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An Efficient Method for Computing the Inverse
and Eigenvalues of Circulant Matrices with
Lucas Numbers

ABSTRACT

In this article, the inverse including the determinant, and the eigenvalues of circulant
matrices with entry Lucas numbers are formulated explicitly in a simple wayso that their
computations can be constructed efficiently. The formulation method of the determinant and
inverse is simply applying the theory of elementary row or column operations and can be
unified in one theorem. Meanwhile, for the eigenvalues formulation, the recently known
formulation in the case of general circulant matrices is simplified by observing the specialty
of the Lucas sequence and applying cyclic group properties of unit circles in the complex
plane. Then, an algorithm of those formulations is constructed efficiently.

Keywords: Circulant matrix, Eigenvalues, Determinant, Inverse, Cyclic group, Lucas
sequence

1. INTRODUCTION

A circulant matrix has a good structure that the calculation of the determinants, inverse, and
eigenvalues can be formulated explicitly and computed efficiently. This computation aspect
is very important since so many areas of mathematical problems come from this type of
matrices, such as coding theory, signal system and cybernetics [1]. The circulant matrix also
plats an important role in cryptography. Yu [2] investigates the security of a cryptosystem
which is based on compressed sensing. The cryptosystem encrypts a plaintext with a secret
circulant matrix and transmits the ciphertext over a wireless channel. Hence, it also can be
associated with computer science and engineering.

Many papers that recently observed the determinant and inverses of circulant matrices
whose entries are special integer sequences. Without intending to exclude any other papers
whose similar topics to the current topic, we refer to some of those in the following. Bueno
[3] proposed an explicit formula for the determinant and inverse of circulant matrices with
geometric sequences. Shen et al. [4] follows to formulate the determinant and inverse
circulant matrices with a special entry of Fibonacci and Lucas numbers, and they also gave
conditions for the invertibility. Jiang et al. [5] continued to study the problems of those
circulant matrices with the more general formation of k-Fibonacci and k-Lucas numbers, and
this was followed by Jiang and Li [6] with changing the matrix structure from circulant to left
circulant. Then, in the same year, the explicit formula of the determinants for circulant and
left circulant matrices involving Tribonacci numbers were investigated by Li et al. see in [7].

Further investigation on explicit determinant and inverse matrices continued with the matrix
structure of skew circulant, but now and the entry of Tribonacci was performed by Jiang and
Hong in [8]. Then, a computational approach using a symbolic algorithm for computing the




determinant and inverse of general bordered tridiagonal matrices presented by Jia and Li in
[9]. Radicic [10] followed the investigation on k-circulant matrices with geometric sequence,
while Bozkurt and Tam [11] were interested in r-circulant matrices associated with a more
general number sequence. Most recently, similar problems can be found in [12-17].

In this paper, we formulate the determinant, inverse, and eigenvalues of circulant matrices
with entry of Lucas numbers. The formulation method is based on elementary row or column
operations which are directed to reach a fast computation. Our main result in the
eigenvalues formulation, the case of general circulant matrices is simplified by considering
the specialty of the Lucas sequence and exploiting the cyclic group properties of the unit
circle in the complex plane. The following is the outline of this article.

We review the circulant matrix notion of the general case in Section 2, and also discuss its
previous results associated with the eigenvalues, determinant, and inverse; then reviewing
the Lucas sequence and connected it to the definition of the circulant matrix. In Section 3,
we present a theorem containing a simple formulation of the determinant and inverse of the
defined matrix. Section 4 proposes a new theorem containing a simplified formulation for the
eigenvalues of the matrix. Section 5 presents algorithms of those results and discusses the
efficiency. We close this paper with a concluding remark in Section 6.

2. PRELIMINARIES

In the first subsection, we discuss the notion of a general circulant matrix and its previous
results connected to the problem of formulating the determinant, inverse, and eigenvalues.
In the next subsection, we review the notion of Lucas numbers, and then we discuss some
of the properties associated with the next section.

