On the Generalization of the Number of Cyclic Codes Over

the Prime Field GF(37)
Abstract

Research has explored the characterization of cyclic codes over GF(P), where

P is prime for P < 23. However, no study has characterized GF(37). Additionally,
no study has generalized enumeration of the number of cyclic codes of the

cyclotomic polynomials un—1 over GF(P). In particular, the generalization of the
number of cyclic codes over GF(37) for un— 1 is also lacking in research. This

study focused on the monic irreducible polynomials of un— 1 over the finite field
GF(37) with the main objective of generalizing the enumeration of the number

of distinct cyclic codes. The methodology involved determining the number of
irreducible monic polynomials of the cyclotomic polynomial un— 1 over GF(37).
These polynomials were found to correspond to the number of cyclotomic cosets

of 37 mod nover GF(37). The study concluded that the number of cyclic codes

over GF(37) can be generalized by NeFs7) = (37y+ 1)Cm VX, y,m € Z+. The
findings provide insights into abstract algebraic concepts in coding theory that can
be used to generalize number of cyclic codes over a prime field GF(P).
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1 Introduction

The exploration of cyclic codes has captured the interest of many researchers, especially with the rise
of cryptography [?]J[?][?]1[?]1[?]. Cyclic codes are particularly significant in coding theory, notably
forerror correction purposes [?][?]1[?1[?1[?][?]. The quest for optimal codes that can efficiently
transmit

diverse messages and correct numerous errors has been a driving force in this area of study [?][?].

Cyclic codes of length nover finite fields GF(P) for which P < 23 have been fully characterized [?][?]
and a specific formula for computing the number of cyclic codes of some values of n for un— 1 over

GF (P) have been given [?]1[?][?]J[?1[?]. Runji [?] specifically investigated the enumeration of cyclic
codes over GF(5), aiming to determine the count of cyclic codes of length nin GF(5). This led to

a generalized conclusion for cases where n= 5m,n= 5m, and the gecd, (M,5) =1 . Lao et al. [?]

and Lao et al. [?] advanced the study on cyclic codes of length nover Zi3z and Zi7, uncovering that

the number of cyclic codes of length nover these finite fields for the values 13k, 13k, 17k, and 17«.
Maganga & Kivunge [?] considered the number of irreducible polynomials yn—1 over Zis, concluding

the generalization of the enumeration of the number of cyclic codes for values n= 19, 19m, and 19m.

A recent establishment by Simatwo et al. [?] investigated GF (23), generalizing enumeration of cyclic

codes for values 23m, and 23m. However, Zs7 has not been characterized, and there is no general
formula for computing the number of cyclic codes over this field. Additionally, the general formula
for the generalization of the enumeration of cyclic codes over these fields for broader values of nis
lacking. Factorization of polynomial un—1 over finite fields has been a longstanding problem as there

is no known general formula. In this study, the number of cyclic codes over GF(37) is determined



and a general formula is reached, providing a breakthrough in the subsequent generalization of the
enumeration of the cyclic codes over prime fields GF(P).

1.1 Definitions

1. A Code: A block , C, of a code of length kis a set of n—tuples of vectors (Xi, Xz, ..., Xn)

where Xiare elements of a finite set with q symbols. The finite set, say F, is referred to as
alphabets. For example, a simple alphabet consists of only two elements; O and 1. The codes

formed from these alphabets are called binary codes, represented as C= {0, 1}.
2. Cyclic Codes: A linear code Cis said to be cyclic over a finite field GF(gk) if any cyclic shift
of a codeword in Cis also a codeword in C. For example; if a codeword, (aiaz...an) € C,

then, (anaiaz...an1) € C. Thus, a cyclic code is a linear code that is invariant under all

cyclic shifts.
3. Cyclotomic cosets The cyclotomic coset is a set of integers that are relatively prime to a

chosen integer, modulo another specific integer. It is defined by Ci= {i * gmod n€ Z: j=
0,1,2,...}, where qand nhave a greatest common divisor of 1, i.e., gcd(q,n) = 1.

4. Cyclotomic Polynomial A polynomial of the form un—1 whose roots are all ntprimitive roots
of unity.

2 Results and Discussions

Cyclotomic cosets play a crucial role in constructing gq-array cyclic codes with a length of n. These
cosets are defined by establishing a binary relation on integers ranging from 0 to n— 1. The formula
for cyclotomic cosets of a number gmodulo nis given by Cj= {j + gkmod n € Zn: k=10,1,2,...}

where jis a nonnegative integer, and qand nare relatively prime. In the context of GF(37), q=

37. The cyclotomic cosets of 37 modulo nare crucial in the factorization of (un— 1) into irreducible

polynomials over GF(37). The cyclotomic cosets correspond to factors of an irreducible polynomial,
and the factorization is expressed as a product of these irreducible polynomials. The specific form of

the factorization over Zs7 depends on the values of n.
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2.1 Enumeration of the number of cyclic codes of un— 1 over GF(37)

when n= 2m *+ 37m

Let m € Z, then;

