — Str +4sta® +
6svz> + 2tuz® + duvzt + 2r%ta? +ri?a® — 2t + 2rul st +r2oa® — ro?2® — 258%vat tu2a® —t2e
2° — 2tv?x® + 2rsz + 2rsuz® — 28uvac5)W2n,2 + xg(—TZx — duz? + 45222 — 32 + 22% +
202z + 30%2° — 5sz + 2rva® + 6sux® + Atvz* + 2r?sz? + 3r2uz® — 25%ux* — sulx® + tPux® —
250228 — wv?x” + 2rsta® 4 drtux® + 2ruve® — 2stva® + 2)Wa + 23(3t + v32° 4 3rs 4 dvz —
drs?x — 2r3se — 2r%ta — 6svx? — 2tux? — duvz® + rs®z? — 2rt22? + $%ta? — dru?a® — 3r3ux? —
3r2v? — 2rv2zt + 25%va® — turt 4+ 2ozt + 2tv?a® + drux — Astz — 8rsuxz? — drtvz® 4+ 2suvzt —
2riste? 4 2rs?uz® 4 rsulz? — 4r®tua® — rt?uz® 4 2rsvz® — 2rfuve® 4 ruv’s® 4 2rstva?t)
Wi + m(r4:ﬂ2 + 27322 + r3oz?t — 2r25%2° — r?suz? + 4r?sx? + 22zt + 20202’ + 2r%ux® —
r20228 — 2725 — 3rs?tat — 2rsPua® — Arstua® + Arsta® — drsuva® + 2rsve? — rt?va® + rtu?z® +
drtuzt —2rtv’a” —rtx? +druve® —rval + st a2t + 252 ux® — 45322 + 252 twab + 202 x® — 5s2uat +
2520227 + 65222 — st?ux’ — 2st?x* —8stva® + suv?ax® + dsux® —6sv2a’ —4sx+ 2622 — 2tuvz® +6
tozt +ul2® — vzt — 2uv?s” — ua? + 40%a® + 1)Wa + 23 (3v 4 20%2° + 3ru — 2r8ux — 2r%vx —
2uvz? — 2ru?a? — rulzt + 7s%0a? — dtu?2® — 2530 — Buxt + 2t0% 2t — sv32® —uvrt —8svx +
Atux — 2rtva? — 6stux® +dsuva® +rs?uz? + 3r2 sve? — 5r2tuz? — drt?ux® + 2rsv?at + 252 tux® +
2stuz? + st?vat + 2ruv’a® — 2s2uvz? + tuv’x® — drsux + drstva®) Wi + vz (3r — 2riz +
Sva? — 32 + 4t — 2ruz? — 6sta? — 8sva® — Atuz® — 6uvzt +rs?x? — 5rita? — drt?a® + 2%t —
ru2x4—4r2vx3—2rv2w5+332vx4—2t2vx5—tv2x6+u2vx6—4rsx—6rtvx4+2stu:c4+4suv:r5)Wo.

(€) Ifr2x 4 2ux? — s%2% + t?2® — u?2® + v2a® + 252 + 2rta® + 2rva® — 2sua® + 2tvz® — 1 # 0 then

Z kaW2k+1

k=0
Q3

T (r2z + 2ua? — 8222 + 223 — w2zt + 0225 + 251 + 2rtx? + 2rvxd — 2suxd + 2tvrd — 1)2

where

Q3 = 2" (n(r + va® + to) (rPx 4 2ua® — s22? + t22® — wlat +o?a® + 252 + 2rta® 4 2rva® —
2suz® 4+ 2tvzt — 1) — 3vz® —t32* — 20327 — 2tx — r — 2ruz® 4 2sta® + 4svr® + 2uva* +rs’a® —
r2te? —ort? 2+ 3ruat — 2r2ux® — 4ro?a® — sPoxt +2tu?a® — 4t?v2® — 5t a® +u oS + drsuz® —
6rtvet +2stux®) Wap o+ (n(s— 2w +t22? —u’a® o’ e fur +rva® — 2suz? + 2tva® +rtx)
(r?z+2uz? — s%2? +t22° —u2t +v%a® + 25+ 2rta® + 2rva® — 2sux® + 2tvzt —1) 4+ 2% — s —
222 =322 +4ua® — 2032’ — 50 rt — 12222 + 20222 — 3r2u et + 4r?0?2® — 3rvr? 4 6sux® —
8tvrd 4+ r3tax? + r2ux? + rtdat + 2st?2® — 4s%ux® — 5sulat + 2r3vz® + 2uxt + 4sv?2® + 2r0°
27 +3uv?8 + 6stva* + dtuvz® +rs?vzt — 2rtuz® + 6r2tvat + 4rt?va® + 5rtva’ — ruvs® — 4r?
sux® —2rstux® —2rtr—2ux)Wani1 +a™ T (n(t+vr—sva® +ruz—stz) (rle+2ux? —s2a? +225 —
w2 e’ 4 25z + 2rte? + 2rva® — 2sux® 4 2tvat — 1) + 5sva® — 26323 — 3v32% — v —t —2tu
22 —2rt?x? — 2 te? +r3ua +rivel + st et 2ruda® —2rviat —4s2 v + 3t + sPoat — TP vzt —
8tv2x® + 2502”4+ 2u?vx® — 2rux + 2stx + 2rsux? — drtva® + dstuz® — r2stz? — 2r2svx® — rt?
uzt — 28%tuz? — 2stuz® — 2r2uvat + 4st?vz® — 3ruva® + 5sto?z’ — su?va® + 2rsulat —
Artunx®) Way + 2" (n(u —u?2® + 022 + tvr? +rvx — suz) (rPz 4+ 2ux® — s2? + 22 — w2 +
v2x® 4 28 + 2rta? + 2rve® — 2sux® + 2tvx? — 1) +ur? — u+ wPrt — 402® —ule® —0vl2® —
2r2u?a® + r2022t — s2ulat — 252022 — 20228 + 20022 ” — 3tvr? — sPua? + rivx? — 2t2ua® —
2sudz® +6sv2x* —rv3 28 — 2003 2" — 2rve+2sur—+2rsvz? — 2rtus? —druva® +4stvr® — dtuvst —r?
sux? —2rtul st 4 2r2tva® + rt?oat + st?uzt — sPtoat + 2ru?ox® + suv?a® + 3tuvx® + drsuvzt +
45tuvx5)Wgn,1 —pgntl (n(um2 +sz—1) (r2m+2ux2 — 22+ 22% — Pt +0%2d + 25+ 2rtx +
2rve® —2sux® +2tvet — 1)+ 1+s22% +2t%2° —ux® —u’st 4 u2® + 4022’ — 2sx 4+ 2rta + drvz 46
tozt +r2sz? 4 2r2ux® — st?a* + sPuzt + 2su?2® — 350228 — 2uv?s” — 2rsvat + 2rtuxt — dstva® —
2tuvx6)W2n,2 +m2(2r—r3:c—l—4vx2+v3x7+3tx—4stx2—6811:103—2tux3—4uvw4—2r2t:c2 —rt?z3 4
s2ta® — 2ruat — r?ua® + ro?e® 4 25%vrt — tuPa® 4 o’ 4 2t0% 28 — 2rsa — 2rsux® + 2suva®)
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Proof.