2.1 General Circulant Matrix

Foranysequenceofnumbers ag, A1, Az, -, Qy_p, Ay _1,the n X ncirculantmatrixA
denotedas A = Circ(ay, a4, ay, -.., Ay_y, a,_1),isdefinedby

Ao a, a,—, Qap_1
Ap—1 Qo a4 - Ay
A= )
a2 a3 b ao al
a  a; - AGpg Qo

Let 1, be the eigenvalues of A, and v, be the corresponding eigenvectors, for k =
0,1,2,---,n— 1. Then, 4, and v, are well-known formulated (see for examples in [18-20].

n—1
A = Z o danvy = (1,a%, %, -+, a2k, g =Dk), (1)
j=0
2mi
where a =en =cos (27”) + isin (%) dan i=+-1. In this matter, we have H =
{1,a,a?,-+-,a™ 1} which is a cyclic subgroup in the multiplication group C* = C\{0}, « is one
of the generators of A, and all the elements in & are nth roots of unity over C, and

geometrically occupy the unit circle in the complex plane and divide the circle into n equal
parts. For simplification point of view, we rewrite Equation (1) as a matrix multiplication
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Weuwillrefertoallthosenotionsnextinthesectionofeigenvaluesformulation.FromEquation(1)
,thenwehave

n—1n-1

det() = [ [D @@/ and 4™ = Circ(bo, by, by, by,

k=0 j=0

®)

where
n—1

1 .
= EZ AraTk forj=0,1,--,n— 1.

Inthecomputationperspectiveofcalculatingtheeigenvalues,determinant and inverse
based on Equation (1) and (3) are inefficient in particular when n is largeenough.
Thereasonistheneedofinvolvingcomplexnumberarithmetic
inthecomputationofeigenvalueseventhoughtheentryofthematrixarereal
numbers.However,if the sequence ay, a4, ay, ..., a,_,,a,-1 has a good pattern, then we
couldgetmoreexplicitformssuchthatthecomputationcanbedoneefficiently. In this paper,
we use the Lucas sequencefor the ay,a4,a,,...,a,_5,a,_1.

2.2 Lucas Numbers

In this subsection for the basic theory, we refer to [21]. When we define a second-
order linear homogenous recurrence relation as

ln+ln_1+ln_2=0, n=2

withinitialconditionly, = 2, [; = 1, then we get a sequence of Lucas numbers: 2, 1, 3,
4,7, 11, 18, 29, .. and in the subsequent of this paper we call it simply as Lucas
seqguence. It is easy to prove that the solution of the relation is the explicit formula of
the nth term:

(145 " (! —V5\"

n 2 2 '
The following proposition can be proved by mathematical induction, and it will be
referred to in the proof of the eigen value formulation.

Proposition 1 For any integer, n = 2 the sum of the first until the nth term in the Lucas
sequences is formulated asS, = Y/_1 [ = [, — 3.

Furthermore

Z( 11y _{ - _11 'ifn.isodd

if niseven.

Below is the matrix definition that will become our main object in this paper.



Definition 1 For any integer n = 2, the n xn circulant matrix wih entry of the Lucas
n . .
sequence {J; }j=1 is the matrix

I, = Circ(1,3,4,7, - L,_1, 1)

3. A THEOREM OF INVERSE FORMULATION

In this section, we refer to [22] for the basic theory.

Theorem 1. For integern = 3, let A = L, = Circ(1,3,4,7,-++,,_1,1,) be the matrix defined
in Definiton Landletx =1-1,_4 —[,,y =1, — 2 then

n—2

det(4) = X" = 5y" = 3 (g )y
k=1
1

If6 = det(4) # 0,thendA™! = ECiI‘C(Zl,ZZ,Zg,Z4,,"',Zn_l,Zn)WheI’e

_S45y" 2 s4 57

Z 124y = Tand Zy = 5xn_kyk_3f0rk =3, 4'...’71_

X
Proof. We describe the following proof step by step in six steps.First, let E; be a series of
elementary row operations on A: by substituting the ith row with the resulting operation of
the ith row is subtracted by the (i + 1)th and the (i + 2)th rows, for i = 2,3, ... (n — 2); the
next, by substituting the (n — 1)th row with the (n — 1)th row is subtracted by the nth and the
first rows; and the last, by substituting the nth row with the nth row is subtracted by 3 times
the first row. Then we have E; (A) = A~Dy, thatis

D,

where
X = 1_ln_ln—lty=ln—2_2
(4)
g1 =-5,9, = —5,and gi=9gj—2+ gj—lforj =3,4,,(n—2), %)
We can also formulate the g; as
g =livz =341 =4 =2 +4) = —(24 1+ §) = —(h-1 +§4a). (6)

