A co-infection Model for Monkeypox and HIV/AIDS: Sensitivity and Bifurcation
Analyses

Abstract.

Monkeypox can make people very sick. The skin becomes infected with bacteria, thuscausing
severe skin damage. This can lead to corneal infection with loss of vision, pneumonia,
difficulty swallowing, diarrhoea and vomiting leading to harsh malnutrition or
dehydration,several organs inflammation or death.HIV-AIDS is a life-threatening and chronic
condition. In HIV-infected individuals whose immune systems have been compromised,
monkeypox mortality alone may be much higher.The co-infection of monkeypox and
HIV/AIDS infections has been studied from a mathematical perspective by constructing a 13-
compartment deterministic model. Basic mathematical analyses were performed on the co-
infection model and the sub-models. The disease equilibrium points, the non-negativity of
solutions, the basic reproduction numbers, the invariant region and the stability patterns.
When the basic reproduction number is less than unity, the disease-free equilibrium points of
each sub-model are globally asymptomatically stable. Certain calculations were done using
the maple 18 programming language.The sensitivity analysis reveals that the parameters of
the basic reproduction of the monkeypox sub-model with positive sensitivity indices are the
probabilityof catching the monkeypox virus, the rate of effective contact, the compartment
I,,,’s coefficient of infection and the monkeypox vaccine’s waning rate, while the parameters
of the basic reproduction of the HIV/AIDS sub-model with positive sensitivity indices are the
probability of catching HIV virus, the rate effective contact, the compartment I;,’s coefficient
of infection and the compartment A,’s coefficient of infection. Via the centre manifold
theorem, the bifurcation analysis reveals a forward bifurcation pattern for the monkeypox
sub-model and the HIVV/AIDS sub-model, and under a certain condition, a critical value of the
monkeypox basic reproduction exists such that an effective management and possible
elimination of the monkeypox infection would require that the monkeypox basic reproduction
number should be kept below unity and above the critical value.
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1 Introduction.

According to World Health Organisation (2022),the monkeypox virus causes monkeypox and
it usually lasts between 2 weeks and 4 weeks. They further revealed that monkeypox has 6 to
13 days incubation period but can also range from 5 to 21 days, and the monkeypox infection
IS severe in persons with weak immune systems, pregnant women and children. Lack of
energy, muscle aches, swollen lymph nodes, skin rash, headache and backache are typical
symptoms of monkeypox. Although smallpox, measles and chickenpox may initially appear
similar, the lymph nodes’ swelling is a unique feature of monkeypox. The rash due to
monkeypox often starts on the face, thenextends to other parts. After the fever onset, the
eruption of the skin starts within 1 to 3 days. At close contact with body fluids,lesions and
contaminated materials,monkeypox virus is transferred from one individual to
another.Normally, between 2 and 4 weeks,anyone with monkeypox is infectious as long as
this individual manifeststhe symptoms. Transmission also occurs from mother to fetus via the
placenta.Monkeypox can make people very sick. The skin becomes infected with bacteria,
thuscausingsevere skin damage. This can lead to corneal infection with loss of vision,



pneumonia, difficulty swallowing, diarrhoea and vomiting leading toharshmalnutrition or
dehydration,several organs inflammation or death.

Kannan, Shaik, Sheeza (2022) stated that monkeypox which was dominant in Western and
Central African countries is a zoonotic disease, lately, human to human transfer was observed
in Australia, developed European countries and North America. They further stated that the
strain in Central African is relativelydangerous with high death rate, and advised suitable
measures such as wearing of masks, hand hygiene and vaccination. Petersen, Kabamba,
McCollum, Lushima, Wemakoy, Muyembe, Nguete, Hughes, Monroe and Reynolds (2019)
stated that monkeypox virus can infect diverse kinds ofdomestic animals and wild animals,
and that wild squirrels, primates, mongoose, dormice and African pouched rodents are some
of the natural hosts.

The immune cells also known as the CD4 cells are attacked by the human immunodeficiency
virus (HIV). The immune cells are white blood cells which assist in spottinganomalies and
infections in other cells. When there is no treatment, HIV can develop to AIDS (Acquired
immunodeficiency syndrome). AIDS is a life-threatening and chronic condition.In HIV-
infected individuals whose immune systems have been compromised, monkeypox mortality
alone may be much higher.The impact and the risk of other diseases are increased by the
presence of HIV.In Nigeria,the number of HIV/AIDS infected individuals is high, thus the
human monkeypox outbreak in Nigeria demandsa critical study onthe co-infection of these
two diseases.

According to Getachew (2017), models are constructed to study the transmissions dynamics
of infectious diseases and to suggest plans on the effective control. Tsetimi, Ossaiugbo and
Atonuje (2022), and Ossaiugbo and Okposo (2021)constructed mathematical models for the
study of Pneumonia and COVID-19 infection dynamics respectively.Ayele, Goufo, and
Mugisha (2021), Somma, Akinwande, and Chado (2019), Usman and Adamu (2017), and
Bhunu, Mushayabasa and Mac Hyman (2012) have done some research on HIVV/AIDS and
monkeypox.

