On Dual Hyperbolic Generalized Guglielmo Numbers

Abstract. In this research, the generalized dual hyperbolic Guglielmo numbers are introduced. Various
special cases are explored (including dual hyperbolic triangular numbers, dual hyperbolic triangular-Lucas
numbers, dual hyperbolic oblong numbers, and dual hyperbolic pentagonal numbers). Binet’s formulas,
generating functions and summation formulas for these numbers are presented. Moreover, Catalan’s and
Cassini’s identities are provided, along with matrices associated with these sequences.
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1. Introduction

A hypercomplex system, in mathematical and geometric contexts, denotes a system that extends the
principles of complex numbers. These systems exhibit intriguing algebraic properties and are often explored
due to their applications in physics and engineering. We give brief on the application areas of hypercomplex

number systems in physics and engineering fields as follows.

e In physics
Quantum Mechanics: Hypercomplex numbers find applications in quantum mechanics, where
they are utilized to model certain quantum states and operations. The extended algebraic structure
of hypercomplex systems allows for a more nuanced representation of quantum phenomena.
Relativity: In the context of relativistic physics, hypercomplex numbers can be employed to
describe spacetime transformations and events. Their mathematical properties provide a suitable
framework for addressing relativistic effects in a more comprehensive manner.

e Engineering:



Robotics and Control Systems: Hypercomplex numbers can be applied in robotics and control
systems to represent spatial transformations and rotations efficiently. Their use allows for more
concise and elegant formulations of complex robotic movements.

Signal Processing: Hypercomplex systems find applications in signal processing, where they
can be employed to analyze and manipulate multidimensional signals. The extended algebraic
structure aids in handling complex transformations in signal data.

Computer Graphics: In computer graphics and computer-aided design (CAD), hypercomplex
numbers play a role in representing and manipulating three-dimensional objects. Their use con-

tributes to more sophisticated and accurate modeling.

Unlike complex numbers, hypercomplex systems offer a more intricate framework for describing transfor-
mations and symmetries in higher-dimensional spaces. As Kantor discusses in [13] , hypercomplex number
systems are extensions of real numbers. The principal hypercomplex systems include complex numbers, hy-
perbolic numbers, and dual numbers. Complex numbers, characterized by a real part and an imaginary part,
form the foundation of hypercomplex systems. Hyperbolic numbers, which extend the concept of complex
numbers, have applications in various mathematical models. Dual numbers, on the other hand, introduce
dual units and find utility in algebraic structures. Now, let’s present some specific information about these

hypercomplex number systems.

e Complex numbers are formed by extending the real number system with the imaginary unit, denoted

9 29
(3

as 74”7, which satisfies the equation i = —1. Complex numbers is defined by,

C={z=a+ib:a,beR,i’>=—1}.

e Hyperbolic (double, split-complex) numbers, [15], Split-complex numbers, also known as hyperbolic
numbers, extend the real number system with a new element j, where j2 = 1. Hyperbolic numbers

is defined by,
H={h=a+jb:a,beR,j2=1,j+#+1}.

e Dual numbers, [9], extend the real number system by introducing a new element &, where &2 = 0.

Dual numbers is defined by,
D={d=a+cb:a,bcR,e?>=0,¢#0}.

e Some non-commutative examples of hypercomplex number systems are quaternions, [10]. Quater-
nions extend the concept of complex numbers by introducing three imaginary units, generally
denoted as i, j and k. A quaternion has the form as ag +ia; + jas + kas, where ag, a1, as,a3 € R. In
addition that, the quaternion units 4, j, and k are satisfy specific multiplication rules. Quaternion

numbers is defined by

Ho = {q = ao + ia1 + jas + kas : ag, a1, az,a3 € R,i* = j* = k? = ijk = —1},
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e The other number systems are octonions and sedenions, see [16], [21]. The algebras C (complex
numbers), Hg (quaternions), @ (octonions) and S (sedenions) are real algebras achieved from the
real numbers R by a doubling procedure named the Cayley-Dickson Process that extended beyond
the sedenions to form what are known as the 2™-ions. In the table below, we present papers that

have been published in the literature.

Table 1. Papers that have been published in the literature raleted to 2™-ions.

Authors and Title of the paper] Papers]
Biss, D.K., Dugger, D., Isaksen, D.C., Large annihilators in Cayley-Dickson algebras (3]
Hamilton, W.R., Elements of Quaternions [10]
Imaeda, K., Sedenions: algebra and analysis [12]
Moreno, G., The zero divisors of the Cayley-Dickson algebras over the real numbers [14]
Gocen, M., Soykan, Y., Horadam 2*-Tons [11]
Soykan,Y., Tribonacci and Tribonacci-Lucas Sedenions [16]

On higher order Fibonacci hyper complex numbers [6]

A dual hyperbolic number is a type of hypercomplex number, specifically a member of the hyperbolic
number system. A dual hyperbolic number is defined by

q = (ap +jar) + e(as + jag) = ap + ja1 + caz + €jas

where ag,a1,a2,a3 € R .

Hp, the set of all dual hyperbolic numbers, are generally denoted by
Hp = {ao + jai + €az + jas : ag, ay,a2,a3 € R, j°> =1,j # £1,6* =0, # 0}.

The {1,j,e,e5} is linear independent and Hyp = sp{1,7,¢,e5} so that {1,4,¢,ej} is a basis of Hy. For
more detail, see [2].
The next properties holds for the base elements {1, j,¢,ej} of dual hyperbolic numbers (commutative

multiplications):

le = glj=j 2 =ce=(je)*=0, j2=34j=1

ej = je elef) =(ej)e=0, jlej) =(ej)j=¢

where ¢ denotes the pure dual unit (¢2 = 0, # 0), j denotes the hyperbolic unit (52 = 1), and &j denotes
the dual hyperbolic unit ((j¢)? = 0).

We claim that p and ¢ be two dual hyperbolic numbers that ¢ = ag + ja; + €as + jeas and p =
bo + jb1 + €bs + jebs and then we can write the product of p and q as

qp = agby + a1b1 + j(a0b1 + albo) + E(aobg + asbg + a1b3 + a3b1) + ja(a0b3 + a1by + asby + boag)

and we can write the sum dual hyperbolic numbers p and ¢ as componentwise.
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The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. Hyp is not
field since every dual hyperbolic numbers doesn’t have an inverse. For more detail about dual hyperbolic
numbers, see [2].

Next, we give some proporties about generalized Guglielmo numbers.

