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Abstract

Let X be an arbitrary Banach space. The establishment of the Henstock-Kurzweil-Dunford-
Stieltjes (HKDS) Integral and Henstock-Kurzweil-Pettis-Stieltjes (HKPS) Integral of an X-valued
function over R shows a viable and more generalized integration process utilizing the notion of
dual spaces and weakly measurable functions. In this manuscript, the authors have discussed
about some convergence theorems of Henstock-Kurzweil-Dunford-Stieltjes Integral and Henstock-
Kurzweil-Pettis-Stieltjes Integral of X-valued functions on R via uniform convergence with respect

to the integrand and integrator.

Keywords: HKDS integral, HKPS integral, Bounded variation, Uniform Convergence.
2020 Mathematics Subject Classification: 46BXX, 26A42, 26A45

1 Introduction

For an arbitrary Banach space X with its corresponding dual and second dual space, X* and X**,
it is known that an X-valued function f over a closed interval [a, b] is said to be Henstock-Kurzweil-
Dunford-Stieltjes integrable with respect to a function g : [a,b] — R of bounded variation over [a, b]
if:

(¢) For all z* € X*, the function z* o f : [a,b] — R is HKS-integrable with respect to g on [a, b].

(44) For each compact subinterval E C [a, b], there exists an element 23" € X** such that
x5 oz’ = (HKS)/ z" o f dg
E

for all * € X™.
For a compact subinterval E C [a,b], the value of HKDS-integral on F is

(HKDS)/Ef dg = o [11]




On the other hand, if f : [a,b] — X is HKDS-integrable such that (HKDS)/ fdgeX,
E

particularly (HKDS) / f dg € e(X), for every compact subinterval E C [a,b], where e is the

E
canonical embedding of X into X** then f is called Henstock-Kurzweil-Pettis-Stieltjes integrable
with respect to g and

(HKPS)/Efdg: (HKDS)/Efdg

is called the HKPS-integral of f over the compact subinterval E C [a, b] with respect to g. [11]

With these integrals, this article is devoted on constructing potential convergence theorems
using the notion of uniform convergence supplementing our existing knowledge on HKDS-integral
and HKPS-integral. A sequence (f,)ne; of functions with common domain E, a function f on F
and a subset A of E, we say that the sequence (f,)5~; converges to f uniformly on A provided
that for each € > 0, there is an index N € N for which

|f — fa]l <eon A
for alln > N. (6]

2 Preliminary Notes

Essential terminologies needed in directing the conceptualization of the results are discussed on this
section. Throughout the rest of the paper, we consider an arbitrary Banach space X.

Definition 2.1. [9] A compact interval in R is just a closed interval of the form [u,v] where
u,v € R. This interval is said to be non-degenerate if u # v.

Definition 2.2. [9] Two intervals [u,v], [y, z] € R are said to be non-overlapping if
(u,0) N (y,2) = 2.
Definition 2.3. [9] A function 6 : [u,v] — R™ is called a gauge on [u, v].

Definition 2.4. [9] A point-interval pair (¢, [u, v]) consists of a point ¢ € R and an interval [u, v]
in R. Here, ¢ is known as a tag of [u,v].

Definition 2.5. [9] If {([uk,vx]) : K =1,2,--- ,p} is a finite collection of pairwise non-overlapping
subintervals of [a,b] such that [a,b] = [J_,[ux,vk], we say that {{ux,vx] : k = 1,2,--- ,p} is a

division of [a, b].

Definition 2.6. [9] A Perron partition P of [a,b] is a finite collection of point-interval pairs
{(tw, [uk,ve]) : k=1,2,--- ,p} where {[ug,vx : k=1,2,...,p]} is a division of [a, b] and
ti € |uk,vg] for k=1,2,--- p. Here, t; is called a tag of [u, vk].