Sensitivity and bifurcation analyses have been performed on several models including the
Kumar, Basu, Ghosh, Santra, Mahapatra (2021) analysis of COVID-19 epidemic model;
Santra, Mahapatra and Phaijo (2021) bifurcation analysis and chaos control of discrete pre-
predator model; Kumar, Basu, Santra, Ghosh and Mahapatra (2022) optimal control design;
Basu, Kumar, Santra, Mahapatra and Elsadany (2022) Covid-19 pandemic’s second wave’s
preventive control strategy;Kumar, Mahapatra, Parshad and Santra (2023) model for dengue
re-infection;Kumar, Santra and Mahapatra (2023) stability and sensitivity analyses of the
parameters of a SARS-CoV-2 model;Kumar, Basu, Santra, Elsadany, Elsonbaty,
Mahapatra and Al-khedhairi (2024) stability and sensitivity analyses of an Omicron variant
epidemic’s model parameters.

The co-infection of HIV/AIDS and Monkeypox is not a desirable condition. This work
developed and mathematically analyzed a deterministic model of 13 classes with ordinary
differential equations for HIV/AIDS and Monkeypox. The results shall help in the
management and possible eradication of HIV/AIDS and Monkeypox co-infection.

2. Model Description and Formulation
The animal population is divided into four compartments according to their monkeypox-
infection status, namelythe susceptible compartment (S,,), the exposed compartment (E,,),the



infectious compartment (I,,) and the recovered compartment (R,,). Animals are recruited into
the susceptible compartment at rate A,,. The animals become exposed at rate 4, - the force of
infection. Animals that are exposed to monkeypox infection become infectious at rate v,,. The
exposed animals can recover from the monkeypox infection at rate g,,, andanimals that are
already infectious of monkeypox infection can recover at rate p,,. We accept that natural
death occurs in all the animal compartments and we take the natural rate of death as p,,. We
also assume that death due to the monkeypox infection only occurs in the infectious
compartment, and we take the death rate due to the monkeypox infection asd,. The co-
infection model also divides the humans into nine mutually exclusive compartments namely,
the susceptible compartment (S), the monkeypox-vaccinated compartment (V},), the
monkeypox-exposed compartment (E,,), the monkeypox-infectious compartment(l,,), the
monkeypox-recovered compartment(R,,), the HIV-only compartment (1), the HIVV/AIDS-
infectious compartment (A4;), the HIV-only and Monkeypox co-infectious compartment
(Inm), and the HIV/AIDS and Monkeypox co-infectious compartment (Ay,)-

Relevant information has been provided by the Nigeria Centre for Disease Control and
Prevention (2022), the World Health Organisation (2022) and the World Health Organisation
(2023) on the transmission dynamics of these diseases. Thus, we make the following
assumptions.We assumed that permanent immunity is not conferred on humans upon
recovery from monkeypox, and the monkeypox vaccine is not 100% effective, hence there is
a waning effect which can cause vaccinated humans to become susceptible again.
Furthermore, we assumed that monkeypox-exposed animals/humans and monkeypox-
infectious animals/humans do not recover at the same rate. We have also assumed thatno
sexual activity exists between animals and humans; andmonkeypox-recovery rates for
thecompartmentsl,,,and A,,, differ. Additionally, we have assumed the chance of vertical
transmission for HIV infection.

Humans are born into the susceptible compartment (S) at rate A. The fraction of these
humans which acquire the virus via vertical transmission is €. Thus, this e-fraction is
recruitedinto the compartment/,, and(1 — €)- fraction into the compartmentS. Humans are
given the monkeypox vaccine at the rate «,,, and the vaccine’s waning rate is w,,. The rate in
which humans are exposed to the monkeypox infection is A, - the force of
infection.Monkeypox-exposed humans recover at rate g,,,.Humans move from the class E,, to
the class I, at rate v,,. Monkeypox-infectious humans recover at ratep,,. Individuals who
recovered from the monkeypox infection return to the susceptible compartment at rate(.
Humans acquire the HIV infection at rated;. People in the compartments E,, and I, acquire
the HIV-infection at rated,,andmove into the compartment I,,.Humans in class R,, also
acquire the HIV infection and move to compartmentl, .HIV-infectious humans develop the
AIDS syndrome at rate p,. The monkeypox exposure rates for the compartmentsi,and Ay is
o14and o4, respectively. a; and a,justifiesthe monkeypox vulnerability increment due to
an underlying HIV/AIDS infection. Individuals in the compartmenti,,,,develop the AIDS
syndrome at rate p,. People in the compartmentsl,,,andA,, recover from the monkeypox
infection at the ratest,and 7, respectively. Humans die due to the HIVV/AIDS infection at the
rate d;,, while d,,, is the monkeypox-induced death rate. u- natural mortality rate.
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Initial conditions:
$,(0) = 0,E,(0) = 0,1,(0) = 0,R,(0) = 0,5(0) =0,V,(0) = 0,E,,(0) = 0,1,,(0)
> 0,R,,(0) =0,1,(0) = 0,4,(0) = 0,1, (0) = 0,A4,,(0) = 0.

