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Sensitivity and Bifurcation Analyses of a co-infection Model for Monkeypox and
HIV/AIDS Infections.

Abstract.

The co-infection of monkeypox and HIV/AIDS infections has been studied from a
mathematical perspective by constructing a 13-compartment deterministic model. Basic
mathematical analyses were performed on the co-infection model and the sub-models. The
disease equilibrium points, the non-negativity of solutions, the basic reproduction numbers,
the invariant region and the stability patterns. When the basic reproduction number is less
than unity, the disease-free equilibrium points of each sub-model are globally
asymptomatically stable. Certain calculations were done using the maple 18 programming
language.The sensitivity analysis reveals that the parameters of the basic reproduction of the
monkeypox sub-model with positive sensitivity indices are the probabilityof catching the
monkeypox virus, the rate of effective contact, the compartment I,,,’s coefficient of infection
and the monkeypox vaccine’s waning rate, while the parameters of the basic reproduction of
the HIV/AIDS sub-model with positive sensitivity indices are the probability of catching HIV
virus, the rate effective contact, the compartment I,,’s coefficient of infection and the
compartment A, s coefficient of infection. Via the centre manifold theorem, the bifurcation
analysis reveals a forward bifurcation pattern for the monkeypox sub-model and the
HIV/AIDS sub-model, and under a certain condition, a critical value of the monkeypox basic
reproduction exists such that an effective management and possible elimination of the
monkeypox infection would require that the monkeypox basic reproduction number should
be kept below unity and above the critical value.

1 Introduction.

According to World Health Organisation (2022),the monkeypox virus causes monkeypox and
it usually lasts between 2 weeks and 4 weeks. They further revealed that monkeypox has 6 to
13 days incubation period but can also range from 5 to 21 days, and the monkeypox infection
IS severe in persons with weak immune systems, pregnant women and children. Lack of
energy, muscle aches, swollen lymph nodes, skin rash, headache and backache are typical
symptoms of monkeypox. Although smallpox, measles and chickenpox may initially appear
similar, the lymph nodes’ swelling is a unique feature of monkeypox. The rash due to
monkeypox often starts on the face, thenextends to other parts. After the fever onset, the
eruption of the skin starts within 1 to 3 days. At close contact with body fluids,lesions and
contaminated materials,monkeypox virus is transferred from one individual to
another.Normally, between 2 and 4 weeks,anyone with monkeypox is infectious as long as
this individual manifeststhe symptoms. Transmission also occurs from mother to fetus via the
placenta.

Kannan, Shaik, Sheeza (2022) stated that monkeypox which was dominant in Western and
Central African countries is a zoonotic disease, lately, human to human transfer was observed
in Australia, developed European countries and North America. They further stated that the
strain in Central African is relativelydangerous with high death rate, and advised suitable
measures such as wearing of masks, hand hygiene and vaccination. Petersen, Kabamba,
McCollum, Lushima, Wemakoy, Muyembe, Nguete, Hughes, Monroe and Reynolds (2019)
stated that monkeypox virus can infect diverse kinds ofdomestic animals and wild animals,



and that wild squirrels, primates, mongoose, dormice and African pouched rodents are some
of the natural hosts.

The immune cells also known as the CD4 cells are attacked by the human immunodeficiency
virus (HIV). The immune cells are white blood cells which assist in spottinganomalies and
infections in other cells. When there is no treatment, HIV can develop to AIDS (Acquired
immunodeficiency syndrome). AIDS is a life-threatening and chronic condition.In HIV-
infected individuals whose immune systems have been compromised, monkeypox mortality
alone may be much higher.The impact and the risk of other diseases are increased by the
presence of HIV.In Nigeria,the number of HIV/AIDS infected individuals is high, thus the
human monkeypox outbreak in Nigeria demandsa critical study onthe co-infection of these
two diseases.

According to Getachew (2017), models are constructed to study the transmissions dynamics
of infectious diseases and to suggest plans on the effective control. Tsetimi, Ossaiugbo and
Atonuje (2022), and Ossaiugbo and Okposo (2021)constructed mathematical models for the
study of Pneumonia and COVID-19 infection dynamics respectively.Ayele, Goufo, and
Mugisha (2021), Somma, Akinwande, and Chado (2019), Usman and Adamu (2017), and
Bhunu, Mushayabasa and Mac Hyman (2012) have done some research on HIVV/AIDS and
monkeypox.

The co-infection of HIV/AIDS and Monkeypox is not a desirable condition. This work
developed and mathematically analyzed a deterministic model of 13 classes with ordinary
differential equations for HIV/AIDS and Monkeypox. The results shall help in the
management and possible eradication of HIVV/AIDS and Monkeypox co-infection.

2. Model Description and Formulation

The animal population is divided into four compartments according to their monkeypox-
infection status, namelythe susceptible compartment (S,,), the exposed compartment (E,),
the infectious compartment (7,,) and the recovered compartment (R,,). Animals are recruited
into the susceptible compartment at rate A,,. The animals become exposed at rate 1,, - the
force of infection. Animals that are exposed to monkeypox infection become infectious at
rate v,. The exposed animals can recover from the monkeypox infection at rate o,
andanimals that are already infectious of monkeypox infection can recover at rate p,. We
accept that natural death occurs in all the animal compartments and we take the natural rate of
death as u,. We also assume that death due to the monkeypox infection only occur in the
infectious compartment, and we take the death rate due to the monkeypox infection asd,,. The
co-infection model also divides the humans into nine mutually exclusive compartments
namely, the susceptible compartment (S), the monkeypox-vaccinated compartment (), the
monkeypox-exposed compartment (E,,), the monkeypox-infectious compartment(l,,), the
monkeypox-recovered compartment(R,,), the HIV-only compartment (1), the HIV/AIDS-
infectious compartment (A4;), the HIV-only and Monkeypox co-infectious compartment
(Inm), and the HIV/AIDS and Monkeypox co-infectious compartment (4,,)-

In this formulation, we have assumed that permanent immunity is not conferred on humans
upon recovery from monkeypox, and the monkeypox vaccine is not 100% effective, hence
there is a waning effect which can cause vaccinated humans to become susceptible again.
Furthermore, we assumed that monkeypox-exposed animals/humans and monkeypox-
infectious animals/humans do not recover at the same rate. We have also assumed thatno
sexual activity exists between animals and humans; andmonkeypox-recovery rates for
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thecompartmentsl,,,and A;,, differ. Additionally, we have assumed the chance of vertical
transmission for HIV infection.

