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Abstract

Aims/ objectives: In our study, we used generalized contraction mapping in G-cone metric
space with Banach algebras to establish various fixed point and common fixed point
results. Beg (15) defines this space in terms of a few contractive conditions on ¢-maps.
Our outcomes are a generalization and an extension of several well-known fixed point
results.
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1 Introduction

Fixed point theory is a crucial area of research in mathematics. To establish the
existence and uniqueness properties of fixed points, the Banach contraction principle is
often employed (9). This principle requires certain geometric assumptions about the spaces
or mapping structures to obtain the fixed point of contractive mappings. Consequently,
finding the fixed point of contractive mappings is a common topic of mathematical inquiry.

Dhage (6) first proposed the idea of D-metric space in his work. Most of the findings
asserted by Dhage and others are legitimate, albeit, as later research has shown that some
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theorems involving this space were incorrect. These mistakes were noted by Mustafa and
Sims (7), who also suggested a new structure that generalizes metric spaces known as
G-metric spaces.

In a recent study, Huang and Zhang (2) extended the definition of metric spaces to
include ordered Banach spaces beyond the real number set. This led to the development
of cone metric spaces, in which they introduced the concept of completeness and defined
sequences of convergence. They also demonstrated some fixed point theorem of contractive
mapping on a complete cone metric space, assuming a normal cone. Following their work,
other authors have studied the fixed point theorem for both normal and non-normal cones.

In their recent research paper, Beg, Abbas, and Nazir (15) introduced the concept
of generalized cone metric spaces, which are an extension of both generalized metric
spaces and cone metric spaces. They demonstrated various topological properties such
as convergence and completeness of these spaces. Additionally, they obtained a few fixed-
point results satisfying contractive conditions. Pari and Vetro (14) proved some theorems
related to p-maps in cone metric spaces. Similarly, W. Shatanawi (16) obtained a few
fixed-point results in generalized metric spaces.

In a later paper, Adewale and Osawaru (5) presented the idea of a generalized cone
metric space, which could be a more common space than a generalized metric space and
cone metric space. To prove the properties of convergence of sequences and some fixed
point results in this area, they replaced the set of real numbers with an ordered Banach
space.

The reason for this work is to get a few fixed point and common fixed point results of
w-maps that fulfill contractive conditions in G-cone metric spaces with Banach algebra. Our
outcomes are generalizations of a few results found in existing literature.

2 Preliminaries

Assume that A is a Banach algebra. A is a real Banach space in which an operation of
multiplication is defined following properties(for all u,v,w € A, « € R):

(i) (wv)w = u(vw);
(i) u(v+w) =wv+vw & (u+ v)w = vw + Vvw;
(iii) a(uv) = (au)v = u(aw);
(iv) ol < [ull|[v]];
Now assume that a Banach algebra has a unit ( multiplicative identity) e such that

eu = ue = u forallu € A. An element u € A is called invertible if there exists v~ ! € A such
that

wwl=ulu=e.

for more details, we refer to (18).
The following proposition is well known (see (18)).

Proposition 2.1. (19)(18) Consider u. € A be a Banach algebra with a unit e, then spectral
radius p(u) of u € A holds

1

n = inf||lu” <l

p(u) = lim [luy,
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further, (e — u) is inverse and

(e—u)"t = Zouz

Let 6 be the null vector, e be the identity element of A, and a subset P of A is called a
cone if satisfies the following:

(i) {0,e} C P &P tobe closed;

(iy P2=PPcCP;
(iii)y P + P C P, V non-negative real no. a & G;
(iv) PN (-=CP)={6}.

With cone P, a partial ordering < is defined as u S wiff (w —u) e P& u < wifu xw
& u # w whereas u < w means (w — u) € intP.

If Banach space A & cone P satisfies the conditions 1, 3 and 4 then P (18) is called a
cone of X.

Definition 2.1. (3)(19) Let X be a non-empty set, A be a Banach algebra & P C A be a
cone. Suppose that the mapping d : X x X — A satisfies the conditons Yu,v,w € X:

() d(u,w) =0 iff u=1w, &0 < d(u,w);
(i) d(u,w) = d(w,u);
(i) d(u,w) =< d(u,v) + d(v,w) for all u, v,w € X.

d is called a cone metric and (X', d) is called cone metric space with a Banach algebra A.
Here d(u,v) € P for every u,v € X.