where:
L L)
N E YA CETACETN O]
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in = @ =8 B+ B Sy T e ) <O

\ (Apm () + 114 () + Dol () + P34, (D))
A= (1= 0h) (ﬁhch SO + 10 + An @ + Lo ) + A ()
Ny (6) = S0 + En(6) + 1, (6) + Ry (O).
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Fig. 1: Schematic diagram.
Table 1: Variables and Parameters Descriptions
Parameter Description
A, Recruitment rate into the class S,,.
A Recruitment rate into the susceptible class S.
Uy, Natural death rate among animals.
U Natural death rate among humans.
On Recovery rate for the class E,, .
Om Recovery rate for the class E,,, .
On, Recovery rate for the class I, .
Pm Recovery rate for the class I,,,.
T1 Monkeypox-recovery rate for the class I, .
T Monkeypox-recovery rate for the class Ay, .
d, Monkeypox-induced death rate among animals.
dn, Monkeypox-induced death rate among humans.
dp HIV/AIDS-induced death rate.
€ The fraction born infected with HIV virus.
Wiy Monkeypox vaccine’s waning rate.
{ Rate at which humans who recover from monkeypox infection
become susceptible again.
A Monkeypox vaccination rate.
v, Progression rate from class E,, to class I,.
U, Progression rate from class E,,, to class I,,,.
P1 Progression rate from class I, to class Ay,.
02 Progression rate from class I, to class Ay, .
o1 Parameter accounting for increased monkeypox susceptibility
because of an underlying HIV infection.
0y Parameter accounting for increased monkeypox susceptibility
because of underlying AIDS infection.
Cn Animals’ effective rate of contact for getting monkeypox
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Parameter Description
Cm Humans’ effective rate of contact for getting monkeypox
Ch Humans’ effective rate of contact for getting HIV infection
Om Monkeypox prevention measure. 0 < §,, < 1.
Sn HIV/AIDS prevention measure. 0 < §, < 1.
B Animal’s probability of catching monkeypox.
B Human'’s probability of catching monkeypox.
B Probability of getting infected with HIV per sexual contact with a
partner that is infected.
0, The infection coefficient of the class I,,,.
0, The infection coefficient of the class I}, .
b1 The HIV infection coefficient of the class I,.
¢, The HIV infection coefficient of the class I, .
b3 The HIV infection coefficient of the class 4.

3. Basic Analysis of the Model
In order to ascertain the biological relevance of the model, in this section, we present the non-
negativity of solutions and the invariant region.

3.1  Non-negativity of Solutions

Theorem 1:

Suppose I' = {(S,., E., I, Ry, S, Vins Emy Ly R Iy Any I Apm) € RY3:5,,(0) > 0,E, (0) >
0,1,(0) > 0,R,(0) > 0,5(0) > 0,V,,(0) > 0,E,, (0) > 0,1,,(0) > 0,R,,(0) > 0,1,(0) >
0,4,(0) > 0,1I;,,(0) > 0, Ap,, (0) > 0}, then

{S,E L, Ry, S, Vi, Evyy Ly R, 1y, Apy I s A } 1S NON-Negative V t > 0.

Proof:
ds,
dd§ = An - (:un + An)Sn
dtn = _(,un + An)Sn;

1

[ sz - [+ a0
n

Sn Z e_f(#n‘l'ln)dt_

: S, >0 Vt>0.
Similarly,E, (t) > 0,I,(t) > 0,R,,(t) > 0,5(t) > 0,V,,(t) > 0,E,,(0t) > 0,1, (t) >
0,R,(t) >0,I,(t) >0,4,(t) >0,I},,(t) >0,A,,,(t) >0Vt=>0m

3.2.  Invariant Region and Boundedness
Theorem 2:

The sets Iy = {(S,, By, 1 R) € RG0S, + B, + 1, + Ry = N, < !Al—} and
Ty = {(S Viu, Ens s Rows s A s Apin) € R0 < S + Vo + By + Ly + Ry + Iy + Ay +

Iym + Apm = N < 3} are positively invariant.

Proof:
gf;lv(t) = S5p(8) + En (O) + L, (1) + Ry (D).
dtn = Ay — o Ny — dp 1y < Ay — py Ny



N, () < ;i+ ketnt, @
N(t) =S(t) + Vm%t) + Ep, () + L, (t) + Ry (8) + 1, (1) + Ap(t) + Iy (t) + Apy (8).
(Z—IZ = /1 - yN - dm(lm + Ihm) —_ dh(Ah +Ahm) S /1 —/,LN

N() < §+ ke Ht, 3)

The inequalities (2) is the threshold population level for the animal population, while the
inequality (3) is the threshold population level for the human population respectively. Thus,
I, and I, are positively invariant =

3.3.  Equilibrium Points
We obtain the disease-free equilibrium (DFE) by settingall the infected compartments and the
derivatives in system (1) to zero and solving the resulting system.

