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Laplace equation. Laplace equation is one of Elliptic partial differential equations. These
kinds of differential equations have specific applications models of physics and engineering.
We consider four models with two Dirichlet and two Neumann boundary conditions. The
mentioning that here only a few number of iterations are required to reach the closed form
solutions as series expansions of some known functions)

equation, Iteration

1. INTRODUCTION
Most of the problems in physics and engineering often use partial differential equations.A
linear second order partial differential equation can be written as Au,, + Bu,, + Cu,, =
F(x,y,u,u.,u,) where A, B and C may be functions of x and y. (x,y), denotes the
independent variables and u(x,y), the dependent variable, or solution of the PDE. If
B? — 4AC < 0, then the equation is called Elliptic.

Laplace equation is one of Elliptic partial differential equations. The Laplace equation,
named after the French mathematician Pierre-Simon Laplace. It is a fundamental equation in
classical field theories and plays a crucial role in various scientific and engineering
applications. The Laplace equation is a second-order partial differential equation. In two
dimensions (2D): V?u = Z%ﬂi% = 0. Here, u is the unknown function of the variables x, y
and V2 is the Laplacian operator, which is the divergence of the gradient of u.

DTM was first introduced in 1988 by Zhou. This method can be used to solve linear and non-
linear ordinary differential equations. Chen and Ho developed this method as a two-
dimensional differential transformation method for PDEs and obtains closure by rank
solutions for linear and nonlinear initial value problems. This method reduces the size of the
computational domain and is easily applicable to many problems.

Dirichlet condition means the value of the function is prescribed, when u(x,y) = g(x,y) on
the boundary 9Q.

Neumann condition means the value of the derivative normal to the boundary is prescribed,

when Z—: = v(x,y) on the boundary 9Q.

2.METHODOLOGY
In this study, the two dimensional differential transform method is used to find solutions of
elliptic equations.

One dimensional differential transform function u(x, y) can be represented as,

u(x,y) = Tz F(m)x™ Tieeg G (M)y™ = o Timo U(m,mx™y™ (1)
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Where U(m,n) = F(m)G(m) is called spectrum of u(x,y). u(x,y) = f(x)g ().

The basic definitions and operations of two-dimensional differential transform method:
Definition 1: If a function u(x,y) is analytic and differentiable with respect to time t in the
domain of interest,

1 [a™m Mu(x,y)
’U(m' n) ~ mm! axmoyn

)
X=X0,Yy=Y0

Where the spectrum U(m,n) is the transformed function. Then the differential inverse
transform of U(m,n) is defined as follows

u(x,y) = Xn=o Zn=o U(m,n)(x = x0)™ (¥ = ¥0)"| @)

u(x,y) - original function, U(m,n) - transform function
Combining equation (2) and (3), it can be obtained that

403Y) = o Zicoi e G-x)" -y @

n! magyn
min! L dx™ay X=x0,y=Y0
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Theorem:

1. Ifu(x,y) =v(x,y) £ w(x,y), then
U(m,n) =V(m,n) £ W(m,n)

2. Ifu(x,y) = av(x,y), then
U(m,n) = aV(m,n)

3. Ifulx,y) =v(x, y)w(x,y), then

U(m,n) = i Z V(k,n = DW(m — k, 1)

k=01=0
_ 3r+517(x,y)
4. Ifulx,y) = Py , then
m+r)(n+s)!
U(m,n) = !uV(m +r,n+s)
m! n!
5. Ifu(x,y) =e®®¥) then
( e g =n=0

m-1 n

m—k
az B Yy m—kDUn—1) m=1

U(@m,n) = == ™
i m n-—1 n— l
laz —V(k,n—DU(m - k,n), nx>1
== "
6. Ifu(x,y) = x*y"  then
_(6(m—k,n—h), m=kn=h
u@m,n) = { 0, otherwise

7. IFu(x,y) = x*e?, then

n

U(m,n) = 6(m — k)%

3. RESULTS

Solutions of Laplace equation
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Consider the second order Laplace equation, given as
uxx +uyy =0, O<x,y<Tm

Dirichlet boundary condition (01)
u(x, 0) = sinh x, u(x, ) = —sinh x,
u(0,y) =0, u(, y) = sinh(1T) cos y.
Taking the differential transform
M+1)(mM+2)Um+2,n)+(n+1)(n+2)Um,n+2)=0
u(x, 0) = Y _oU(m, 0)x™ = sinhx = Z;",;:Ojn—' ; m-odd
which, on comparing the both sides yield

