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Fixed Point Theorems for o-maps on G-Cone
Metric Spaces over Banach Algebra

Abstract

Aims/ objectives: In our research paper, we established some fixed point and common
fixed point theorems using generalized contraction mapping in G-cone metric space over
Banach algebras. This space is defined by Beg (15) through certain contractive conditions
related to p-maps. Our findings are a generalization and extension of several well-known
outcomes related to fixed point theory.
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1 Introduction

Fixed point theory is a significant area of study in analysis. The Banach contraction principle
(9) is frequently employed in the development of existence and uniqueness theories. To
determine the fixed point of contractive mappings, certain geometric assumptions are required
either on the structure of mappings or spaces. Thus, identifying the fixed point of contractive
mappings is a common problem in Mathematics.

In his work, Dhage (6) introduced the concept of D-metric space. However, subsequent
studies have revealed that certain theorems involving this space were flawed, rendering the
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majority of the results claimed by Dhage and others valid. Mustafa and Sims (7) identified
these errors and proposed a new structure known as G-metric spaces that generalize
metric spaces.

In their work, Huang and Zhang (2) extended the concept of metric spaces to include
ordered Banach spaces instead of just the set of real numbers. This led to the definition
of cone metric spaces. They also introduced the notion of completeness and described
the convergence of sequences in these spaces. Additionally, they proved some fixed point
theorems of contractive mappings on complete cone metric spaces, assuming a normal
cone. Since then, several authors have built on Huang and Zhang’s work to study fixed
point theorems for both normal and non-normal cones..

In their recent work, |. Beg, M. Abbas and T. Nazir (15) introduced the concept of G-cone
metric spaces, which are a generalization of both G-metric spaces and cone metric spaces.
They proved several topological properties of these spaces, such as the convergence
properties of sequences and completeness. Additionally, they obtained some fixed-point
theorems that satisfy certain contractive conditions. Furthermore, Cristina Di Pari and
Pasquale Vetro (14) have proven some theorems involving ¢-maps in cone metric spaces,
and W. Shatanawi (16) has also obtained some fixed-point results in G-metric spaces.

In a recent paper, Adewale and Osawaru (5) introduced the concept of a G-cone metric
space, which is a more general space than a G-metric space and a cone metric space.
They replaced the set of real numbers with an ordered Banach space and proved the
convergence properties of sequences as well as some fixed point theorems in this space.
The purpose of this paper is to obtain fixed point and common fixed point theorems of -
maps that satisfy contractive conditions in G-cone metric spaces over Banach algebra. Our
results are generalizations of some theorems found in existing literature.

2 Preliminaries

In this paper, we assume that P is a cone in A with int P # ¢(0, the additive identity element
of A) and =< is the partial ordering concerning P where A is a real Banach algebra. That is,
A is a real Banach space in which an operation of multiplication is defined, satisfying the
following properties (3) (for all z,y,z € A, a € R):

(i) (zy)z = z(y2);
(ii

)

) 2(y+2) =2y +xzand (z +y)z = 22 + yz;
(ii)) afzy) = (ax)y = z(oy);
)

)
(vi)

(iv) there exists e € E such that ze = ex = x;
V) llell = 1;
Vi) Nyl < [l=[]-lyll;

An element = € A is called invertible if there exists z—! € A such that
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Proposition 2.1. (3) Let x € A be a Banach algebra with a unit e, then the spectral radius
p(u) ofu € A holds

. 1 . nii
p(u) = lim [u,[* = infl|u]|* <1

n-r00
Further, (e — u) is invertible and (e — u)™* = >"°  u'.
Consider a Banach algebra A, 6 be the null vector, e be the identity element of A and
a subset P of A is called a cone if it satisfies the following:
(i) {0,e} Cc P andP is closed;
(i) P2=PPCP;
(iii) oP + P C P, for all non-negative real numbers « and g;
(iv) PN (—=CP)={6}.