A generalized Guglielmo sequence {W,},>0 = {W,(Wy, W1, W3)},>0 is defined by the third-order

recurrence relations
(1.1) W, =3Wph_1 —3Wy_o 4+ W, _3; Wy, Wy, W (TL > 3)

with the initial values Wy, W1, W not all being zero. The sequence {W,},>0 can be given to negative

subscripts by defining
W_pn=3W_(n_1) = 3W_(n_2) + W_(n_3)

for n =1,2,3,.... Thus, recurrence (1.1) is true for all integer n.
In the Table 2 we give the first few generalized Guglielmo numbers with positive subscript and negative
subscript
Table 2. A few generalized Guglielmo numbers
n w,, W_,
0 Wo Wo
1 Wi 3Wo — 3Wy + W
2 Wo 6Wo — 8W1 + 3Ws
3 Wo — 3W;1 + 3Ws 10Wy — 15W5 + 6Ws
4
5

3Wo — 8W1 + 6Ws 15Wo — 24W1 + 10W,
6Wy — 15W1 + 10Wo  21W4 — 35W7 + 15W,

6 10Wy — 24W7 + 15Wy  28Wy — 48W7 + 21W,
If we take Wy = 0,W; = 1,Wy = 3 then {7} is the Triangular sequence, if we take Wy = 3,W; =

3,Wy = 3 then {H,} is the triangular-Lucas sequence, if we take Wy = 0, W, = 2, W5 = 6 then {O,} is

the oblong sequence and if we take Wy = 0,W; = 1, W5 = 5 then {p,} is the pentegonal sequance. In
other words, triangular sequence {71}, },>0, triangular-Lucas sequence {H,,},>0, oblong sequence {O,,},>0

and pentegonal sequence {py},>0 are given by the third-order recurrence relations

(1.2) T,=31,1—-3T, o+1T,_3, To =0Ty = 1,15 = 3,
(13) H,=3H, 1—3H, >+ H,_3, Hy=3,H =3,Hy =3,
(14) 0, =30,,-1—30,,_9+ Onfg, Og = 0, O = 2, 0O, = 6,

(1.5) Pn = 3Pn—1—3Pn—2+Pn-3, Do=0,p1 =1,ps =5.
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In addition that the sequences given above can be extended to negative subscripts by defining,

T = 3T (no1)—3T_(no2)+ T (s,
H., = 3H_(u_1)—3H_(n_o+H_(n_3),
O_n = 30_(n_1)—30_(n_2)+O—(n_3),
P—n = 3P_(n-1) — 3P—(n—2) T P—(n-3);

for n = 1,2,3, ... respectively. As a result, recurrences (1.2)-(1.5) are true for all integer n.

We can enumerate several essential properties of generalized Guglielmo numbers that are required.
e Binet formula of generalized Guglielmo sequence can be calculated using its characteristic equation
given as
2?32 +3z—1=(z—1)>=0.
where the roots of above equation are
a=pB=v=1.

Using these roots and the recurrence relation of {W, }, we can write the Binet’s formula can be

written as
(16) Wn = Al + AQ’H + A3n2

where A1, A; and A3 are given below

(1.7) A o= W,
1
Ay = S(=Wat4W) —3WW0),
1
Ay = (Wa—2W1 + ).

Binet’s formula of triangular, triangular-Lucas, oblong and pentagonal sequences can be written as

T, n(n + 1)7
2
H, = 3a
O, = n(n+1),
1
Pn = QTL (3n — 1) .

e After then we can write the generating function of generalized Guglielmo numbers and the Cassini

identity for generalized Guglielmo numbers, respectively, as

i W " — Wo + (Wi — 3Wpo)a + (Wo — 3Wy + 3Wy)a?
n=0

1.
(1.8) 1—3z+ 322 — a3

1
(1.9) Wi Wy — W2 = ) (A+ Bn+Cn?)



where A, B and C can be written as

A = 2WZ +6WE - 6WoW; — 2W, Wh,
B = —3WZ - 8W{ — W3+ 10WoW, — AW Wy + 6W, Wy,
C = WEH+4AWE+W3E — AWoWy 4 2Wo Wy — AW, Wy,

For more details about generalized Guglielmo numbers, see [17]
Now, we give some information on published papers raleted to hyperbolic and dual hyperbolic numbers

in literature.

e Cockle [8] studied the hyperbolic numbers with complex coefficients.
e Cheng and Thompson [5] introduced dual numbers with complex coefficients.

e Akar, Yiice and Sahin [2] presented the dual hyperbolic numbers.
Next, we give some information related to dual hyperbolic sequences presented in literature.

e Soykan, Giimiig, Gocen [18] presented dual hyperbolic generalized Pell numbers given by

‘771 — Vn + jVnJrl + EVnJrQ + ngn+3
where generalized Pell numbers are given by V,, = 2V,,_1 + V,,_2, Vi = a, V3 = b (n > 2) with the initial
values Vp, V1 not all being zero.

e Cihan, Azak, Giingor, Tosun, [1] studied dual hyperbolic Fibonacci and Lucas numbers given by,

respectively,
DHFn = Fn+an+1+EFn+2 +j5Fn+37
DHL, = L+ jLn+1 + €Ln+2 + jE,‘Ln+3
where Fibonacci and Lucas numbers, respectively, given by F, = F,_1 + F,_2, Fy = 0, F} = 1,

Ly=Lp 1+ Ln72a Lo = 2, L, =1
e Soykan, Tagdemir and Okumus [19] studied dual hyperbolic generalized Jacopsthal numbers given
by

Jn = Jn+ jJni1 + €Jnia + jednis
where J, = J,_1+2Jp_2, Jo =a, J1 =b.

e Bréd, Liana, Wloch [4] studied dual hyperbolic generalized balancing numbers as

DHBn = Bn + jBn+1 + EBn+2 +j€Bn+3

where Bn = 6Bn_1 - Bn_g, BO = O7 Bl =1.
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Next section, we present the dual hyperbolic generalized Guglielmo numbers and give some properties

of these numbers.

2. Dual Hyperbolic Generalized Guglielmo Numbers and their Generating Functions and

Binet’s Formulas

In this section, we define dual hyperbolic generalized Guglielmo numbers then using this definition, we
present generating functions and Binet’s formula of dual hyperbolic generalized Guglielmo numbers.
We now investigate dual hyperbolic generalized Guglielmo numbers over Hp. The nth dual hyperbolic

generalized Guglielmo number is
(2.1) Wy = Wy, 4 jWoi1 + eWiio + jeWn s,

with the initial values Wo, Wl, Wg. (2.1) can be written to negative subscripts by defining,

(2.2) W =Wt iWeni1 +eWonin + jeW_pis

so identity (2.1) holds for all integers n.