Definition 2.2. (5)(10) Let X be a non-empty set, .A be a Banach algebra & G : A2 — A
be a function satisfying the properties:

(i
(i
(i

(iv

) Glu,v,w) =0 iffu=0v=nw;

) 0 < G(u,v,w),Vu,v € X, with u # v;

) G(u,u,v) < G(u,v,w),Yu,v,w € X, with w # v;

) G(u,v,w) = Gv,w,u) = G(u,w,v) = ... (Symmetry);

v) G(u,v,w) 2 G(u,a,a) + G(a,v,w),Yu,v,w € X (rectangle inequality).

A G-cone metric over the Banach algebra A is referred to as G, and the G-cone metric
space with the Banach algebra is denoted by (X, G).

Definition 2.3. (10)(19) Assume (X, G) be a cone metric space with Banach algebra .4
and {u, } a sequence in X.Then we say

(i) {u,} is a convergent sequence if, for all ¢ € A with § <« ¢, and an N such that
d(un,u) < cforalln > N. We write it by u,, = u(n — o0).

(i) {un} is a Cauchy sequence if, for all ¢ € A with § <« ¢, and an N such that
d(up,um) < cforalln,m > N.
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(iii) (X,d) is a complete cone metric space if all Cauchy sequences in X’ are convergent.

Lemma 2.1. (3)(19) Let A be a Banach algebra and m, a vectorin A. If0 < r(m) < 1, then

r((e=m)™") < (1—r(m))™"

Lemma 2.2. (1)(19) Let A be a Banach algebra and u, v be vectors in A. If u and v
commute, then the following holds:

(i) r(uv) < r(u)r(v);
(i) r(u+v) <r(u)+r);

(iii) |r(u) —r()| < r(u—wv).

Lemma 2.3. (1)(19) If A is real Banach algebra with a solid cone P and {u,,} is a sequence
in A. Suppose ||u,|| — 0(n — o) forany § < c. Thenu,, < c foralln > N', N* € N.

Lemma 2.4. (5)(19) If E is a real Banach space with a solid cone P and if ||u,|| — 0 as
n — oo, then for any 6 < c, there exists N € N such that, for any n > N, we have u,, < c.

Lemma 2.5. (11)(19) Let A be a Banach algebra and k € A. If p(k) < 1, then

lim |[k"[] =0
n—oo

Definition 2.4. (5)(10) Let (X, G) be a G-cone metric space over Banach algebra. G is
said to be symmetric if
G(u,v,v) = G(u,u,v)

for all u,v,w € X.
Lemma 2.6. (71)(19) Let X be a symmetric G-cone metric space, then
de(u,v) = 2G(u,v,v).

Example 2.7. (8)(19) Let A be the Banach space of functions C (M) on a compact Hausdorff
topological space M, with multiplication. Then A is a Banach algebra, and the constant
function f(t) = 1 is the unit of A.

LetP={fe€ A: f(t) >0 foreveryt € M}. ThenP C A is a normal cone with a normal
constant M = 1. Let X = C(M) with the metricd : X x X — A defined by

d(f,g) = 1f(t) —g(t)|
wheret € M. Then (X,d) is a cone metric space over a Banach algebra A.
Example 2.8. (10) Let (X, d) be a cone metric space. Define G : X x X x X — A, by

G(u,v,w) = d(u,v) + d(v,w) + d(u,w).
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Definition 2.5. (10) Let (X, G) be a G-cone metric space over Banach algebra A is said to
be G-bounded if for any u,v,w € X, there exists M = 6 such that

G (u, v, w)|[ = M

Definition 2.6. (10) Let (X, G) be a G-cone metric space over Banach algebra and {u.,,} a
sequence in X, ¢ > 6 with c € A. Then

(i) {un} convergesto u € X iff G(um,un,u) < cforalln,m > N* N' e N.

(i) {u,} is Cauchy sequence if and only if G(uy,, um,u,) < c for every n,m > p >
N! N'eN.

(i) (X, G)is complete G-cone metric space with Banach algebra if every Cauchy sequence
converges.

Definition 2.7. (12) Suppose f and g are maps of aset X. If w = fu = gu for some uin X,
then u is called a coincidence point of f and g, and w is called a coincidence point of f and

g.

Lemma 2.9. (13) Suppose that f and g are weakly compatible maps of set X. If f and g
have a unique coincidence point w = fu = gu, then w is the unique common fixed point of
fand g.

Definition 2.8. (13) Maps f,g: X — X are weakly compatible, if for all uw € X', then

fgu=gfu

whenever gu = fu.