With respect to cone P, a partial ordering = is defined as v < w if and only if (w —u) € P
and u < w if u X w and u # w whereas u < w means (w — u) € intP.

If Ais a Banach space and P C A, satisfies the conditions 1, 3 and 4 then P is called a
cone of A.

Remark 2.1. (3) If p(z) < 1, then ||z,|| = 0as n — oo.

Definition 2.1. (4) Consider X is a non-empty set, A be a Banach algebra and P C A be
a cone. Suppose the mapping d : X x X — A satisfies the following for all z,y, z € X:

(i) d(z,z)=0ifandonlyif z = z, and 0 < d(z, 2);
(i) d(z,z) = d(z,z);
(i) d(z,2) 2 d(x,y) +d(y, z) for every x,y,z € X.

Here d is called a cone metric and (X, d) is called Cone metric space over a Banach algebra
A (In Short CMSBA). Note that d(z,z2) € P forall z,y € X.

Definition 2.2. (5) Let X be a non-empty set, A be a Banach algebra and G : X3 — A be
a function satisfying the following properties:

() G(z,y,z)=40ifandonlyifz =y = z;
(i) 0 < G(z,y,2), forall x,y € X, with x £ y;
(i) G(z,z,y) X G(z,y,z) forall z,y,z € X, with z # y;
(iv) G(z,y,2) =Gy, z,2) = G(z,z,y) = ... (Symmetry);
(v) G(z,y,2) 2 G(z,a,a) + G(a,y, z) for all a, z,y, z € X (rectangle inequality).

Then G is called a G-cone metric over Banach algebra A and the pair (X, G) denotes a
G-cone metric space over Banach algebra.

Remark 2.2. (i) If Ais aBanach space in Definition 2.3, then (X, G) becomes a G-cone
metric space, and if in addition z = y, then it becomes a cone metric space as in
Huang and Zhang (2).
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(i) If A = R in Definition 2.3, we obtain a G-metric space as in Mustafa and Sims (8)
and if in addition, z = y in G(x, Yy, z), then it becomes a metric space.

Definition 2.3. (3) Let (X, d) be a cone metric space over Banach algebra A4 and {z,,} a
sequence in X. We say that

(i) {z.} is a convergent sequence if, for every ¢ € B with § < ¢, there is an N such that
d(xyn,z) < cforalln > N. Ones write it by z,, — z(n — o0).

(i) {z,} is a Cauchy sequence if, for every ¢ € B with § < ¢, there is an N such that
d(xp,zm) < cforalln,m > N.

(ii) (X, d) is a complete cone metric space if every Cauchy sequence in X is convergent.

Lemma 2.1. (3) Let A be a Banach algebra and k, a vector in A. If0 < r(k) < 1, then we
have
r((e—k)™1) < (1—r(k)".

Lemma 2.2. (1) Let A be a Banach algebra and x, y be vectors in A. If x and y commute,
then the following holds:

(i) r(zy) <r(x)r(y);
(i) r(x+y) <r(@)+ry);
(iii) |r(x) —r(y)] < r(z—y).

Lemma 2.3. (1) If A is real Banach algebra with a solid cone P and {z,} is a sequence in
A. Suppose ||z,|| — 0(n — o) forany 6 < c. Then z,, < c foralln > N', N' € N.

Lemma 2.4. (5) If E is a real Banach space with a solid cone P and if ||z,|| — 0 asn — oo,
then for any 6 < ¢, there exists N € N such that, for any n > N, we have x,, < c.

Lemma 2.5. (17) Let A be a Banach algebra and k € A. If p(k) < 1, then
Ikl =0

lim
n— oo

Definition 2.4. (5) Let (X, G) be a G-cone metric space over Banach algebra. G is said to
be symmetric if

G(z,y,y) = G(z,z,y)
forall z,y,z € X.