Now, we define some special cases of dual hyperbolic generalized Guglielmo numbers. The nth dual
hyperbolic triangular numbers, the nth dual hyperbolic triangular-Lucas numbers, the nth dual hyperbolic
oblong numbers and the nth dual hyperbolic pentegonal numbers, respectively, are given as

the nth dual hyperbolic triangular numbers is given fn =T+ 3T 11 +€Tn42+ jeT,, 13, with the initial

values

To = To+jT1 +eTs + jeTs,

=
I

Ty + jTp + €13 + jely,
Ty = To+jT3 + Ty + jeTs,

the nth dual hyperbolic triangular-Lucas numbers is given fIn =H,+jH,41 +eHy 1o+ jeH, 3 with the

initial values

Hy = Ho+jHi+¢eHs+ jeHs,
H, = H + jHs+eHs + jeH,,
ﬁg = Hg +jH3+EH4 +j6H5,

the nth dual hyperbolic oblong numbers is given 5n =0, +7JO0n11+€0p 42+ je0,, 13 with the initial values

Oyg = 0O +]O1 + 0y +j€03,

S
I

O1+ jOs 4+ €03 + jeOy,

O = 034703+ e04 + jeOs,
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the mth dual hyperbolic pentegonal numbers is given p, = pp + jpPns1 + €pniz + jepnys with the initial

values
Po = po+ip1+ep2+jeps,
p1 = p1+jp2+eps+ jepa,
P2 = p2+jps+eps+ jeps.

Note that, for dual hyperbolic triangular numbers (by using W,, =T,,, To =0, T1 = 1, T = 3) we get

To = j+ 3+ 6je,
T, = 1+ 3j+ 6e+ 10je,
T, = 3+6j+ 10+ 15jc,

for dual hyperbolic triangular-Lucas numbers (by using W,, = H,,, Hy = 3, H; = 3, Hy = 3) we obtain

Hy = 3+3j+3e+3je,
Hi = 3+43j+3e+3je,

~

Hy, = 3435+ 3¢+ 3je,
for dual hyperbolic oblong numbers (by using W,, = O,,, Og =0, O1 =2, O2 = 6) we get

Ov = 2j+6c+12je,

S
I

24+ 65 + 12¢ + 20j¢,

S
I

6+ 125 + 20 + 30je,

and for dual hyperbolic pentegonal numbers (by using W,, = py,, po =0, p1 = 1, p» = 5) we obtain

Do = J+ 5+ 12j¢,
p1 = 1455+ 12+ 22j¢,
P2 = 54125+ 22¢ + 35j¢,

So, using (2.1), we can write the following identity for non negative integers n,
(2.3) W, = 3W_1 — 3Wh_s + Wy_s.
and the sequence {Wn}nzo can be given as

W =3W_(n 1) = 3W_(n_9) + W_(n_3),

for n =1,2,3,... by using (2.2). As a result., recurrence (2.3) holds for all integer n.
In the Table 3, we present the first few dual hyperbolic generalized Guglielmo numbers with positive

subscript and negative subscript.



Table 3. A few dual hyperbolic generalized Guglielmo numbers
n W, W_,

0 Wa Wo

1 W, 3Wo — 3W1 + We

2 Wy 6Wo — 8W, + 3,

3 Wo—3Wi+3W,  10W, — 15W; + 61

4

5

3Wo — 8W, + 6Wy  15Wy — 241, + 101,
6Wo — 15W, + 10W,  21W, — 35W; + 15Ws

6 10Wy — 24W, + 15Wy  28W, — 48W, + 21Ws
Note that

Wy = W0+jW1+€W2+j€W3,
Wi = Wi+ jWa+eWs+ jeWy,
Wo = Wa+ jWs+eWy + jeWs.

A few dual hyperbolic triangular numbers, dual hyperbolic triangular-Lucas numbers, dual hyperbolic oblong
numbers and dual hyperbolic pentegonal numbers with positive subscript and negative subscript are given

in the following Table 4, Table 5, Table 6 and Table 7.

Table 4. Dual hyperbolic triangular numbers Table 5. Dual hyperbolic triangular-Lucas numbers
n T, T, n H, H.,
0 J+ 3e + 6j¢ 0 3435+ 3+ 3j¢
1 1435+ 6 + 10j5¢e €+ 3je 1 34+3j+3+3je 34375+ 3¢+ 3j¢e
2 3+6j+ 10+ 15j¢ 1+ je 2 3435+3+3je 3+35+ 3+ 3j¢
3 6+ 1075 + 15e + 21j¢e 3+ 3 3+37+3+3je 3435+ 3+ 35¢
4 10+ 155 + 21e + 28j¢ 6435 +¢ 4 3435+3+3je 3+35+ 3¢+ 3j¢e
5 15+ 215+ 28e + 36je 10465 + 3¢ + je 5 3+3j+3c+3je 3435+ 3¢+ 3j¢
Table 6. Dual hyperbolic oblong numbers Table 7. Dual hyperbolic pentegonal numbers
n Oy, O_,, n Pn Pn
0 25 + 6 + 12j¢ 0 J+ 5+ 12j¢
1 2467+ 12¢ + 205¢e 2e + 6j¢ 1 14575+ 12¢ + 225¢ 2+¢e+5j¢e
2 64125 4 20e + 30j¢ 2+ 2¢j 2 54125 4 22¢ 4 35j¢ 7T+ 25 + je
3 124205 + 30e + 42j¢ 6+ 25 3 12+ 225 + 35¢ + 5lje 154775+ 2¢
4 20+ 305 + 42¢ + 56j¢ 12 4+ 65 + 2¢ 4 224355 +5le +70je 26 + 155 + Te + 2j¢e
5 304425 + 56e + 725 20 4 125 + 6 + 2j¢ 5 3545154 70e +92j5e 40+ 265 + 15¢ 4 Tje




Now, we will give some expressions that we will use in the rest of the paper and then we define Binet’s

formula for the dual hyperbolic generalized Guglielmo numbers.

(2.4) a=1+j+4¢+je,
(2.5) B = j+ 2 + 3je,
(2.6) N =7+ 4e + 9je.