1

U(m, 0) Z{E' ifm—odd
0, otherwise

u @)= ) vEmy"
u,n)=0

mln!
0, otherwise

u(x,y) = Z _OZ _OU(m,n)xmy”

u(x,y) = ZC’O zw (_1)%xm n
Y m=135.4=n=0,24, Min! Y

u(x,y) = sinhx cosy

Vi
Um,n) =3 i’ if m—odd,n —even

Dirichlet boundary condition (02)

u(x, 0) =0. u(x, m) =0,

u(0,y) =siny, u(tr, y) = cosh() sin y.

Taking the differential transform

M+1)(mM+2)Um+2,n)+(n+1)(n+2)Um,n+2)=0
u(x,0) = Zmzox(m, 0)=0

u(m,0) =0

” @ (17
u(O,y) = Z =0x(m, O)xm = smy = z ( ) yn




GV A
U,n) = oy , if n—odd
0, otherwise

-D" )
U(m,n) = ool if m—even,n— odd
0, otherwise
o © (_1)n—1/2
u(x, y) = z Z xmyn
m=0.2,46, bmdn=135, M

m

1
o X *® (_1)"7E n
u(x' y) - Zm:O,Z,‘l.--mzﬂ:lB's n! g

u(x,y) = coshxsiny

Neumann boundary condition (01)

uy(x, 0) =0, Uy(X, ) = 2 cos 2x sinh 2 1T
Ux(0,y) =0, uym,y)=0

Taking the differential transform
(Mm+1)(M+2)Um+2,n)+(n+1)(n+2)Um,n+2)=0

uy (x,m) = z Z a0 (m, n)x™
m=0 n=0

uy (x, ) = 2cos2xsinh(2m)

o0 -1 % o0 2m)"
u, (x,m) = sz=o( m!) @2x)" ano( ™)

n!

By changing the index n, and comparison, we have

(_1)m/22m+n+1
Ulmn+1) = (n+ Dm!n!

(_1)m/2nm+n
U(mn) = m!n! ’
0, otherwise

© © (_1)%2m+n _—
u(x'y) = Zm:O Zn=0 mln! Ty

_y® Moty @)
u(x.y) = Zm=o,2,4,...TZFO'“"" n!

u(x,y) = cos2xcosh2y

if m—even,n— odd




Neumann boundary condition (02)

uy(x, 0) =cos x, uy(x, 1) = cosh 1T COS X,

ux(0,y) =0, ux(m, y)=0
Taking the differential transform

M+1)(mM+2)Um+2,n)+(n+1)(n+2)Um,n+2)=0

o o0 -1 %xm
uy(x, 0) = Z U(m, 1)xm = cosx = Z L
n=0 m=0 m!
o
UmD ={"mr if m—even
0, otherwise
ux(0,y) = Z U(l,n)y*=0
n=0
U(l,n)=0
(-2
ummn) ={"mm "’ if m—even,n— odd
0, otherwise

n

M= Y
)= m=024,. m! n=135, 1!

u(x,y) = cosx.sinhy



Example 01(Dirichlet Boundary Condition 01):

Dirichlet Boundary Condition 1
Solution Graph

Approximate solution Exact
Solution

Example 02(Dirichlet Boundary Condition 02):

Solution Graph

Dirichlet Boundary Condition 2

Approximate
solution Exact Solution

Example 03(Neumann Boundary Condition 01):

Solution Graph Neumann Boundary Condition 1
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Approximate solution Exact Solution

Solution Graph Examgle Neumann Boundary Condition 2
T 04(Neumann

Boundary

Condition

02):

Approximate
solution Exact Solution

4. CONCLUSION

In this paper, we have considered 4 cases of Laplace equation and presented solutions. We
have successfully developed the DTM to obtain the exact solutions of Laplace equation. A
computer program (MATLAB) is used in making the computation within some seconds
provided that the program is well posed. In obtaining the Approximate solution, more
accurate values can be obtained when using larger values of m and n.
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APPENDIX
MATLAB program to find approximation solution of Laplace equation with Dirichlet and
Neumann boundary conditions.