Definition 2.9. (14) Let P be the above-defined cone. Function of nondecreasing ¢ : P —
P is called a p-map if conditions hold,

(i) p(@) =0andf < p(w) <w forw e P\{0},
(i) w € intP implies w — p(w) € intP,

(iii) limy, e ™ (w) = 6 for every w € P\{0}.

3 Main Result

Theorem 3.1. Let (X,d) be a complete symmetric G-cone metric space with a Banach
algebra A and P be a nonnormal cone. Assume that the maps f,g : X — X satisfies the
contractive condition

G(fu, fo, fw) 2 0G(gu, gv, gw) (3.1)

for all u,v,w € X. Suppose f and g are weakly compatible with f(X) C g(X). If f(X) or
g(X) is a complete subspace of X, then maps f and g have a unique common fixed point.
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Proof. Let ug be an arbitrary element in the set X. We can then choose another element
u; € X such that fuyg = gu;. This is possible because f(X) is a subset of g(X). We
can continue this process indefinitely, such that having chosen u,, € X, we can choose
Un+1 € X such that fu,, = gu,41 foralln € N.

If, at some point, we have fu,, = fu,_1 for some n € N, then we know that fu,, = fu,
for all m € N with m > n. Thus, the sequence {fu,} is a Cauchy sequence.

Assuming that fu,, # fu,—1 foralln € N, by (3.1), we have

G(funt1, funtt, fun) 2 0G(gUnt1, GUnt1, gn)
= SOG(funv Sty fun—1)
= SDQG(gum GUnp, gun—l)
= <P2G(fun—1, fun—1, fun—2)
= ©"G(fur, fui, fug)

Given 6 < [ and select a positive real number n such that {I — ¢(I) + N(60 + )} C
intP, where N(0 +n) = {u € A : |lu|]| < n}. Also, select a natural number N such that
"G (fx1, fur, fug) < 1 —(l) for all m > N. Consequently

G(fuerh fUerl» fum) <l - ‘1‘9([)
VYm > N and m > N we have

G(fum, funtt, fung1) <1 (3.2)

vYn > m. We assume that (3.2) holds for some n > m, and then show that it also holds
when n = m. By using definition(2.4)
G(fuwu fun+27 fun+2) j G(f“ma fum+la fuerl) + G(fum+l7 fun+2; fun+2)
<l- (p(l) + @G(guerlv gUn+2, gun+2)
< I — QD(Z) + @G(fuﬂﬁ fun+1a fun+1)
<l =o(l) + (1)
=1
We can prove that (3.2) holds for all m,n > N by induction, using the fact that it holds
when m = n+ 1. This implies that fu,, is a Cauchy sequence. Suppose f(X) is a complete
subspace of X. Then, there exists w € f(X) C ¢g(X) such that fu,, — w and gu,, — w. Let
v be an element of X such that gv = w. We now need to show that gv = fv.
Let us fix § <« [. Next we can choose a natural number N that satisfies condition
G(w, fun, fu,) < £ and G(gun, gv, gv) < L. Then by using the definition(2.4),
G(w, fv, fv) 2 G(w, fun, fun) + G(fun, fo, fv)
= G(w, fun, fun) + ¢G(gun, gv, gv)
By using the definition of ¢ we get

F(G(w, fv, fv)) <[G(w, fun, fun) + G(gun, gv, gv)]
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We are given that G(w, fv, fv) < % holds for all i > 1. Also, we have ! — G(w, fv, fv) €
P for all 4, and as i approaches infinity, we get —G(w, fv, fv) € P. Since G(w, fv, fv) € P,
we can conclude that G(w, fv, fv) = 6 which implies that gv = fv = w. Therefore, w is a
coincidence point of f and g.

To show that w is a common fixed point of f and g, we need to use the concept of weak
compatibility of the maps. As fv = gv, it follows from the weak compatibility of f and g that
w is indeed a common fixed point of f and g.

fw=fgv=gfv=guw.
We demonstrate that fw = gw = w. If gw # w, we get from condition (3.1):
G(fw, fw, fv) 2 ¢G(gw, gw, gv)
< G(gw, gw, gv)
= G(fw, fw, fv)
Let us start by assuming that f and g are mappings such that fw = w = gw, implying that
w is @ common fixed point for both f and g.
Now, let w* be another common fixed point of f and g. To prove this, we will make use
of equation (3.1).
G(w,w,w*) = G(fw, fw, fw)
= pG(gw, gw, gw*)
= G(gw, gw, gw™)
< G(w,w,w")
To obtain uniqueness, we need to resolve the contradiction. O

Theorem 3.2. Let X be a symmetric G-cone metric space that is complete and based on a
Banach algebra A. Suppose P is a non-normal cone in A and let f : X — X be a mapping
that satisfies a contractive condition.