W4+ m(r4ac2 + 2r3tx3 + 3ozt + 2r?suz? + 3r2sx? + r2t?zt + 2r2u%2® + 2r2ux® — r?0%28 —
225 — rs?ta* — 2rs?va® + drstz® — 2rsuva® 4+ drsva* — rt?vs® + rtws® + drtuzt — 2rt0?2” —
rtz? +aruva® —rvd 4+ sPuzt 4+ s22? — st?a* —dstvz® +2su’ 2’ —3sv%2® — 25+ 26222 — 2tuva b+
6tvr® +ube’ —ula? —2uvis” —uz? 40?2’ + 1) Wata? (—2r3ua® +2r? st +-3r sva® — 2ritus® —
r2te — 2r2ve? + rs2ux® 4 2rst®a® + drstvat — drsua® + 2rsv?a® + 2rtuvz® —rudz’ — 2rulad +
2ruv?z® 4 3rux — s3ta® — 2s3vrt + 4s%tx? — 25%uva® + 7s2va® — st?v® + stuz® — 2stv?a® —
5stx+4suvat — svia” —8sva? +t3a% + 4t2va? — 2tu?at + 5tv2a® + 2t —uZva® — 2uva® + 20328 +
3vx)Wa + 22 (=2r3vz? 4+ 2r2sux? — 5r2tva® + 3r’u’z® — riux — 4r?v?z® 4+ rs?va® + 2rstus® —
drsvz? — drttvzt + drtuzt — 6rtv’z® 4+ ruoz® — 2r032® + 3rox — sPux® 4 28%tvzt — 2
s2ulzt + 4s%ux? + 352022 — 6stor® — sudz® + 6sur® + 2suv?a® — Bsux — 8sv?at — ¢
va® + 2wz’ + tPua® — 2620725 — t0d2” + dtva® + 203zt — 4uPx® — 3uwa® + 2u + 50z Wy +
va? (—rir—dur? +4s%0? — 2 2® + 1223 + 20t 4+ 3v%2® —Bsr 4+ 2rva® +6sur® +dtvat +2r2 sz 4
3r2uz® —25%uxt — su?2® +t2ux® — 25v? 28 —uv?z” + 2rstx’ +Artuzt + 2ruvz® — 2stvz® + 2)Wo.

(a) Using the recurrence relation

Wn = Tanl + SWn72 + th73 + UWTL74 + UWn75

ie.
'Uanfy - Wn - Tanl - SWn72 - th73 - UWn74
we obtain
ox0xa'Wo = 0xa’Ws—rx0xa’Wy—sx0xa’Ws—1tx0xaz"Ws
—ux0x z°W,
vXx1xz' W) = 1xa'We—rx1lxa'Ws—sx1lxz'Wi—tx1xaz'Ws;
—ux1xz'W,
VX 2X T W = 2X2Wr—rx2Xx2°We—sX2X 2°Ws —t X 2 X 22 W4
—u X 2% 2°Ws
v(n —2)z" Wy = (n—2)2" *Wpis —r(n —2)2" *Waia — s(n — 2)2" W1
—t(n —2)z" *W, —u(n — 2)2" Wiy
v(n—=1)2" " Wai1 = (h—1D2" "Waa—r(n—1)z" ' Wais —s(n — D)z Wi

—t(n —1)z" ' Whi1 —u(n — D)z ' W,

vXnxz Wy NXT " Whpas —rXnX T " Whia—5xnxXx" Wnis

—tXnX T " Whaa —uxnxz"Wpi

If we add the equations side by side (and using Theorem 1.1 (a)), we get (a).

(b) and (c) Using the recurrence relation

Wn = Tanl + SWn72 + th73 + Uanél + 'Uanfy

TWhno1 =Wy —sWyp_o —tWyp_3 —uW,—4 — oW, _5
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we obtain
rx1xz'Ws = 1xa'Wi—sxlxaz'We—tx1xaz'W;
fuxlxmlWofvxlxxlwfl
r><2><x2W5 = 2><x2W6—s><2><x2W47t><2><x2W3
—uxX2X2Wa —v x 2 x 22W4
rx(n—1)x 2" Wono1 = (n—1) x 2" Wa, — s % (n—1) x 2" Won_o

—tx(n—1)Xxa" " Wan_s—ux (n—1)xz"" ' Wan_4
—ux (n—1)xz" " Wap_3

T XMn X onQnJrl

nXx" Wapio—sXnxz"Wa, —t xnxaz"Wap_1

—uXnXT " Wop_o—vXxXnxXz Wop_s

Now, if we add the above equations side by side, we get

r(=0 x 2'Wi 4+ > ka"Wars1) = (n x 2" Wanya — 0 x 2"Ws — (1) x &~ Wy
k=0

+ > (k= 12" T Wak) = s(=0 x 2"Wo + Y ka*War) — t(—(n + 1)z" " Wan s
k=0 k=0

+ > (k4 D2 Warr) — u(—(n+ Da" " Wap + > (k4 12" Way)
k=0 k=0
—v(—(n+ 2)x”+2W2n+1 —(n+ 1)xn+1W2n_1 +1x2tw_,

n

+ (k'+ 2)Ik+2W2k+1).

k=0
Since . 1
Wi = —“Wo— Wi — SWa — ~Ws + - W,
v v v v v
we obtain
(=0 x 2°W; + kakW2k+1) = (n X 2" Wanya —0x 2°Wo — (=1) x 27 'W (2.1)
k=0
+zt kakW% — gzt Z.’EkWQk) —s(—0 x 2OWo + Z IfmkWQk) —t(—(n+ 1)x"+1W2n+1
k=0 k=0 k=0

2! ke Worir + 21 Y " Wakgn) — u(—(n+ D)z Way, + 2! kz k" Way,
k=0 k=0 =0

n
n n u t
+IE1ZIkW2k)—U(—(n+2):I’ +2W2n+1 — (7’L—|—1)1‘ +1W2n_1 +1 X.’El(—;WQ— 5W1

k=0

s r 1 o,k 2Nk
—5W2—5W3+;W4)+I kz:okm Waks1 + 22 kZ:OCC Wak+1).