Note that using above equalities we can write the following identities:

a7 = 242j+4e+4je,
3 = 146c+4je,

7% = 1+ 18¢+ 8je,

aB = 1+j+6e+6je,
a7 = 147+ l4e + +14je,
By = 1+6jc+ 12¢,

THEOREM 1. (Binet’s Formula) Let n be any integer then the Binet’s formula of dual hyperbolic gener-

alized Guglielmo number is
(2.7) W, = (GA1 + BAy +FA3) + (@A + 2BA5)n + aAsn?.
where &, B, 7 are given in (2.4)-(2.6).
Proof. Using Binet’s formula of the generalized Guglielmo numbers given below
W, = A1 + Aan + A3n2
where Aq, Ag, A are given in (1.7) we get

W, = Wyp+ jWn+1 + 5Wn+2 + jEWn+37
= Ar+ Aon+ Agn® + (A1 + Az (n+ 1) + As (n +1)%)5 + (A1 + Ao (n +2) + Az (n+ 2))e
+(A; + Ay (n+3) + As (n+ 3)°)je.

= (QA; + Ay +743) + (@A + 2BA5)n + aAgn?.

This proves (2.7). O
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In particular, for any integer n, the Binet’s Formula of nth dual hyperbolic triangular numbers, Lucas-

triangular numbers, oblong numbers and pentegonal numbers, respectively, provided by

)

3
|

= B+ +(a+28)n+an?),

)

n = 3aq,
On = (B4+7)+ (a+28)n+ an?,
Dn = %((—ﬂ +37) + (68 — a)n + 3an?).

In the following Theorem, we present generating function of the dual hyperbolic generalized Guglielmo

numbers.

THEOREM 2. The generating function for the dual hyperbolic generalized Guglielmo numbers is

/W\o + (W1 — 3/W\o)l‘ + (/WQ — 3/W\1 + 3/V[70)Z‘2
(28) T, (#)= 0= 31322 %) |

Proof. We assume that f; () is the generating function of the dual hyperbolic generalized Guglielmo

numbers and then we can write
o
fa, (@)= Waa"
n=0

Then, using the definition of the dual hyperbolic generalized Guglielmo numbers, and substracting z f7 (z),

x2f/w7n (z) and x3an (z) from fg (z), we get

[M]8

(1 -3z +32% — x?’)fGWn () = W,oa™ — 3 Z W,z" + 32 Z Wa" — 2 Z W,
n=0 n=0

n=0

I
=)

n

I
M8

oo oo oo
Woz™ — 3 Z W,z"t1 4+ 3 Z W, z"t? — Z W, z"t3,
n=0 n=0

n=0 n=0

S Wt 33 War 433 Waaa® > W e,
n=2 n=3

n=0 n=1

8

= (Wo + Wiz + ngz) - 3(1/1//\096 + W1x2) + 3GWoa?
+ Z(Wn - 3/V[7n71 + 3/1/17»”,2 - /an?))xnu
n=3
— /V[7[) + /Wll' + W2£E2 — 3/W70$ — 3/M71$2 + 3W0.’E2,

= /W\o + (Wl — 3/W0)£E + (WQ — 3/W\1 + 3/V[70).TZ.

Note that, using the recurrence relation /Wn = 3/V[7n_1 - 3/1/17”_2 + Wn_g and rearranging above equation, the

(2.8) has been obtained. [
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Now we can write the generating functions of the dual hyperbolic triangular, triangular-Lucas, oblong

and pentegonal numbers as

(4 + 3e + 65¢) + (1 — 8je — 3e) x + (& + 3je) a?

fa (@) = T 5137 ) ,
fo (@) = (3434 + 3¢ +3je) + (=6 — 6j — 6= — 6j) = + (3+ 35 + 3¢ + 3je) 2
fin a (1 -3z + 322 — 23) ’
fo (@) = (2] + 6 + 12je) + (2 — 165 — 6¢) = + (2¢ + 6je) 22

On B (1 -3z + 322 —23) ’

fs (x) = (j + 5e +12je) + (1 +2j — 3e — 14je) x + (2 + € + Hje) a?

b N (1 -3z + 322 —a3) ’

respectively. [J

3. Obtaining Binet Formula From Generating Function
Next, by using generating function fg; (), we investigate Binet formula of {/Wn}
THEOREM 3. (Binet formula of dual hyperbolic generalized Guglielmo numbers)
(3.1) W, = (@A + BAy + 7A3) + (@Az + 2BA3)n + aAsn®

Proof. Using gthe Y07 /an" we can write

- _ - - - - -
= Wo + (Wl — 3W0)13 + (W2 - 3W1 + 3WO)ZL‘2 d1 d2 d3

3.2 W,a" = - ,
(32) nz:% ’ (1— 3z + 322 — ) (-2 "0—ap " T-2p
so that

N dy da d3

Wn n — ,
2 W (-o)  G-ap (-ap

dl(]. — :L')2 +d2(1 — {L') +d3
(1—2)? ’

thus, we obtain
Wo + (Wy = 3Wo)x + (Wa — 3W5 + 3Wo)a? = (dy + da + ds) + (—2dy — do)z + dya®.
If we equalize the coefficients of the same degree terms of x in the above equation, we get
(3.3) Wo = di+do+ds,
Wl — 3/V[70 = —2d; —dy,
Wo —3W, +3Wy = dy.
If we solve (3.3) we obtain
dy = 3Wy—3W, + W,
dy = 5Wy —3Wy — 2Wh,

dy = Wo—2W, + Wo.



Thus (3.2) can be given as

Zann — an +dy Z(”+ 1)2" + ds Z %x",
n=0 n=0 n=0 n=0
= 243042
= Z(d1 +de(n+1)+ dg%)x"7
n=0
=~ 1, — e i 1l = 73 (17 s 2 10
= Y (Wo+ 5 (ZWa AWy = 3Wo)n + 2 (W — 2W1 + Wo)n?)a™.
n=0

Hence, we get

—~

W, = Ay + Ayn + Agn?

where
A= W,
B = LWy 44T, - 31W)),
A = (T2 4 ).

Note that the following equalities given below are true,

—

(3.4) A, = W,
= Wo+ jWi +eWs + je(Wy — 3W) + 3Wy)
= (I+j+te+ije)Wo+(j+2e+ 3je)(%(—W2 +4W — 3Wy))
() + 4e + 9j5)(%(W2 — W 4+ W)

— QA + BAs + 743,

(3.5) Ay = %(—WQ + AW, — 3Wp)
= (B AWy — W) (5 (W + W2)
Ye(Wo — AW, + 3Wa) + je(3Wo — 8W + 51W2))
— (l+j+e +je)(%(—W2 AW, — 3W))
120 4 26 + 3je)(%(W2 — oW, + W)
= (@A, + 2BAs),
(3.6) B o= (-2, + W)

1 .
= 5((W2 —2Wy + WO) —|—j(W2 —2W7 + Wo)
+€(W2 —2W1 + Wo) +jE(W2 —2Wy + Wo)

= aAs.