Humans are born into the susceptible compartment (S) at rate A. The fraction of these
humans which acquire the virus via vertical transmission is &. Thus, this e-fraction is
recruitedinto the compartment/,, and(1 — €)- fraction into the compartmentS. Humans are
given the monkeypox vaccine at the rate «,,, and the vaccine’s waning rate is w,,. The rate in
which humans are exposed to the monkeypox infection is A, - the force of
infection.Monkeypox-exposed humans recover at rate o,,,.Humans move from the class E,, to
the class I, at rate v,,. Monkeypox-infectious humans recover at ratep,,. Individuals who
recovered from the monkeypox infection return to the susceptible compartment at rate(.
Humans acquire the HIV infection at rateA,. People in the compartments E,, and I,,, acquire
the HIV-infection at rated,,andmove into the compartment I,,.Humans in class R,, also
acquire the HIV infection and move to compartmentl, .HIV-infectious humans develop the
AIDS syndrome at rate p;. The monkeypox exposure rates for the compartmentsi,and A;is
o14,and o, A, respectively. g; and a,justifiesthe monkeypox vulnerability increment due to
an underlying HIV/AIDS infection. Individuals in the compartmenti,,,develop the AIDS
syndrome at rate p,. People in the compartmentsl,,,andA,,recover from the monkeypox
infection at the ratest;and 7, respectively. Humans die due to the HIVV/AIDS infection at the
rate dj,, while d,,, is the monkeypox-induced death rate. u- natural mortality rate.

(dS
dtn =4, - (.un + An)snl
dE,
dt = AnSn - (.un + On + Un)Eni
dl
d_; = E, — (.un +d, + pn)lnr
dR,
7 = QnEn + pnIn - ,LLan,
ds
E= (1—€)A+mem +(Rm - (,Ll+/1m +Ah +am)S,
dv,.
W & amS N (:u + wm)Vm'
dE
9 d_;n = AnS — (.u +Vp +0mt Ah)Em; €Y
dl.,
E S UmEm - (,LL + dm + Pm + Ah)lm'
dR,,
7 = OmEm + ol — (.u + 7+ Ah)Rm;
dl,
q A+ A, (S + Ryp) + Tyl — (U + p1 + 014 1,
dA,
a pilp + T2Apm — (U + dy + 0245 Ay,
dly,
P 1 Am Iy + A (Eny + 1) — (U + dyy + pg + 7)) I,
dAhm
\ T = pZIhm + O-ZAmAh - (.u + dm + dh + TZ)Ahm-



Initial conditions:
s,(0)=0,E,(0)=>0,1,(0) >0,R,,(0) >0,5(0) =0,V,(0) >0,E,,(0) = 0,1, (0)
>0,R,,(0) >0,1,(0) = 0,4,(0) = 0,1;,,(0) = 0,A;,,(0) = 0.

L, (t)
Su(®) + En(8) + 1,(t) + R, ()
_ In (Ahm (t) + gllm (t) + QZIhm (t))
A = (1= 6n) (Bncn Ny FPmon S V(0 + B (O F 1 (0) + R (O
_ (A () + D114 (8) + P2l () + P34, (D))
A =(1=6) <ﬁ"ch SO + 10 (0) + Ay (O + Iy (©) F Apy, (0 >'¢1 <5 s

N, () = S (8) + En (8) + L, (8) + R, (¢).
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|
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-
E. Vn 'm

Qn

where:

),01 < 0,

Fin _pn Hn d,
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Fig. 1: Schematic diagram.
Table 1: Variables and Parameters Descriptions
Parameter Description
A, Recruitment rate into the class S,,.
A Recruitment rate into the susceptible class S.
Uy, Natural death rate among animals.
U Natural death rate among humans.
0n Recovery rate for the class E,, .
Om Recovery rate for the class E,,, .
On Recovery rate for the class I, .
Pm Recovery rate for the class I,,,.
Ty Monkeypox-recovery rate for the class I, .
T, Monkeypox-recovery rate for the class Ay, .
d, Monkeypox-induced death rate among animals.
d, Monkeypox-induced death rate among humans.
dp HIV/AIDS-induced death rate.
€ The fraction born infected with HIV virus.
W, Monkeypox vaccine’s waning rate.
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Parameter Description

{ Rate at which humans who recover from monkeypox infection
become susceptible again.

A Monkeypox vaccination rate.

v, Progression rate from class E,, to class I,.

U, Progression rate from class E,, to class I,,,.

P1 Progression rate from class I, to class A4;,.

P2 Progression rate from class I,,,, to class Ay, .

o1 Parameter accounting for increased monkeypox susceptibility
because of an underlying HIV infection.

0y Parameter accounting for increased monkeypox susceptibility
because of underlying AIDS infection.

Cn Animals’ effective rate of contact for getting monkeypox

Cm Humans’ effective rate of contact for getting monkeypox

Ch Humans’ effective rate of contact for getting HIV infection

Om Monkeypox prevention measure. 0 < §,, < 1.

oy, HIV/AIDS prevention measure. 0 < §, < 1.

B Animal’s probability of catching monkeypox.

B Human’s probability of catching monkeypox.

B Probability of getting infected with HIV per sexual contact with a
partner that is infected.

0, The infection coefficient of the class I,,,.

0, The infection coefficient of the class I, .

oY) The HIV infection coefficient of the class 1.

b, The HIV infection coefficient of the class I, .

b3 The HIV infection coefficient of the class 4.

3. Basic Analysis of the Model
In order to ascertain the biological relevance of the model, in this section, we present the non-
negativity of solutions and the invariant region.

3.1  Non-negativity of Solutions

Theorem 1:

Suppose I' = {(S,, E., I, Ry S, Vis Evy Iy Rons I, Any I Apm) € R33:5,,(0) > 0,E, (0) >
0,1,(0) > 0,R,(0) > 0,5(0) > 0,V,,(0) > 0,E,, (0) > 0,1,,(0) > 0,R,, (0) > 0,1,(0) >
0,4, (0) > 0,1,,(0) > 0,4,,(0) > 0}, then

Sy, En, Ly, Ry, S, Vi Enyy Ly R 1y, Ap, I s A } 1S NON-negative V t > 0.