Thenext,thereexiststhematrixL; = E; (I,,)suchthatD; = L, Awhere



1 0 O 0 0 0 0
o 1 -1 -1 . 0 0 0
o 0 1 -1 -1 0 0
L-|l0o o0 o0 1 -1 -1 -~ 0|
1= :
0o 0 O 0 1 -1 -1
-1 0 O 0 0 1 -1
-3 0 0 0 0 0 1
Secondly,
applyingK;asaseriesofelementarycolumnoperationsonD;bysubstitutingthejthcolumn
withthejthcolumnisaddedtotheresultoperation ofthefirstcolumnmuiltipliedby
(=y),for j =2,3,---,n, thenwehave K; (D;) = F~ D, where
1 0 0 0 0 0 0
0 x -y O 0 0 0
0 0 x -y O 0 0
oo o x -y 0 N
Dp=y: v o o o |
[o o - 0o o0 x -y o |
\0 0o 0 - 0 0  «x —y
0 91 92 93 = Gn3 YGn2 1-3l

andthen,thereexistsR; = K; (I,,)suchthatD, = L; DR, where

1 -3 -4 - iz =Ly —lLia -
/0 1 0 0 0 0 0\
[0 0 1 0 0 0 0 |
S R S
0 O o - 0 1 0 0
0 0 0 0 0 1 0
0 0 0 O 0 0 1

Thirdly, letE,beaseriesofelementaryrowoperationsonD,bysubstituting theith row with
the ith row multiplied byl/x, fori =2,3,...,(n—1).The resultisE, (D,) = A~Dzand
10 0 0 - 0

01 —g 0 0 - 0 0
00 1 —g 0 0 -~ 0

00 0 1 —q

0 :
by = : : . . . . 0
0O 0 -~ 0 0 1 —q 0
o0 0 - 0 0 1 —gq
0 91 92 93 = Gu3 Gn2 1-3l
where ¢ :§ or
x=2 )
q

andthen,thereexistsL, = E,(L;)suchthatD; = L, DR;where



x 0 0 0 0 0 O
0 1 -1 -1 -0 0 0
0 o 1 -1 -1 0 0

110 o 0 1 -1 -1 - 0|

L, =— . ) ) .
X : : . . . . 3 :
0 o o - 0 1 -1 -1
-1 0 O o - 0 1 -1
-3x 0 O 0 0o - 0 x

Fourthly, letK,beaseriesofelementarycolumnoperationsonDzbysubstituting

the(j+1)thcolumnwiththejthcolumnmultipliedby-gandaddedto
the(j+1)thcolumn,forj=2,3,...,(n-1).Then,K, (D3) = A~D,,

1 0 0 0 - 0 0 0
/O 1 0 0 O 0 0\
[0 0 1 0 O 0 w0
| 0 0O 0 1 o0 0 2
0 o - 0 O 1 0 0
o o o0 - 0 0 1 0
0 w u; uz = U3 Uz d
where
w =g, =-5andy; = qu_; + g;forj=2,3,,(n—2), (8)
and it is clear that we also obtain
d = qu,_, + 1 — 3l,and det(4) = x"2d, (9)

andinthefollowing,wewillprovetheformulaofdet(A)byformulating
Uy _o. FromEquation(8) wehavethesequenceu1 gl,uz = qu1 + g,,u; = q(qg1 + g2) +

9 = glq + 020+ 93 us=q(g19° +gzq+93)—glq +9:9°+ 939+ 9a, v Upp =
7-£9;9"*7, so that det(d) = x"2(¥7=f g;q" "'~ + 1 - 3I,).Then, by applying Equation

(7), we obtain that
n—2 X
5% n—1—j
Z o) +1-3

det(A4)

_ n-1-j
4 Z 9gj (%) /74 (1= 3L,)x"
=1

y n—1—j . B B
Zgj (;) X7 = g x™ TP+ (1 = 31",

and we apply Equation (5) and (6) to get
n—1

(A+1,_, +1, —3L)x" 2+ Z gy 7t
i=1

n—1 n—1
xn—l + Z gjyn—l—j — xn—l _ Z(lj—l + lj+1)yn—1—jxj—1 .

