Estimation involving a class of special
arithmetical functions

ABSTRACT

The mean value estimation of arithmetical function is closely related to many problems in
number theory. Let f be an arithmetical function satisfying some conditions. Let [r] be the
integral part of r.This paper proves thattheasymptotic expression

y)=> f ([y/n])/([y/n]k_l)(k e[l ") andthe error term of this asymptotic formula is Q(y)
n<y

.The arithmetical function in this paper satisfies certain conditions, and the Dirichlet
hyperbolic principle is used in the proof of the conclusion. With the different values of the
independent variable of the function, the function value of the arithmetical function is often
irregular, and the property of the mean value of the arithmetical function is more regular than
that of the arithmetical function itself. Therefore, with the help of the mean value estimation
results of the arithmeticalfunction, we can have a deeper understanding of the nature of the
arithmetical function itself, and then provide ideas for solving more problems.

Keywords:Arithmetical function; Asymptotic formula; Integral part; Dirichlet hyperbolic
principle.

1. INTRODUCTION

Generally, ¢(n)= Z 1 is called Euler totient function. o(n)=>_gis called the sum of
1<g<n,(g,n)=1 gln

divisors function. £ (s)is called the Riemann function.[r]is called the integral part of r. In
2019, Bordellés, Dai, Heyman, Pan and Shparlinski[1] proved that
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4009 ¢ (2 = 4009 ¢(2) 4009

fory —>o0. In 2019, Chern[2] improved the upper and lower bounds of ng([y/n]) and

n<y

obtained that

285 1 285 1 131
a6 Z(2))' %Y rOUke:Y) Z“’@nD (416 50) 416Jy'°gy+0(y'°92 ) @

for y —>o0.In 2019, Wu[3] estimated the bound of ) ¢([y/n]) by using the method of

n<y

exponential sum and obtained that

%ylogy+0 ng( [y/n])< ( +—jy|ogy+0(y) ()

for y —>o0. In 2020, using the theory of exponential pairs[4] and the Vinogradov method[5],
Zhai[6] proved that

S o(ly/n))=45Y +0(y(ogy)" (g, )"} @)




for y —>o0. Owing to ¢(n) and o(n) have analogous properties, it is meaningful to study

the asymptotic behaviourof S_(y):=>"o([y/n]). In 2021, Zhao and Wu[7] proved that

n<y

> o([y/n]) =%2ylog y+0(y(logy)™ (log ,y)") (5)

n<y

for y—>o. In 2022, Ma, Wu and Zhao[8], defined arithmetical function z by Dirichlet
convolution for general arithmetical function f , and obtained the asymptotic estimation

results of Z f ([y/n]) when f satisfies certain conditions.In 2023, Ma and Sun[9] used the

n<y

method of three-dimensional exponential sum to obtain that
f([y/n]) f(m)
_ O 1/4+¢ 6
% [y/n] yémz(erl)Jr (y ) ©
fory >, fe{o.p By} (here o, ¢, B, y are some given arithmetical functions with

similar product structure)andany &>0.In 2023, Li and Ma[10] defined the arithmetical
function z by Dirichlet convolution for the general arithmetical function f , and obtained the

asymptotic estimation results of S, (y)=> f([y/n])/([y/n]) when f satisfies certain

n<y
conditions.
Naturally, according to the cognitive law from special to general, we consider whether we
can get a more extensive conclusion. In this paper, we consider the asymptotic estimation

results of S, (y)=>_f ([y/n])/([y/n]kfl)(k ") and the asymptotic form of the remainder
n<y

when the number theory function f satisfies certain conditions.
Inspired by [11], let t, t,, t; be three increasing functions defined on [1,oo) such that when
y=1,

1<t (y)0 y* (i=123), t,(y) >, (7)
wherer, is a constant on (0,1).
Let f be an arithmetical function, define f =id* *z(k eD*), and assume that f satisfies
the following conditions:

|f(n)0 n't,(n) (n=1), (8)
PO ) 2, ®
2(n) y .

;FD Czy+0{t3(y)] (y=1), (10)

where C, is a constant (can be equal to 0 ).Then we get the following results.