Lemma 2.6. (11) If X is a symmetric G-cone metric space, then
dG(I,ZJ) = 2G(I7yay)

Example 2.7. (8) Let A be the Banach space of all continuous real-valued functions C(K)
on a compact Hausdorff topological space K, with multiplication defined pointwise. Then A
is a Banach algebra, and the constant function f(t) = 1 is the unit of A.

LetP={fe A: f(t) >0forallt € K}. ThenP C A is a normal cone with a normal
constant M = 1. Let X = C(K) with the metricd : X x X — A defined by

d(f,g) = If(t) — g(t)]

wheret € K. Then (X, d) is a cone metric space over a Banach algebra A.
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Example 2.8. (4) Let (X, d) be a cone metric space. Define G : X — B, by
G(z,y,2) = d(z,y) + d(y, 2) + d(, 2).

Definition 2.5. (5) A G-cone metric space over Banach algebra A is said to be G-bounded
if for any x,y, z € X, there exists K > 0 such that
IG(2,y,2)|| = K
Definition 2.6. (5) Let (X, G) be a G-cone metric space over Banach algebra and {z,} a
sequence in X , ¢ > 6 with ¢ € A. Then
(i) {z,} converges to x € X if and only if G(z,,, z,,2) < cforalln,m > N1, N!' € N.

(i) {z,}is Cauchy sequence if and only if G(zy,, T, ) < cforalln,m >p > N1 N! €
N.

(iii) (X, G) is complete G-cone metric space over Banach algebra if every Cauchy sequence
converges.

Definition 2.7. (12) Let f and g be self-maps of a set X. If w = fax = gx for some x in X,
then x is called a coincidence point of f and g, and w is called a point of coincidence of f
and g.

Lemma 2.9. (13) Let f and g be weakly compatible self-maps of a set X. If f and g have a
unique point of coincidence w = fx = gx, then w is the unique common fixed point of f and

g.

Definition 2.8. (13) The mappings f,¢ : X — X are weakly compatible, if for every z € X,
the following holds:

fgx =gfx
whenever gx = fzx.

Definition 2.9. (14) Let P be a cone defined as above. A nondecreasing function ¢ : P —
P is called a p-map if the following conditions hold,

(i) (@) =0and b < p(z) < zforz e P\{0},
(i) z € intP implies z — ¢(z) € intP,
(iii) lim,—~ ©™(2) = 6 for every z € P\{6}.

3 Main Result

Theorem 3.1. Let (X,d) be a complete symmetric G-cone metric space over a Banach
algebra A and P be a nonnormal cone in A. Suppose that the mapping f,g : X — X
satisfies the following contractive condition

G(fx, fy, fz) X 0G(gz, gy, 92) (3.1)

for all z,y,z € X. Suppose f and g are weakly compatible with f(X) C g(X). If f(X) or
9(X) is a complete subspace of X, then mappings f and g have a unique common fixed
point.
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Proof. Let zy € X be arbitrary. Choose x; € X such that fxg = gz;. This is true since
f(X) C g(X). Continuing this process, having chosen z,, € X, we choose z,1 € X such
that fz, = gx,4q foralln € N. If fx,, = fz,—; for some n € N, then fz,, = fz, for all
m € N with m > n and sofz,, is a Cauchy sequence. We assume that fz,, # fx,_; for all
n € N. By (3.1), we have

G(frnsr, fonir, fon) 2 0G(9Tn i1, 9Tni1, 92n)
= ¢G(fan, fen, frn1)
= *G(9%n; 9T, gn—1)
= S02G(f$n—17 frn_1, frn_2)
i R ©"G(fx1, fx1, fxo)
Given § < c and we choose a positive real number ¢ such that ¢ — ¢(c) + N(6 + §) C

intP, where N(0 + §) = {x € A : ||z|| < 0}. Also, choose a natural number N such that
O"G(fx1, fr1, fre) < ¢ — ¢(c) for all m > N. Consequently