Proof:
ds,

dt

ds,
>
7 2 (B + 42) S,

1
[ sz = [+ a0
n
Sn > e_f(.un‘l'ln)dt_
: S, >0 vV t=>0.
Similarly,E, (t) > 0,1,(t) > 0,R,(t) > 0,5(t) >0,V,(t) >0,E,,(0t) >0,L,(t) >
0,R,,(t) > 0,I,(t) > 0,4,(t) > 0,1},,(t) >0,A,,(t) >0Vt =>0m

=4, — (.un + An)sn-




3.2.  Invariant Region and Boundedness
Theorem 2:

The sets Ty = {(Sy, En o, Ra) € RE:0 < S, + By + L, + Ry = Ny, < 2—} and
Ty = {(S Yius Ens b Rows s A Iy Apin) € R0 < S + Vo + By + Ly + Ry + Iy + Ay +

Iym + Ap =N < 2} are positively invariant.

Proof:
gyv(t) = S5p(8) + En (O) + L, (1) + Ry (D).
dtn = Ay — U Ny — dp 1y < Ay — Ny,

N,(t) < ;ﬁ + ke Hnt, 2)
N(t) =S(0) + Vm%t) + Eq(8) + [, (0) + Ry (8) + [, (0) + Ap(£) + Iy (8) + Apyn (0.

dN
E= A —,LlN-dm(Im +Ihm) _dh(Ah +Ahm) <A —/,lN

A
N() < m + ke Ht, (3)

The inequalities (2) is the threshold population level for the animal population, while the
inequality (3) is the threshold population level for the human population respectively. Thus,
I, and I, are positively invariant =

3.3.  Equilibrium Points
We obtain the disease-free equilibrium (DFE) by settingall the infected compartments and the
derivatives in system (1) to zero and solving the resulting system.

l. The DFE(E,,, )of the sub-model for Monkeypox
An - (.un + An)Sn =0, )
AnSn - (.un + o, t+ Un)En =0,
vnEn b (:un + dn + pn)ln =0,
QnEn + pnln - ,Ltan =0,
A+ w,V, + (R, —(u+ A, +a,)S =0, > (4)
S — (u+ w,)V, =0,
AmS - (.u + v, + Qm)Em =0,
v‘mEm - (.u + dm + pm)lm =0,
QmEm + pmlm _I(/’[ + Z)Rm =0, J

M= P 5 O+ a0 + 10 () + R (O

)i gllm
Ap=(1—-6 ( = )
m = (1= 0m) (Bucn - Brn 505300 B, (0 + 1, (0 + R, (O
A A+ w Aa
Eoyy = <_n,0,0,0, iton) gy 'O'O'O) ®
" U + oy + W) p( + ay + @)

. HIV/AIDS sub-model’s DFE



1-aA—-(u+4)S=0,
A+ A4S — (u+p)Il, =0, (6)
pilp — (u+dp)A, = 0.

~ (¢11h + ¢3Ah)

Ay = (1 —6) <.3hCh S(t) +1,(t) + Ah(t))
(1-9)4

., ]th = (T; 0)0> (7)

3.4.  Basic Reproduction Number

The methodof the next generation matrix which was used by Ossaiugbo and Okposo (2021)
shall be employed in calculating the monkeypox-sub-model’s basic reproduction R, , the
HIV/AIDS sub-model’s basic reproduction numberR) B and the co-infection model’s basic
reproduction numberR,, .

(1) Calculating Ry, .

The classes that are infected are denoted byX (t)and represented as
X =F@tX)-V(X)

where Fare the new infection terms and Vare the remaining terms.

¥ = (Em) F = (/lmS), V= ( (u+ v, +0)En, )

Im 0 _vam + (.u + dm + pm)lm
. u+a0m+wm ) —v, u+d, +p. |

F and V which are the next generation matrices. They are the Jacobian matrices of F
and Vevaluated at the DFE.

L (1 _5m)ﬁmcm61(.u+wm)vm (1 _Sm)ﬁmcmel(.u-l'wm)
Fv=—= (.u + Um + wm)(:u + Um + Qm)(:u + dm +pm) (.u + U + wm)(/l + dm +pm) '
0 0
oy = (Buendy(1 = 8,09, () - ) ®
. = mCm —Om)Un;m .
O ! Pt O+ 0 \(U+ Uy + 0n) (U + doy + Pr)

(i)  Calculating Ry, .
_ Ih _ e + AhS _ (,ll + pl)lh
A (Ah)' ' ( 0 ),V a (—P1Ih + (u+ dh)Ah>.
F= [—(—1+5h)ﬁhch¢1 _(_1+6h)ﬁhch¢3],vz K+ p 0 ]

0 0 —-p1  dptp
- (=1+4+8)Brcrd1 (=14 8)Brcnpspr (=14 8w)Brcr s
FV="= 1+ py (1 + p)(dy + 1) dp +
0 0

Ro, = Buen(1 = 8,)(p1(dp + 1) + ¢3p1) TETRICIET) 9)
(i)~ Calculating Ry,
Similarly, we can show that
R. = max( (1 =6,)Bmcmb1(u + wy)vy, (1= 8,)Bren((dy + Wy + ¢3P1))
o (1 + @ + @)+ U+ 0n) (U + iy + i)’ 1+ p1)(dn + 1) '

i.e. Ry, = max(ROm,ROh).



4.