Definition 2.7. [9] Let 6 be a gauge on [a,b]. A Perron partition
{(tk, [uk,v]) : k=1,2,---  p} of [a,b] is 6-fine if [uk,vi] C (b — 0(tk), tr + I(tx)).
Definition 2.8. [18] A function g : [a,b] — R is said to be of bounded variation on [a,b] if

sup {E[uk,vk]eD |g(ur) — g(vk)| ¢ is finite where the supremum is taken over all divisions
D = {[ug,vi]} of [a,b].

Definition 2.9. [8] A normed space (X, ||]|) is said to be complete if all Cauchy sequences in X
are convergent. In this case, X is a Banach space.



Definition 2.10. [6] A sequence {fn} of real-valued functions on D is said to be uniformly
bounded on D provided there is some M > 0 for which

|fnl <M
on D for all n € N.

Definition 2.11. [8] An operator T : V — W between vector spaces V and W is a linear operator
if for all ,y € V' and scalars a,

Tx+y)=Tz+Ty and T(az)=aTlz.

Definition 2.12. [8] A linear functional is any linear operator f : X — K, where X is a normed
space over field K, where K =R or K = C.

Definition 2.13. [8] Let X and Y be normed spaces and T : Z(T') — Y a linear operator, where
2(T) C X. The operator T is said to be bounded if there is a real number ¢ such that for all
z € 9(T),

ITz]| < cllz]|-

17|

I < ¢ where ¢ must

Here, the smallest possible value ¢ can take is observed on this inequality,
be at least as big as the supremum of
T
{“ 2, e @(T)}.

]

This quantity is denoted by ||T|| and is called the norm of the operator T. If ¢ = ||T||, then
ITz|| < T°[/]]]]-

In case of linear functionals, we have

[f @) < LA

Definition 2.14. [8] Let X be a vector space over K. Define
X*={f:X — K| f is a linear functional} and the following operations in X~,

(i + f2)(@) = fi(z) + f2(x) and  (af)(z) = af (2).

Then, (X*,+,-) is a vector space and is called the algebraic dual space of X.

Definition 2.15. [8] Let X be a vector space over field K. Define
X*={g: X" > K| gof forall f € X* wheregisa linear functional} and the following
operations in X**,

(g1 +g2)of=gof+geof and (ag)of=algof).

Then, (X**,+,-) is a vector space and is called the second algebraic dual space of X.

3 Main Results

The main results of this study is divided into two parts. The first part provides the convergence
theorems of HKDS-integral and HKPS-integral of Banach-valued functions over R and the second
part presents the Saks-Henstock lemma for these integrals.



3.1 Some Convergence Theorems

3.1.1 Uniform Convergence with respect to Integrand

Before presenting the uniform convergence for the integrand of HKDS-integral, we have the following
lemma,

Lemma 3.1. Let f : [a,b] — X be bounded linear operator and g : [a,b] — R be a function of
bounded variation. If the HKS-integral of f with respect to g exists on [a,b], then

H(HKS)/Ef dgH <7l M
X

for every compact subinterval E C [a,b], where M = sup Z lg(ur) — g(ve)|
[ug,vp]€D

Proof: Let z* € X*. Since f is HKS-integrable with respect to g on [a,b], then (HKS) fE fdg
exists. Let £ > 0 and a compact subinterval E C [a,b]. Since f is HKS-integrable, choose a gauge
0 on [a, b] such that for every d-fine Perron partition P of [a, b], we have

<E.

HS(f;g; P)~(HKS) [ 1 dg

,
By hypothesis, || f|| exists. Let Q be a -fine Perron partition of [a,b]. Notice that,

I[S(f;9: Q) = > FE)(g(vr) — glun)]

(tg[ug,v]) €Q

< D IFEIg(or) — glun)lllx

(th,[ur,vi])€Q

= > )k - lglvr) — glun)|
(tgs[ug,ve]) €Q

< > I1£11 - [g(vr) — g(ur)]

(tg[ug,vK])€Q

=AY lgow) = g(un))

(t,[ur.vi])€EQ

X

<l
Hence,
aixes) [ 1ag| < S(f;g;Q - (uks) [ 5 dg) FISUi @l
E X E %
<e+|fll- M.
By arbitrariness of ¢, the conclusion follows. O

Theorem 3.2. (Uniform Convergence I) Let f, : [a,b] — X and let g : [a,b] — R be a function
of bounded variation. Suppose that (fn)p=1 is a sequence of bounded and HK DS-integrable functions
with respect to g over [a,b]. If fn converges uniformly to f : [a,b] = X on [a,b], then f is HKDS-
integrable with respect to g over [a,b] and

lim (HKDS) /E fn dg = (HKDS) /E f dg

n—o0

for all compact subinterval E C [a, b).