Finally, by transforming the counter variable t = n — 1 — jfor jfrom (n — 1)down to 1,
here we reach our formula of deti{d)as

det(A)



n—2
det(4) = X" ) (g + by Jy'an
t=0
n-—2
= xn—l - Syn_z - (ln—k—l + ln—k+1).’yk_1xn_k_1 .
k=1
From all the above steps, we also getR = K, (R;)such thatD, = L, AR with

1 UV V3 VUp2 Vp—g Un
0 1 q qZ qn—3 qn—Z
O 0 1 q q2 e qn_3

R=]: =+ - -
0o 0 - 0 1 q q°
o o0 0 - 0 1 q
0 0 0 O 0 1

where v, = —3,and for Jj=34,...,n,v; = qv;_; — [; Fifthly,

letE;beaseriesofelementaryrowoperationsonD,bysubstitutingthe nth row with ith
row multiplied by —u; and added to the nth row, fori =2,3,...,(n — 2). The

result is E5(D,) = A~D which is a diagonal matrix on the form D = (18 Z) and
then there exists the matrix L = E;(L,) such that D = LAR with
x 0 O 0 0 0 0
/0 1 -1 -1 - 0 0 0\
[0 0o 1 -1 -1 - 0 0 |
L _1]lo o o 1 -1 -1 - 0 |
Txlooor o Nk
0 0 O 0 1 -1 -1
-1 0 0 0 0 1 -1
S1 S22 S3 S4 vt Sp—2 Sp-1 Sn
where
(51 S22 " Sp-1 ) =0 —u; —uy; - u,—p, 1)(xLy). (20)

Now, we refer Equations (5)-(10) to obtain the formulations of s; for j = 1,2, -+, n as follows:
quu—3y quu+1-3l,+5 d+5

S{ =U,_p,—3x
q q q
s; =-u =59 = —(2lj_1 + lj)so that
s3 =u —u; =(=5) —(q(=5) —5) =5¢q
S = u+u,—u3= (-5 +(-5¢—-5)—u;3 (12)
= (=5q—10) - (q(-=5q — 5) — 5(2)) = 5¢°
ss = uy+tus—u,=(-5¢—5)+(-5¢>*—-5q¢—10) —u,

(=5¢* — 10q — 15) — (q(-=5¢* — 5q — 10) = 5(3)) = 5¢°

And so on, follows the pattern to get inductively that

S =U_3+U_p—u_g =5¢ 72 forj=2,3,4,5,n—1. 12)
For the formulation of s, notice thats, = u,_3+u,_,+x or
Spn = q(un—4 + un—3) - ln—Z - ln +1- ln - ln—l

= q(un—4 + U3 — un—Z) +qu, + 1- 3ln

and we focus on using Equation (9) to obtain that
s, =5q¢" % +d. (13)
Sixthly, since D = LAR orA~! = (RD~1)L, then



Un
1 v, v3 VUn-1 qd
qn—Z
0 1 2
qa 4q d
qn—3
-1—-10 0 1
A - q d L’
—q
0O 0 O 1 —
d
1
0O 0 0 O Pl
and since 47! is also circulant (see Equation (3) ), then the last row of4~! is
%(51 S * Sp—1 Sp), and we may denote A‘1=$Circ(5n S1 Sz v Sp—2 Sp—1)
and again since d = x%z then
n—2
A7l = Circ(Sn S1 S2 ' Sp—2 Sp-1).
For simplification, now we write
1
A_1=5CiI‘C(Z1 Z; Z3 v In-a Zy),

where z can be formulated using the formula of s5; and substituting back that g =§ as

follows. We refer to Equations (7) and (11)-(14) to complete this proof thatz, = x"3s,, so

n-2 o) 5+5 n-—2
7z =x"3(5q" % +d) = x"3 <5 (X) + ) = 4
x x

xn—2
S5

L ,(d+5 [ xm2 5+ 5x"2
z, =x"7°s; = x" <—>=x” 5 = .
q ” y
and for k = 3,4,5,---,n, we have
Z, = xn—BSk_l — xn—3(5qk—3) — an—3 (;) — an—kyk—3_

4 A THEOREM OF EIGENVALUES FORMULATION

Recallthecyclicgroup # = {1,a,a?,---,a™ 1} from Section 2.All n elements of H
geometrically occupy the wunit circle in the complex plane and divide the

circleintonequalparts,thenitisveryclearfromthedefinitionofSthat for [ = 12[%] we
have

at+a"'=al+at=2cos(l@)anda! — a7 = a! — a~! = 2isin(16) (15)
where 6 = %.These equations will be used as an important part in the proof of the following
theorem.