Using (3.4), (3.5) and (3.6), we can obtain
W, = (@A, + BAy +7A3) + (@As + 2BA3)n + @Azn?. O
4. Some Identities

We now present certain distinctive identities for the dual hyperbolic generalized Guglielmo sequence
{Wn} The ensuing theorem establishes the Simpson’s formula for the dual hyperbolic generalized Guglielmo

numbers.

THEOREM 4. (Simpson’s formula for dual hyperbolic generalized Guglielmo numbers) For all integers n

we have,
Wn+ 2 /W\n+ 1 Wn W\Z Wl /W\O
(4~ 1) WnJrl Wn an 1|~ Wl Wo W, 1
Wn an 1 Wn72 WO W,1 /W72

Proof. To proof the above theorem, we can use mathematical induction. First we assume that n > 0.

For n = 0 identity (4.1) is true. Let (4.1) is true for n = k. Thus, we write the identity given below,

Wk-ﬁ-Q ﬁ/\k-&-l Wk W\Q /W1 Wo
Wk+l Wk Wk—l = Wl Wo W—l
Wk ka 1 kaz /V[70 /Wfl sz

For n = k 4+ 1, and using above equality, we can write

Wk-+3 Wk-ﬁ-Z ﬁ/\k-&-l 3Wk+2—3ﬁ/\k+1+ﬁ7k W\ku /Wk-H
Wite Win Wi = | 3Whp1 —3Wi + Wiy Wipn W,
Wkﬂ Wk qu 3/V[7k_3/w7k71+wk72 Wk /kal

Wisz Wipz Wi Wis1 Wisz Wi

= 3 Wk+1 WkJrl Wk -3 Wk Wk+1 Wk

Wi Wi Wi Wici Wi Wil

Wi ﬁ/\k+2 Wk+1
+ Wk,1 Wk+1 Wk
Wio Wi Wi
Wk+2 Wk-&—l Wi
= Wkﬂ Wk qu
We Wit Wi
Note that, for the case n < 0 the proof can be done similarly. Thus, the proof is completed. [

From Theorem 4.1 we get following corollary.

COROLLARY 5.



@) | Tory T = 4@+ 1) +1).

(b): | Hypw H, H,, |=0.
H, Hy1 Hys
Ontz Oupr O,

(©): | Ops1 On  Op_1 |=—32Be+1)(j+1).
On  On1 On_s

Pn+2 Pn+1 Pn
(): | Pry1 Pn Do
Pn Dn—1 DPn-2
Now, we present Catalan’s identity of dual hyperbolic generalized Guglielmo numbers.

= —108(3c + 1)(j + 1).

THEOREM 6. (Catalan’s identity) For all integers n and m, the following equality is valid:

(4.2)
_ - _ 2 ~
Wt Wi — W2 = m?(A2 (2&@ 4B+ @2m? — 2202 — 4anﬂ) 95, A, (6 + an) — @ (@A2 — 284, A3)).

Proof. Using the Binet Formula of dual hyperbolic generalized Guglielmo numbers given below

W, = (@A + BAy +FAs) + (aAy + 2BA3)n + aAsn?.

The proof is completed. [J
As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic triangular, Lucas-

triangular, Oblong, pentegonal numbers.
We present Catalan’s identity of dual hyperbolic triangular numbers.

COROLLARY 7. (Catalan’s identity for the dual hyperbolic triangular numbers) For all integers n and m,

the following equality is valid:
TosmTnm — T2 = ZmQ((—a2 —2af 4 2ay — 48 ) — 2an (a + 25) +a* (m? —2n?)).
Proof. Taking Wn = fn in Theorem 6 we get the required result. [J

We give Catalan’s identity of dual hyperbolic triangular-Lucas numbers.

COROLLARY 8. (Catalan’s identity for the dual hyperbolic Lucas-triangular numbers) For all integers n

and m, the following equality is valid:

~

I:jn+mﬁnfm - HTQL = 0

Proof. Taking Wn = ﬁn in Theorem 6 we get the required result. [J

We give Catalan’s identity of dual hyperbolic oblong numbers.



COROLLARY 9. (Catalan’s identity for the dual hyperbolic oblong numbers) For all integers n and m, the

following equality is valid:

~ ~

—~ —~ ~2 ~
OpsmOp_m — 02 = m2((—a% — 266 + 267 — 4B ) — 2an (a + Qﬂ) +a2 (m? — 2n?)).

Proof. Taking Wn = 5n in Theorem 6 we get the required result. O
We give Catalan’s identity of dual hyperbolic pentegonal numbers.

COROLLARY 10. (Catalan’s identity for the dual hyperbolic pentegonal numbers) For all integers n and

m, the following equality is valid:

PO 5 1 ~ > R 52 (s .
Prtmbn_m — D2 = Zmz((—a2 + 6as + 18a7y — 3683 ) + 6an (a - 6ﬁ> + 932 (m2 — 2n2)).

Proof. Taking W, = Dr in Theorem 6 we get the required result. O
Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the dual hyperbolic generalized

Guglielmo numbers. Hence, we present the corollary given below.

COROLLARY 11. (Cassini’s identity for the dual hyperbolic generalized Guglielmo numbers) For all in-
tegers n, the following iequality is valid:
(a): Top1Toon — T2 = —L(@B — a9 + 28 + n(@® + 25) + a2n?).
(b): Hy1H, y — H2 =0.
(€): Opy10n_1 — 02 = —2((@h — @7 +25°) + n(@ + 2a8) + a2n?).
(d): Pos1Put — P2 = —L((—4a2 — 368 — 967 + 188°) + 3n(6G08 — a2) + 9a%n?).