% Define the range and gap for X and Y
X =0:0.1:pij;
Y = 0:0.1:pi;

u = zeros(length(X), length(Y));

%input U(m,n)

Um = input('Enter the expression of U(m,n) part with m: ");
Un = input('Enter the expression of U(m,n) part with n: *);
m1l = input('states of m value(1-even, 0-odd): );

nl = input('states of n value(1-even, 0-odd): );

mt = input('Enter the max terms : ');

% Convert the input expressions to symbolic variables
syms m

Um1l = sym(Um);

syms n

Unl = sym(Un);

if m1==0 && n1==0
fori = 1:length(X)
for j = 1:length(Y)
x = X(i);
y=Y();

% Compute the sum for m
sum_m = 0;
for p = 1:2:max_terms
term_m = subs(Um1,m,p) * x"p;
sum_m =sum_m + term_m;
if abs(term_m) < eps % Check for convergence
break;
end
end

% Compute the sum for n
sum_n=0;
for g = 1:2:max_terms
term_n = subs(Unl,n,q) * y"q;
sum_n =sum_n + term_n;
if abs(term_n) < eps % Check for convergence
break;
end
end



% Compute the overall u value
u(i, j) = sum_m * sum_n;

end
end

elseif m1==0 && n1==1
fori = 1:length(X)
for j = L:length(Y)
x = X(i);
y=Y(@);

% Compute the sum for m
sum_m = 0;
for p = 1:2:max_terms
term_m = subs(Um1,m,p) * x"p;
sum_m = sum_m + term_m;
if abs(term_m) < eps % Check for convergence
break;
end
end

% Compute the sum for n
sum_n =0;
for g = 0:2:max_terms
term_n = subs(Un1,n,q) * y"q;
sum_n =sum_n +term_n;
if abs(term_n) < eps % Check for convergence
break;
end
end

% Compute the overall u value
u(i, j) = sum_m * sum_n;

end
end

elseif m1==1 && n1==0
fori = 1:length(X)
for j = 1:length(Y)
x = X(i);
y=Y(@);

% Compute the sum for m
sum_m = 0;
for p = 0:2:max_terms
term_m = subs(Um1,m,p) * x"p;
sum_m =sum_m + term_m;
if abs(term_m) < eps % Check for convergence
break;
end



end

% Compute the sum for n
sum_n =0;
for g = 1:2:max_terms
term_n = subs(Un1,n,q) * y"q;
sum_n =sum_n +term_n;
if abs(term_n) < eps % Check for convergence
break;
end
end

% Compute the overall u value
u(i, j) = sum_m * sum_n;

end
end
else
fori = 1:length(X)
for j = L:length(Y)
x = X(i);
y=Y(@);

% Compute the sum for m
sum_m = 0;
for p = 0:2:max_terms
term_m = subs(Um1,m,p) * x"p;
sum_m = sum_m + term_m;
if abs(term_m) < eps % Check for convergence
break;
end
end

% Compute the sum for n
sum_n =0;
for g = 1:2:max_terms
term_n = subs(Un1,n,q) * y"q;
sum_n =sum_n + term_n;
if abs(term_n) < eps % Check for convergence
break;
end
end

% Compute the overall u value
u(i, j) = sum_m * sum_n;

end
end
end

ul = real(u);

% Plot the graph



figure;

surf(X, Y, ul’;
title("Solution Graph");
xlabel('X");
ylabel('Y");

colorbar;

MATLAB programs to get solution graph for exact solutions.
Example 01(Dirichlet Boundary Condition 01):

[X,Y] = meshgrid(0:0.1:pi,0:0.1:pi);

u = sinh(X).* cos(Y);

surf(X,Y,u)

title('Dirichlet Boundary Condition 1Y);

colorbar;

Example 02(Dirichlet Boundary Condition 02)
[X,Y] = meshgrid(0:0.1:pi,0:0.1:pi);

u = cosh(X).* sin(Y);

surf(X,Y,u)

title('Dirichlet Boundary Condition 2');

colorbar;

Example 03(Neumann Boundary Condition 01)
[X,Y] = meshgrid(0:0.1:pi,0:0.1:pi);

u = cos(2*X).* cosh(2*Y);

surf(X,Y,u)

titte('Neumann Boundary Condition 1);

colorbar;

Example 04(Neumann Boundary Condition 02)
[X,Y] = meshgrid(0:0.1:pi,0:0.1:pi);

u = cos(X).* sinh(Y);

surf(X,Y,u)

titte((Neumann Boundary Condition 2');

colorbar;