(un— 1) = (uzm-37m

- D

(un— 1) = (uzm-37m

-1

1. When m=1, then n= 21 « 371
(un—1) = (uz-37— 1) = (uz— Dar= ((u+ 36) (u+ 1))s7
Hence, Number of cyclic codes; (37 + 1)2
2. When m= 2, then n= 22 « 372

(un— 1) = (uz-37

= 1) = (U1~ 137

= ((uz+ D+ D= 1))am



= ((u+36)(ut+ 1)+ 6)(u+ 31))smn

Hence, Number of cyclic codes; (372+ 1)1

3. When m= 3, then n= 23 « 373

(un— 1) = (uz-3m

-1 = (us— s

= ((ua+ D+ DWW+ DW= 1))

= ((uz+ 6) (uz+ 3D (u+ 6) (u+ 3D (u+ 1) (u+ 36)) a7

Hence, Number of cyclic codes; (373 + 1)s

4. When m= 4, then n= 24 + 374

(un—1) = (uzi-3m

= 1) = (us— 1)3m

= ((us— 1) (us + 1))sm

= ((uz+6)(uz+ 31 (ut 6) (u+ 31) (u+ 1) (u+ 36) (Ut + 6) (us + 31) 374

Hence, Number of cyclic codes; (374 + 1)s

5. When m= 5, then n= 25 « 375

(un— 1) = (uzs- 375

- 1) = (uz— 1)31s

= ((u+36) (u+ 1) (uz+ 6) (uz+ 31) (u+ 6) (u+ 31) (us + 31) (us + 6) (s + 31) (us + 6)) 75
Hence, Number of cyclic codes; (375+ 1)10

6. When m= 6, then n= 26 « 376

(un—1) = (uzs-37

- 1) = (ues— 1)37

= ((uis + 1) (uie + 36) (u+ 36) (u+ 1) (uz + 6) (uz + 31) (u+ 6) (u+ 31) (us + 31) (us + 6) (us +
31) (us + 6)) 376

Hence, Number of cyclic codes; (376 + 1)12

The summary of the Number of Cyclic Code for n= 2m * 37mover GF(37) is as shown in the
table below;

Table 1: Summary of the Number of Cyclic Code for n= 2m * 37mover GF(37)
Value of m Number of factors of un— 1 for

nN=2m * 37m

Number of cyclic codes

(N)

37 + 1)e
372+ 1)4
373+ 1)
374+ 1)s
10 (375 + 1)10
12 (376 + 1) 12
14 377+ 1w

12 (
2 4 (
36 (
48 (
5
6
7
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Value of m Number of factors of un— 1 for
nN=2m* 3"m



Number of cyclic codes
(N)

8 16 (37s+ 1) 16
9 18 (379 + 1)1s
10 20 (3710 + 1)20
11 22 (3711 + 1) 22
12 24 3712+ 1)
13 26 (3713 + 1)26
14 28 (371 + 1)2s
15 30 (8715 + 1)30
16 32 (3716 + 1)32
17 34 (371r+ 1)m4
18 36 (3718 + 1)36
19 38 (3719 + 1)38
20 40 (3720 + 1)10
21 42 (3721 + 1) 42
22 44 (3722 + 1) 4
23 46 (3723 + 1)46
24 48 (3724 + 1) 48
25 50 (3725 + 1)50
26 52 (3726 + 1)52
27 54 (3727 + 1) 54
28 56 (3728 + 1)s6
29 58 (3720 + 1)ss
30 60 (3730 + 1)e0
31 62 (3731 + 1)e2
32 64 (3732 + 1)e4
33 66 (3733 + 1)es
34 68 (3731 + 1)es
35 70 (3735 + 1)70
36 72 (3736 + 1)72
37 74 (3731 + 1)

In general, it can be inferred from the above summary that when n= 2m * 37msuch that m € Zs,

un— 1 factors into 2m irreducible monic

codes, Nis given by; N= (37m+ 1)2m

polynomials over GF(37) such that the number of cyclic

Conjecture 1. Suppose Nn= 2m * 37mand 2m is the number of cyclotomic cosets of 37 mod 2m, then

the number of cyclic codes over GF(37) of un— 1, Nis given by; N= (37m+ 1)2m

2.2 Enumeration of the number

when n= 3m + 37m

Let m € Z+, then;

(un— 1) = (U3m - 37m

-1

1. When m=1, then n= 31 « 371
(un—1) = (us-3r— 1) = (us— 17
= ((u+ 36) (u+ 10) (u+ 26))s7

Hence, Number of cyclic codes; (37 + 1)3
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2. When m= 2, then n= 32 « 372

(un— 1) = (u3e-3n

- 1) = (u— 1)3m

= ((U+36) W+ 10)(+26) (u+ 3 W+ 4 W+ 1)+ 2D (u+ 25 (u+ 28))sm
Hence, Number of cyclic codes; (372+ 1)9

3. When m= 3, then n= 33 + 373

(un—=1) = (uss-37

-1 = (ux— 3w

= ((ut1) (u+30) (u+28) (U+27) (u+25) (U+21) (ut+11) (u+4) (u+3) (ua+30) (us+28) (us+
25) (us + 21) (uz + 4) (us + 3) )31