Sensitivity Analysis
In this section, we examine the sensitivity of the parameters of R, and Ry, given in

equations (8) and (9) respectively. We employ the method used by Tsetimi, Ossaiugbo and
Atonuje (2022). The forward sensitivity index of a parameter, say u, of R, is given by:

ORy
Sho= 2w
" 0[1 RO

Sensitivity indices of parameters of R,

G =1>0, G2 =1>0, &'=1>0,
1}}?0 — ,u+Qm >O, Ro A Wm

Ry
Sy

= >0,
“m (ot g+ wy) (Ut o)

= _2((ﬂ3 + (Qm/z + dm/z + vm/z +pm/2 + am/z
+ 20 )1* + W (@ + iy + Uy + Py + Wy + W)
+(0n/2+ dn /2 + Uy [2 + p /2)0n % + 1/200, (0 + dip,
+ Um + pm)wm - 1/2am (dm + pm)(Qm + vm)).u)/((/l + Ay
+ wp) (@ + Uy + o)+ dy + o) (1t 0R)) <O,
A N 1 B )
m U+ ay + wy v U+v, +om
m
1-6,,
Ry dm Ro Pm

=———" <0, G'=-—-""_<0.
fm it dip +

<0,

The parameters of R, with positive sensitivity indices are the

Bm -
Cm

0, -

Wy, -

Um -

probability of humans catching monkeypox through an effective contact,
effective contact rate for catching monkeypox by humans,

compartment I,,,’s monkeypox-infection coefficient,

monkeypox vaccine’s waning rate, and

rate at which humans move from class E,, to class I,,,.

Increasing the values of theseparameters with positive sensitivityindices increases the value
of Ry, and thereby resulting in a high risk of the outbreak. Now, the parameters of R, with
negative sensitivity indices are the:

U -
d, -
Om -
Pm -
Ay -
O -

natural mortality rate among humans.
death rate due to monkeypox humans,
compartment E;,,’s recovery rate,
compartment I,,,’s recovery rate,

rate of monkeypox vaccination, and
monkeypox prevention rate, 0 < §,, < 1.

Although, it is not recommended to increase the values of d,, and u, we note here that
increasing the values of the parameters of R, =~ with negative sensitivity indicesis an approach
in the elimination of monkeypox infection.

Sensitivity indices of parameters of Ry,



R, . P1lu+dyp)

S =1>0, &=1>0,

= >0,
g 5 1 ¢1(lg+ dp) + ¢3p;
P1 R h
sfo = 3 >0, GRo=— <0,
P (u+dp)gy +¢¢3Pb O 1-6,
P1dp
Sl = E <0,
dn (D1(u+dp) + p3p)(u +dy)
oho — [z (.U2¢>1 + (2dyp1 + 2¢3p)p + di* Py + P3pi(dy + P1)) -0
B (u+p)(u+dp)(dppy + udy + P3p1) ’
SR ((M +dp)pr — ¢3H)Pl

LT T ((IJ +dp)e, + ¢3P1)(H + p1)

The parameters of Ry, with positive sensitivity indices are the

Br - probability of humans catching HIV through aneffective contact,
c, - effective contact rate for catching HIV infection by humans,

¢, - compartment I,,’s HIV-infection coefficient, and

¢3 - compartment A4, ’s HIV-infection coefficient.

Increasing the values of these parameters with positive sensitivity indicesincreases the value
of Ry, and thereby resulting in an increased chance of the disease spread. Now, the
parameters of R, with negative sensitivity indices are the:

dy, - death rate due to HIV/AIDS,

p1 -  rate of progression from compartment I;, to compartmentA,,.

0n - HIV/AIDS prevention rate,0 < §, < 1,

U - natural mortality rate among humans,

Again, it is not recommended to increase the values of d;, and p,we note here that increasing
the values of the parameters of Ry, with negative sensitivity indicesis an approachin the
effective management and possible elimination of HIV-AIDS infection.

5. Bifurcation Analysis
We employ the centre manifold the theorem as presented by Castillo-Chavez and
Song (2004) to determine the bifurcation pattern of the sub-models.

Theorem 3 (Castillo-Chavez and Song, 2004)

Consider the following general system of ODESs with a parameter ¢:

dx
o= flx,¢), f:R*xR-R" feC?R"xR), (10)
where 0 is an equilibrium point of the system, that is, f(0,¢) = 0 for all ¢. Assume the
following:
Al. A=D,f(0,0)= (% (0,0)) is the linearization matrix of system (4.1) around the
]
equilibrium 0 with ¢ evaluated at 0. Zero is a simple eigenvalue of A, and other
eigenvalues have negative real parts.
A2.  The matrix A has a nonnegative right eigenvector w and a left eigenvector v each
corresponding to the zero eigenvalue.

Let f; be the kth component of f and



a =

n 92
> v - g" 00

k,ij=1

n 92
_ 0° fi
b= E Usza 6¢(OO) )

k,i=1

(11)

The local dynamics of the system around 0 are completely determined by the signs of a and b:
i a>0, b > 0. When ¢ < 0 with|¢| « 1, 0 is locally asymptotically stable, and there
exists a positive unstable equilibrium; when 0 < ¢ < 1, 0 is unstable, and there
exists a negative and locally asymptotically stable equilibrium.
ii. a <0,b<0.When ¢ <0 with|¢p| «< 1, 0 is unstable; when 0 < ¢ < 1, 0 is locally

asymptotically stable, and there exists a positive unstable equilibrium;

iii. a>0,b<0. When ¢ <0 with|¢p| <« 1, 0 is unstable, and there exists a locally
asymptotically stable negative equilibrium; when 0 < ¢ «< 1, 0 is stable, and a
positive unstable equilibrium appears;

iv. a < 0,b > 0. When ¢ changes from negative to positive, O changes its stability from
stable to unstable. Correspondingly, a negative unstable equilibrium becomes positive
and locally asymptotically stable.

Particularly, if a > 0 and b > 0, then a backward bifurcation occurs at ¢ = 0.

Proof:

l. Bifurcation of the monkeypox sub-model:
Sn, =N, = (.un + An)Sn' )
Ep =228, — (Hn + 00 + W)E,,

In’ = UnEn - (:un + dn + pn)ln'
Rn, = 0By + Pl — Uy Ry,
S'=A+w,V, +(R,, — (u+ A, +a,,)S,

V'
E,’

Ly = v Enpy — (U + dpy + o) Ly,

Ry,
L,

~~

= amS » (.u + (‘)m)Vm;
~ 2'mS - (,LL + Um + Qm)Em'

= 0mEm + Pl — U+ DR,y J

A = :
n m%&+@+Q+&

b = (=8, (ot

Hllm >

. TP S E 41 +R,

(12)

we set X1 = Sn1 Xy = Env X3 = In’ X4 = Rn’ Xy = S, Xe = Vm’ X7 = Em! Xg = Im, X9 = Rm.