~

THEOREM 12. Suppose that n and m be positive integers, T, is triangular numbers, the following equality

s valid:

o~

(43) Wm+n = 771—1Wn+2 + (Zrm,—B - 3Tm—2)Wn+l + Tm—ZWnn

Proof. First for the proof, we assume that m > 0 .The identity (12) can be proved by mathematical

induction on m. Taking m = 0, we get

/Wn = T—l/Wn+2 + (T—S - 3T—2)/V[7n+1 + T—ZWn



which is true by seeing that 71 = 0,75 = 1,7_3 = 3. We assume that the identity (4.3) holds for m = k.
Then for m =k + 1, we get

Wikitytn = Wik = 3Wosho1 + Wogro

= 3<Tk71Wn+2 + (Th—3 — STk72)Wn+1 + Tk72/V[7n>
—3(Ty—oWhya + (Tha — 3Th—3)Wis1 + Tho3 W)
+(Tk—3/V[7n+2 + (Th—5 — 3Tk—4)ﬁ/\n+1 + Tk—4ﬁ/\n)

= (3Tj—1 — 3Th—2 + Th—3) W2 + (3Th—3 — 3T4—a + Tjrs)
—3(3T—2 — 3Th—3 + Tha))Was1 + (3Th—2 — 3Th—5 + Ty—a) W,

= TyWoss + (Thez — 3T 1) Wit + Toma W,

= D)1 Wtz + (Tt —3 — 3T41)-2)Wair + Tgepr)—2 W

Consequently, by mathematical induction on m, this proves (12). Note that, for the other cases the proof

can be done similarly. O

5. Linear Sums

Within this section, we provide summation formulas for dual hyperbolic generalized Guglielmo numbers,

encompassing both positive and negative subscripts.
PROPOSITION 13. For the generalized Guglielmo numbers, we have the following formulas:

(@): Yr o Wk=1 (n +1) ((2n% = 2n) W — 2 (2n? — 5n) W1 + (2n? — 8n + 12) Wy) .

(b): Yo W1 = +1) ((2n® 4 4n) Wa — 2 (20® +n — 6) Wy + (2n® — 2n) Wy) .

(€): Yopg Wiyo = % n+ 1) ((2n% 4 10n + 12) Wy — 2 (2n? 4+ Tn) Wi + (2n% + 4n) W) .

(d): ) Wiis = 15 (n+1) ((2n2 + 16n + 36) W2 — 2 (2n% + 13n + 18) Wy + (2n% + 10n + 12) Wo) .

Proof. For the proof, see Soykan [17]. O
PROPOSITION 14. For the generalized Guglielmo numbers, we have the following formulas:

(a): Yojoo Wak = % n+1)
(b): 2ok Waks1 = 15 (n+
(€): Yoo Waniz = 15 (n
(d): Yok Wakis = 35 (n

+ (8n? + 22n + 12) Wy).
(e): Yo Warra = 75 (n +

Proof. For the proof, see Soykan [17]. O

((8n2 — 2n) Wy —2 (8n2 — Sn) Wi + (8712 — 14n + 12) Wo).
+1) (W2 (8n? + 10n) — 2W1 (8n* 4 4n — 6) + Wy (8n? — 2n)).
+1) ((8n? +22n + 12) Wy — 2 (8n* + 16n) W1 + (8n? 4 10n) Wy).
+1) ((8n? 4 34n + 36) Wy — 2 (8n* + 28n + 18) W,

1)

((8n? + 46n + 72) Wa—2 (8n? + 40n + 48) Wi+ (8n? + 34n + 36) Wo).

PROPOSITION 15. For the generalized Guglielmo numbers, we have the following formulas:



(@): Yop o Wok =15 (n+1) ((2n? 4 4n) W — 2 (20 + Tn) Wi + (2n? + 10n + 12) Wp).
(b): > iy W—k+1 = % (n+1) ((2n? — 2n) Wa — 2 (2n% 4+ n — 6) W1 + (2n? + 4n) Wy).
(€): Sr o Wekio =5 (n+1)((2n* — 8n+12) Wa — 2 (2n? — 5n) Wy + (2n? — 2n) Wy).
(d): Xp_oWeokss = 15 (n+1) ((2n* — 14n 4 36) Wa — 2 (2n% — 11n + 18) W,

+ (2n* — 8n + 12) Wo).

Proof. For the proof, see Soykan [17]. O
PROPOSITION 16. For the generalized Guglielmo numbers, we have the following formulas:

(a): Dop o Weor = 15 (n+ 1) ((8n + 10n) Wa — 2 (8n? + 16n) Wi + (8n? + 22n + 12) Wy).
(b): 3o Weoopir = 15 (n+ 1) ((8n2 — 2n) Wa — 2 (8n% + 4n — 6) Wi + (8n? + 10n) Wy).
(€): Yopo Weokgo = % (n+1) (( n? — 14n + 12) Wy — 2 (8n2 — 8n) Wi + (8n2 — 2n) Wo) .
(A): 7o Wookrs = 5 (n+ 1) ((8n% — 261 + 36) Wa—2 (8n% — 20n + 18) Wi+ (8n2 — 14n + 12) Wy).
(€): Yo Worra = 15 (n+ 1) ((8n? + 46n + 72) Wa—2 (8n? + 40n + 48) W1+ (8n? + 34n + 36) Wy).
Proof. For the proof, see Soykan [17]. O
Next, we present the formulas which give the summation of the dual hyperbolic generalized Guglielmo

numbers.

THEOREM 17. Formn > 0 then the following sum formulas holds for dual hyperbolic generalized Guglielmo

numbers.

(a): Yr_ Wi = +(n+1)((—n+6e+18je+5ne+jn’+n’e+2jn+n+8jne+jn’e) Wo+(65+5n—18je—
Tne—2jn%—2n2%e—jn—2n2—13jne—2jin%e)W1+(—4n+6je+2ne+jn?+nle—jnt+n2+5jne+jn%e+6)
Wo).

(b): Yo War = 2 (n+1) ((—n + 6¢ + 18je + 1lne + 4jn? + 4n2e + 5jn + 4n® + 1Tjne + 4jn’e)
Wo + (65 + 8n — 18je — 16ne — 8jn? — 8n?e — 4jn — 8n? — 28jne — 8jn2e)Wy + (—Tn + 6je + ne +
45n% + 4n%ec — jn + 4n? + 11jne + 4jn%e + 6)Wy).

(€): Xp_o Warp1 = & (n+ 1) ((65+5n+ 18 +365e + 17ne +4jn? + 4ne + 11 jn+4n? + 23jne +4jne)
Wo + (6 — 182 — 48jc — 28ne — 8jn? — 8n%e — 16jn — 8n? — 40jne — 8jn%e — 4n)Wy + (—n + 6 +
18je + 11ne + 4jn? + 4n’c + 5jn + 4n? + 17jne + 4jn%e)Wy).

Proof.