Hence, Number of cyclic codes; (373+ 1)15

4. When m= 4, then n= 34 « 374

(un— 1) = (uss-3m

-1 = (us1— Dan

Hence, Number of cyclic codes; (374 + 1)21

5. When m= 5, then n= 35 « 375

(un— 1) = (uss-37

- 1) = (U243 — 1)375

Hence, Number of cyclic codes; (375 + 1)27

The summary of the Number of Cyclic Code for n= 3m * 37mover GF(37) for 1 < m<16 is as

shown in the table below;

Table 2: Summary of the Number of Cyclic Code for n= 3m * 37mover GF(37) for
1 <m<16
Value of mun— 1 for n= 3m * 37mNumber of cyclic codes
(N)

1 (u= Dai-sn
B7 + 1)3

2 (U= Dsz-3m
372+ 1)9

3 (U= 13337
(373 + 1)15

4 (U= 1)s1-3m
874+ D=

5 (U= 1)35-37
(875 + 1)

6 (U— 1)36-37
(376 + 1) 33

7 (U= D37
(377 + 1) 39

8 (U— 1)3s-378
378+ 1)

9 (U~ 1)30-379
(879 + 1)1



10 (u— 1) 3103710
(3710 + 1)s7
11 (u— 1)3u - 370
(3711 + 1)e3
12 (U= 1)312- 3712
(3712 + 1)e9
13 (u— 1)313-373

@713+ 1)1
14 (u— 1)31- 3714
BT+ 1)s1
15 (u— 1)315- 3715
(38715 + 1)s87

In general, it can be inferred from the above summary that when n= 3m * 37msuch that m € Z-,
un— 1 factors into irreducible monic polynomials over GF(37) such that the number of cyclic codes,
N is given by; N= (37m+ 1) (6m-3).

Conjecture 2. Suppose N= 3m * 37mand (6m— 3) is the number of cyclotomic cosets of 37 mod

3m, then the number of cyclic codes over GF(37) of un— 1, Nis given by; N= (37m+ 1) (6m-3)
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2.3 Enumeration of the number of cyclic codes of un— 1 over GF(37)

when n= 4m + 37m

Let m € Z+, then;

(un—= 1) = (Udm - 37m

- D

(un—= 1) = (Udm - 37m

- D

1. When m=1, then n= 41 - 371

(un— 1) = (ua-37— 1) = (us— 17

= ((u+36)(u+ 1)U+ 6) U+ 31))s
Hence, Number of cyclic codes; (37 + 1)1
2. When m= 2, then n= 42 « 372

(un— 1) = (uaz-372

=1 = (u6— 137

= ((uz+6)(uz+ 30D (u+ 6) (u+ 31) (u+ 1) (u+ 36) (us + 6) (us + 31)) 372
Hence, Number of cyclic codes; (372+ 1)s
3. When m= 3, then n= 43 - 373

(un— 1) = (us-3m

- 1) = (usst— 1)3ms

Hence, Number of cyclic codes; (373 + 1)1z
4. When m= 4, then n= 44 - 374

(un— 1) = (uas-37

= 1) = (uzs6— 1)sm



Hence, Number of cyclic codes; (374+ 1)16
5. When m= 5, then n= 45 + 37s

(un—1) = (uss-37

= 1) = (U024 — 1)37

Hence, Number of cyclic codes; (375+ 1)20

The summary of the Number of Cyclic Code for n= 4m * 37mover GF(37) for 1 < m<16 is as
shown in the table below;

Table 3: Summary of the Number of Cyclic Code for n= 4m *+ 37mover GF(37) for
1 <mx<16
Value of mun— 1 for n= 4m + 37mNumber of cyclic codes
(N)

1 (U= Da-sm
(37 + 1)4

2 (U= Daz-3m
(3872 + 1)s

3 (U= Das-3m
B73+ 1)12

4 (U= 1)a-3m
B74+ 1)16

5 (U= 145375
375+ 1)20

6 (U— 1)46-37
(376 + 1) 24

7 (U= Dar-sm
377+ 1)2s

8 (U— 1)4s-37s
(378 + 1) 32

9 (U— 1)a9-370
(879 + 1)36

10 (U= 1) 4103710
(3710 + 1) 40

11 (U= 1)an-3m
(71 + 1w

12 (U= 1)m2-372
(8712 + 1)1s

13 (U= 1)a3-3m13
(3713 + 1)52

14 (u— 1)a4-3714
(3714 + 1)s6
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Value of mun— 1 for n= 4m + 37mNumber of cyclic codes

(N)



15 (U= 1) as- 3715
(8715 + 1)60

In general, it can be inferred from the above summary that when n= 4m * 37msuch that m € Z-,
un— 1 factors into irreducible monic polynomials over GF(37) such that the number of cyclic codes,
Nis given by; N= (37m+ 1)4m.