Similarly, using the recurrence relation

Wn=1Whno1 4+ sWp_o+tWp_3+uWp_s +0vWy_5
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TWhpo1 =Wy —sWyp_o —tWyp_3 —uW,—4 — oWy _5

we write the following obvious equations;

rx1xa'We = 1xa'Ws—sx1lxz'W, —tx1xaz'W
—u><1><a:1W,1—v><1><:r1W,2
r><2><:v2W4 = 2><x2W5fs><2><x2W3ft><2><x2W2

7UX2X$2W17U><2><:82W0

rx(n—1)xz" "Wano = (n—1)x2" 'Wap_1—sx (n—1)xz" "Wan_3
—tx(n—=1)x 2" "Waps—ux (n—1)x 2" "Wan_s
—vux (n—1)x 2" " Wap_g
rxnXx Wa, = nxz"Wayr —sxnxx " Won1

—tXnXT Wapo—uxnxXax " Wop_s—vxXnxz Won_a.

Now, if we add the above equations side by side, we obtain

r(=0 x 2'Wo + > ka"Way) = (=0 x 2" Wi + > ka"Wapy1)
k=0 k=0

—s(=(n+ D" Wansa + Y (k4 D" Wagyr) — t(—(n + Dz Way,
k=0

+ 3 (k4 D War) — u(—(n + 2)2" P Wan 1 — (n+ 12" Wap

k=0

FLx ' Wy + > (k+2)a" 2 War 1) — v(—(n + 2)2" P Wap — (n+ 1)a" ™+ Wap s
k=0

FIx 2 Woo + > (k+2)2" P Way)
k=0

Since

1
Woi = —=Wo-— EVV1 2w - lw 4 oW
v v v v v

1 t 1
W_, = —E(—Ewo—EWl—EWQ—CW3+*W4)—*W0—§W1—EW2+*W3
vow v v v v v v v v
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we have

(=0 x 2" Wo + > ka"Way) = (=0 x 2°Wi + Y ka*Wa 1) (2.2)
k=0 k=0

—s(—=(n+ )z" M Wapiq + 2! Z k" Wap 1 + ' Z T Wopy1) — t(—=(n+ 1)z Way,
k=0

= k=0

+a' Z kx*Wor + o' Z " War) — u(—=(n + 2)a" " Wan 1 — (n + 1)z" ™ Wap 1

k=0 k=0
t 1 - =
+1 x Il(—EWQ — —-Wi - fVVQ — CW3 + *W4) + 1‘2 kakWQk+1 =+ 21‘2 Zl‘kWQk+1)
v v v v v —o —o

—v(—(n+ 2)In+2W2n —(n+ l)aneranQ +1x Il(—%(—%WQ — %W1 - %Wz — £W3

1 t s r 1 5 o 2 5 e &
“Wy) — Wy — W1 — —W- —W- kx"Wop + 2 Wak).
+v 4) Wo— Wi—o 2+v 3)+ Z x" Wop + 2z ZI 2%k)

k=0 k=0

Then, using Theorem 1.1 (b) and (c) and solving the system (2.1)-(2.2), the required result of
(b) and (c) follow. (I
O

3 Special Cases

In this section, for the special cases of x, we present the closed form solutions (identities) of the sums
Soro kT Wi, Sop_ kx" W and 37 kx"Wak41 for the specific case of sequence {W..}.

3.1 Thecasezr =1

In this subsection we consider the special case x = 1.
The case x = 1 of Theorem 2.1 is given in Soykan [(31)].

3.2 Thecasez = -1

In this subsection we consider the special case x = —1 and we present the closed form solutions
(identities) of the sums 37 _, k(=1) Wi, S7_, k(=1) War and 3°7_ k(—1)*Way1 for the specific
case of the sequence {W,,}.

Takingr = s =t =wu=v = 1inTheorem 2.1 (a), (b) and (c), we obtain the following Proposition.

Proposition 3.1. Ifr =s =t =wu=v =1 then forn > 0 we have the following formulas:

@) Yi_ok(—) Wi = 2(=1)" (—(2n+5)Wara + (4n+8)Wa s — (20— 1)Waia+ (4n+2)Wn i1 +
(277, + 7)Wn) + 5W4 — 8W3 — Wo — 2W1 — 7W0).

(b) ZZ:O k(*l)kWQk = %((*1)ﬂ ((217,7 1)W2n+2 +4W2n+1 — (271* 1)W2n —_ (4n+6)W2n_1 — (2’ﬂ+5)
W2n72) + Wy +4W3 — 5Wo — 10W7 — 7W0).

(©) X o k(=1 Warpr = ((=1)" (20 + 3)Want2 — (20 + T)Wapn — 6Wan—1 + (20 — 1)Wan_2) +
5Wy — 4W3 — 9Ws — 6W4 + Wo).

From the above Proposition, we have the following Corollary which gives linear sum formulas of
Pentanacci numbers (take W,, = P, with Py =0,P1 = 1,P, =1, Ps =2, Py = 4).
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Corollary 3.1. Forn > 0, Pentanacci numbers have the following properties.
@ o k(=1)"Pp = 3((=1)" (—(2n + 5)Puta + (41 + 8) Puts — (20 — 1) Paya + (40 + 2) Posa +
2n+T7)P,) +1).

(b) > ko k(-1 )* Pay = 1((_1)n (2n—1)Pont2+4Poni1 — (2n—1)Pap — (4n+6)Pap—1 — (2n+5)
Py, _5) —3).

(C) ZZ:O k(*l)kpgk_,_l = i((fl)n ((2n + 3)P2n+2 - (277, —+ 7)P2n — 6P, —1 + (2n - 1)P2n_2) - 3)

Taking W,, = Q. with Qo = 5,Q1 = 1,Q2 = 3,Q3 = 7,Q4 = 15 in the above Proposition, we
have the following Corollary which presents linear sum formulas of Pentanacci-Lucas numbers.

Corollary 3.2. Forn > 0, Pentanacci-Lucas numbers have the following properties.
@ S k(1) Qk = 1((-1)" (=(2n+5)Qnia + (4n+8)Qnis — (2n — 1)Qny2 + (4n 4+ 2)Qni1 +
@2n+7)Qn) —21).