Thus, system (12) becomes:

From

xll =4, = (:un + An)xlﬂ

x3" = Anxy — (U + 0 + V1) X2,

x3' =Xz — (U + dp + pr)xs,

X4 = QnX2 + PnX3 — UnXy,

Xs = A+ wpxe +{xg — (U+ A + ap)xs,
x6, = Oy X5 — (,LL + wm)x6’

x7l = AmxS - (,Ll + Uy + Qm)x7'

xi,}’ = UnX7 — (‘Ll + dm + pm)xS'

X9 = 0mX7 + pmxg — (1 + O)xXo.
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Ro, = (Bncn8: (1= 8,)1im) () : )=1

_ + ay + 0/ N+ Vi + 0+ di + P)
we obtain
8 o_tam + o)t v+ o)t dn + pm)
" vmcmgl(l_(sm)(/l-l'(‘)m) .
The DFE is
<*An*0*0*0*/1(u+wm) : Ady
X = —,X =uUXx =UX =uUX = , X = ]
T 3 * ST u(ut aptwn)’ Tt put an + wp)

x7"=0,xg" =0,x9" = 0).

The matrix of linearizationaround the DFE evaluated at £, " is

iy 0 —Bncn O 0 0 0 0 0
( 0 —Up—0n—V, PBucCn 0 0 0 0 0 0 \
0 Uy 0 0 0 0 0 0 0
0 On Pn —Hn 0 0 0 0 0
A= 0 0 L 0 —u-—ay Wi 0 I3 ¢ .
0 0 0 0 fo —U — Wy 0 0 0
| 0 0 l, 0 0 0 —U = Vp — Om ly 0 |
\ 0 0 0 0 0 0 v, —u—d, —p, O /
0 0 0 0 0 0 Om Pm —u=9
where
_ (_1 + 5m)ﬁncn.unA(.u + wm) _ (1 N 6m)ﬁncnﬂnA(ﬂ + wm)

yL2 - )

! At + @ + @) Ait(p =+t + W)

l. = (_1 + 6m)ﬁm*cm91(.u + wm) [, = — (_1 + 6m)ﬁm*cm91(.u + wm)
3 U+ a, + o, o U+ a, +w, '
Now, |4 — AI| = oexpands to
QCuAom +dp + v + A+ p) A+ 1) (U + @y + 0y + D+ + D (=BrCrvn + Aty
+ 22+ v, + Ao )AMu+2) =0
The solutions are:
A =0, = —py, A3 = —ln, Ay = =1, A5 = _.ul_ (A = = — Uy — Wiy,
17 -_ =S 2
22 2 /v, 2+ (4Bycn + 2y + 20V + (y + 0n)?
v 1

dg=——2 -2 — +
22 2 2/u,24 (4Bcp + 2pn + 200)Vn + Uy + 0n)?

) _A9=__2ﬂ_9m_dm_vm_pm- ] ]
0 is a simple eigenvalue of A = D, f(0,0). To get a right eigenvector w, we solve the system
Aw = 0. Assume w = (wy, Wy, W3, Wi, Ws, Wg, Wy, Wg, Wo)T . Then

—PnCawz — pywy =0
(—ln — 0n —V)Wy + Brcw3 =0

VpWy = 0
—Un Wy + 0 W2 + ppw3 =0
-1+46 Calln A(U + @)W -1+56 " 01 (1 + W)W,
( m),Bn nln (:u m) 3—(/,l+am)W5 +me6+( m)ﬁm m 1(# m) 8+(W9 =0
Apit(tt + Qo + W3y pt o

AmWs + (4 — wp )W =0
_ (_1 + 5m).8ncn.unA(.u + wm)W3

(_1 + 6m).8m*cm91(# + wm)W8 -0

—Wtv, + wy —
Ak (i + Ty + ) e+ O+ 0mJw7 Lt Ty F Oy
Um W7 + (_.u - dm _pm)W8 =0

OmW7 + ppwg + (—u — Hwy = 0

11
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Solving the system with wg = «,,, and wg = v,,, we obtain

w = <0,0,0,0,/,t + Wy, Ay, U+ dy,
T
20% 4 (doy 4 Uy + P+ Ay + 0y + 0t + (Vi + 00) (A + Pr)
+ O Um,s 7 .

w is nonnegative. To obtain the left eigenvector we solve the system v.A = 0. Assume
v = (vq, Vp, U3, Uy, Us, Vg, V7, Vg, Vg). Then

—Vifn =0
UZ(_.“n —O0n— Un) + V3V, + 140, =0
Us (_1 + 6m)ﬁncn.unA(.u + wm) _ U7(_1 + 6m)ﬁncn.unA(.u + wm) -0

_Ulﬁncn + UZBnCn + U4Pn +

Appu(u + ay + o) Appu(u + ay + o)
—UaVy =0
(—vs + vy —vsu =0 + (15)

(Vs = V) Wy — v =0
v7(—,u —VUm — Qm) + VgV + V9OQm = 0

vs(—1+6 e b1(u+ @ v7(1—-46 OO+ w
5( m)ﬁm m 1(# m)_|_ 7( m)ﬂm = 1(.“ m)_178(.l'l‘|'dm +pm)+v9pm:O

u+a, +ow, u+a, +ow,
(Vs = v9)({) —vou =0 J
Solving the system, we obtainthe components of v as:
V1= 0,
U

=—((u+ wm)”nA(/l:svS +(({+dy + vy +pm +0m)Us

+ v8vm):uz + (((dm + Um + Pm + Qm)(() + (vm + Qm)(dm

+ P ))Vs + VU ({4 dim + pm )it + (O (Vmdm + 0m (dm

+ pm))US + UgUnm (dm + pm))

- (US({ + H)Qm (,LL + dm + pm)

+ 175({ + M)Um(ﬂ + dm + pm)