G(fxm-‘rla fxm+17 fxm) L c— (p(C)

for all m > N. Fix m > Nand we have

G(fxmafxn+17fxn+1) <L c (32)

for all n > m. We write (3.2) holds when n = m. We suppose that (3.2) holds for some
n > m. Then we have by using the definition(2.4),

G(fxma f‘rTL-i-Qv .fxn—&-Q) j G(fxm7 fx’!n-‘rla fxm-i-l) + G(fxm—i-lv fxn-‘rQa fxn+2)

< c—p(c) + pG(gTm+1, 9Tn+2, GTn+2)

<c— SD(C) + @G(fxmv fl'nJrla fanrl)

< c—yp(c) +¢(c)

=c
Therefore, (3.2) holds when m = n+1. By induction, we deduce (3.2) holds for all m,n > N.
Hence fz, is a Cauchy sequence. Suppose f(X) is a complete subspace of X, then there
exists w € f(X) C g(X) such that fz,, - w and also gz, — w. Let v € X be such that
gv = w. We prove that gv = fv.
Fix & < cand we choose a natural number N such that G(w, fz,, fr,) < § and G(gz,, gv, gv) <
5. Then by using the definition(2.4),

= G(w> fn, fxn) + G(fxnv fu, fl})
2 G(w, fen, fzn) + ©G(92n, gv, gv)
Using the property of p we get
F(G(w, fv, fv)) < G(w, fon, fr,) + G(gTm, gv, gv)
& C
<§+§

=C
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Thus G(w, fv, fv) < £ foralli > 1. Since ¢ — G(w, fv, fv) € P, foralli, as i — oo we get
—G(w, fv, fv) € P. But G(w, fv, fv) € P. Therefore G(w, fv, fv) = 6 which implies that
gv = fv = w, that is w, is a coincidence point of f and g. We need to use the hypothesis of
weak compatibility of the mappings to show that w is a common fixed point of f and g. As
fv = gv, by weak compatibility of f and g, it follows that

Jw=fgv=gfv=guw.
We show that fw = gw = w. If gw # w, by condition (3.1), we get
G(fw, fw, fv) 2 ¢G(gw, gw, gv)
< G(gw, gw, gv)
= G(fw, fuw, fv)
which gives us that fw = w = gw. Then w is a common fixed point for the mappings f and
g.
Finally, suppose that w* is another common fixed point of f and g. For the proof we use
(3.1).
G(w,w,w*) = G(fw, fw, fw")
= pG(gw, gw, gw*)
= G(gw, gw, gu™)
< G(w,w,w")
which is a contradiction, so uniqueness is obtained. O

Theorem 3.2. Let X be a complete symmetric G-cone metric space over a Banach algebra
A and P be a nonnormal cone in A. Suppose that the mapping f : X — X satisfies the
following contractive condition

G(fz, fy, fz) 2 ¢N(z,y,2) (3.3)
where
N(z,y,2) € {G(z,y,2),G(x, fx, fx),G(y, fy, fy), G(fr,y,2)} (3.4)
forall z,y,z € X, then f has a unique fixed point in x.
Proof. Choose zy € X. Let z,, = fx,41 forall n € N. Suppose that x,, # x,,_1, for each
n € N. Thus we have
G(xn; Tn+1, xn+1) = G(fxn—lv fxna fxn) = @N(xn—ly Tn, xn)

where

N(xp_1,Zn,2n) € {G(xp_1,Tn,Tn), G(@Xn_1, fTn_1, fTn_1),
G(@n, fn, frn), G(fTn—1,Tn, Tn)}
={G(xn-1,Tn, Tn), G(Tn_1,Tn, Tyn),
G(Xny Tyt1, Tng1), G(XTpy Ty n) }
={G(xn-1,Tn,Tn), G(Tn, Tni1,Tnt1),0}