(b) S r o k(—1)*Qa = 2((—1)" (2n—1)Q2nt2 +4Q2nt+1 — (20— 1)Q2n — (4n+6)Q2n—1 — (2n+5)
Qan—2) — 17).

(c) EZ:O k(_l)kQ2k+1 = i((_l)n ((2')’L+ 3)Q2TL+2 - (271+ 7)Q2n - 6Q27L71 + (2n - 1)Q2n72) + 19)

Taking r = 2,s =t = v = v = 1 in Theorem 2.1 (a), (b) and (c), we obtain the following
Proposition.

Proposition 3.2. Ifr =2,s =t =wu = v =1 then forn > 0 we have the following formulas:
@ Yp_ok(~ = L(=1)" (~(3n+8)Wapa+ (9n+21)Wo s — (6n+4) W2+ (90+6)Wos +
(Bn+11 + 8Wy — 21Ws + AWy — 6W1 — 11W).

I41%

W,

(b) Zk:o (— ) War = %((— ) ((571 — 6)W2n+2 + 15Wap41 — (5n — 11)W2n — (10n+ 13)W2n_2 —
(15n + 12)W2n_1) — W4+ 15W3 — 19Ws — 27TW — 23Wo).

(©) Yr_ok(=1)*"Warg1 = 5= ((—1)" (10n+3)Want2 +5Wani1 — (1004 18)Wap, + (51— 6) Wapn 2 —
(517, + 19)W2n71) + 13W,4 — 20W3 — 28Wo — 24W7 — Wo).

From the last Proposition, we have the following Corollary which gives linear sum formulas of
fifth-order Pell numbers (take W,, = P, with Po =0, P, = 1,P, =2, P; =5, P, = 13).

Corollary 3.3. Forn > 0, fifth-order Pell numbers have the following properties:
@ o k(=1)"Pe = 5((—=1)" (=(3n+ 8) Pata + (9n + 21) Ptz — (6n + 4) Pug2 + (90 + 6) Posr +
Bn+11)P,) + 1).

1
)P,
(b) X7 o k(=1 Par = £((—=1)" ((5n — 6) Panta + 15Psn41 — (50 — 11)Payy — (100 + 13) Pan—z —

(C) ZZ:O k(*l)kpgk_,_l = %((7 )n ((107’L + 3)P2n+2 + 5P2n+1 - (107L + 18)P2n + (5n - 6)P2n_2 -
(5n + 19)P2n71) — 1).

Taking P, = Q, With Qo = 5,Q1 = 2,Q2 = 6,Q3 = 17, Q4 = 46 in the last Proposition, we have
the following Corollary which presents linear sum formulas of fifth-order Pell-Lucas numbers.

Corollary 3.4. Forn > 0, fifth-order Pell-Lucas numbers have the following properties:

(a) ZZ 0 ( %((71)n (7(37"+ S)Qn+4 + (9n+ 21)Qn+3 - (6n+4)Qn+2 + (97L+ G)Qn+1 +
(3n+11)Q ) 32).

D*FQ

)Q

(b) >3 o k(—1)*Qar = 2 ((=1)" (51 — 6)Q2n+2 + 15Q2n11 — (5n — 11)Q2n — (101 + 13)Q2n—2 —
(15n + 12)Q2n 1) 74)
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©) S ok(—1)* Qars1 = 5= ((—1)" ((10n + 3)Qan+2 + 5Q2nt1 — (1004 18)Q2n + (51 — 6)Q2n—2 —
(571 + 19)Q2n_1) —+ 37)

Takingr = 1,s = 1,t = 1,u = 1,v = 2 in Theorem 2.1 (a), (b) and (c), we obtain the following
Proposition.

Proposition 3.3. Ifr=1,s=1,t =1,u = 1,v = 2 then forn > 0 we have the following formulas:
@ o k(=D Wi = §((=1)" (= (B3n+4)Waia+(6n+5)Wnis—(3n—5) Wi+ (6n—4)Wp1 +2
(3’!7, —+ 7)Wn) +4W,4 — 5W3 — 5Wo + 4W1 — 14W0).

(b) EZ:O k(_l)kWQk; = %((—1)” ((5n — 14)W2n+2 + (5n + 11)W2n+1 + (571 + 36)W2n — (20n — 11)
Wan—1 — 2(10n + 7)Wap—_2) — 9W4 + 16W3 + 16W> — 9W; — 34Wy).

(C) ZZ:O k(*l)kWQk+1 = %((71)71 ((1()n — 3)W2n+2 + (10n —+ 22)W2n+1 —_ (15” + 3)W2n + 2(5n —
14)W2n72 — (157’L + 28)W2n71) + TW4 + TW3 — 18Wo — 43W7 — 18W0).

Taking W,, = J, with Jo =0,J1 = 1,J2 = 1,J3 = 1, Js = 1 in the last Proposition, we have the
following Corollary which presents linear sum formulas of fifth-order Jacobsthal numbers.

Corollary 3.5. Forn > 0, fifth order Jacobsthal numbers have the following properties:
@ S k(=) Tk = 2((=1)" (—=(3n +4) Jnsa + (6n + 5)Jnys — (3n — 5)Jnya + (61 — 4) Jni1 + 2
(B3n+17)Jn) — 2).

(b) Sr o k(—1)*Jak = =((=1)" ((5n — 14)J2nt2 + (5n + 11)Jans1 + (5n + 36)J2n — (20n — 11)
Jon—1 — 2(10n + 7)Jon—2) + 14).

(©) S ok(=1)fJaes1 = o= ((=1)" (100 — 3)Jant2 + (10 + 22)Jans1 — (150 + 3)Jan + 2(5n —
14)J2n_2 — (1571 + 28)J2n_1) — 47)

From the last Proposition, we have the following Corollary which gives linear sum formulas of fifth
order Jacobsthal-Lucas numbers (take W,, = j,, with jo = 2,51 = 1,j2 = 5, j3 = 10, j4 = 20).

Corollary 3.6. Forn > 0, fifth order Jacobsthal-Lucas numbers have the following properties:
@ Xi_ok(=1)%jk = 5((=1)" (=(3n + 4)jnsa + (61 + 5)jnss — (31 = 5)jnt2 + (61 — 4)jni1 + 2
(B3n + 7)jn) — 19).

(b) i k(=1 jar = 55((=1)" ((5n — 14)j2n42 + (51 + 11)j2nt1 + (5 + 36)j20 — (200 — 11)
jgnfl — 2(1OTL =+ 7)j2n72) — 17)

(€) Yoo k(=1)fjars1 = 55((=1)" ((10n = 3)jant2 + (100 + 22)j2nt1 — (150 + 3)jan + 2(5n —
14)jon—2 — (150 + 28)jon—1) + 41).