+vs({ +wulu+ dy + pr)))A = 6,))/(C +w)up +dn

+pm) V(U dp + o) +om (Ut diy + ) A u(u

+a, +w,)),

U3
= —(u, (u + wm)(HBVS +(({+dpy + v + P+ 0m)Us
+ v8vm):uz + (((dm + Um + Pm + Qm)(() + (Um + Qm)(dm
+ Pm))Vs + VgUn (§ + diy + pm )it + () (Vi dim + 0 (A
+ pm))US + VgV (dm + pm))
- (US({ + .U)Qm (.u + dm + pm)
+ US({ + ,U)Um(ﬂ + dm + pm)
+ US({ + .u).u(.u + dm + pm)))A(Hn + On + Un)(l
—6m))/(C+ W+ dm + pp) + V0 (U + diy + i)
tom(u+dp + o)A + Ay + Wy ) V),
175(,11 + am)
v, =0,v5 =v5 >0, v6=a—'
U7

= (1*vs + (({ + dm + U + P + Q) Vs + Vg’

+ (((dm + v, + Pm + Qm)(() + (Um + Qm)(dm + pm))US
+ UgUnm ({ + dm + pm))“ + (()((vmdm + Om (dm + pm))US
+ vsgrg (dm + )/ + W)+ vy +0) (1 + diy

+ Pm))

12



_ (s
{+u
Substituting w and v into equation (11), we obtain
a = —4(u(p’vg + vg( + dp + prdpt + () ((—Vs + Vg)pm + dmve)) (1
+ (/2 + W /24 0m/2+0/2+din /2 + v /24 pn /2)1
+ 1/2(dm + pm)(@m + ( + vm))(l - 6m)(:“
+ wm)ﬁmvmzcmgl)/((.u + Uy + (‘)m)A(,u + Z)(ﬂ + Um + Qm)(ﬂ
+dp + pn) (),
b= (91(1 - 6m)vm2(,u + wm)(ﬂ2v8 + US(Z + dm + pm).u + (()((dm + pm)vS
- USpm))Cm)/((u +a, + wm)(:u + Z)(,Ll + v, + Qm)(.u + dm

U8=U8>O, Vg

+ Pm))-
Observe that a > 0,and b < 0 if we choose vg < vs, say
1 1
Vo = ) Vs =—
T+ Hdy + pdi+ (i + p) (D) > P

so that p?vg + vg({ + dpy + p)it + {((dm + prm)Vs — Vspm )is Negative and we geta >
0,b < Oif
{>1. (16)
Also, Observe that a < 0, b > 0 if we putvg > v, say vg = 1, vs = 1, so that p?vg +
vg({ + dp + )it + {((d + pm)vg — V5P, )is positive and we obtain a < 0, b > 0if
2
r <t + (¢ +ddm +pm)u_ an
m
Thus, case iii and case iv of the theorem 3 captures the dynamics of the monkeypox
sub-model around the DFE, according to inequalities (16) and (17) respectively. Considering
the inequality (17), a bifurcation plot is presented in figure 2.1t requires that an infective
management of the monkeypox infection shouldR, inthe intervalR,, <Ry, < 1.
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StzblaTFE = - — TUnsthl=DFE Stzb=TEE =— - — TUnskbl= DEE

Fig. 2: Bifurcation plot for the monkeypox sub-model
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Il. Bifurcation of the HIV-AIDS sub-model:
1-aA—=Wu+4,)5=0,
EN+ AhS - (,Ll + pl)lh =0, (18)
pilp — (u+dp)A, = 0.

(P11n + P344)
An = (1= 8n) <thh S + 1,(0) + Ah(t)>'
weset x; = S, x, = I, x3 = Ay,. Thus, system (18) becomes:
x =1 —eA—(u+4)S,
X, = &N+ A,S — (u+ p)ly, (19)
x3 = pily — (u+ dp)Ay.

where

From
Ro, = Brep (1 — 8p)(h1(dp + 1) + d3p1) TEYBICET 1. (20)
we obtain
8" = (u+p)(p+dy)
" A=) (e dp)dr + d3p)cn
The DFE is

(1—e)
xl* = T,XZ* = 0,X3* =0].

The matrix of linearization around the DFE evaluated at f3,,," is
—u —(1 =8B cr o1 —(1 =8B crhps
A= 0 A=8)Bcrpr—n—p1 (A—=38)B"crdps
0 P1 —u—dy
Now|A — AI| = oexpands to

((w+d)+dp + )Py +2¢3p1(u+dp/2+A/2+p1/2))(n+A)A =0
The solutions are: 44 = 0,4, = —p,

1 = dp’pr + 2dppicpy + dpnapr + uidy + 2up3pr + B3py
3= = .
dpp1 + ups + ¢3py
0 is a simple eigenvalue of A = D, £(0,0). To get a right eigenvector w = (wy, w,, w3)T, we
consider the system
_35 (u+p)u+d)piw,  (u+p)p+ dy)dsws _
! (u+dp)dy + P3p1 (n+dp)d: + P3p1
(u+ p1)s(=piwy + (1 + dn)ws) _ 0 (21)
(u+dp)p1 + P3p1
piwy + (—p—dp)ws =0
Solving the system withw; = p;, we obtain
w = (=(u+p)(+dp)/w @+ dy)p)"
The negative component of w is acceptable because it corresponds to the first entry of the
DFE which is strictly positive. Now, to obtain the left eigenvectorv = (v4, v,, v3), We solve
the system

—vu=0
— (v —v3)ps + i)+ di) s — (V2 — v3)p1 + HV2)p1P3 _ 0
(u+dp)d1 + d3p1 (22)
(et dp) (v —v)u+ pr1(v1 — vy +v3))P3 + V31 (1 + dp)) — 0
(u+dp)d1 + P3ps )

14



Solving the system with v3 = (1 + p;)¢3, we obtain
v =(0,((u+dp)p1 + P3p1), (1 + p1)gs).
Substituting w and v into equation (11), we obtain
a
= —2(((1/2p1* + (+dp)py + (1 + dr)*)p1 + P3p1 (u
+dp +p1/2))cn (1 = 6p)Br((u + dr) 1 + d3p) ) /((1
—€)A) <0,
2
b=c,(1=68,)((u+dp)d1 +dp3p1) > 0.
Thuscase iv of the theorem 3 captures the local dynamics of the HIV/AIDS sub-model
around the DFE. Hence, the sub-model exhibits a forward bifurcation, which guarantees that
the condition R,, < 1 is enough to effectively manage the disease.

0.75 1

Stable DL Unstable DFL

0 0.5 1 LD 2

Fig. 3: Bifurcation plot for the HIV/AIDS sub-model.