Theorem 2. For integer n > 3, let A = Circ(1,1,,--+,1,_1,1,,) be the matrix defined
in Definition 1 and for j=0,1,2,---,n — 1, let ; be eigenvalues of A. If 6 = ZT" and
m = lnz;lj,then Ao =21, +1,_;—3, and for k=1,2,---,m, we have A, = R, + C,i and
An—k = A Where

m
R,=1+ 2(ls+1 +1,_o1q) cos(sk6) and

s=1



Ci= > (ssr + lu_ss1) Sin(sko).
s=1

Forthecaseofniseven,wealsoincludeA,,; = —(1,_; + 1)andRybecomes

Re =1+ (—D)kln,, + Z(zs+1 1, _.\1) cos(sk6).
2
s=1
Proof. In this proof, we consider the fact that His a cyclic group. Based on Equation (2) in
Section 2, in the context of matrix A here we have

1 1 1 - 1 1 by Ao

1 a a* - a? at I / M \
1 a* ot a™t a? L | _| A

1 a? a* at  a? |\l Ay
1 al! a? « a? «a L, I

and so by Proposition 1 it is very simple that
n
2o =th =l —3=1 4L, —3=1_,+2, —3
t=1

and for the specific case of n is even we also have

mﬂ—an—zmz Z( 1)l = —(ly_y + 1)

Next,fork =1,2,---,m = l J considerthat

n—1 n-1
A+, = Z L (at* + at@) = 21, + Z o (@ + ath)
n— 1
= 2+ Z L (@ +a ) + Z lLioq (@ + a=t)
t=n—m

butforthespecificcaseofniseven,

n—1
Apt Ay =2 +Z Lor (@t + ™) + Z Lo (@ + @) + 2Dl
t=1 t=n—-m

Transforming the counter variable:s = twhent =1,...,mand s =n — twhent =n —
m,...,n — 1,we have

m m
M+ = 24 Z loyr (af + a=k) + Z Lo (@@ + g=(1=9)%)
s=1 s=1
= 2+ Z(ls+1 + ln—s+1) (aSk + a_Sk)
s=1

andforthecaseofniseven,



m
Bt A = 24 2(=DF by + ) Uy + bse) @ + @)
2

s=1
Then, applying Equation (15),
m
Ap+ Ayy =2 (1 + Z(ZS“ tly o) cos(sk9)> (16)
=1
and when n is even ’
m
M+ A, =2 <1 + (—1)"13_‘_1 + Z(ls_,_l + 1, _s41) cos(sk@)) @an
2
s=1

Analogously, consider that

n-1 n—1
Ay =i = Z lt+1(atk - at(n_k)) = Z lepi (@™ —a=)
t=0 t=1

= D len =~ s (@ =)
s=1
Then, applying Equation (15),

A= Ani = ZzZ(st Los+1) sin(sk6) (18)

Finally, by adding and subtractlng of Equations: (16) with (18), and when n is even of
Equations: (17) with (18), we haveld, = R, + iCyand A,_, = R, — iC,where

Ri =14 ) (lyys + ly-s11) co5(sk0) andCy = > (s = ly_s11) sin(sk6)

s=1 s=1

and for the case of nis even, Rbecomes

Re=1+ (D, + Z(ls+1 + 1, _esy) cOS(skO).

s=1
5 NUMERICAL EXAMPLES

In this section, we present a simple illustration to figure out how to apply the formulations to
compute the determinant dan inverse based on Theorem 1 and the eigenvalues based on
Theorem 2. Then, by considering that illustration, we construct the algorithms.

Example 1. Forn = 5, we have A=Circ(1,3,4,7,11). Then,
x=1—-11-7=-17, y=9,
and determinant is
§=(—17)*=509*) - @+ 11)O)(-17)3+ B+ 7)(9)(—17)?
+ (1 +4)(92)(—17)t = 134446.
For the invers, A~ = %Circ(zl,zz,z3,25) where

8+ 5(9%) 73 = 5(=17)2(9%) = 1445 zs = 5(—17)%(9%) = 405
7, = _—17 = —8123

8+ 5x(-17)3 = 5(—=17)1(9") = —765,
2, = 9( )=12209 z4 = 5(—=17)"(9")

For the eigenvalues, we have A, =2(11) +7 —3 = 26, moreover we obtain A; =Ry +
Cli, )\4 = }\1 and }\2 = Rz + Czi, }\3 = )\2 Whel’e



21 4m
Ri =1+ 3B +11) cos?+ “@4+7) cos? ~ —3,57
4n 81
R, =1+ 14cos?+ 11 cos? ~ —6,93
21 4m
Ci=@B-11) sin?+(4 -7) sin? ~ —9,37 and
C—8'4ﬂ3'81T 1,85
2 = sin z sin =~ 1
Example 2. For n=6, we have A=Circ(1,3,4,7,11,18). Then, we have
A =2(18)+11—-3=44,2;=—(11+1) = —12.
Moreover, we obtain A; = R; + C;i,As = A; and A, = R, + C,i,A, = A, where
21 4T
Ri=1+7(—-1)+ (3+18) cos?+ 4+11) cos? =-3
41 8nt
R, =1+7(—-1)?+11 cos?+ 15 cos— = —10
AL 4
C;=3-18) sm?+ (4-11) sm? ~ —19,05 and

C—15'4ﬂ7'81T 6,93
) = sm6 51n6~ ,93.