Taking W,, = K, with Ko = 3, K; =1, K2 = 3, K3 = 10, K4 = 20 in the last proposition, we have
the following corollary which presents linear sum formula of modified fifth order Jacobsthal numbers.

Corollary 3.7. Forn > 0,modified fifth order Jacobsthal numbers have the following property:

@) Yi_ok(—1) Ky = §((—1)" (~(3n+4) Kyt (6n+5)Knys— (3n—5)Knyz+ (61— 4) Kns1 +2
(Bn+7)K,) —23).

(b) ZZ:O ]f(—l)ngk = 715((—1)’” ((5TL — 14)K2n+2 —+ (5n + 11)K2n+1 —+ (5n —+ 36)K2n — (20n — 11)
Kon_1 — 2(10n + 7)K2n_2) — 83)

(c) ZZ:O k(—l)kK2k+1 = 2*15((—1)71 ((107’L — 3)K2n+2 + (107’L + 22)K2n+1 — (1571 + 3)K2n + 2(5n —
14)Kon—2 — (15n + 28) K2 —1) + 59).

From the last proposition, we have the following corollary which gives linear sum formula of fifth-
order Jacobsthal Perrin numbers (take W,, = @, with Qo = 3,Q1 =0,Q2 = 2,Q3 = 8,Q4 = 16).
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Corollary 3.8. Forn > 0, fifth-order Jacobsthal Perrin numbers have the following property:
(a) ZZ:O k(fl)ka = %((71)71 (7(3n+4)Qn+4 + (677' + 5)Qn+3 - (37’L - 5)Qn+2 + (6n - 4)Qn+1 +2
(Bn+T7)Qn) — 28).

(b) >r o k(=1 Qar = 55 ((—=1)" ((5n — 14)Qant2 + (5n + 11)Q2nt1 + (5n + 36)Qan — (20n — 11)
Q2n-1—2(10n 4+ 7)Q2n—2) — 86).

(€) Yoo k(1) Qars1 = 55 ((—=1)" (107 — 3)Q2n+2 + (100 + 22)Q2n11 — (151 + 3)Q2n + 2(5n —
14)Q2n72 — (15TL + 28)Q2n71) + 78).

Taking @, = W,, with Sp = 0,51 = 1,52 = 1,55 = 2,54 = 4 in the proposition, we have the
following corollary which presents linear sum formula of adjusted fifth-order Jacobsthal numbers.

Corollary 3.9. Forn > 0, adjusted fifth-order Jacobsthal numbers have the following property:

@ 7o k(—1) Sk = ((—1)" (~(3n +4)Snsa + (61 4+ 5)Snrs — (30— 5)Sns2 + (61— 4)Sp 1 +2
(3n+7)S,) +5).

(b) ZZ:O k(_l)kSQk = 2715((_1)n ((Sn — 14)S2n+2 —+ (57’L =+ 11)52n+1 + (577, + 36)52n — (20n — 11)
San—1 — 2(10n 4 7)San—2) + 3).

(C) ZZ:O k(*l)kSQJH_l = %((71)” ((1017, - 3)52n+2 =+ (10n =+ 22)S2n+1 - (157L + 3)S2n + 2(57’L —
14)5271,2 — (15n + QS)Sanl) — 19).

From the last proposition, we have the following corollary which gives linear sum formula of
modified fifth-order Jacobsthal-Lucas numbers (take W,, = R, with Ro = 5,R1 = 1,R2 = 3, R3 =
7, Ry = 15).

Corollary 3.10. Forn > 0, modified fifth-order Jacobsthal-Lucas numbers have the following property:

@ i ok(=1)*Re = 3((—1)" (=(3n+4)Rnja+ (6n+5)Rnys — (3n —5) Ryupo + (6n — 4) Rpy1 +2
(3n 4+ T)Rn) — 56).

(b) >r_ o k(—1)*Rox = £ ((—=1)" ((5n — 14) Rany2 + (51 + 11)Rani1 + (5n + 36) Ran — (20n — 11)
Ron_1 — 2(10’”, =+ 7)R2n,2) — 154).

(C) EZ:O k(—l)kR2k+1 = 2*%((—1)" ((1071 — 3)R2n+2 + (10n + 22)R2n+1 — (15n + 3)R2n + 2(57’1, —
14)R2n_2 — (1571 -+ 28)R2n_1) — 33)

Takingr = 2,s = 3,t =5,u = 7,v = 11 in Theorem 2.1 (a), (b) and (c), we obtain the following
proposition.

Proposition 3.4. Ifr =2,5s =3,t =5,u = 7,v = 11 then forn > 0 we have the following formulas:
(a) ZZ:O k(—l)ka = Sfll((—l)" (—(9n—2)Wn+4—|—(27n—15)Wn+3—|—36Wn+2+(45n—46)Wn+1—|—11
(In+ )W) — 2W4 + 156W3 — 36Ws + 46W1 — 7T7TW)).

(b) 7 o k(—1)*War = =5 ((—1)" (—(219n — 184)Wapio + (1022n — 1759)Want1 + (50370 +
1827)Wa,, — (16791 — 6034)Way,—1 — 11(584n — 807)Wan_2) — 35Wa — 737W3 + 1535W> +
4355W1 + 2453Wo).

(©) S ok(=1)*Warg1 = =5 ((=1)" ((584n — 1391)Wani2 + (43800 + 2379)Wani1 — (27740 —
6954)Way, — (79571 — 10165)Wap_1 — 11(219n — 184)Wap_2) — 80TW4 + 1430Ws 4 4180W, +
2208W; — 385Wp).

From the last proposition, we have the following corollary which gives linear sum formulas of
5-primes numbers (take W,, = G, with Go = 0,G1 =0,G2 =0,G3 = 1,G4 = 2).

Corollary 3.11. Forn > 0, 5-primes numbers have the following properties:
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@ X0y k(—1) Gk = & ((—1)" (—(9n—2)Ginya+ (270 —15)Go 5+ 36Gn 12 + (450 — 46)Gn 1 + 11
(971 + 7)G ) + 11)

(b) Z::O ( ) Gaor = 5329 (( 1)n (f(219n7184)G2n+2+(1022n71759)G2n+1+(5037n+1827)G2n7
(16791’L — 6034)G2n 1— 11(584n — 807)G2n72) - 807).