7. Discussion of Results and Conclusion

A 13-compartment deterministic model has been constructed and used for the
analyses of the co-infection of monkeypox and HIV/AIDS infections. Epidemiological
analyses were performed on model, and results obtained. In this study, calculations and
numerical simulations were done with the Maple 18 programming language. ltwas shown
that under some critical conditions, monkeypox and HIV/AIDS diseases can be properly
managed and possibly eliminated.Lyapunov functions were employed in the stability analysis
and the disease-free equilibrium (DFE) and disease-endemic equilibrium (DEE) of the sub-
models are globally asymptomatically stable when the basic reproduction number (Ry)
satisfies the condition R, < 1.The centre manifold theorem as given by Castillo-Chavez and
Song (2004) was employed in the bifurcation analysis.

The sensitivity analysis approach used by Tsetimi, Ossaiugbo and Atonuje (2022) was
employed in obtaining the sensitivity indices of the parameters of the basic reproduction
number.The probability(s,,) of catching the monkeypox infection, the rate of effective
contact (c,,), the compartment I,,’s coefficient of infection (6;) and the monkeypox
vaccine’s waning rate (w,, )are the parameters of monkeypox Rythat havepositive sensitivity
indices, while the probability (B,)of catching HIV virus, the rate effective contact (c,), the
compartment I,’s coefficient ofinfection and the compartment A;’s coefficient of infection
are the parameters of HIV/AIDSR,, with positive sensitivity indices.

The bifurcation analysis revealed a forward bifurcation for the sub-model for
monkeypox and the HIV/AIDS sub-model. It was further revealed that when ¢ <

15



12+ +dm +pm)u
dm
possible elimination of the monkeypox diseasewould require that the basic reproduction

number (R, ) satisfiesRy € (R, ,,1).

, thena critical value R, exists such that an effective management and

References

Arita 1., Gispen R., Kalter S. S., Wah L. T., Marennikova S. S., Netter R., Tagaya I.,
Outbreaks of monkeypox and serological surveys in non-human primates, Bull. WHO
46 (1972) 625.

Ayele, T. K., Goufo, E. F. G., and Mugisha, S. (2021). Mathematical modeling of HIV/AIDS
with optimal control: A case study in Ethiopia. Results in Physics. 26. 104263. Pp. 1-
17. Elsevier. https://doi.org/10.1016/j.rinp.2021.104263.

Bhunu C. P. and Mushayabasa S., Modelling the transmission dynamics of Pox-like
infections, Int. J. Appl. Math. 41 (2) (2011) 141-149.

Bhunu C. P., Garira W., Mukandavire Z., Modelling HIVV/AIDS and tuberculosis coinfection,
Bull. Math. Biol. 71 (2009) 1745-1780.

Bhunu C., Mushayabasa S. and Mac Hyman J. (2012). Modelling HIV/AIDS and
Monkeypox co-infection. Applied Mathematics and Computation. Vol. 218. Pp. 9504-
9518. http://dx.doi.org/10.1016/j.amc.2012.03.042.

Castillo-Chavez, C. and Song, B., (2004). Dynamical models of tuberculosis and their
applications. Mathematical Biosciences and Engineering. 1. 361-404.

Daley, D. J.,, and Gani, J. (2005). Epidemic Modeling: An Introduction. New York:
Cambridge University Press.

Diekmann, O. and Heesterbeek, J. (2000). Mathematical epidemiology of infectious diseases
in Mathematical and Computational Biology, Wiley Series, 2000.

Eftimie R., Bramson J. L., Earn D. J. (2011). Interactions between the immune system and
cancer: a brief review of non-spatial mathematical models. Bull Math Biol. 73:2-32.
doi: 10.1007/s11538-010-9526-3.

Elsa, H. (2011). Applications of Optimal Control Theory to Infectious Disease Modeling. A
thesis submitted to the Department of Mathematics and Statistics, Queen’s University,
Kingston, Ontario, Canada. P. 2-5.

Emeka, P. C., Ounorah, M. O., Eguda, F. Y. and Babangida, B. G. (2018). Mathematical
Model for Monkeypox Virus Transmission Dynamics. Epidemiology (Sunnyvale).
Vol. 8: 348. D0i:10.4172/2161-1165.1000348.

Espitia, C. C., Botina, M. A., Solarte, M. A., Hernandez, I., Riascos, R. A. and Meyer, J. F.
(2022). Mathematical Model of HIV/AIDS Considering Sexual Preferences Under
Antiretroviral Therapy, a Case Study in San Juan de Pasto, Colombia. Journal of
Computational Biology. Vol. 29, No. 5. Pp. 483-493. D0i:10.1089/cmb.2021.0323.

Gammack D., Doering C. R., Kirschner D.E. (2004). Macrophage response to
Mycobacterium  tuberculosis infection. J Math Biol. 48:218-42. doi:
10.1007/s00285003-0232-8.

Getachew, T. T.(2017). Mathematical Model for Co-Infection of Pneumonia andTyphoid
Fever Disease with Optimal Control. Pan African University.

Global AIDS Monitoring  (2020). Country  progress report —  Nigeria.
https://www.unaids.org/sites/default/files/country/documents/NGA_2020_countryrep
ort.pdf. Retrieved 17" December, 2023.

Hamer, W. (1928). Epidemiology Old and New. Kegan Paul. London.

Hethcote, H. W. (2000). ”The mathematics of infectious diseases”. Society for Industrial and
Applied Mathematics. 42: 599-653.

16



HIV/AIDS Epidemic Control Report. April - June 2023 Edition (Quarter 2).
https://www.phis3project.org.ng/wp-content/uploads/2023/08/HIV-AIDS-Epidemic-
Control-June-2023-for-web.pdf? Retrieved 17" December, 2023.

Jezek A., Marennikova S. S., Mutumbo M., Nakano J. H., Paluku K. M., Szczeniowski M.,
Human monkeypox: a study of 2510 contacts of 214 patients, J. Infect. Dis. 154
(1986) 551-555.

Jezek, Z., Szczeniowski, M., Paluku, K.M., Mutombo, M. and Grab, B. (1988) Human
Monkeypox: Confusion with Chickenpox.ActaTropica,45, 297-307.