UNDER PEER REVI EW

If N(xp-1,Tn,Zn) = G(Tn, Tni1, Tnt1)then

G(Tn; Tpt1, Tnt1) 2 QG (Tn, Tny1, Tny1)
By the property of ¢ maps, we have

G(Zn, Tnt1, Tnt1) < G(Tn, Tnt1, Tnyl)
which is impossible. If N(x,,_1, zp,z,) = 0,then

G(Xp, Tpy1,Tne1) S p(0) < 0
which is a contradiction. And at last, if
N(Zp—1,Zn,Tn) = G(Tp_1, Tn, Tn),

Then
G(l'n» Tn+41, xn+1) j @G(xnfla Tn, xn)

Using the same method as in Theorem 3.1, we conclude that {z,,} is a Cauchy sequence.
Since X is complete, {z,} is convergent to u € X. Now we show that u = fu.Forn € N,
we have by using definition 2.4

G(u,u, fu) = Glu,u, z,) + G(xn, Tn, fu)
G(u,u,zn) + G(frp-1, fXn_1, fu)
G

(U, Uu, xn) + @N(xn—lv Tn—1, u)

And

N(zp-1,2n-1,u) € {G(zp_1,2n-1,u), G(Tn-1, fTn_1, fTn1),
G(mn—h fmn—lv fxn—l), G(fxn—h Tn—1, u)}
= {G($n717 Tn—1, u)u G(*/L‘nflu Tn, xn)7 G(xn, Tn—1, U)
Choose a natural number Ny such that G(u,u,z,) < §, for all n > N;. We investigate
these situations as follows;
Case l: If N(zy,—1,2p-1,u) = G(xp_1,Tn_1,u), then
G(’LL, u, fu) j G(“? u, l’n) + @G(In—la Tn—1, U)
< G(u,u,xy) + G(Tp—1,Tn_1,u)
< ¢ + ¢
2 2

=c
Case ll: If N(z,,_1,2n_1,u) = G(2n_1,Tn, 2,), then
G(u,u, fu) = G(u,u, xn) + 0G(Xy—1, Ty Ty
< G(u,u,xy) + G(Tp—1,Tn, )
<is
2 2

=C
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Case lll: If N(xy,—1,2n—1,u) = G(zy, -1, u), then

G(u,u, fu) < G(u,u, ) + ©G(xp, Tn_1, 1)
< Gu,u,xy) + G(zp, Tp_1,u)
= G(u,u,xn) + G($n7xn—1a$n—1) + G(xn—hxn—lau)
Lc
Whenever n € N. Thus in all cases G(u, u, fu) < ¢, foralli > 1. So ¢ — G(u,u, fu) € P,for

alli > 1. Since ¢ — 0 asi — oo and P is closed, hence —G(u, u, fu) € P and G(u,u, fu) =
0 therefore u = fu. O

Theorem 3.3. Let X be a complete G-cone metric space over a Banach algebra A and
P be a nonnormal cone in A. Suppose that the [ is a self-map of X satisfying for all
x,y,z€ X

G(fx, fy, fz) 2 uN(z,y, 2) (3.5)
where

N(x’yﬂz) E {G(:r’yﬂz)’G(x’fx7fx)’G(y’ fy’ fy)7G(Z7fZ’ fz)7

Glw, fy, fy) + Gz fa, fo)] G, Ty, Ty) + Gly, Tw, T)
2 ’ 2

and p is a constant satisfying 0 < . < 1. Then f has a unique fixed point.