Proof: Let € > 0 and z* € X*. Note that f, converges uniformly to f on [a,b]. So, there exists
Np € N such that for all n > Ny, and for all h € [a, b], we have

€
(lz*ll - +1) - (M + 1)

1£n(R) = f(M)lx < 37 (1)
where M = sup {Z[ukvk]ED lg(ur) — g(vk)|} If m,n > N and h € [a,b], then

[fn(h) = fm (M)l x = [Ifn(h) = F(R) + f(R) = fm(R)] x

<N falB) = FB)llx + 1 FB) = (B
S (ol + - (M +1) 3 (o g + 1) - (M+1)

_ 2-¢€
3 (llz*flxe +1) - (M +1)

Consequently, for all m,n > N1, we have

2-¢€
|z +1) - (M +1)

I = Jnll < 57

Now, from hypothesis, (x* o f,)n=; is a sequence of HKS-integrable functions with respect to g
over [a,b] by Theorem 3.1.5 on [11]. Let E C [a,b] be a compact subinterval. If m,n > Ni, then
using Lemma 3.1 and by the linearity property of the integrand of HKS-integral, observe that

’(HKS) /Ea;* o fn dg — (HKS)/EI* o fm dg’

z* (HKS/Efn dg — HKS/Efm dg)‘

S H(HKS> [ o~ (KS) | 1. dgHX

~ 17l - |01KS) [ (. 1)

X
<N e o — foull - M
2-¢e
< | - M
Sl 3 e v 0+
_2e
NI

oo

Hence, <(HKS) Jpx ofn dg

is Cauchy. Since X is a Banach space, <(HKS) Jza“ofn dg>
n=1 n=1
converges to, say A € X. Thus, there is an N2 € N such that for all n > Na,

H(HKS)/ o fn dg — AH <&

B x 3

Put N = max{N1, No}. Observe that z* o fn is (HKS)-integrable with respect to g on [a, b], so we
can select a gauge ¢ such that for any 6-fine Perron partition P of [a, b], we have

’5(9?* o fn;g; P) — (HKS)/

* €
T odeg‘<7.
E

3



Note that from (1), we have

|S(z" o f;9; P) — S(z” o fn; g; P)|

Yo T )(gr) —glu)) = D @ (v (te)(glor) — g(we))'

(tg,[ur.vi])EP (tg,[ug.vi])EP

= Y [T UEDlen) — glu)] - @ (aE)lgr) — g(un)]|

(tr>[ug,vE])EP

< X W) 2 Un ()] - [glon) — g(ur)|

(tr,[ug,vi])EP

< Y gl ) = ()l - [o(or) — glu)]
(tg,lug,vi])EP

<l x- - ) M

= e (g + D) - (M + 1)

€
3"
Hence,

|S(z" o f;9; P) — A| = |S(z" o f;9; P) = S(z" o fn;9; P) + S(z" o fn;g: P)
f(HKS)/

z* o fn dg+(HKS)/ z* o fn dg — Al
E

E

< |S(z" o f;9; P) — S(z" o fn; g; P)| + ’5(99* o fn;g; P) — (HKS)/

x" o fn dg‘
E

This exhibits the HKS-integrability of 2* o f with respect to g on [a, b]. So,

lim (HKS)/ o fpdg=A= (HKS)/ x* o f dg.
By Theorem 3.1.5 on [11], f is HKDS-integrable with respect to g on [a,b] for all 2* € X*. Now,
for each n € N, put
Thp(z") = (HKS)/ z" o fn dg.