(© Sr o k(—1)"Gang1 = z5((—1)" ((584n — 1391)Ganta + (43801 + 2379)Gani1 — (27740 —
6954)Gan — (79570 — 10165)Gan—1 — 11(219n — 184)G2n—2) — 184).

Taking W,, = H,, with Hy = 5, H; = 2, H, = 10, H3 = 41, H4 = 150 in the last proposition, we
have the following corollary which presents linear sum formulas of Lucas 5-primes numbers.

Corollary 3.12. Forn > 0, Lucas 5-primes numbers have the following properties:
@ Yr o k(-1)"Hr =& ((=1)" (=(9n—2)Hnia+ (2Tn—15)Hp 5+ 36 Hpyo + (450 —46) Hpp o + 11
(9n + 7)H,,) — 338).

(b) S0 k(=1)*Hor = 25 ((—1)™ (—(219n—184) Hap s 2+(1022n—1759) Hap 1 +(5037n+1827) Hop —
(16791 — 6034) Hap 1 — 11(584n — 807) Hap—2) + 858).

(©) S0 o k(=1 Hapsr = =5 ((—=1)" ((584n — 1391) Hanyo + (43800 + 2379) Hapyy — (27740 —
6954) Hap, — (7957 — 10165) Hap—1 — 11(219n — 184) Ha,—2) — 18129).

From the last proposition, we have the following corollary which gives linear sum formulas of
modified 5-primes numbers (take W,, = E,, with By =0,F; =0,E> =0,E3 =1, FE, = 1).

Corollary 3.13. Forn > 0, modified 5-primes numbers have the following properties:

(a) Zk 0 ( ) Ek = SL((_l)" (—(971—2)En+4 + (2777,— 15)En+3—|—36En+2 + (4571—46)En+1 +11
(9n +7)E,) +13).

(b) 7o k(—1)*Eak = g5 ((—1)" (—(219n—184) B2y s 2+(10220—1759) Ezpy 1 +(5037n+1827) Bz —
(16790 — 6034) Ea, 1 — 11(584n — 807) Ean_2) — 772).
(-

€ X7 k(1) B = =5 ((—1)" ((584n — 1391)Ezpiz + (43800 + 2379)Ezni1 — (27740 —
6954) Fay, — (79570 — 10165) By 1 — 11(219n — 184) Eay, ) 4 623).

3.3 Thecasezr =71

In this subsection we consider the special case x = 1.
Taking z = i,r = s =t =wu = v = 1in Theorem 2.1 (a), (b) and (c), we obtain the following
proposition.

Proposition 3.5. Ifr = s =1t =wu=v =1 then forn > 0 we have the following formulas:

@ S ki Wi = £ (" (1 = §) n46— ) Wrpa —2(n+ (3420)) Wita + (5 — 10— (1= 3i)n) Wo g2 +
(24 2i)n — 44 100) Wit + (L +D)n+2+78))Wn) — (6 — i) Wa + (6 + 48) W + (10 — 5i) Wa +
(4 — 100)W; — (2 + Ti)Wh).

(b) 7 o ki*Wor = 15 (i" (((9+31)n+6+71) Want2— (12n+164128) Wap 1+ (8+i—(3—38)n) Wan +(
2 — 8 — (6 — 64)n)Wan—_1 + (2 — 13i — (3 + 3i)n)Wap—2) + (10 — 150)Wy — (12 — 28i) W5 —
(14 + 5i)Wo + (8 + 144) W1 — (16 — i) Wo).

(C) EZ:O kikW2k+1 = %&(Zn(((3l — S)n — 10 — 5i)W2n+2 + ((6 + 6i)n + 14 + 8i)W2n+1 =+ ((3 +
99)n — 2 + 99)Wan + (6n + 8 — 60)Wan—1 + (9 + 3i)n + 6 + 7)) Wan_2) — (2 — 130)Wy —
(4 4 200) W3 + (18 — i)Wa — (6 + 144) W71 + (10 — 153)Wp).

From the above Proposition, we have the following Corollary which gives linear sum formulas of
Pentanacci numbers (take W,, = P, with Py =0,P1 =1,P, =1, Ps =2, Py = 4).
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Corollary 3.14. Forn > 0, Pentanacci numbers have the following properties.
@ Y oki*Po= 2" ((1—4)n+6—15)Poya—2(n+ (3+2))Prys+ (5i — 10 — (1 — 36)n) Pryo +
(2420 —4+100)Por1 + (L +9)n+ 2+ T70)Pn) + (2 — 37)).

(b) 7 ki* Paw = 15 (" (((9+3i)n+6 +70) Pana — (1204 16+ 124) Pon g1 + (8+i— (3 —3i)n) Pan +
(2 — 8 — (6 — 61)1) Pan—1 + (2 — 13i — (3 + 30)n) Pan—2) + (10 + 5i)).

(C) Zk 0 kaP2k+1 = 181( n(((gl — 3)77, — 10 — 5i)P2n+2 —+ ((6 + Gz)n+ 14 + 87:)P2n+1 + ((3 =+ 9z)n —
2+ 94)Pop, + (61 4+ 8 — 6i) Pan—1 + ((9 4 3i)n + 6 + Ti) Pan—2) + (—4 — 37)).

Taking P, = @, wWith Qo = 5,Q1 = 1,Q2 = 3,Q3 = 7,Q4 = 15 in the above Proposition, we
have the following Corollary which presents linear sum formulas of Pentanacci-Lucas numbers.

Corollary 3.15. Forn > 0, Pentanacci-Lucas numbers have the following properties.
@ Yh_oki*Qr = 3: (" (1 =) n+6—)Quia —2(n+ (3+20))Qna + (5i — 10— (1= 3i)n)Qur2 +
(24200 —44100)Qnt1 + (L +)n+ 24 71))Qn) + (—24 — 177)).

(b) >r_ Ok‘leQk = 1& " (((943)n+64+71)Q2nt2— (12n4+164+124)Q2nt1+ (84+i— (3—3i)n) Q2n +(
% — 8 — (6 — 6i)n )an L (2= 130 — (34 30)0)Qan_s) + (—48 — 251)).

(€) X7_o ki*Qart1 = 1 (i (((3i — 3)n — 10 — 51) Q22 + (6 + 6i)n + 14 + 81) Qant1 + (3 + 9i)n —
24 91)Qan + (61 + 8 — 60)Q2n—1 + ((9+ 3))n + 6 + 7i)Q2n—2) + (40 — 374)).

Corresponding sums of the other fifth order generalized Pentanacci numbers can be calculated
similarly.

4 Sum Formulas of Generalized Pentanacci Numbers with
Negative Subscripts

The following Theorem presents some linear summing formulas of generalized Pentanacci numbers
with negative subscripts.