Proof. Applying the similar method as in Theorem 3.2 with taking ¢(z) = wu(x), where
e [0,1). O

Theorem 3.4. Let X be a complete G-cone metric space over a Banach algebra A and P
be a nonnormal cone in A. Suppose that the f is a self-map of X satisfying for all z,y,z € X

G(fx, fy, fz) 2 uN(z,y, 2) (3.6)
where
N(z,y,2) € {G(z,y,2),G(w, f, fz), G(y, fy, fy),
G(CL‘, xz, fy>7 G(yv Y, fx)7 G(z> 2, fz)}
or

N'(x,y,2) € {G(x,y,2),G(x,z, fx),G(y,y, [y),
G(‘r’ ‘/I'" fy)7 G(y7 y7 fx)’ G(Z’ Z’ fz)}

and . is a constant satisfying 0 < u < 1. Then f has a unique fixed point.
Proof. Assume that f satisfies (3.6). Using (3.6) with z = y we have

G(fz, fy, fy) 2 uN(z,y,y) (3.7)

we have

N(z,y,y) € {G(z,y,y),G(x, fz, fx), Gy, fy, [y),
Gz, z, fy),G(y,y, fx)}



UNDER PEER REVI EW

and

N'(z,y,y) € {G(z,y,v),G(z,z, fz),G(y,y, fy),
G(:'E7 x? fy)’ G(y’ y? f'r)}

By Lemma 2.13 we know that di(z,y) = 2G(z,y,y) makes X to cone metric space

N(l’,y) € {dg(x,y),dg(ac,fﬂc),dg(y,fy)7
dG(Ivfy)vdG(yafx)}

Let g € X and z,, = fx,,_1. Suppose that z,, # x,,.1, then
dG(l’n, xn+1) = dG(fxnfh fxn) j NN//(mnflv xn)
where
N//(.In,l, xn) € {dG(xnfla xn)a dG(.’IIn, $n+1)7 dG’(xnfla mn+1); 9}

We investigate some possibilities:
Case l: If N"(xy,—1,2n) = dg(Tn—1,Znyt1), then

dG(fEna In—‘—l) j ,deG(xn—la In+1)

= M{dG(xn—h xn) + ,UdG(xny x7z+1)}

j K dG(xnfhxn)
e —

Case ll: If N"(x—1,2,) = da(zn—1, Tnt1), then

da(Tn, Tnt1) 2 pda(Tn, Tng1)

we have dg(2n, zn41)(1 — ) < 0, since p € [0,1) this a contradiction.
Case lll: If N"(x,,—1,z,,) = 0, then

da (xn7 xn+1) = HH

which contradict with the assumption of z,, # x,,+1
Case IV: If N"(x_1,2y,) = dg(zp_1,zn), then

dG(xnaxn+1) = ,U/dG(xnfla xn)
= Usz(l‘n—ann—l
<. =X M”d@(aro,xl)

By the technique used in (17) Theorem 2.3, we can obtain the desired result of f having a
unique fixed point. O

Example 3.5. Let A= R*> andP = {u € R: u > 0} be a cone. Let X = [1,00) with the
following G-cone metric space

G(u,v,w) = d(u,v) + d(v,w) + d(u, w)
and the usual metric d(u,v) = |u — v|. Define the two maps f,g: X — X by

fu=u,
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gu = 4u — 3,
for allu € X. Let’s define the function ¢ : P — P by ¢q = %q, for all ¢ € P. Then we have
G(fu, fv, fw) = d(fu, fv) +d(fv, fw) +d(fu, fw)
= [fu— fol+|fv— fw| +[fu— fol

= Ju— | + v — w| + Ju — w]

4

= §(|u—v\+|v—w\+|u—w|)
1

= §(|4u — 4u| 4 [4v — 4dw| + |4u — 4w])
1

= §(|4u73—4v+3|+|4U7374w+3\+|4u73—4w+3|)
1

= 3(lgu —gvl + lgv — gwl| + |gu — gwl)
1

= gG(gu,gv,gw)

= ¢G(gu, gv, gw)

fl=gl=1

Hence we have the conditions of Theorem 3.1 and see that v = 1 is a unique common
fixed point for f and g.

4 CONCLUTIONS

We have proved fixed point and common fixed point theorems for ¢-mappings in G-cone
metric spaces with Banach algebra .4, which generalize several existing results in the
literature.
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