Theorem 1.1(i)For any constant B>1,k €[] *,we have

Sf(y):=§%=nylogy+OB(yE(y,h)) (11)

fory>3 and 1<h<(logy)®”, where C, :=iz(n)n'("“) , and

n=1



t,(y/h)logy  hlogy

E(y.h):=(logy)™ (log, y)"t, (y)+

h t,(y**/h)’
where the implied constant is only related to B .
(i)If there exists a positive constant ¢, <1 such that the condition (f (p_k%)l <c,f(1)p or
p-1
f(p-1)| e . .
( )H >c,' f (1) p>0 holds for infinitely many primes p, then the remainder yE(y,h) of
p-1
Si(y) is Q(y).
2. LEMMAS

In order to prove the theorem, some lemmas are required. Define y(r):=r—[r]—(1/2).
Lemma 2.1[12]For y>10, exp{cz(log y)m} <M <y*® and M <M’ <2M, there are positive
numbers ¢, and c, such that

3

1 —c;(logM )*/(log y)? (|Og M)
Zy(yin)0 e -
Ms%:M‘n ( ) (Iogy)z

Lemma 2.2[7]Let2<b <b, <y, F,(r)=(1/r)y(y/r). Let V [b,b,]be the total variation of
F,on[b,b,]. Then we have

1
by

Ve, [b,b,]C b1—y2+

where the implied constant is absolute.
Lemma 2.3 (i)Let f (n) satisfies the conditions (9)and (10), we can obtain

gy: fnsj) :% Y _CZyW_AZ (y,h)+0(ytz (::/h)+t3(§r} h)J (12)

(9
A (y.h)=y > 2(k )w(ylg)- (13)
g<y/h g
(ilwe have
f(n) 1
Z# =>Cy*+0(y(logy)t. () (14)
n<y
for y>2.
Proof. Using f (n) = Z z(g)mk and Dirichlet hyperbolic principle, we can write
gm=n
f(n z(g
Z nE—l) = Z (k—l) m=3S,+S,-S;, (15)
n<y gm<x

where =Y ¥ 2Wn sy v 29 sy eZO

g<y/hmsylg g B m<h g<y/m g g<y/hmsh g B
Firstly, according to conditions (9), we can calculate



g<xih 9
i)
P P tadIe

I I RN {ytz(z’h)j, (16

2 g<y/h g

where A, (y,h) is defined by (13), and the first term of (16)can be calculated by
usingthecondition (10).

Z k+1 iz kel Z Z(k?l)

g<yh 9 91 9 g>yh 9

P u
-C, —j% [c u+o[ts(u D
_l 2_1 B ytz(y/h) yh
Sl_Zny 2Czhy Az(y,h)+0[ » +t3(y/h)J’ (17)

=C,-C —+O(

Then,

0

where C, :=> z(n)n™?, A, (y,h) is defined by (13).

n=1
Secondly, we can caIcuIate according to thecondition (10).

S_

m<h g<y/m

2 —+0(mﬂ

=Czy[h]+0[ &Ch)) (18)

83_2 klzm

g<y/h 9 m=n

_y 2(g) [h]([h]+1)

k-1
g<y/h g 2

[h]([h]+1)
:(CZ%JFO(htg(il//h)]] 2
_[hl([n]+D) ( yh J
=————C,y+0

2h t,(y/h))

Substituting the results of (17), (18) and (19) into (15), we can get (12).
Letting h=1in (12), we can write

(19)



(v, )0 yZ' |D y(log y)t, (y)-

g<y
Then we can get (14).
Lemma 2.4 Let f satisfies the condition (9), A,(y,h) be defined by (13). Let B be a

positive constant, M = exp{((B+3)/c3)1/3(log y)m’(log2 y)m}, where c, is a constant given

by Lemma2.1, then for y>10 and ZShS.fMO , we have

h h)l
3 A( j 3 Az[z_l,hju ytz(y/B)+ytz(y/ Jlogy 20
M0<n<\f n M0<n§f n (|Og y) h
Proof.Define A, ( = > A ( ) = > A [——1 h} By (13), we can write
M0<n<f M0<n<f
2(9) ( y]
A (y.h)=y v =
1 (v:h) Moéﬁgs(yz(nh)) g“n gn
Z(9 1 y
-y 3 M)y 400
g<(y/(Mgh)) g MU<n£min{\ﬁ,y/(gh)}n gn
= YA (y,h)+yAf(y.h), 1)

where

sm= 3 1 5 L0

9<(y/(Moh)) g M0<n£(y/g)2/3n

spny= > H 40,

ox(y/Man)) 9 (yrgf*<nsminf(Fyi(am) N LGN

Let M, :=2'M,, we can deduce 0<I s(log((y/g)ZIS/M()))/IogZ.