E

Also,
v3 (2") = (HKS) / o f dg.

E
This means that for all 2* € X* and n € N, 275 converges to 27 in X**. Hence,

n—r00

2i's = lim (HKDS) / fn dg = (HKDS) / fdg=ay.
E E

|
For HKPS-integral, we have a similar convergence theorem,

Theorem 3.3. (Uniform Convergence I) Let f, : [a,b] = X and let g : [a,b] — R be a function
of bounded variation. Suppose that (fn)p=1 is a sequence of bounded and HKPS-integrable functions



with respect to g over [a,b]. If fn converges uniformly to f : [a,b] = X on [a,b], then f is HKPS-
integrable with respect to g over [a,b] and

n—oo

lim (HKPS)/ fndg= (HKPS)/ fdg
E E
for all compact subinterval E C [a,b].

Proof: Let E C [a, b] be a compact subinterval. The assumption implies that f, is HKDS-integrable
with respect to g over [a,b] such that (HKDS) [, fn dg € e(X) for all n € N. For each n € N, take
tn € X such that

e(t,) = (HKDS) /E Fa dg.

By Theorem 3.2, f is HKDS-integrable with respect to g over [a,b] and

lim (HKDS) /E fn dg = (HKDS) /E £ dg

n—00

which implies limp o0 €(tn) = (HKDS) [, f dg € e(X). This indicates that f is HKPS-integrable
with respect to g on [a.b]. Consequently, put ¢ € X such that

¢(t) = (HKDS) /E fdg

and the equality follows. a

3.1.2 Uniform Convergence with respect to Integrator

Let’s proceed to the uniform convergence with respect to the integrator and it needs the following
lemmas,

Theorem 3.4. Let g,gn : [a,b] = R and (gn)5=1 be a sequence of functions such that gn converges
uniformly to g and gn is uniformly bounded. If g, is a bounded variation on [a,b] for all n € N,
then g is also a bounded variation on [a,b].

Proof: Let g : [a,b] — R and (gn)n=1 be a sequence of functions on [a,b]. By assumption, for each
n € N, gn is a bounded variation on [a, b]. This means that for each n € N,

sipd 3 Ignlu) — gaw)] b < o0,
" [ug,vg]€ED

This implies that 3>/, . 1cp |gn(ur) — gn(vk)| < oo for each n € N. Let S be a division of [a, b]
and let M > 0 such that |g,| < M. Note that

Y lgw) —g)l= Y

[u,v]€S [ug,vip]€S

lim gn(ux) — lim gn(vk)
n—oo n—oo



since g, converges uniformly to g on [a,b]. Now,

Do lgw) =g =

lim gn(uix) — nh_}rrgo gn(vk)’

[u,v]€S [ug,vE]€S noee
= > (Jim lga(w) = ga(v)])
n— o0
[ug,vg]€S
= lim, ( > gn(uw—gn(vkn)
[ug,vE]€S
< lim ( > gn<uk>|+|gn<vk>|)
[ug,vE]€S
=nlgngo< > gn(Uk)|>+n1LH;o< > gn(vk)|>
[ug,vE]€S [ug,vE]€S
< 1 .
S D Ml > M
[ug,vE]€S [ug,vi]€ES
= lim > 2M=k-2M <
[ug,vE]€S

where k is the number of subintervals on S. Fix M, = k-2M. Then Z lg(u) — g(v)| < Mo,.

[u,v]€S
Taking the supremum, we have
sup Z lg(u) —g(v)| p < M, < 0.
[u,v]€S
Therefore, g is a bounded variation on [a, ). O

Theorem 3.5. Let f : [a,b] = R be a continuous function and (gn)a=1 be a sequence of functions
that are of bounded variation. If g, converges uniformly to g andsup{|D| : D is a division of [a, b]}

is finite. Then the sequence
(oo}

(mxes) [ () don)

n=1

1s Cauchy for all x* € X™.