Conjecture 3. Suppose N= 4m * 37mand 4m is the number of cyclotomic cosets of 37 mod 4m, then

the number of cyclic codes over GF(37) of un— 1, Nis given by; N= (37m+ 1)m

2.4 Enumeration of the number of cyclic codes of un— 1 over GF(37)

when n= 5m + 37m

Let m € Z:, then;

(un—1) = (Usm - 37m

-1

1. When m= 1, then n= 51 « 371

(un— 1) = (us-37— 1) = (us— 1)a7

= (Uu-1D)w+uw+tuwt+tu+l) = UW+36)(Uutu+u+u+ 1))
Hence, Number of cyclic codes; (37 + 1)2
2. When m= 2, then n= 52 « 372

(un— 1) = (usz-s37

-1 = (us— Dsne

= ((u+36) (Ut + us+uz+u+ 1)(uzo+ uis + U0+ us + 1)) 37
Hence, Number of cyclic codes; (372+ 1)3
3. When m= 3, then n= 53 « 373

(un— 1) = (uss-37s

= 1) = (uizs — 1) a7

Hence, Number of cyclic codes; (373 + 1)4
4. When m= 4, then n= 54 « 374

(un— 1) = (uss-3m

- 1) = (uezs — 1)3m

Hence, Number of cyclic codes; (374+ 1)s
5. When m= 5, then n= 55 « 375

(un— 1) = (uss-315

= 1) = (usizs — 1) 37

Hence, Number of cyclic codes; (375+ 1)s

In general, it can be inferred from the above that when n= 5m * 37msuch that m € Z:, un—1 factors
into irreducible monic polynomials over GF(37) such that the number of cyclic codes, N is given by;
N= @B7m+ 1) m).

Conjecture 4. Suppose N= bm * 37mand (M+1) is the number of cyclotomic cosets of 37 mod 5m,

then the number of cyclic codes over GF(37) of un— 1, Nis given by; N= (37Tm+ 1) (m+D)

2.5 Enumeration of the number of cyclic codes of un— 1 over GF (37)

when n= 37m

Let m € Z, then;



(un—1) = (usmm

-1
(un—1) = (usmm
- 1) = (u—1)3m

1. When m= 1, then n= 371
(un— 1)=(sr—1) = (u- D
Hence, Number of cyclic codes; (37 + 1)
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2. When m= 2, then n= 372

(un—1) = (use

-1 = (WUu- D

Hence, Number of cyclic codes; (372 + 1)
3. When m= 3, then n= 373

(un— 1) = (usm

-1 = (- Dsmw

Hence, Number of cyclic codes; (373+ 1)
4. When m= 4, then n= 371

(un—1) = (usna

- 1) = (u—- 1)s3u

Hence, Number of cyclic codes; (371+ 1)
5. When m= 5, then n= 375

(un—1) = (usws

-1 = (- Dsws

Hence, Number of cyclic codes; (375+ 1)
6. When m= 6, then n= 37¢

(un—= 1) = (us

-1 = (u- 13w

Hence, Number of cyclic codes; (376 + 1)
The summary of the Number of Cyclic Code for n= 37mover GF(37) for 1 < m<15 is as

shown in the table below;

Table 4: Summary of the Number of Cyclic Code for n= 37mover GF(37) for
1 <m<15b

Value of mun— 1 for n= 37mNumber of cyclic codes

(N)

1 (u- Dsn
(37 + 1)

2 (U— 1)sm
(372 + 1)

3 (u— 1w
373+ 1)

4 (u—- 1)3m



(B874+ 1)

5 (u— 13w

875+ 1)

6 (U— 3w

(876 + 1)

7 (u— Dam

(B77+ 1)

8 (U— 1)

(875 + 1)

9 (U— s

879+ 1)

10 (u— 1)3m0

(8710 + 1)

11 (u—= 1)3m

@7+ 1)

12 (u— 1)s7m2

(8712 + 1)

13 (U= 1)s7s

(3713 + 1)

14 (u— 1)37

(8714 + 1)

In general, it can be inferred from the above summary that when n= 37msuch that m € Z-,
un— 1 factors into irreducible monic polynomials over GF(37) such that the number of cyclic codes,
N is given by; N= (37m+ 1)

Conjecture 5. Suppose that the number of cyclic codes over GF(37) of un— 1 is given by N=

37m+ 1. Then, the number of cyclotomic cosets of 37 mod am= 1 ¥Yn= am * 37m, where a € Z-.
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2.6 Enumeration of the number of cyclic codes of un— 1 over GF(37)

when n=m - 37

Let m € Z, then;

(un=1) = (Um-37— 1)

1. When m= 1, then n=1 - 37
(un—1) = (ut-37— 1) = (u- D

Hence, Number of cyclic codes; (37 + 1)
2. When m= 2, then n=2 - 37

(un— 1) = (uz-37— 1) = (uz— 17

= ((u+36)(u+ 1))a

Hence, Number of cyclic codes; (37 + 1)z
3. When m= 3, then n=3 - 37

(un—1) = (uz-3r— 1) = (u3— D37
= ((u+ 36) (u+ 10) (u+ 26)) 37



Hence, Number of cyclic codes; (37 + 1)3

4. When m= 4, then n=4 - 37

(un=1) = (Ua-37—=1) = (Ua— 1)a7

= ((u+36)(u+ 1)U+ 6)(u+ 31))s

Hence, Number of cyclic codes; (37 + 1)1

5. When m= 5, then n=5 + 37

(un— 1) = (us-37— 1) = (us— 1)a7

= ((u+36)(us+us+ uz+ut 1))