l. The DFE(E,,, )of the sub-model for Monkeypox
An - (.un + An)Sn =0, )
AnSn - (.un + o, + Un)En =0,
vnEn - (:un + dn + pn)ln =0,
QnEn + pnln - .uan =0,
A+ w, Vi, +{R,, — (u+ A, +a,)S =0, > (4)
anS — (u+ w,)V, =0,
AmS - (.u + v, + Qm)Em =0,
vam - (.u + dm + pm)lm =0,

QmEm +pm1m - (:u + ()Rm S 0' J
I

A = :

n = P s D T E, @) + 1,00 + R
A, =(1-35 )( b, Ol )

m = (= 0n) (Baln y -+ P 5oy T D T En (D + 10 + R (D)

4y, A(u + wn) Aay, )
E ={—,0,0,0, , ,0,0,0 ]. 5
om (un U+ @ + 05) " 1+ @ + o) )

. HIV/AIDS sub-model’s DFE
A1-aA-(u+4,)S=0,
EA+ 1S — (u+ p), =0, (6)
pilp, — (u+dp)A, = 0.

) (11n + P34)
(1-9e)4

3.4. Basic Reproduction Number

The methodof the next generation matrix which was used by Ossaiugbo and Okposo (2021)
shall be employed in calculating the monkeypox-sub-model’s basic reproduction Ry, the
HIV/AIDS sub-model’s basic reproduction numberR, ¥ and the co-infection model’s basic
reproduction numberR,, .



(1) Calculating Ry, -

The classes that are infected are denoted byX (t)and represented as
X =F(t,X)-V(tX)

where Fare the new infection terms and Vare the remaining terms.

¥ = (Em)’ F = (AmS), V= ( (U + vy + @m)En )

Im 0 _UmEm + (/’L + dm + pm)lm
o _ (_1 + 6m),8mcm61(ﬂ + a)m) . [‘u + Up, + Om 0 ]
. u+a6n+a)m ) - utd, +p, |

F and V which are the next generation matrices. They are the Jacobian matrices of F
and Vevaluated at the DFE.

(1 - 6m),8mcm61(ﬂ + wm)vm (1 - Sm)ﬁmcmel(.u + wm)
FVTh =1+ ap + @) (0 + U + 0n) (@ + i + ) (U + QO + O) (i dyy + ) |
0 0
oy = (Bcndy(1 = 8,00, () : ) ®
L = mCm —Om)Unp .
Om ! 1A Gy + 0/ \(+ v+ 0) (1 + diy + )

(i)  Calculating Ry, .
I (u+pl
X= (A};)' F= (SA -Blhs)’v - (—pllh”+ (£1+ Zlh)Ah)'
F= [—(—1 +6p)Brenpr —(=1+ 5h)ﬁhch¢3] V= [:“ TP 0 ]

0 0 —p1 dptp
- (=1+8)Brcrd1  (=1+8)Bnchpspr (=14 8)Brcnds
FVv— = n+p1 (u+ p)(dp + 1) dy +
0 0
Ry, = Bprcp,(1 =96 dp +u) + . 9
0, = Bren( ) (d1(dy, + 1) + ¢3p1) T p(dr + 1) €))
(i) Calculating Ry, .
Similarly, we can show that
R = max( (1= 6m)BmCm b1 (1 + W)V (1 =6p)Bren((dp + 1)1 + ¢>3pl))
O = (1 + i + W)+ U+ Q) W+ iy + )’ 1+ p1)(dy + 1) '

i.e. Ry, = max(ROm,ROh).

4. Sensitivity Analysis

In this section, we examine the sensitivity of the parameters of R, and Ry, given in
equations (8) and (9) respectively. We employ the method used by Tsetimi, Ossaiugbo and
Atonuje (2022).This method helps us to easily quantify the importance of each parameter of
the basic reproduction number. It quickly allows us to calculate the relative change in the
basic reproduction number with change in the value of a parameter. The forward sensitivity
index of a parameter, say u, of R is given by:

sho = 9Ro x
H a//l RO
l. Sensitivity indices of parameters of Ry,
G =1>0, G =1>0, G"=1>0,
m m 1
Ry _ U+ om Ro A Wm

>0, S 0,

— = >
mu+ vy + 0m “m (ot g+ wy) (Ut wy)
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= _2((M3 + (Qm/z + dm/z + vm/z +pm/2 + am/z

+ 20,))1* + W (Qm + iy + Vi + Py + Wy + W)

+ (Om/2 + A /2 + Vp /2 + P /2) 00 + 1/20 (0 + dpy
+ Um + pm)wm - 1/2am (dm + pm)(Qm + Um)):u)/((.u + (089
+wm%ﬂ+%n+QmXﬂ+dm+meﬂ+me<:Q

sho =™ ¢ gk Z_Q—m<0
“m p+ay +w, o U+vy +om
o)
Ro m
= — <0,
=" 1-s,
Ro _ __EL__<0 ho—___Pm

dn = g+ dy + Py Pm T+ dy + P

The parameters of R, with positive sensitivity indices are the

Bm - probability of humans catching monkeypox through an effective contact,
cn, - effective contact rate for catching monkeypox by humans,

6, - compartment I,,,’s monkeypox-infection coefficient,

w,, - monkeypox vaccine’s waning rate, and

v, - rate at which humans move from class E,, to class I,,.