Proof: Let z* € X™. Note that Proposition 3.3.2 on [11] states that ™ o f is continuous on [a, b].
Using Lemma 3.3.1 on [11], 2" o f is HKS-integrable with respect to g, on [a,b] for all z* € X*.
Fix € > 0. For each n € N, there exists a gauge J,, such that

S(z" o f;gn; Pn) — (HKS)/ z* o f dgn
[a,b]

< £
4

for every d,-fine Perron partition P, of [a,b]. Put § = inf{d,, : n € N}. Let P be a d-fine Perron
partition of [a,b]. Then P is a J,-fine Perron partition of [a,b] for all n € N. This implies

S(z" o f;gu; P) — (HKS) / " o f dga

< £
(a,b] 4




Since z* o f is continuous on [a,b], z* o f is bounded in [a,b]. This implies an existence of K > 0
such that |z*(f(h))| < K for all h € [a,b]. Now, put

W =sup{|D| : D is a division of [a, b]}.

Since g, converges uniformly to g on [a, b], there is N € N such that for all n > N and h € [a, b], we

have
€

< BEEyw T

|gn(h) — g(h)

By Lemma 3.4, g is a function of bounded variation on [a,b]. Also, g, — g is a function of bounded
variation on [a,b]. Let D be a division of [a, b]. We will now find a bound for

> (gn — 9)(ux) = (g — 9) (i),

[ug,vE]€D

> llgn — 9)(ux) = (ga — 9)(vs)]

[ug,vi]€D

< Y g =)+ D g —9)(wn)l

[ug,vE]€D [ug,vi]€D

= > galw) —g(u)l+ D ga(vr) — g(vr)]
[ug,vi]€D [ug,vr]eD
< 2 SRIDWID

[ug,v]€D
5
Pl sm w1
£ €

=W 8K+ 1)(W+1) 8K+1)

Hence,

|S(z" o f;gn; P) — S(z” o f;9; P)]
=[S(z" o f;gn — g; P)|

= Yo (Ft)gn —9) (k) = (9 — 9)(ur)]

(tg[ug,vi])EP

< Y ) gn — 9) (k) — (gn — 9)(w)]]

(tg[ug,vi])EP

< D @) (gn — 9)(ok) = (90— 9)(un)]

(tg[ug,vi])EP

< Y E-l(gn—9)@) = (gn — 9)(ur)]

(t,[ug,vi])EP

=K. > lgn—9)(wr) = (gn — 9)(ur)|
(tg[ug,vi])EP

€ €
<K - =%
=T R(K+1) 8



So, if m,n > N, then
|S(z™ o f; gn; P) — S(z” o f; gm; P)|
< IS(x" o fign; P) — S(a" o f;9; P)| +1S(z" o f;9; P) — S(x" o f; gm; P)|
=[S(z" o f;9n — g; P)| +1S(z" o f; 9m — g; P)|

< -+

€
8

=] M ool M

Therefore, for all m,n > N,

(HKS)/ z" o f dgn — (HKS)/ z* o f dgm
[a,b] [a,b]

(HKS)/ " o fdgn —S(x" o f;gn; P)
[a,b]

+ S(z" o fign; P) — S(z" o f; g; P)
+S(z" o f;9; P — S(x" o f; gm; P)

1 5(2" o f; gm: P) — (HKS) / " o f dgm
[a,b]

<

(HKS)/ z* o f dgn — S(x" o f;gn; P
[a.]

+1S(z" o f;gn; P) — S(z" o f;9; P)|
+1S(z" o f;9; P — S(x" o f; gm; P)|

+|S(z" o f;gm; P) — (HKS)/ z" o f dgm
[a,b]
ELELELE
4 4 4 4
=c
which implies that the sequence <(HKS) f[a b "o f clgn>oo is Cauchy. O
? n=1

Theorem 3.6. (Uniform Convergence II) Let f : [a,b] — X be a continuous function on [a, b]
and let (gn)o1 be a sequence of functions on [a,b] that are bounded variation. Suppose that g,
converges uniformly to g on [a,b], then f is HKDS-integrable with respect to g on [a,b] and

lim (HKDS) /E f dg. = (HKDS) /E £ dg

n—00

for all compact subinterval E C [a,b].