Hence, Number of cyclic codes; (37 + 1)z

6. When m= 6, then n=6 -+ 37

(un—1) = (ue-37—1) = (Us— 1)37

= ((u+ D (u+ 36) (u+ 10) (u+ 26) (u+ 27) (U+ 11)) 31
Hence, Number of cyclic codes; (37 + 1)s

7. When m=17, then n=7 - 37

(un—1) = (ur-3r—1) = (Ur— )37

= ((u+ 36) (Us+ 9uz + S8u+ 36) (us + 29u2 + 28u + 36))37
Hence, Number of cyclic codes; (37 + 1)3

8. When m= 8, then n=8 - 3Ts

(un— 1) = (us-37— 1) = (us— 1)s7

= ((uz+6)(uz+ 31 (u+ 6)(u+ 31) (u+ 1) (u+ 36))s7
Hence, Number of cyclic codes; (37 + 1)s

9. When m=9, then n=9 -+ 37

(un— 1) = (Uo-37—1) = (U9 — 1)37

= ((u+36) (u+10) (u+26) (u+3) (u+4) (u+11) (u+21) (u+25) (u+28)) 37 Hence, Number
of cyclic codes; (37 + 1)o

10. When m= 10, then n= 10 - 37

(un— 1) = (uo-37— 1) = (uo— 1)a7

= (U+ 1D+ 36)(us+ 36us+ uz+ 36u+ 1) (Uus+ us+ uz+ u+ 1))s7
Hence, Number of cyclic codes; (37 + 1)4
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2.7 Enumeration of the number of cyclic codes of un— 1 over GF(37)

when n=2m + 37m

Let m € Z:, then;

(un—1) = (uzm-37m

1)

(un—1) = (uzm-37m

= 1) = (um— 1)3m

1. When m=1, thenn=2 +« 1 « 371

(un—1) = (uz-37— 1) = (uz— Dar= ((u+36) (u+ 1))s7

Hence, Number of cyclic codes; (37 + 1)2



2. When m= 2, thenn=2 + 2 + 372

(un—1) = (uz-2-3m

-1 = (ut— D

= ((uz+ DWW+ 1D W= 1))

= ((u+36)(u+ 1) (u+ 6) (u+ 31))sm

Hence, Number of cyclic codes; (372+ 1)1

3. When m= 3, then n=2 +« 3 + 373

(un—1) = (uz-3-375

- 1) = (us— 1)sm

= ((u+ D (u+ 36) (u+ 10) (u+ 26) (u+ 27) (U+ 11)) 37

Hence, Number of cyclic codes; (373 + 1)s

4. When m=4, then n=2 + 4 + 371

(un—1) = (uz-1-3m

- 1) = (us— 1)3m

= ((uz+6) (uz+ 3D (u+ 6) (u+ 3D (u+ 1) (u+ 36)) 37

Hence, Number of cyclic codes; (374+ 1)s

5. When m=5, thenn=2 + 5 + 375

(un—1) = (uz-5-375

- 1) = (uio— 1)375

= ((u+ 1)(u+36)(us+ 36uzs+ uz+ 36u+ 1)(us+ us+ uz+ u+ 1))3r
Hence, Number of cyclic codes; (375+ 1)4

6. When m=6, thenn=2 + 6 + 376

(un—1) = (uz-6-37

- 1) = (uiz— 1)37

= ((u+6) (u+31) (u+1) (Uu+36) (ut11) (u+27) (u+10) (u+26) (u+14) (u+8) (u+29) (U+23)) 37
Hence, Number of cyclic codes; (376 + 1)12

7. When m= 7, thenn=2 - 7 -+ 377

(un—1) = (uz-7-3m

- 1) = (us— 1)3m

= (((u+36) (u+1) (ust9uz+8u+36) (Us+29u2+28u+36) (us+36uztu+36) (Us+36) ) s7r
Hence, Number of cyclic codes; (377 + 1)s

8. When m=8, thenn=2 + 8 + 378

(un— 1) = (uz-8-37

- 1) = (uie— 1)31s

= ((uz+6)(uz+ 3D (u+t 6)(u+ 31U+ 1) (u+ 36) (us + 6) (us + 31))s7s
Hence, Number of cyclic codes; (37s+ 1)s

9. When m=9, thenn=2 + 9 + 379

(un—1) = (uz-9-37

-1 = (us— s

= ((u+36) (ut1) (u+10) (u+26) (u+27) (u+11) (u+34) (u+33) (u+30) (u+28) (U+25) (u+
2DW+ 16) (u+ 12)(u+ D+ 7D+ 4) W+ 3))sw

Hence, Number of cyclic codes; (379 + 1)1s

10. When m= 10, then n=2 - 10 - 37w



(un— 1) = (uz2-10-370
- 1) = (u20— 1)370

= ((ut1) (U+36) (u+6) (u+31) (ua+36ustuzt+36u+l) (ustustuztu+l) (Ust6) (Uat31)) 3710