Theorem 4.1. Let x be a real (or complex) number. For n > 1 we have the following formulas: If
v+ rat + s2® + ta® + ux — x° #£ 0, then

y

ka*W_y =
; * k= (v + ra* + sx3 + tx? + ux — 2°)?
where
Q = 2" (n(—v — ra* — s2® — t2® —ux + 2°) — v + Irat + 2s2® + te? — 4S)Wo 1 +

" (n(r —x) (v +rat 4 s2® +t2? +ur — 2°) + 6r2® + szt — uzr? — 3r?* +rv — 2vx — 32°% — 2rs2® —
rta®)Weonis+2" T (n(s+re—2?) (v+ra* +sod 4t fur—2°) +dra® +dsa® —txt — 2ux® 73vx2 727"2
25— 2522 4 sv— 22" —drsx? frux? — sta? +2rve)Wo o+ T (n(tFra? 4+ sac x )(v +rot s+
tr? +ux —x°) +2rz” + 2525 4 2t2® — 3ux? — dva® — 22 — %2t — 222 —|— tv—x® —2rsz® — 27"151’ + 27"u
23 — 2stz® 4 3rvx? + sux? + 2sv2)Weongr + 2" (n(u + rad + s2? + te — 2 (v + rat + sz +
te® + ux — 2°) — 5vz?t + uv + drve® 4 3sve? 4 2vr) W, + z(v — 3rat — 25m3 — ta® + 425)Wy +
x(—6rz® — szt +ux® + 3r’z* — rv 4 2vx 4 325 + 2rsa® + rta®) Wi + x(—4ra® — 4sx® + ta? + 2ua® +
Sva? + 2r22® + 25%2® — sv + 227 + drsz* — rua® + sta® — 2rvx)Wo + 2(—2rz” — 2528 — 2tx° +
Buzt + dvz® + 17225 + 22 + t22% — tv + 28 4 2rsz® + 2t — 2rua® 4 2sta® — 3rva® — sux® — 2svx)
Wi + vz(—u — dra® — 3sz? — 2tx + 52 Wo.
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Proof. Using the recurrence relation

Wn+5 = T'Wn+4 + SWn+3 + th+2 + UWn+1 + oW,
W—n+5 - TW—n+4 + 3W—n+3 + tW—n+2 + UW—n+1 + UW—n

4

4

U t s T 1
an = _7W77L+1 - 7W77L+2 - 7W77L+3 - 7W77L+4 + 7W7n+5
v v v v v

= W, = %W,n+5 - %W,n+1 - %W,nﬂ - %W,nH - %W,n+4
ie.
oW_p =W_pys —7W_pnya — sW_pi3 —tW_pyo —uW_p41
we obtain
vXnXT W_p = nxXz"W_pis—rxXnXz" W_nia
—sXnXT " W_pnig—txnxz"W_pio—uxnxz"W_,i1
v(n — 1)x”71W7n+1 = (n— 1)x"71W,n+6 —r(n— 1)x"71W7n+5
—s(n—1)z" "W _pis —t(n—Dz" Wiz —u(n — Da" ' W_,io
v(n —2)z" PWopnio = (n—2)2" *W_pir —r(n—2)a" *W_ni6
—s(n—2)2" 7 PW_pys —t(n —2)2" PW_pnia —u(n — 2)z" 2W_ny3
vx3x Wy = 3xa’We—rx3xa’W
—sX3XTWo—tx3xaW_1 —ux3xz®W_,
v><2><:c2W,2 = 2><1:2W3—7“><2><m2W2
—sX2X W1 —t X 2X &*Wo —u x 2 x 2°W_4
v><1><x1W,1 = 1><a:1W4—r><1><a:1W3
fs><1><:c1W27t><1><m1W17u><1><x1W0.
If we add the equations side by side (and using Theorem 1.2 (a)), we get (a). O

5 Specific Cases

In this section, for the specific cases of x, we present the closed form solutions (identities) of the sums
N kW, SR kW oo, and 37, ka*W ooy for the specific case of sequence {W, }.

5.1 Thecasezr =1

In this subsection, we consider the special case « = 1.
The case x = 1 of Theorem 4.1 is given in Soykan [(31)].

5.2 Thecasezr = -1

In this subsection we consider the special case x = —1.
Takingr = s =t =wu =v = 1in Theorem 4.1, we obtain the following Proposition.

Proposition 5.1. Ifr =s=t=wu=wv =1 then forn > 1 we have the following formulas:
S B(=DPWok = (1) ((2n = 5)Wonia — (4n = 8)Wonis + (2n + D)W_pi2 — (4n —
)W—n+1 + (2n + 7)W ) + 5W4 — 8W3 — W2 — 2W1 — 7W0).
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From the above Proposition, we have the following Corollary which gives sum formulas of Pentanacci
and Pentanacci-Lucas numbers (take W,, = P, with P, =0, P, =1, P, = 1, P = 2, P, = 4 and take
Wa = Qn With Qo = 5,Q1 = 1,Q2 = 3,Q3 = 7,Q4 = 15, respectively).

Corollary 5.1. Forn > 1, we have the following properties.

(@ S k(=) Py = 2((=1)" ((2n—5)P-pia— (4n—8)P_pi3+(2n+1)P_pio— (4n—2)P i1+
2n+T7)P_n)+1).

(b) Sp_ k(=1 Q_k = ((—1)" ((2n—5)Q—nta—(4n—8)Q—n+3+(2n+1)Q_nt2—(4n—2)Q—pns1+
2n+7)Q-n) —21).

Takingr =2,s =t =wu=wv =1in Theorem 4.1, we obtain the following Proposition.

Proposition 5.2. Ifr =2,s =t =wu=v =1 then forn > 1 we have the following formulas:
S (1) W = (=)™ ((3n — 8)W_pnta — (9n — 21)W_pp5 + (6n — 4)W_py2 — (97 — 6)
W_ns1 + (6n =+ 11)W7n) + 8W,4 — 21W3 + 4Wsy — 6W7 — 11W0).

From the last Proposition, we have the following Corollary which gives sum formulas of fifth-order
Pell and fifth-order Pell-Lucas numbers (take W,, = P, with Py = 0,P1 = 1,P, =2, P3 =5, P, = 13
and take W,, = Q,, with Qo = 5,Q1 = 2,Q2 = 6,Q3s = 17, Q4 = 46, respectively).

Corollary 5.2. Forn > 1, we have the following properties:

@ i k(D Pk = 5((=1)" ((3n — 8)P-pya — (9n — 21)P-nys + (61 — 4)P_pi2 — (9 — 6)
P_pi1+ (6n+11)P_p) + 1).