Proof: Let 2* € X*. Using Lemma 3.5, the sequence <(HKS) f[a . z*o f dgn>
Consequently, this sequence converges, so we can fix lim,— .. (HKS) f[a " z¥ o f Jgn =K. It

remains to show that K = (HKS) f[
such that for all n > N, we have

[ee]
n

is Cauchy.
=1

a.b] z* o f dg. Being convergent implies the existence of N € N

(HKS)/ "o f dgn — A
[a,b]

<&
3



Specifically,

‘(HKS)/ 2 o f dgy — A
[a,b]

< g (2)

Since z* o f is HKS-integrable with respect to gy on [a,b], we can choose a gauge § on [a, b] such
that

3)

S(f: gw;: P) — (HKS) /[ &S do

for any d-fine Perron partition P on [a,b]. Furthermore, using the part of the proof of Lemma 3.5,
we can have,

1S(z" o f;9;:P) — S(z” o fign; P)| <§- (4)

Hence, by (1),(2), and (3), we have,
|S(z" o fi9;P) — K| = ‘S(w* °f;9;P) = S(x" o fign; P)

+8(a" o figniP) ~ (HKS) [ a"ofdg
[a,b]

+(HKS)/ "o fdg— K
[a,b]

<|S(z" o f;9; P) = S(z” o f;gn; P

+

S(z" o fign; P) — (HKS)/ z" o fdg
[a,b]

+

(HKS)/[ b]x*ofdgK'

<z+z+

£
3

O wlm
Wl m

Thus, K = (HKS) f[
[a,b]. So,

ab] x" o f dg indicating that z* o f is HKS-integrable with respect to g on

lim (HKS)/ zo fdg, = (HKS)/ z* o f dg.
nree [a,b] [a,b]

To this end, by Theorem 3.1.5 on [11], f is HKDS-integrable with respect to g and g, on [a,b].
Now, let a compact subinterval E C [a,b]. For each n € N, put

Thp(z”) = (HKS)/ z" o f dgn.
E
Also,
25 (@) = (HKS) / "o f dg.

E
This means that for all 2* € X* and n € N, x;"s converges to % in X**. Finally,

'y = lim (HKDS) [ fdg, = (HKDS) | fdg==z%.
’ n—oo E E



O
On Pettis type integral, we have the following uniform convergence with respect to the integrator.

Theorem 3.7. Let f : [a,b] — X be a continuous function on [a,b] and g : [a,b] — R such that
(HKDS) [, f dg € e(X) and let (gn)p=1 be a sequence of functions on [a,b] that are of bounded
variation such that (HKDS) fE f dgn € e(X). Suppose that g, converges uniformly to g on [a,b],
then

n—00

lim (HKPS)/ fdgn = (HKPS)/ fdg
E E
for all compact subinterval E C [a,b].

Proof: Let E be a compact subinterval of [a,b]. By hypothesis, (HKDS) [, f dg € e(X) implies
f being HKPS-integrable with respect to g on [a,b]. In a similar manner, for each n € N,
(HKDS) [, f dgn € e(X) implying that f is HKPS-integrable with respect to gn on [a,b]. Fix
u, Un € X such that

e(u) = (HKDS)/ fdg and e(un)= (HKDS)/ f dgn.
E E
Observe that by Theorem 3.6,

lim (HKDS)/ fdgn = (HKDS)/ f dg.
n— 00 E E
This indicates that

nh_}n;o e(un) = e(u).

That is, the sequence (e(u,))ne1 in e(X) converges to e(u). Consequently, the claimed equality
follows by definition of HKPS integral. |

4 Conclusion

Let X be a Banach space. Given a sequence of Banach-valued functions (f,)ne; on R, the
presentation of convergence theorems for HKDS integral and HKPS integral using the notion of
uniform convergence with respect to the integrand and integrator provide sufficient conditions for a
Banach-valued function f on R to be integrable with respect to this sequence. This is vital especially
on predicting the integral values of such functions efficiently and systematically.
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