From above illustrations, it is easy to see that in the iterative process of computing the
determinant, some data can be stored for the next process of computing the inverse. So,
the computation process can be done in one function and in a parallel way to get very fast
and efficient performance.

Algorithm 1.

INPUT: L=Circ(l4, L, -, l,,_1,1;) with the entries of Lucas sequences.

OUTPUT: § = detifl) and L™ = $Circ(zy, z3, ) Zy—1, Zn).
lxe<1-10,—L,_y<l,_1—2;

2.r —x""?%,8 < xr; zy < 51r;5 « 1;
3.Fork = 1ton — 2do
t— L1+l )rs; 6«8 —¢;
T« g;z,ﬁz < 575s;5 < sy;

End do;
5+22_

S+s
4qu<5s; 6§ <6—u; zg «—; zy « ;
x y

5.Return(s,L™1);

For the eigenvalues, it is also very easy to see that only lnz;lj eigenvalues are

computed iteratively and all without any complex number arithmetic used. So, it

must be much faster than applying the general formula as mentioned in Section
2.

Algorithm 2.
INPUT: A=Circ(l, 5, -+, 1,_1,1,) with the entries of Lucas sequences.



OUTPUT: Ay, A4, +, Ay_2,4,_1; the eigenvalues of A.
1. If(nmod 2) = OthenAr « ((—1)""1f,_; + Dendif;
2

200« (A= fy— fuhime |22 0« 2
3.for k = 1tomdo
R« 1;,C<0;S <« 0;A « koO;
fors =1tomdo
SeS+A4;,x « (foy1+ fa—ss1)c0sS; R < R+ x;

y & (fos1 = famss) sinS; C = C+y;

End do;
If(n mod 2) = OthenR « (R + (—1)kag+1)endif;
2

A «R+Ci; A, « R—Ci;

End do;
4. return(Ag, A4, =+, Ap—2, An—1)-

We have already implemented Algorithm 1 and Algorithm 2 by running in MAPLE codes. All
the experiments were done in the same computation environment and computer
specifications. We set the values of n are large enough, then we compared the
performanceAlgorithm 1 and Algorithm 2 to the related algorithm built in the MAPLE Library
via LinearAlgebra package. Below we describe some facts as the results of our observations
from the experimental aspect.

1. Based on our experiments, the implementation of Algorithm 1 is able to compute the
determinant and the inverse at the same time (in parallel) on the circulant matrices with
Lucas number for n = 1000 on average took only 2.90 seconds by 10 trials. Meanwhile,
experiments on the MAPLE Library, we set for only relatively much smaller the value of
n = 100, calculating the inverse on average took 57.67 seconds by 10 trials.

2. Algorithm 2 is able to compute the eigenvalues on the circulant matrices with Lucas
number for n =500 on avagare took only 3.74 seconds by 10 trials. Meanwhile,
experiments on the MAPLE Library, we set only for relatively smaller the value of
n = 150, calculating the eigenvalues on average took only 17.35 seconds by 10 trials.

6 CONCLUSIONS

The formulation for the determinant and inverse of the matrices involving Lucas sequence
can be presented in one theorem and in a simple way, so an efficient algorithm can be
constructed for its perspective computation. The method of deriving the formulas is simply
using elementary row or column operations. For the eigenvalues, the previous formulation
from the case of general circulant matrices can be simplified by considering the specialty of
the Lucas numbers and using cyclic group properties, so the computation can be done
efficiently without involving any complex number arithmetic, i.e. all complex number
eigenvalues are constructed. From the implementation facts, algorithms derived from those



formulations show much faster than the related algorithm built in the MAPLE Library via
LinearAlgebra package.

The methods in this article should be applicable for any variant of circulant matrices (such as
skew or more general r-circulant) with any specific formation of numbers (such as Fibonacci,
Lucas, Pell, etc.). These would become the nearly future works.
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