Increasing the values of theseparameters with positive sensitivityindices increases the value
of Ry, and thereby resulting in a high risk of the outbreak. Now, the parameters of R, with
negative sensitivity indices are the:

U - natural mortality rate among humans.

d,, - death rate due to monkeypox humans,

om - Compartment E,,’s recovery rate,

Pm - Ccompartment I,,,’s recovery rate,

a,, - rate of monkeypox vaccination, and

6, - monkeypox prevention rate, 0 < 6§,, < 1.

Although, it is not recommended to increase the values of d,, and p, we note here that
increasing the values of the parameters of R, = with negative sensitivity indicesis an approach
in the elimination of monkeypox infection.

. Sensitivity indices of parameters of Ry,

¢1(u+dy)

ch=1>0 &f=1>0 &f= > 0,

Bn 5 ch 1 ¢1(lg+ dp) + ¢3p1

P1 R h

cho = 3 >0, GRo=_ <0,

P (u+dp)dr + d3p O 1-26,
Gho = _ $3p1dy, <0

dn (p1(u+dp) + P3p)(u+dy)

R [z (.U2¢1 + (2dypy + 2¢3p)p + di "1 + p3pi(dy + Pl))
6 0 — __ < 0,

weo (u+p)(u+ dp)(dpdr + ugy + p3pq)
((M +dp)p1 — ¢3.U)P1

o1 — < 0.
((# +dp)d, + ¢3P1)(H + p1)

The parameters of Ry, with positive sensitivity indices are the
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B - probability of humans catching HIV through aneffective contact,
c, -  effective contact rate for catching HIV infection by humans,

¢, - compartment I;,’s HIV-infection coefficient, and

¢3 - compartment A;’s HIV-infection coefficient.

Increasing the values of these parameters with positive sensitivity indicesincreases the value
of Ry, and thereby resulting in an increased chance of the disease spread. Now, the
parameters of R, with negative sensitivity indices are the:

dy - death rate due to HIV/AIDS,

p1 -  rate of progression from compartment I, to compartmentA, .

6, - HIVIAIDS prevention rate,0 < 6, < 1,

U - natural mortality rate among humans,

Again, it is not recommended to increase the values of d;, and u,we note here that increasing
the values of the parameters of Ry, with negative sensitivity indicesis an approachin the

effective management and possible elimination of HIV-AIDS infection.

5. Bifurcation Analysis

In analyzing the dynamical system, a powerful and systematic framework is required
in studying the bifurcation pattern, and this framework should offer insights into the system’s
qualitative behavior near bifurcation points, and assisting the analysis of stability. Therefore,
we employ the centre manifold the theorem as presented by Castillo-Chavez and Song (2004)
to determine the bifurcation pattern of the sub-models.The Center Manifold Theorem gives a
systematic way to reduce the dimensionality of the problem, thereby concentrating on the
most important variables close to a bifurcation point.

Theorem 3 (Castillo-Chavez and Song, 2004)
Consider the following general system of ODESs with a parameter ¢:

d

d—’: =f(x,¢), f:R*"xXR-R" feC?R"xR), (10)
where 0 is an equilibrium point of the system, that is, f(0,¢) = 0 for all ¢. Assume the
following:
Al. A =D,f(0,0)= (af‘ (0, O)) iIs the linearization matrix of system (4.1) around the

equilibrium 0 with ¢ evaluated at 0. Zero is a simple eigenvalue of A, and other
eigenvalues have negative real parts.
A2.  The matrix A has a nonnegative right eigenvector w and a left eigenvector v each
corresponding to the zero eigenvalue.
Let f, be the kth component of f and
n

aZ
a= z vkwwa g (0,0 )\
s ¢ (11)
_ k
b—Xvkwla 5 (00 )
k,i=1

The local dynamics of the system around 0 are completely determined by the signs of a and b:

I a>0, b >0.When ¢ < 0 with|¢| « 1, 0 is locally asymptotically stable, and there
exists a positive unstable equilibrium; when 0 < ¢ < 1, 0 is unstable, and there
exists a negative and locally asymptotically stable equilibrium.
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ii. a <0,b <0.When ¢ <0 with|¢p| «< 1, 0 is unstable; when 0 < ¢ < 1, 0 is locally
asymptotically stable, and there exists a positive unstable equilibrium;

iii. a>0,b<0. When ¢ <0 with|¢p| « 1, 0 is unstable, and there exists a locally
asymptotically stable negative equilibrium; when 0 < ¢ « 1, 0 is stable, and a
positive unstable equilibrium appears;

iv. a < 0,b > 0. When ¢ changes from negative to positive, 0 changes its stability from
stable to unstable. Correspondingly, a negative unstable equilibrium becomes positive
and locally asymptotically stable.

Particularly, if a > 0 and b > 0, then a backward bifurcation occurs at ¢ = 0.