Hence, Number of cyclic codes; (3710 + 1)s
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2.8 Enumeration of the number of cyclic codes of un— 1 over GF (37)

when n=3m + 37m

Let m € Z+, then;

(un— 1) = (usm-3m

-1

1. When m=1, then n=3 - 1 « 371

(un— 1) = (us-3r— 1) = (us— 1)a7

= ((u+ 36) (u+ 10) (u+ 26))37

Hence, Number of cyclic codes; (37 + 1)3

2. When m= 2, thenn=3 + 2 + 372

(un—1) = (us-2-3m

-1 = (us— 1)

= ((u+ 1) (u+ 36) (u+ 10) (u+ 26) (u+ 27) (u+ 11))s7

Hence, Number of cyclic codes; (372+ 1)s

3. When m=3, thenn=3 + 3 + 373

(un— 1) = (uU3-3-37

-1 = (u— 1)

= ((u+36)(u+ 10) (u+26)(u+ 3+ 4) U+ 1) W+ 21) (u+ 25) (U+ 28))sm
Hence, Number of cyclic codes; (373+ 1)9

4. When m= 4, then n=3 - 4 - 374

(un—1) = (Us-4-3m

-1 = (uiz— Dsn

= ((u+6) (u+31) (u+1) (Uu+36) (ut11) (u+27) (u+10) (u+26) (u+14) (u+8) (u+29) (U+23)) 37
Hence, Number of cyclic codes; (374+ 1)1z

5. When m=5, thenn=3 + 5 + 375

(un— 1) = (U3-5-375

-1 = (uis— 1)

= ((u+36)(us+ us+uz+u+ 1)(u+ 11) (usa + 10us + 26uz + u+ 10) (u+ 27) (U1 + 26us +
10uz + 26)) 375

Hence, Number of cyclic codes; (375 + 1)e

6. When m=6, thenn=3 + 6 + 376

(un—1) = (us-6-37

1) = (us— 1)37

= ((u+36) (ut1) (u+10) (u+26) (u+27) (u+11) (u+34) (u+33) (u+30) (u+28) (u+25) (u+
2DW+ 16) (u+ 12)(u+ D+ 7+ 4) W+ 3))sm



Hence, Number of cyclic codes; (376 + 1)1s
7. When m=7, thenn=3 - 7 - 377

(un— 1) = (U3-7-37
- 1) = (u21 — 1)3m
= ((u+36) (u+ 11) (u+ 27) (us + 12u2 + 6u + 36) (us + 9uz + 8u + 36) (us + 14uz + 21u +

36) (us + 16uz + 23u + 36) (us + 29u2 + 28u + 36) (us + 3luz + 25u + 36)) 377 Hence, Number
of cyclic codes; (377 + 1)o

8. When m=8, thenn=3 + 8 + 378

(un— 1) = (u3-s-31s

-1 = (uza— 13w

= ((ut+36) (u+31) (u+29) (u+27) (ut+26) (u+23) (u+14) (u+11) (u+10) (u+8) (u+6) (u+

1) (uz + 31) (uz + 29) (uz + 23) (uz + 14) (uz + 8) (U2 + 6))37s
Hence, Number of cyclic codes; (37s+ 1)1s
9. When m=9, thenn=3 + 9 + 379

(un—1) = (u3-9-37

= 1) = (uzr— 1)379

= ((ut1) (U+30) (ut+28) (u+27) (U+25) (u+21) (u+11) (u+4) (u+3) (us+30) (us+28) (us+
25) (us + 21) (us + 4) (us + 3))s79

Hence, Number of cyclic codes; (379 + 1)15
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10. When m= 10, then n=3 +« 10 - 3710

(un— 1) = (us-10-370

= 1) = (us0— 1)370

= ((u+36)(u+ 1)+ 27) (u+ 26) (u+ 11) (u+ 10) (U1 + 36us + uz + 36u+ 1) (U1 + 27us +
26u2 +36uU+10) (us +26us +10uz +u+26) (us +11us +10u2 +36uU+26) (us +10us +26uz +

u+ 10) (us+ us + uz + u+ 1))s70

Hence, Number of cyclic codes; (3710 + 1)12

2.9 Enumeration of the number of cyclic codes of un— 1 over GF(37)

when n= 5m + 37m

Let m € Z:, then;

(un—= 1) = (Usm-37m

-

1. When m=1, thenn=5 + 1 « 371
(un—1) = (us-37— 1) = (us— 1)a7

= ((u+36)(us+us+uz+ u+ 1))s7
Hence, Number of cyclic codes; (37 + 1)2
2. When m= 2, thenn=5 - 2 - 372
(un—1) = (us-2-372

= 1) = (uo— 1sne

= ((u+ 1)+ 36)(us+ 36us+ uz+36u+ 1) (Usa+ us+ uz+ u+ 1))sn



Hence, Number of cyclic codes; (372 + 1)4

3. When m= 3, then n=5 +« 3 « 373

(un=1) = (Us-3-3m

- 1) = (us— 1)

= ((u+36) (us +us +uz +u+l) (uio +us +1) = (U+36) (us +us +uz +u+l) (u+11) (us +
10us + 26uz + u+ 10) (u+ 27) (us + 26us + 10u2 + 26)) 373