Define S,(g)= >, lw(g_yn) .Since MOSM,s(y/g)m, using Lemma 2.1, we can

M, <n<2M,; n
deduce

s (g)D e—S((IogM,)3/(I0g(y/g))2)
| 1

where 9(r):=c,r—logr .
For I>0and g <y/(Mh), we can obtain

(logM, )’ /(Iog(y/g))2 >(logM, )’ /(log y )’ =((B+3)/c,)log, y,

L(Ioﬂ] 3(((B+3)/¢;)log, y)

Iog(y/g))

=(B+3)log, y—Iog(BJFS

3

log, y) >(B+2)log, y,

B-2

then S, (g)(1 (logy)
Using thecondition(9), we can write

a3 B9 s s ()

a<(y/(Mgh)) g Mo<(y/g)*®




1 2(9)] | t(y/h)
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Now we bound Af(y, h). This requires the help of the following summation formula:

> F(n)=[ F(u) +%(|:(|\/|1+1)—|:(|\/|2 +1)+O(Ve [My+1M, +1]).  (23)

M, <n<M,
This formula has been proved in Zhao and Wu[7]. In the formula, F(r) is a bounded
variation function defined on the closed interval [n,n+1], and V. [n,n+1] is the total variation
of F.We apply (23) to

F

(y/g>(r)=%l//(Lrgj, M, =[(y/g)2’3] , M, =[min{ﬁ,g—th .

By Lemma 2.2 , we can write

y/g 1
V, M, +1L, M, +1{0
Flyrg) [ 1AM T ] (M1 +1)2 +(M1 +1)

y/g 1

= +

((Y/ g)2/3 _{(y/g)2/3}+1)2 ((y/g)Z/s _{(y/g)2/3}+1)
3

-1/3
Letting v=y/(dn), we can get > lw(lJD h“{lj 0 h?.
g

y/g)2/3<n<mln{y”2,gi;]} n gn
Thus,
Af(y,h)0 b z| 9)| 2(y/h)logy on
g<y/h h

From(21), (22)and (24), we get

e yt.(y/h) vt (y/h)logy
(log y) h
Using the same proof idea, we can get that |A2 y, h)| has the same bound.

3. THE PROOF PROCESS OF THEOREM 1.1
3.1ProofofTheorem 1.1 (i)

|A1(y,

Letting g {X]we can derive X—1<g <Y and Y cn<¥ Let f(0)=0, we have
n n n g+1 g

=S, (v, f)+S,(y, f)=S;(y. f), (25)



where

S(y.f)= > uz[f(ki)_ fg(g_l)}er(l),

S(.0)= ¥ {f(ki)—f(g‘l)}zf(l),

gn<y,g>2,n<y"?

S, (v )= Zz[f(kgl)_ fg(g—l)}er(l).

Firstly, we estimate S,(y, f). We can write

R = RS

=y 2 l[f(kgl)— (9 1)] [v]f(2)+ [ > |f(g)—f(g_ﬂ|}- (26)

w9 0 (g-1) e 0 (g-1)
Using Lemma2.3 (ii) and integration by parts, we can write the sum of the first term of (26)as

1 f(g) f(g9-1)
f(9)
2<g<y? g 1<g;¢’271gk_1(g+1)
@ ) @
wimr 0 (0+2) [y [ ([ye]+) 2
_ z f(9) + llzf([yllz]) f(l)