Proof:
l. Bifurcation of the monkeypox sub-model:
Sn, = An - (.un + An)Sn' )
Ey = 2,5, — (.un +ont Un)En'
In’ =V By — (n + dn + pp) 1y,
R," = 0nEn + ppln — pn Ry,
S'=A4+w,V, +{R,, — (u+ A, +a,)S, ; (12)
Vm’ = amS - (.u + wm)Vm;
Em, = AnS — (:u + Uy + Qm)Em'
Im,’ = U Ep — (.u +dn + pm)Im'
I Ry = 0mEm + pmIn _(.u+()Rm- J
An = PnCn -

Sp +E, +1L, + R,
Hllm )

L
Am = (1_5’”)<B”C”N_n+’8mcm5+vm +E, + I, + R,
wesetx; =S, x, =E,, x3=1,,x4=R,,, xs =S, xg =V, x; = E,, xg = I, X9 = R,,.
Thus, system (12) becomes:
xll =4y — (:un + An)xlﬂ )
xy' = Apx1 — (U + 0n + V)%,
x3' =Xy — (U + dp + pr)xs,
X4 = OnXz t PpX3 — UpXy,

X5 = A+ Wy Xe + (X9 - (.u + /1m + am)xS' ’ (13)
X' = AmXs — (U + wpy)Xe,
x7l = Amxs - (‘Ll + Um + Qm)x7'
Xg,;, = UpXy — (.u + dm + pm)x8'
X9 = QmX7 + PmXg — (.u + ()X9 J
From
U+ wy 1
on = BmenOn =0y e S o G v et )
we obtain
P (1 + ay + wp) (U + Vi + 00) (U + diy + p)
" Umcm91(1_6m)(#+wm) .
The DFE is

*

< Y . . o Autowy) B Aay,
X" =—,%"=0,x3"=0,x4"=0,x5" = ,Xg = )
ty u(p + ay + wp) plp + oy + wn)

x7"=0,xg" =0,x9" = 0>.
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The matrix of linearizationaround the DFE evaluated at 3,,, " is

— iy 0 —Bacn O 0 0 0 0 0
/ 0 —Up—0,—v, Pncn 0 0 0 0 0 0 \
| 0 Uy 0 0 0 0 0 0 0 |

0 On Pn —Hn 0 0 0 0 0
A = I 0 0 Iy 0 —-u-—a, Wi, 0 I3 ¢ I.
| 0 0 0 0 an —— Wy 0 0 0 |
[ o 0 L 0 0 0 —l = Uy — Om I o |
\ 0 0 0 0 0 0 v, —p—d, —p, O /

0 0 0 0 0 0 Om Pm —u—7
where

_ (_1 + 6m).8nCnMnA(M + wm) _ (1 - 6m).3ncnﬂnA(H + wm)
Anpt(p + ety + o) Anpt(pt + ap + )
l. = (_1 + 6‘m).[gm Cmel(ﬂ + wm) l, = — (_1 + 6m):8m Cmel(.u + wm)
3 U+ a, + o, . U+ a, + o, \
Now, |4 — AI| = oexpands to
QU+ 0 + di + Vi + A+ ) (A + )2 (U + W + @py + D)+ + D (=Bt + Apty
+ 22+ v, + o)A (u+1) =0
The solutions are:
=04 = —,Lln,/13 = _.un:/14 = —,Ll,/15 = _.ul_ ¢, /16 =TH T Ay T Wy,
17 -
22 2 2,2+ (4Bycp + 20y + 200V + (y + 0n)2
1

Ag - — 4+
22 2 20,2+ (4BnCy + 20y + 20V + (Un + 04)?
. _19:__2H_Qm_dm_vm_pm- ) .
0 is a simple eigenvalue of A = D, f(0,0). To get a right eigenvector w, we solve the system
Aw = 0. Assume w = (Wy, Wy, W3, Wa, Ws, Wg, Wy, Wg, Wo)T . Then

1 L2 )

_.BnCnWS — UpW1 = 0
(_.un —0On — vn)WZ + .BnCnWIi =0

vpwy =0
—UpWy + 0wy + pows =0
-1+36 Caltn A1 + Wiy )W -1+46 " 01 (1 + W)W,
( m).Bn nHn (M m) 3 —(M+(Zm)W5 +me6+( m).Bm m 1(/i m) 8 +fW9 =0
Anpt(p + 0 + @) ptam + O

A Ws + (—,L{ - wm)W6 =0
-1+6 C U, Al + w,, )w
_( m)ﬁn nHn (,u m) 3 _ (‘u +Um +Qm)W7 _

(_1 + 5m)ﬁm*cm61(# + (‘)m)WS -0

Apu(pu + apm + wp) b+ ay + oy
UmWy + (=i — dpy — p)wg = 0
OmW7 + pmWg + (—u — Hwg =0
Solving the system with wg = «,,, and wg = v,,, we obtain
w= <0,0,0,0,,u + Wy, Oy, u+ dyy,

22U + (A + Uy + P+ Ay + Oy F 0+ Uiy + 00) (A + Pr)

+pmJUm: (

w is nonnegative. To obtain the left eigenvector we solve the system v.A = 0. Assume
v = (vq, Vy, U3, Vg, Us, Vg, V7, Vg, Vg). Then

12

).