Hence, Number of cyclic codes; (373 + 1)s

4. When m= 4, thenn=5 + 4 + 374

(un—1) = (Us-1-3m

-1 = (uo— sn

= ((ut1) (U+36) (u+6) (u+31) (ua+36ustuzt+36u+l) (ustustuztu+l) (Ust6) (Ua+31)) 374
Hence, Number of cyclic codes; (3714+ 1)s
5. When m=5, thenn=5 + 5 + 375

(un=1) = (Us-5-375

- 1) = (us— 13w

= ((u+36) (Uue+ us+uz+ u+ 1) (U20+ uis+ U0+ Us + 1))37

Hence, Number of cyclic codes; (375 + 1)3

6. When m=6, then n=5 + 6 + 376

(un—1) = (us-6-37

- 1) = (uso— 1)

= ((u+36)(u+ D@+ 27) (u+ 26) (u+ 11) (u+ 10) (us + 36us + uz + 36u + 1) (s + 27us +
26Uz +36u+10) (us +26u3 +10u2 +u+26) (us +11us +10u2 +36u+26) (us +10us +26u2 +

u+ 10) (us+ us + uz+ u+ 1))s7

Hence, Number of cyclic codes; (376 + 1)12

7. When m= 7, then n=5 +« 7 < 377

(un—1) = (Us-7-3m

- 1) = (uss— 1)3m

= ((u+ 36) (uiz + 28uir + 36uto + 8us + us + 29u7 + 35u6 + 9uUs + Us + 28us + 36Uz + Bu +
1) (uiz + 8uir + 36uio + 28u9 + us + 9u7 + 35us + 29us + u4 + Suz + 36uz + 28u + 1) (us +
us+ uz+u+ 1) (us+ 29u2 + 28u+ 36) (Us+ uz+ u+ 1))sn

Hence, Number of cyclic codes; (377 + 1)s

8. When m=8, thenn=5 + 8 + 378

(un— 1) = (us-s8-37s

- 1) = (ua0— 1)378

Hence, Number of cyclic codes; (378 + 1)1
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9. When m=9, thenn=5 + 9 + 379
(un—1) = (us-9-379

= 1) = (uss— 1o

Hence, Number of cyclic codes; (379 + 1)1s
10. When m= 10, then n=5 - 10 - 37w



(un— 1) = (us-10-370
- 1) = (uso— 1)370

Hence, Number of cyclic codes; (3710+ 1)

2.10 Enumeration of the number of cyclic codes of un—1 over

when n=p + 37mwhere p is prime, and m2> 0
Let m € Z, then;

(un—1) = (Up-37m

-1

1. When p=2, then n=2 - 37m

(un—1) = (uz-37m

-1 Vm=0,1,2,...
Let m=0,1,2,..., then (un— 1) = (u2-370.1.2..
_ 1)

Hence, No= (370+ 1)2, Ni= (371 + 1)2, N2= (372 + 1),

In general, when p= 2, the number of cyclic codes of (Up-3m
— 1) over GF(37) is given by

N= (37m+ 1)2 for all m> 0.

2. When p= 3, then n=3 + 37m

(un— 1) = (us-3m

-1 Vm=0,1,2,...

Let m=0,1,2,..., then (un— 1) = (u3-370,12..

-1

Hence, No= (370+ 1)3, Ni= (371 + 1)3, N2= (372 + 1)3,

In general, when p= 3, the number of cyclic codes of (Up-3m
— 1) over GF(37) is given by

N= (37m+ 1)3 for all m> 0.

3. When p=5, then n=5 + 37m

(un—1) = (us-3m

-1 Vm=0,1,2,...

Let m=0,1,2,..., then (un— 1) = (Us-37,12..

- D

Hence, No= (370+ 1)2, Ni= (371 + 1)2, No= (372 + 1)2,

In general, when p= 5, the number of cyclic codes of (Up-3m
— 1) over GF(37) is given by

N= (37m+ 1)2 for all m2> 0.

4. When p=7, then n=7 + 37m

(un— 1) = (ur-3m

-1 vm=0,1,2,...

Let m=0,1,2,..., then (un— 1) = (u7-370,12..

-

Hence, No= (370+ 1)3, Ni= (371 + 1)3, No= (372 + 1)3,

In general, when p= 5, the number of cyclic codes of (Up-3m

GF (37)



— 1) over GF(37) is given by
N= (37m+ 1)3 for all m> 0.
5. When p= 11, then n= 11 + 37m

(un—1) = (u11-3m

-1 Vm=0,1,2,...
Let m=0,1,2,..., then (un— 1) = (u1r-37012..
- 1)

Hence, No= (370+ 1)3, Ni= (371 + 1)3, N2= (372 + 1)3,

In general, when p= 11, the number of cyclic codes of (Up-3m
— 1) over GF(37) is given by

N= (37m+ 1)s for all m> 0.

6. When p= 13, then n= 13 + 37m

(un— 1) = (u13-37m

-1 Vm=0,12,...

Let m=0,1,2,..., then (un— 1) = (ui3-37.1z..