(b) >p_y (=1 Q-r = §((=1)" (37 = 8)Q-n+a — (90 = 21)Q—n43 + (6n — 4)Q—n12 — (90 — 6)
Q*7l+1 + (6n + 11)Q*n) - 32)'

Takingr =s=t¢t=1,u=1,v = 2in Theorem 4.1, we obtain the following Proposition.

Proposition 5.3. Ifr =s=t=1,u= 1,v = 2 then forn > 1 we have the following formulas:
Sho k(=1 W_y = é(( D™ ((3n = Wonya — (60— 5)Wonis + (3n + 5)W_ni2 — (6n +4)
W_nt1+ Bn+ 14)W_y,) + 4Wy — 5W3 — 5Wo + 4W1 — 14Wy).

Taking, respectively,

Wy = Jpwith Jo =0,J1 = 1,J2 =1, J3 = 1, J, = 1 (fifth-order Jacobsthal numbers),

Wi = jn With jo = 2,51 = 1, j2 = 5,75 = 10, 54 = 20 (fifth order Jacobsthal-Lucas numbers),

W, = K, with Ko = 3,K; = 1,Ks = 3,K3 = 10, K4, = 20 (modified fifth order Jacobsthal
numbers),

Wn = Qn with Qo =3,Q1 =0,Q2 = 2,Q3 = 8, Q4 = 16 (fifth-order Jacobsthal Perrin numbers),

W, = S, with Sp = 0,51 = 1,52 = 1,53 = 2,54 = 4 (adjusted fifth-order Jacobsthal numbers),

Wy, = R, with Ry =5, R1 = 1,R2 = 3, Rs = 7, R4 = 15 (modified fifth-order Jacobsthal-Lucas
numbers),

in the last Proposition, we have the following Corollary.

Corollary 5.3. Forn > 1, we have the following properties:

@ Y k(D" = §
Jont1+ @Bn+14)J_,) — 2).

(b) 22:1 k(_l)kj*k = é((_l)n ((3n - 4)jfn+4 - (6n - 5)jfn+3 + (3n+ 5)jfn+2 - (6n+4)j*n+1 +
(3n +14)j_,) — 19).

(©) Sp_y E(~D K & = L(=1)" ((3n — 9K nia — (60— 5)K _nys + (3n + 5)K nia — (60 + 4)
K_pi1+ (Bn+14)K_,) — 23).
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(d) 22:1 k(_l)kQ*k = %((_1)71 ((STL - 4)Q7n+4 - (6n - 5)an+3 + (3n + 5)an+2 - (677' + 4)
Q-nt1+ Bn+14)Q_,) — 28).

(€ Sh_ k(=1)*S_k = 3((=1)" ((3n — 4)S—n+a — (6n — 5)S—nys + (3n + 5)S—ny2 — (6n + 4)
S—nt1+(Bn+14)S_,) +5)

(f) Xh k(=D "Rox = 5((=1)" (31 — 4)R_p4a — (6n — 5)R_nss + (3n + 5)R_ni2 — (6n + 4)

R_py1 + (3n—|— 14)R_,) — 56).

Takingr =2,s =3,t =5,u = T7,v = 11 in Theorem 4.1, we obtain the following Proposition.

Proposition 5.4. Ifr =2,s =3,t =5,u = 7,v = 11 then forn > 1 we have the following formulas:
ro k(D)W = (=)™ ((9n + 2)Wonia — (270 + 15)W_pngs + 36W_pnio — (450 +
46)W_n+1 — (18n — 77)W_n) — 2Wy4 + 156W3 — 36Ws + 46W — 77W0)

From the last Proposition, we have the following Corollary which gives sum formulas of 5-primes,
Lucas 5-primes and modified 5-primes numbers (take W,, = G,, with Go = 0,G1 = 0,G2 = 0,G3 =
1,G4 = 2, take Wn = Hn Wlth H() = 5,H1 = 2,H2 = 10,H3 = 41,H4 = 1507 take Wn = En Wlth
Ey=0,F1 =0,FE; =0,E3 =1, E4 = 1, respectively).

Corollary 5.4. Forn > 1, we have the following properties:
@ Y k(1) Gk = H((—1)" (In+2)G —nta—(27Tn+15)G _n43+36G_py2—(451n+46)G i1 —
(18n — T7)G_p) + 11).

(b) 0, k(=) H_j = & ((=1)" (9n+2) Hpya—(27Tn+15) H_ 4 5+36 H_ 12— (45n446) H_ 11 —
(18n — 77)H_,,) — 338).

(© i k(-1)E_r = & ((-1)" (In+2)E_pnta—(2Tn+15)E_py3+36E_pio—(45n+46)E_pp1 —
(18n — 77)E_,) + 13).

5.3 Thecasez =1

In this subsection, we consider the special case x = i.
Takingr =s=t¢=wu=v = 1in Theorem 4.1, we obtain the following proposition.

Proposition 5.5. Ifr =s=1t=wu=v =1 then forn > 1 we have the following formula:

Sor_ kW = L (" (1 + ) n—6—3) W 4a+(6—2n—4i) W 3+(10+5i—(1 + 3i) n) W_p 2+
(2=2)n+44+100)W_nt1 + (1 +i)n—2+TH)W_p) + (6 + )Wy — (6 — 4i) W3 — (10 + 54) W2 —
(4 + 10i)W1 =+ (2 — 7Z)W0)

From the above Proposition, we have the following Corollary which gives sum formulas of Pentanacci
and Pentanacci-Lucas numbers (take W,, = P, with Py =0,P, =1, P, =1, P3 = 2, P, = 4 and take
Wn=QnwWithQo =5,01 =1,Q2=3,Q3 = 7,Q4 = 15, respectively).

Corollary 5.5. Forn > 1, we have the following properties.

@ S, ki* Py = £ (" ((1+4) n—6—1) P pyat(6—2n—44) Py 3+ (1045i— (1 + 31) 1) P2+
(2=20)n+4+10)P_pi1 + (1 +i)n— 24 7)) P_,) + (=2 — 3i)).

(b) 7, ki* Qi = & (" (14 6) n—6—8)Qnsa-+(6—2n—4))Q—pra+(10+5i— (1 + 30) n) Qs+
(2=20)n+44100)Q_pni1 + (L +i)n — 2+ Ti)Q_n) + (24 — 174)).

Corresponding sums of the other fifth order generalized Pentanacci numbers can be calculated
similarly.
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