>+ (14)




—Vif, =0
UZ(_.“n —O0n— Un) + V3V, + 140, =0
Us (_1 + 6m)ﬁncn.unA(.u + wm) _ U7(_1 + 6m)ﬁncn.unA(.u + wm) —

—v6,Cc, + v c, +v + 0
1B+ V2B + vapn Attt + a + wp) Antt( + @y + wp)
—HnVy =0
(—vs + ve)am —vsu =0

(Vs — V) Wy — Ve = 0
1]7(—,[1 —Um — Qm) + VgV + V90 = 0
Us (_1 + Sm)ﬁm*cmel (.u + wm) + 177(1 - 5m)ﬁm*cm91(.u + wm)
u+a, +ow, u+a, +ow,

_US(.“+dm +pm)+v9pm =0

(Vs —v9)({) —vou =0
Solving the system, we obtainthe components of v as:

V1 = 0,
()
= —((1 + W) AWVs + ((C + dig + U + P+ 0m)Vs
+ v8vm).u2 + (((dm + Um + Pm + Qm)(() + (Um + Qm)(dm
+ pm))US + UgUm (( + dm + pm)).u + (()((Umdm + Om (dm
+ Pm))vs + Vgl (dm + pm))
- (US(( + .u)Qm (,Ll + dm + pm)
+ US(( + .u)vm(.u + dm + pm)
+vs(C+ Wulu + dp + pm)))(1 = 62)) /(€ + W) (up + dn
+Pm) + V(U + dy + pp) + O (1 + diy + pr)) A (e
+a, + wy)),
U3
= —(tp(u + wm)(ﬂgvS + ([ +dm + v + Py +0m)Vs
+ v8vm):uz + (((dm + Um + Pm + Qm)(() + (vm + Qm)(dm
+ Pm))Vs + VgV (¢ + diy + p )it + (O (Vi + 0 (di
+ Pm))vs + Vg, (dm + pm))
- (US({ + .U)Qm (.u + dm + pm)
+ US({ + ,U)Um(ﬂ + dm + pm)
+ US({ + .u).u(.u + dm + pm)))A(Hn + On + Un)(l
=8/ ((C+w(up +dpy + pr) + Uy (1 + diy + pry)
t Om (U + dny + pp)) A (it + iy + @ ) V),
_ _ _ 175(,11 + am)
v, =0,v5 =v5 >0, vé—a—,
V7
= (1*vs + (({ + dm + U + P + Q) Vs + Vg’
+ (((dn + Vi + P+ 00) () + (U + Q) (A + P )) Vs
+ VU (§ + diy + p))t + (O (Vi dim + @ (di + pm)) Vs
+ VU (din + Pn)))/(( + 1) (U + U + @) (U + diy
+€pm));
Us
Vg Vg > O, Vg ( n ‘u

Substituting w and v into equation (11), we obtain
a = —4(u(u*ve + vg({ + dpn + pr)u + (O (=5 + Vg) P + dvg)) (W°
+(@n/2+0n/24+00/2+3/2+dy/2+ V0 /24 pp/2)p
+ 1/2(dm + pm)(Qm + ( + vm))(l - Sm)(:u
+ wm)ﬁmvmzcmgl)/((.u + U + wm)A(.u + ()(# + Unm + Qm)(#
+ dim + P ) (),

13
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b= (61(1 - 6m)vm2(u + a)m)(HZUS + Us(f + dm + pm).u + (()((dm + pm)UB
- v5pm))cm)/((:u +a, + wm)(:u + Z)(.u + vy + Qm)(lfl + dm

+ Pm))-
Observe that a > 0,and b < 0 if we choose vg < vs, say
1 1
Vg = ) Vg = —,
T+ dy + pr)i+ (A + p) (D) > P

so that p?vg + vg({ + dpy + Pt + {((dm + prm)Vs — V5P, )is Negative and we geta >
0,b < 0OIf

{>1. (16)
Also, Observe that a < 0, b > 0 if we putvg > v, say vg = 1, vs = 1, so that p?vg +
vg({ + dpm + )it + {((d + pm)vs — V5P, )is positive and we obtain a < 0, b > 0if

2+ +dy +
7 < pe+ (¢ . m pm)u_ a7
m
Thus, case iii and case iv of the theorem 3 captures the dynamics of the monkeypox
sub-model around the DFE, according to inequalities (16) and (17) respectively. Considering
the inequality (17), a bifurcation plot is presented in figure 2.1t requires that an infective
management of the monkeypox infection shouldr,_inthe intervalR, <R, <1.
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Fig. 2: Bifurcation plot for the monkeypox sub-model

. Bifurcation of the HIV-AIDS sub-model:
1-aA- W+ 4)5=0,
EN+ /1hS - (,u + pl)lh =0, (18)
pil, — (u+dp)A, = 0.