G(fu, fv, fw) X N (u,v,w) (3.3)
where
N(u,v,w) € {G(u,v,w), G(u, fu, fu),G(v, fv, fv), G(fu,v,w)} (3.4)
Yu,v,w € X, then map f has a unique fixed point in X.
Proof. Choose ug € X. Let u,, = fu,y; for all n € N. Suppose that u,, # u,_1, for each
n € N. Thus we have
G(“na Un41, un-{-l) = G(fun—lv fun, fun) = @N(un—la U, un)
where
N(un—h Un, un) c {G(un—h Unp, un); G(Un—la fun—h fun—l)a
G(u’ru fu'ru fun)7 G(funfla Un, Un)}
= {G(unfla Un, un)7 G(unfla Un, un)7
G(unv Un+1, un+1)7 G(Un, Un, un)}
- {G(un—la Unp, u‘rb)7 G(u’ru Un+1, un-‘rl)a 0}
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If N(twp—1,un,tn) = G(tn, Unt1,Unt1),then

G(tn; Unt1, Unt1) 2 QG (Up, Unt1, Unt1)
By using the definition of ¢ maps, we have

G (U, Upt 1, Unt1) < G(Uny Upg1, Unt1)
That is impossible. If N(u,_1, un,u,) = 0,then

G(Up, Unt1,Unt1) = @(0) < 0
That is a contradiction. And at last, if
N(tp—1,tUn, un) = G(tUp_1, Un, Un),

Then

G(Un, Up+41, un+1) j WG(Un—la Unp, un)

By applying a similar method to Theorem 3.1, we can conclude that the sequence {u,, }
is a Cauchy sequence. Since X is complete, {u,,} converges to a limitt € X. We now need
to show that ¢ = ¢. For any n € N, we can use the definition 2.4 to show that this is true.

G(t,t, ft) < G(t, t,un) + G(up, un, ft)
= G(t7 t? Un) + G(fun—17 fun—h ft)
j G(ta t) un) + QON(un—la Up—1, t)

And

N(unflvunfht) S {G(unflvunflvt)aG(unfla funflafunfl%
G(unflvfunflvfunfl)aG(funflaunflvt)}
= {G(un—laun—lat)v G(un—launvun)7 G(Un; un—lvt)'

Choose a natural number N; such that G(¢t,t,u,) < é, for all n > N;. We investigate
these situations as follows;
Case I: If N(up—1,un—1,t) = G(up_1,un—1,t), then

G(tﬂf,ft) = G(t,t,un) + @G(unflyunfl,t)
< G(t,t,un) + G(up—1, Un—1,t)
1
< 3 + 3
=1

Case ll: If N(up—1,un—1,t) = G(tp—1,un, uy,), then

G(t,t, ft) = G(t,t,un) + ©G(tn_1,Un, Un)
< Gty tun) + Gtn_1, Un, ty)
I 1
< By + 5
=1
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Case lll: If N(up—_1,un—1,t) = G(tp, un—1,1), then

G(t7 t, ft) = G(t, t, xn) + @G(un, Up—1, t)
< G(t,t,un) + G(tn, up—1,1t)
<Gt t,un) + G(up, un—1, Un—1) + G(Un—1,Un—1,1)
<

For any natural number n, this formula applies universally.G(¢, ¢, ft) < %,Vi > 1. S0
L—@(t,t, ft) e Pforalli > 1. Since L — 0 as i — oo and P is closed, hence —G(t, ¢, ft) €
P and G(t,t, ft) = 0 therefore t = ft. O

Theorem 3.3. Let X be a complete G-cone metric space over a Banach algebra A and
let P be a non-normal cone in A. Suppose that f is a self-map of X which satisfies the
following condition for all u, v, and w in X :

G(fu, fv, fw) < uN(u,v,w) (3.5)
where

N(u,v,w) € {G(u,v,w),G(u, fu, fu),G(v, fv, fv), G(w, fw, fw),
[G(u, fo, fv) + G(w, fu, fu)] G(u,Tv,Tv) + G(v, Tu, TU)}
2 ’ 2

Assume f is a function from R to R, and . is a constant satisfying0 < i < 1. Then f has a
unique fixed point.