2<geyt? gk+1 2<ggyﬂzgkﬂ g+1 (|:y1/2 ) 2
(

y”2 ~
- Zd( C,u” +0(ut, (u Iogu} (t1 y“z))
1
=§Cf log y+O(t1(y“2)), (27)
and the sum of the third term as
f(g f(g-1 f(g
9 1Y > 19l S g0 wy- @8)
2<g<y?| O (g—l) 2<g<y”2| 9 2<g<y??
Inserting (27) and (28)into (26), we get
1
S,(Ys f)=§nylogy+O(yt1(y))- (29)
Then, we estimate S, (y, f ) We write
S, (v, f)=si(y. 1) +S](v. f), (30)

where

Sene T [fgg) f(g- 1)} LY ),

gn<y.g=2.n<M, | 9 (g n<M,



k-1
gn<y,g=2,M,<n<y’? g ( _1)

st 3 [, w )

According to the condition (8), we can get

Si(y, f)=Y ——F flly/n) 7Y Y (y)7 y(logy)” (log, y)t.(y). (31)

n<M, [ / ]k * n<M, n

On the other hand, by Lemma 2.3(i), we can write
2
fo) < f(9) 1. (. 2y (h=[h])" +[h]
- ==C —(y-1) |]-————C
; gk—l ggzy—l gk—l 2 f(y (y ) ) 2h z

where A, (y,h) is defined by (13).

Thus, according to 1<h<(logy)°", we can write

sivf)= 2 > [g(kgl) fo- 1)]+M§;wa(1)

k-1
Mg <n<y¥2 2<g<y/n (g —1)

y y y yh yt,(y/h)
- C,2-A,l L nl+a,[Z-1h]+0
Py S N e

1
=§nylog y—A,(y,h)+4,(y,h)

hlogy Yt (y/h)logy
+0O log y)** (lo Y y + , 32
[y( gy)" (log, y) Ly ) . (32)

where

- A( j yt,(y/h)logy

1
Mo<n<y h

= 2 A (——1hj w_

Mg <n<y¥?

Substituting (31) and (32)into (30), we can obtain

1
Sz(y,f)=§nylogy+O(yE(y,h)), (33)
where
. /h)logy  hl
C, =Y z(n)n" Y, E(y,h):=(logy)** (log, y)"*t, (y)+ -2 t(y/h) 9y, S?y )
= h t,(y'*/h)

Finally, usingcondition (8) to estimate S, (y, f), we can get

SJy,f):%

From (25), (29), (33) and (34), we get (11).

[y ]0 v (y). (34)



3.2ProofofTheorem 1.1 (ii)
Let the remainder yE(y,h) of S, (y)be R, (y), define R; (y):= max{|Rf (v))|Rs (y—1)|}.
f(p-1)

Suppose that —|<c f(1)p holds for infinitely many primes p, then for every prime

p thereis
ZF¥¥ “glJ > 1(1)=5,(p)-S, (p-1
ap| 9 (g n<p
=C,plogp-C; (p-1)log(p-1)+R (p)—-R;(p-1)
<2R; (p)+O(log p).

f(p-1)

—{<c,f (1) p and condition (10), it can be obtained that for each

By using assumption

prime p, there is

Z(T?- 91@ Si=tE L0 5

ap( 9 (g n<p (p—l) n<p

1
2> (1-c)f(D)p
So for each prime p, we have R; (p)>%(1—cl) f(1)p
f(p-1
(-3,
p-1)

Suppose that ¢ f (1)p>0 holds for infinitely many primes p, then for every

prime p thereis

Z(f(kgl) flo- 1} +> f(1)=-2R; (p)+O(log p) .

o 9 (g n<p

f(p-1)
p_l)k—l

By using assumption >ctf (1) p >0 and condition (10), it can be obtained that for

each prime p, there is

z(%? f ] S 1@

ap| 9 (g n<p

So for each prime p,we have R; (p)>= ( -1)f(1)p>0.

In summary, the remainder of S, (y)is Q(y).



As applications, if k =1in the theorem of this paper, the theorem in Ma, Wu and Zhao[8] can
be obtained. If k=2 in the theorem of this paper, the theorem in Li and Ma[10] can be
obtained.

4. CONCLUSION

In this paper, the asymptotic formula of S, (y) ::Zf([y/n])/([y/n]k'l)(k el") and the
n<y

asymptotic form of the remainder are proved by using Dirichlet hyperbolic principle, which
provides the results for the mean value estimation of more arithmetical functions, and also
provides the idea for calculating the mean value estimation results of arithmetical functions.
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