(a): Note that using (2.1), we get

n n n n n
DW= Witid Wirit+e) Wigat+jed Wi
k=0 k=0 k=0 k=0 k=0
and using Proposition 13 the proof is easily attainable.

(b): Note that using (2.1), we get

Z Way, = Z War + 7 z Wogt1 +e€ Z Wapqa + je Z Wagi3

k=0 k=0 k=0 k=0



and using Proposition 14 the proof is easily attainable.

(c): Note that using (2.1), we get

n n n n n
Z Wopy1 = Z Wogs1 +37 Z Wopyo +¢€ Z Wopya + je Z Wok+a
k=0 k=0 k=0 k=0 k=0

and using Proposition 14 the proof is easily attainable. [

As a particular case of the theorem 17,(a), we present following corollary.

COROLLARY 18.
(a): Y Th = & (n+1)((6§ + 182 + 36j¢e) + (55 + 8 + 11je + 2)n + (j + € + je + 1)n?).
(b): Yp_o Hy = (3j + 32 +3jz +3) (n+1).
(€): Sp_oOn = L(n+1)((12 + 36¢ + 72j¢) + (10 + 16¢ + 225 + 4)n + (25 + 2¢ + 2je + 2)n?).
(d): Y oDk = g (n+1)((65 4 30e + 72je) + (182 + 95 + 27je)n + (35 + 3e + 3 + 3je)n?).

As a particular case of the theorem 17, (b), we present following corollary.

COROLLARY 19.
(a): Yor_o Tor = & (n+1)((6§ + 182 + 36je) + (5 + 17e + 115 + 23je)n + (4 + 4j + 4e + 4je)n?).
(b): Y% Hop = (3j + 3¢ +3je +3) (n + 1).
(c): Y7_yOop = & (n+1) ((125 + 36 + 72je) + (10 + 225 + 34e + 46je)n + (8 + 85 + 8¢ + 8je)n?).
(d): Y4 Dok = 5 (n+ 1) ((65 + 30e + 72je) + (3 + 21 + 39 + 57je)n + (12 + 125 + 12¢ + 12je)n?).

As a particular case of the theorem 17, (c¢), we present following corollary.

COROLLARY 20.

(a): Sp_o Torr1 = & (n+ 1) (6185 +362+605¢) + (11 + 175 +23¢ +295)n + (4 +4j +4e +4je)n?).
(b): Sp_g Horpr = (35 +3e+3je+3) (n+1).

(€): Sp_oOoi1 = L (n+1) (124365 +T72e+120e) + (22+46 + 345 +58j¢)n+ (848 + 8¢ +8je)n?).
(d): Y h_oPaktr = ¢ (n+ 1) ((64305+72e+132;e)+(21+395+5Te+75je)n+(12+125+12e+12;je)n?).

Now, we present the formulas to give us the summation formulas of the generalized Guglielmo numbers

with negative subscripts.

THEOREM 21. Formn > 0 then the following sum formulas holds for dual hyperbolic generalized Guglielmo

numbers.

(a): Y0 Wy = F(n+1)((2n + 6 + 18je — 4ne + jn® + n’c — jn + n? — Tjne + jn?e)Ws +
(65 — Tn — 185 + dne — 2jn? — 2n%e — jn — 2n? + 11jne — 2jn2e) W1 + (5n + 6je — ne + jn? +n2e +
2jn +n? — 4jne + jn’e + 6)Wy).



(b): Y3 Weook = L(n+1)((5n + 6¢ + 18je — Tne + 4jn® + 4n’e — jn + 4n® — 13jne + 4jne)
Wo + (65 — 161 — 18jc + 8ne — 8jn? — 8ne — 4jn — 8n? + 20jne — 8jn2e)W; + (11n + 6je — ne +
4512 + 4ne + 5jn + 4n? — Tjne + 4jn’e + 6)Wp).

(€): Y p_ o Wookp1 = & (n+1) (65 —n+18 + 365 — 13ne +4jn? + 4ne — Tjn +4n? — 19jne +4jne)
Wo + (20ne — 18 — 48jc — 4n — 8jn? — 8n’e + 8jn — 8n? + 32jne — 8jn’ec + 6)W; + (5n + 6¢ +
18je — Tne + 4jn? + 4n’c — jn + 4n? — 13jne + 4jn2e)Wy).

Proof.

(a): Note that using (2.1), we get

n n

Z W_p = Z W_p+7 Z W_ ki1 +e Z W_ji2 + je Z W_i+3
k=0 k=0

k=0 k=0 k=0
and using Proposition 15 the proof is easily attainable.

(b): Note that using (2.1), we get
D Wook =Y Won+id Wooppi+ey Woopa+jed Wooks
k=0 k=0 k=0 k=0 k=0

and using Proposition 16 the proof is easily attainable.
(c): Note that using (2.1), we get using Proposition (16), we get
n P n n n n
Z W_opy1 = Z W oki1+J Z W_ gkt +¢€ Z W_oky3 + je Z W _ok44
k=0 k=0 k=0 k=0 k=0
and using Proposition 16 the proof is easily attainable. [
Next, we present different sum formulas of the dual hyperbolic generalized Guglielmo numbers.

As a particular case of the theorem 21, (a), we obtain the following corollary.

COROLLARY 22.
(a): Yro T 1= +(n+1)((6§ + 182 + 36je) + (—1 — 45 — Te — 10je)n + (1 + j + € + je)n?).
() Y0 H o =(3j+3+3je+3)(n+1).
(€): Sp_o Ok = L (n+1)((12] + 362 + 72je) + (—2 — 8 — 14e — 20je)n + (2 + 23 + 2¢ + 2je)n?).
(d): Sp_oP—k =3 (n+1)((25 + 10 + 24je) + (1 — 2j — 5e — 8je)n + (1 + j + & + je)n?).

As a particular case of the theorem 21, (b), we obtain the following corollary.

COROLLARY 23.
(a): S0 Top = L (n+ 1) (65 + 18¢ + 36j) + (—1 — 7j — 132 — 19je)n + (4 + 4j + 4e + 4je)n?).
(b): Y0 H op = (3j+3e+3je+3) (n+1).
(c): Y70 ok (n+1)((65 + 18 + 36jc) + (—1 — 7j — 13e — 19je)n + (4 + 45 + 4e + 4je)n?).
(d): > F P2t =g (n+1)((65+30e+72je) + (9 — 95 — 27e — 45je)n + (12 + 125 + 12 + 12je)n?).

(
1
3
1
6

As a particular case of the theorem 21, (c), we obtain the following corollary.