Proof. By taking ¢(u) = p(u) with u € [0,1) and using the same method as in Theorem
3.2, we can obtain the desired result. O

Theorem 3.4. Consider a complete G-cone metric space X over a Banach algebra A and
a non-normal cone P in A. Let f be a self-map of X that satisfies the following condition
for all u,v,w e X:

G(fu, fv, fw) 2 pN(u,v, w) (3.6)
where
N(u,v,w) € {G(u,v,w),G(u, fv, fw),G(v, fv, fv),
G(u,u, fv),G(v,v, fu), Glw,w, fw)}
or

N'(u,v,w) € {G(u,v,w), G(u,u, fu), G(v,v, fv),
G(u,u, fv), G(v,v, fw), G(w,w, fw)}

and . is a constant satisfying 0 < u < 1. Then we say that f has a unique fixed point.
Proof. Suppose that f satisfies (3.6). By using (3.6) with w = v we have

G(fu, fv, fv) = uN(u,v,v) (3.7)



Asian Research Journal of Mathematics

Volume ....., Issue ..., Page ...,2023; Article no.ARJOM.xxxxx
ISSN: 2456-477X

we have

N(u,v,v) € {G(u,v,v), G(u, fu, fu), G(v, fv, fv),
G(u,u, fv),G(v,v, fu)}

And

N'(u,v,v) € {G(u,v,v), Glu,u, fu), G(v,v, fv),
G(u,u, fv),G(v,v, fu)}

By Lemma 2.13 we know that dg(u,v) = 2G(u, v, v) makes X to cone metric space

N(u,v) € {dg(u,v),dg(u, fv),da(v, fv),
dG(ua fU), dG(Uv fu)}

Let ug € X and u,, = fu,_1. Suppose that u,, # u,11, then

dG(una un-‘rl) - dG(fun—la fun) j MN//(un—la un)
where
NN(un—la Un) € {dG(un—la Un)a dG(“ny un+1)7 dG(un—la un+1)7 9}
We investigate some possibilities:
Case I: If N (up—1,u,) = dg(tpn—1,unst1), then

dG(unaunJrl) = ,udG(unflvunJrl)
= pl{da(Un—1,un) + pdg(tn, Uny1)}

j K dG’(unflyun)
e—p
Case ll: If N"(up,—1,uy,) = dg(tn—1,Uns1), then

dG (un» un+1) j ,deG(una un+1)

we have dg(un,unt1)(1 — ) < 0, since p € [0,1) this a contradiction.
Case lll: If N"(up,—1,uy,) = 0, then
dG(“ny un+1) j Me
which contradict with the assumption of w,, # w41
Case IV: If N"(up—1,2y,) = dg(tun—1,un), then

dG(u7uun+1) j ,deG(un—la un)
j /J/QdG(un—Qaun—l
= 2 pde(ug, un)

By the method used in (17) Theorem 2.3, we can obtain the desired result of f having
a unique fixed point. O
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Example 3.5. Let A= R*> and P = {u € R : u > 0} be a cone. Let X = [1,00) with the
following G-cone metric space

G(u,v,w) = d(u,v) + d(v, w) + d(u, w)
and the usual metric d(u,v) = |u — v|. Define the two maps f,g: X — X by
Jfu=u,
gu = 4u — 3,
for allu € X. Let’s define the function ¢ : P — P by pq = %q, for all ¢ € P. Then we have

G(fu, fo, fw) = d(fu, fv) + d(fv, fw) + d(fu, fw)
= |fu— fol+|fv = fwl+[fu— fol

= [u—v[+ v —w| +[u—w|

4
= g(lu—vl+ v —w| + |u - w|)
1
= §(|4u — 4u| 4 [4v — 4w| + |4u — 4w])
1
:§(|4u—3—4v+3|—|—|4v—3—4w+3\+|4u—3—4w—|—3|)
1
= 3(lgu — gvl + lgv — gwl| + |gu — gwl)
1
= gG(gu,gv,gw)
= pG(gu, gv, gw)
fl=g1=1

Consequently, we used the conditions of results 3.1 and see that v = 1 could be a
unique common fixed point for f and g.

4 Conclusion

We have generalized existing fixed point and common fixed point results for ¢-map in G-
cone metric spaces with Banach algebra A.
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