-1

Hence, No= (370+ 1)2, Ni= (371 + 1)2, N2= (372 + 1),

In general, when p= 13, the number of cyclic codes of (Up-3m
— 1) over GF(37) is given by

N= (87m+ 1)2 for all m> 0.
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7. When p= 17, then n= 17 -+ 37m

(un— 1) = (U17-37m

-1 Vm=0,1,2,...

Let m=0,1,2,..., then (un— 1) = (W17-370.2.

- D

Hence, No= (370+ 1)2, Ni= (371 + 1)2, No= (372 + 1)2,

In general, when p= 17, the number of cyclic codes of (Up-:3mm
— 1) over GF(37) is given by

N= (87m+ 1)2 for all m2> 0.

8. When p= 19, then n=19 - 37m

(un— 1) = (u19-37m

- 1) Vm=0,1,2,...

Let m=0,1,2,..., then (un— 1) = (u19-370,.12.

-1

Hence, No= (370+ 1)1, N1 = (371 + 1)10, N2= (372 + 1)1,

In general, when p= 19, the number of cyclic codes of (Up-3m
— 1) over GF(37) is given by

N= (87m+ 1)1 for all m2> 0.

9. When p= 23, then n=23 - 37m



(un=1) = (uzs-3m

-1 Vm=0,1,2,...
Let m=0,1,2,..., then (un— 1) = (u23-370,12..
- 1)

Hence, No= (370+ 1)2, Ni= (371 + 1)z, N2= (372+ 1),

In general, when p= 23, the number of cyclic codes of (Up-3m
— 1) over GF(37) is given by

N= (37m+ 1)2 for all m> 0.

2. 11 Generalization of the prime field GF (37)

Lemma 1. Suppose n= Xm * 37y, let Cxmbe the number of cyclotomic cosets of 37 mod Xmof the
cyclotomic polynomial Usxm

— 1, then the number of cyclic codes over a prime field GF(37) of un— 1,

denoted by Ner@7), is given by:

Neren = (37y+ 1) cm

Proof.

By induction, we need to show that ¥Yn= xm * 37y, NerGn = (37y+1)cxmwhere Cxmis the number
of cyclotomic cosets of 37 mod Xm

Assume the statement is true for some n= xm * 37y, we need to show that the statement holds for
n= xm * 37y+1. That is, NerFen = (37m+1 + 1)cCxmir .

Base Case (m= 0):

Here, Xm= 1, Uxm

-1

Consider the cyclotomic cosets of 37 mod xm= 37 mod 1 over GF(37)

Ci= {j+ 37mod 1 € Zn: k=0,1,2,...)

Uxm

— 1 is linear, so Cxm= 1

Now, for any arbitrary value of y, let n= 37y. When y= 0,

Neran = (37y+ Dom= (1 + 1)1 = 28

Where B is the number of cyclotomic cosets V Rn= GF(q)/{un— 1).

Therefore, this holds true for the base case.
Inductive Step:

Assume the statement is true for some m= a, i.e., for n= Xa = 37y
We have

NeF3n = (37y+ 1) cxa

Now, consider m= a+ 1, so that n= Xat1 * 37y.

X(X): XX-XX, 20XX

SCIENCEDOMAIN international

www. sciencedomain. org

The number of cyclotomic cosets of 37 mod Xa+1 is Cxa+i
By the inductive hypothesis,

Nerin = (37y+ 1) cxm

We show that for m= a+ 1,



NerFen = (37y+ 1) Cxa “

From the Ring of polynomials, Rn, it can be inferred that the number of cyclic codes, denoted by N,

N = 2= 2+1 — 2gwhere B is the number of cyclotomic cosets.

Therefore, we show that for arbitrary number of cyclotomic cosets Xa,
N= (37y+ 1)xatt

- (37y+ 1) Xa

Using the property of exponents
(37y+1) xa+1

(37y+1) xa = (37y+ l)xuﬂ
(37y+ 1) ~xa

Since Xat1 = Xa C Cxa

== (3Ty+ 1)xa
(37y+ l)fxa

= (37y+ l)xuwlfxu

=N
Therefore, by induction, the statement holds for m= 0, m=a, and m= a+ 1, thus holds for all
m2> 0.

Conclusion
The analysis focused on understanding the relationship between the number of irreducible monic

polynomials that un—1 factors into and the corresponding number of cyclic codes over GF(37). The
main findings from the investigation are summarized as follows:
1. The number of irreducible monic factors of un— 1 over GF(37) correspond to the number of

cyclotomic cosets of 37 mod n.

2. The number of cyclic codes over GF(37) of un— 1, denoted as N, is given by;

N:
0ooo
-
28, VB

(37Tm+ Dom, if n= 2m « 37m, where m € Z-

(87Tm+ 1), if n= 37m, where m € Z-

Where B is the number of cyclotomic cosents of 37 mod nof un— 1.

3. The cyclic codes over GF(37) for a wide range of parameters where n can be expressed as
Nn= Xm * 37ycan be enumerated by a relationship between the number of cyclotomic cosets of
37 mod Xm, Cxm, and the resulting number of cyclic codes NeF@37), be given by the formula:
Nerin = (37y+ 1) cxm
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