8 (D11, + P3AL)
MRS + 1, + A (D)

where

Ah=(1_6h)<
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we set x; = S, x, = I, x3 = A, Thus, system (18) becomes:
X =1 —eA—(u+1,)S,
X = €A+ 1,S — (u+ p)ly, (19)
x3 = pily — (U + dp)Ay.

From
Ry, = Bren(1—68,)(p1(dy + 1) + Pp3p1) TEYSCET N 1. (20)
we obtain
B, = (u+p)(u+dp)
T (A= 8)((u+ dy) s + ap)ey
The DFE is
Y S
(x1 —T,Xz =U,x3 = )

The matrix of linearization around the DFE evaluated at 3,,," is
—U —(1 = 8w)Br e —(1 = 81)Bn cnops
A= 0 A=8)8"chpr—p—p1 (=8B cnds
0 P1 —u—dy
Now|A — AI| = oexpands to

((u+dp)(u+dyp + D1+ 2¢3p1(u+dp/2+2A/2+p1/2))(u+)A=0
The solutions are: 1, = 0,4, = —p,

_ dh2¢1 + 2dp ey + dppzpr + piy + 2udspr + P3pi?

dpd1 + udy + d3py
0 is a simple eigenvalue of A = D, £(0,0). To get a right eigenvector w = (wy, w,, w3)T, we
consider the system

13:

—wy — (u+p)(u+dp)piw, _ (u+ p)(u+ dp)psws _ 0\

Y (utd) g+ dap (u+ dp)d: + P31 |
(4 pIDIpiw + et didws) } (1)

B |

(u+ dp)d1 + d3p1
p1wz + (—pu —dp)wz =0
Solving the system withws = p;, we obtain
w=(=(u+p)+dn)/w+dy)p)"
The negative component of w is acceptable because it corresponds to the first entry of the
DFE which is strictly positive. Now, to obtain the left eigenvectorv = (v4, v,, v3), we solve
the system
—vip =0y
—((v1 —v3)py + vy (U +dp)dpr — (v2 —v3)py + Pv2)p13 ~ 0
(u+dp)d1 + d3p1 (22)
(u+dp)((vi —v)du + p1 (V1 — V2 +v3))p3 + V31 (u+dy)) J
— =0
(u+dp)d1 + d3ps
Solving the system with v3 = (u + p;)¢3, we obtain
v =(0,((u+d)d1+ dsp1), (w+ p)g3).
Substituting w and v into equation (11), we obtain
a

= —2(((1/2p1* + (u+ dp)ps + (1 + dp)*) Py + P3p1 (1
+ d;l ‘|)' p1/2))cn (1 = 6,)Br (1 + dp)p1 + d3p1)) /(1
—e)A) <0,

b=c,(1—=6,)((u+dp)gs + ¢3Pl)2 > 0.
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Thuscase iv of the theorem 3 captures the local dynamics of the HIV/AIDS sub-model
around the DFE. Hence, the sub-model exhibits a forward bifurcation, which guarantees that
the condition R,, < 1 is enough to effectively manage the disease.

0.75 1

Stable D1 Unstable DFL

0 0.5 1 1.5 2

Fig. 3: Bifurcation plot for the HIV/AIDS sub-model.

7. Discussion of Results and Conclusion

A 13-compartment deterministic model has been constructed and used for the
analyses of the co-infection of monkeypox and HIV/AIDS infections. Epidemiological
analyses were performed on model, and results obtained. In this study, calculations and
numerical simulations were done with the Maple 18 programming language. ltwas shown
that under some critical conditions, monkeypox and HIV/AIDS diseases can be properly
managed and possibly eliminated.Lyapunov functions were employed in the stability analysis
and the disease-free equilibrium (DFE) and disease-endemic equilibrium (DEE) of the sub-
models are globally asymptomatically stable when the basic reproduction number (Ry)
satisfies the condition Ry < 1.The centre manifold theorem as given by Castillo-Chavez and
Song (2004) was employed in the bifurcation analysis.

The sensitivity analysis approach used by Tsetimi, Ossaiugbo and Atonuje (2022) was
employed in obtaining the sensitivity indices of the parameters of the basic reproduction
number.The probability(fs,,) of catching the monkeypox infection, the rate of effective
contact (c,,), the compartment I,,’s coefficient of infection (6;) and the monkeypox
vaccine’s waning rate (w,,)are the parameters of monkeypox R,that havepositive sensitivity
indices, while the probability (8;,)of catching HIV virus, the rate effective contact (c,), the
compartment I,,’s coefficient ofinfection and the compartment A;’s coefficient of infection
are the parameters of HIV/AIDSR,, with positive sensitivity indices.

The bifurcation analysis revealed a forward bifurcation for the sub-model for
monkeypox and the HIV/AIDS sub-model. It was further revealed that when ¢ <
w2+ Hdm +pm K

dm
possible elimination of the monkeypox diseasewould require that the basic reproduction
number (R, ) satisfiesRy, € (Ro, ., 1).

, thena critical value R, exists such that an effective management and
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