Kannan, S., Shaik, S. A. P., Sheeza, A. (2022). Monkeypox: epidemiology, mode of
transmission, clinical features, genetic clades and molecular properties. European
Review for Medical and Pharmacological Sciences. 26: 5983-5990.

Lee S., Hwang H. J., Kim Y. (2014). Modeling the role of TGF- in regulation of the Th17
phenotype in the LPS-driven immune system. Bull Math Biol. 76:1045-80. doi:
10.1007/s11538-014-9946-6.

Maia, M. (2015). An Introduction to Mathematical Epidemiology. Springer, New York,
Heidelberg Dordrecht, London.

Maimunah, D. A. (2018). Mathematical model for HIV spreads control program with ART
treatment. Journal of Physics: Conf. Series 974 (2018) 012035. Doi: 10.1088/1742-
6596/974/1/012035.

Ngungu, M., Addai, E., Adeniji, A., Adam, U. M. and Oshinubi, K. (2023). Mathematical
epidemiological modeling and analysis of monkeypox dynamism with non-
pharmaceutical intervention using real data from United Kingdom. Front. Public
Health 11:1101436. Doi: 10.3389/fpubh.2023.1101436.

Nigeria Centre for Disease Control (2022). Monkeypox. https://ncdc.gov.ng/diseases/info/M.
Retrieved 17" December, 2023.

Nigeria Centre for Disease Control (2023). Situation Report — Update on mpox (mpx) in
Nigeria. https://ncdc.gov.ng/diseases/sitreps. Retrieved 17" December, 2023.

Osborne M. J.  (2020). Mathematical methods for economic  theory.
https://mjo.osborne.economics.utoronto.ca/index.php/tutorial/index/1/cvn/t. retrieved
14th December, 2022.

Ossaiugbo, I. M. and Okposo, I. N. (2021). Mathematical Modeling and Analysis of
Pneumonia Infection Dynamics. Science World Journal. Vol. 16 (No. 2).

Petersen, B. W., Kabamba, J., McCollum, A. M., Lushima, R. S., Wemakoy, E. O.,
Muyembe, T. J. J, Nguete, B., Hughes, C. M., Monroe, B. P., Reynolds, M. G. (2019).
Vaccinating against monkeypox in the Democratic Republic of the Congo. Antiviral
Res; 162: 171-177.

Pontryagin, L. S., Boltyanskii, V. G., Gamkrelidze, R. V., and Mishchenko, E. (1986). The
mathematical theory of optimal processes. Wiley New York.

Sahara Reporters (2022). https://saharareporters.com/2022/11/24/nigeria-currently-has-
16million-hiv-patients-treatment-800000-2017-monitoring-agency.  Retrieved 17
December, 2023.

Saravanakumar, S., Eswari, A., Rajendran, L. and Abukhaled, M. (2020). A Mathematical
Model of Risk Factors in HIV/AIDS Transmission Dynamics: Observational Study of
Female Sexual Network in India. Applied Mathematics & Information Sciences. 14,
No. 6, 967-976. http://dx.doi.org/10.18576/amis/140603.

Selgelid M. J. (2012). Infectiosu Diseases. Encyclopedia of Applied Ethics. Second Edition.|
https://www.sciencedirect.com/topics/immunology-and-microbiology/infectious-
diseases. Retrieved November 12", 2022.

17



Somma, S. A., Akinwande, N. I. and Chado, U. D. (2019). A Mathematical Model of
Monkey Pox Virus Transmission Dynamics. Ife Journal of Science. Vol. 21, No. 1.
https://dx.doi.org/10.4314/ijs.v21i1.17.

Statista (2021). Prevalence rate of HIV in Nigeria as of 2020, by gender (in 1,000s).
https://www.statista.com/statistics/1262126/prevalence-of-hiv-in-nigeria-by-gender/.
Retrieved 17" December, 2023.

Statista (2022). People living with HIV in  Nigeria in 2021(in 1,000s).
https://www.statista.com/statistics/1128675/people-living-with-hiv-receiving-
treatment-in-nigeria/. Retrieved 17" December, 2023.

Tsetimi, Ossaiugbo and Atonuje (2022). Bifurcation Analysis of a Mathematical Model for
the Covid-19 Infection among Pregnant and Non-Pregnant Women. European
Journal of Pure and  Applied Mathematics. 15(2). 537-556.
https://doi.org/10.29020/nybg.ejpam.v15i2.4312.

Tu P. N. V. (1994) Nonlinear Systems. In: Dynamical Systems. Springer, Berlin, Heidelberg.
https://doi.org/10.1007/978-3-642-78793-57.UCLAF Fielding School of Public
Health. http://www.ph.ucla.edu/epi/Bioter/anthaphadefa.html.retrieved14thDecember,
2020.

United Nations  Office  on Drugs and Crime  (2023). HIV/AIDS.
https://www.unodc.org/nigeria/en/hiv-and-aids. Retrieved 17" December, 2023.

United Nations Programme on HIV/AIDS (2020). Global AIDS
Update: https://aids2020.unaids.org/report/. Retrieved 17" December, 2023.

Usman S. and Adamu 1. 1. (2017) Modeling the Transmission Dynamics of the Monkeypox
Virus Infection with Treatment and Vaccination Interventions. Journal of Applied
Mathematics and Physics, 5, 2335-2353. https://doi.org/10.4236/jamp.2017.512191.

Will K.(2020). Stochastic Modeling. https://www.investopedia.com/terms/s/stochastic-
modeling.asp. Retrieved 14th December, 2020.

World Health Organisation (2022). Monkeypox Outbreak. The Latest on the Monkeypox
Outbreak and Advice for Health Workers. https://www.who.int/docs/default-
source/coronaviruse/risk-comms-updates/update_monkeypox-
.pdf?sfvrsn=99baeb03_1. Retrieved 29th January, 2023.

World Health Organisation (2023). Mpox (monkeypox). https://www.who.int/health-
topics/monkeypox#tab=tab 1. Retrieved 17" December, 2023.

Zarin, R., Khan, M., Khan, A. and Yusuf, A. (2023). Deterministic and fractional analysis of
a newly developed dengue epidemic model. Waves in Random and Complex Media.
Doi: 10.1080/17455030.2023.2226765.

18