COROLLARY 24.
(2): S0 0T o1 = & (n+ 1) (618 +362+60je) + (—7— 135 — 19 — 257 )n+ (4445 +4e +4je)n?).
() Y0 H opr1 = (3j +3e+3je+3) (n+1).
(c): Y70 oks1 = 2 (n+1) ((6418j+36c+60j¢)+(—7—13j —19e — 25je)n+ (44+4j +4e +4je)n?).
(d): Y7o Pokt1 = & (n 4 1) (64305 + 72 + 132je) + (—9 — 27 — 45¢ — 63e)n + (124 125 + 12+
12je)n?).

6. Matrices related with Dual Hyperbolic Generalized Guglielmo Numbers

In this sectiion, using dual hyperbolic Guglielmo numbers, we give some matrices related to dual hyper-
bolic Guglielmo numbers.

We consider the triangular sequence {T;,} defined by the third-order recurrence relation as follows
T, =3Th—1—3Th—2+Th_3

with the initial conditions
To=0, Ty =1, Tp, = 3.

We present the square matrix A of order 3 as

3 -3 1
A=11 0 0
0 1 0

under the condition that det A = 1. Then, we give the following Lemma.

LEMMA 25. For any integers n the following identity can be written

n

Woso 3 -3 1 Wo
(6.1) Wor =] 1 0 0 W
W, 0 1 0 Wo

Proof. First, we prove the assertion for the case n > 0. Lemma 25 can be given by mathematical

induction on n. If n = 0 we get

—~ 0 —
W, 3 -3 1 Wo
w, =11 0o o Wi
W, 0 1 0 Wo

Wi 3 -3 1 W
Wi =11 0 o0 Wi

o~ o~

Wi, 0 1 0 Wo



For n =k + 1, we get

k+1 , ko,
3 -3 1 Wa 3 -3 1 3 -3 1 Wa
1 0 0 Wi = 1 0 0 1 0 0 Wi
0 1 0 Wo 0 1 0 0 1 0 Wo
3 -3 1 Wiio
= 1 0 0 Wiia
0 1 0 Wi

3W\k+2 - 3Wk+1 + Wi

= Wito
Wit
Wiys
= Wiio
Wit

For the other case n < 0 the proof is easily attainable. Consequently, using mathematical induction on n,
the proof is completed.
Note that, see [20],

Tn+1 _3Tn + Tn—l Tn
A" = Tn _3Tn71 + Tn72 Tnfl
Tnfl _STn72 + Tn73 Tn72

THEOREM 26. If we define the matrices Ny and Eg; as follow

W, W, W
N(/V\ = Wl W\o Wq )

—~

/Wo W_q W,Q

Wn+2 Wn+1 Wn
Eﬁ/\ = Wn+1 Wn anl

—_ o~

Wn anl Wn72

then the following identity is true:



Proof. For the proof, we can use the following identities

A" Ny

where

a11

ai2

a13

a21

a2

a23

a31

a32

as3s3

Thy1 3T +T,1 T, Wy W,
T, —3Tp-1+Tpo Ty Wy W

Tpy —3Tw o+Tu s Tno Wo W,

ai;p Q12 a3

az1 G22 (23

as1 as2 a33

= WoTpi1 + Wy (T — 3T,) + WoT,

= WiTypi1 + Wo (T — 3T,) + W_1T,,

= WoTp + W, (Tr—1 —3T5) + W_oT,,

= Wl + Wi (Tpo — 3T 1) + WoTh_1,

= WiTp+Wo (Tpo — 3T 1) + W_1T,_1,
= WoTp+ Wy (T —3Tp_1) + W_oTy_1,
= WoTp_1+ Wy (Tp_s — 3Th_2) + WoTp_o,
= WiT, 1+ W, (Th—3 —3Th—2) + W1 T, s,

= WoTw 1 +W_, (Th—3 —3T—2) + W_oT, .

Using the Theorem 12, the proof is done. [J

From Theorem 26, we can write the following corollary.

COROLLARY 27.

(a): We suppose that the matrices N& and Eg are defined as following

T, T T
Ne= |7 T, 7. |,
To To1 Tos
Tpso Tupr T
Ez=| Tow Tn To1 |-
T, Ty Tos

so that the following identity is true for A", Ns, Es,

A"Ng = Eg,



(b): We suppose that the matrices N5 and Eg are defined as following

0, 0, 0O
N5 = 61 60 6_1 ’
Oy O, 0,

so that the following identity is true for A", N5, Eg,

(c): We suppose that the matrices Ng and Eg are defined as following

H, H, Hy
Nﬁ = ﬁl f‘\IO ﬁ_l s
ﬁo ﬁ—,l ﬁ,Q
ﬁn+2 ﬁn+1 ﬁn
E[:T = ﬁn+1 ﬁn ﬁnfl )
I/_\In ﬁrb—l ﬁn—2

so that the following identity is true for A", Ng, Eg,

A"N; = Ej.

(d): We suppose that the matrices Ny and E5 are defined as following

P2 D1 Do
Ng=1|p1 pPo D-1 |>
Po P-1 D-2

ﬁn+2 ﬁn-‘rl ﬁn
Ef’\ = Z/)\n-i-l 1/7\71, ﬁn—l

Pn ﬁnfl ﬁn72
so that he following identity is true for A", N3, Es,

A"N; = Es.



7. Conclusion

In the literature, there have been numerous studies on sequences of numbers, which have found wide

applications in various research fields, including physics, engineering, architecture, nature, and art. In this

study, we introduce the concept of dual hyperbolic generalized Guglielmo sequences and focus on four specific

cases: dual hyperbolic triangular numbers, dual hyperbolic Lucas-triangular numbers, dual hyperbolic oblong

numbers, and dual hyperbolic pentagonal numbers.

e In section 1, we give brief on the application areas of hypercomplex number systems in physics and
engineering fields as follows. Also, we give some proporties about generalized Guglielmo numbers.

e In section 2, we define dual hyperbolic generalized Guglielmo numbers then using this definition, we
present generating functions and Binet’s formula of dual hyperbolic generalized Guglielmo numbers.

e In section 3, we present certain distinctive identities for the dual hyperbolic generalized Guglielmo
sequence {Wn} that named Simpson’s formula, Catalan’s identity and Cassani’s.

e In section 4, we present summation formulas for dual hyperbolic generalized Guglielmo numbers,
which encompass both positive and negative subscripts.

e In section 5, we give some matrices related to dual hyperbolic Guglielmo numbers.
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