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Mathematical Formulation of a co-infection Model and its Analyses for Monkeypox and
HIV/AIDS Infections.

Abstract.

The dynamics of the co-infection of monkeypox and HIV/AIDS is examined from a
mathematical perspective via a deterministic 13-compartment model. This consists of the
investigation of the equilibrium points, the basic reproduction numbersand the equilibrium
points’stability. The mathematical analysis reveals that the model is epidemiologically well-
posed, and that the basic reproduction number for the monkeypox sub-model is a function of
the likelihood of getting infected, the rate of effective contact, the infection coefficient of the
monkeypox-infectious class, the monkeypox prevention measure, the progression rate from
monkeypox-exposed class to monkeypox-infectious class, the natural death rate, the
vaccination rate and the waning rate of the vaccine. It also depends on the recovery rate for
the monkeypox-exposed class and the monkeypox-induced death rate. The analysis also
reveals that the basic reproduction number for the HIV/AIDS sub-model is a function of the
likelihood of getting infected, the rate of effective contact, the HIV/AIDS prevention
measure, the infection coefficient of the monkeypox-infectious class, the HIV/AIDS-induced
death rate, the natural death rate, the infection coefficient of AIDS-only class, and the
progression rate of HIV-only class to AIDS-only. The stability analysis reveals that the
disease-free equilibrium of the sub-models are globally asymptomatically stable, when the
basic reproduction number is less than unity. Numerical simulations of the model reveals the
effect of changes in certain parameter values on the population sizes. Increasing or lowering
the values of certain parameters can significantly affect the sizes of some classes. The Maple
18 programming software was used to carry out all calculations and numerical simulations.
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1 Introduction.

Monkeypox virus was described in the 1960sas initiating a pox-like infection in monkeys.
Common symptoms are skin eruptions thatgrow into papules on the soles, palms, face
andtrunk. The human immunodeficiency virus (HIV) attacks the immune cells - CD4 cells.
These white blood cells assist in spottinganomalies and infections in the other cells. HIV
escalates the danger and the effect of other diseases. When there is no proper treatment, HIV
progresses to AIDS (Acquired immunodeficiency syndrome). Monkeypox infection mortality
may be higher in HIV-infected humans whose immune systems have been compromised.
HIV/AIDS infection is high in Nigeria. More so, the monkeypox outbreak in Nigeria has
necessitated thestudyofa possible co-infection of the two infections.

Getachew (2017) reveals that models are proposed to study the behaviours of some elements
on disease transmissions and to provide plans on how to control the diseases. Ossaiugbo and
Okposo (2021), and Tsetimi, Ossaiugbo and Atonuje (2022) proposed mathematical models
tostudythe dynamics of Pneumonia and COVID-19 respectively. Among other researchers,
Bhunu, Mushayabasa and Mac Hyman (2012), Usman and Adamu (2017), Somma,
Akinwande, and Chado (2019) and Ayele, Goufo, and Mugisha (2021), have done some
works on monkeypox and HIVV/AIDS.



The Ayele, et. al. (2021) model considered the rate at which individuals become aware or
unaware, as a function of media campaign.They carried out mathematical analyses such as
calculation of the reproduction number, finding the equilibrium points, and stability pattern.
Control measures such as treatment, screeningwere also introduced into the model. Usman
and Adamu (2017) proposed a model for monkeypox infection and computedR,for the
humans and the non-humans to be Ry, =9.1304x107® and Ry, =3.375% 1073
respectively. Numerical simulations were done and it was shown that the individuals which
are infectious will die during the intervention process. They further showed that with an
increase in treatment and vaccination, R, decreases.

The co-infection of HIV/AIDS and Monkeypox is not a desirable condition. This work
developed and mathematically analyzed a deterministic model of 13 classeswithordinary
differential equations for HIV/AIDS and Monkeypox. The results shall help in the
management and possible eradication of HIV/AIDS and Monkeypox co-infection.

2. Model Description and Formulation

The model divides the populationofanimalsinto four classes: susceptible (S,,), exposed (E,,),
infectious (I,,) and recovered (R,). The recruitment rateisA,. The force of infection isA,,.
Exposed animals become monkeypox-infectious at rate v,,. The exposed recover at rate o,,,
whilethe infectious recover at rate p,. The natural death rate is w,, while the monkeypox-
induced death rateisd,,. The model shares the human population into nine compartments:
susceptible (S), monkeypox-vaccinated (V;,), monkeypox-exposed (E,,), monkeypox-
infectious (I,,), monkeypox-recovered (R,,), HIV-only(l,), HIV/AIDS-infectious (4y),
HIV-only and Monkeypox co-infectious(l,,,,), and HIV/AIDS and Monkeypox co-
infectious(4y,)-

We assumed that monkeypox recovery does not confer permanent immunity; the waning rate
of the vaccine can result in humans becoming susceptible again; animals that are exposed to
the monkeypox infection recovers from the infection but at a rate different from that of the
infectious animals; humans that are exposed to monkeypox also recover from the infection
and the rate is different from that of the infectious humans; there is no body fluid exchange
between animals and humans; different monkeypox-recovery rates exist for humans in the
compartmentsAy,and I,,; and there is a possibility of vertical transmission for HIV
infection.

The human birth rate is A. e-fraction is born with HIV, hence they enter into the class I,
while(1 — €)- fraction is recruited into the class S. The monkeypox vaccination rate is «,,.
The waningrate of the vaccine is w,,. Monkeypox exposure rate for humans is 4,, and the
recovery rate for these exposed individuals is g,,,.The HIV force of infection is A;,. The rate at
which humans who are exposed to monkeypox become infectious isv,,. The recovery rate for
these infectious individuals is p,,. Monkeypox-recovered individuals become susceptible
again at rate ¢. Humans who are exposed to monkeypox and those who are infectious of
monkeypox become infected with HIV at rate 4;, thus they join class I, .Individuals in class
R,,also get infected with HIV at the rate4;, thus move to class I,,.Individuals in class I;; move
to class Aj, at the rate p,. Individuals in the classes A; and I, become exposed to monkeypox
at rates o,4,, and oy4,, respectively. ojando, account for increased vulnerability to
monkeypox due to the HIVV/AIDS infection. Individuals in class I,, move to classA4,,, atthe
rate  p,. The monkeypox-recovery rates for the classes4,,, andl,,,aret, and



T, respectively.These individual move back to class Ajand I, respectively. The death rate due
to HIV/AIDSisd,,. The death rate due to monkeypox is d,,,. The natural death rate is u.

(dS
dtn = An - (.un + An)snr
dE
dtn = AnSn - (.un + On + Un)ETl'

dl

d_: = UnEn - (.un + dn + pn)ln'
dR,

W = QnEn + pnIn - Uan'

ds

dV,

d_;n =a,S — (/" + a)m)Vm'

L _ AnS 1
— = AnS = (U + @+ A)En, (1)
dl,
dR,,

— = OB + pnln — (u+ ¢+ ARy,
dl
d—: = €A+ 2, (S + Rp) + Tilpn — (U + p1 + 0141,
dA,
7 = Pllh + TZAhm - (,LL + dh + O-Zlm)Ah'
dlpm,
T = OtAmly + 2B + L) = (4 doy + 2+ T1) I,
dAhm
L T = pZIhm + O'z/lmAh N (‘Ll + dm + dh + TZ)Ahm'

Initial conditions:
S,(0) = 0,E,(0) =0,1,(0) = 0,R,(0) =0,5(0) = 0,V,(0) = 0,E,, (0) = 0,1, (0)
>0,R,,(0)>0,1,(0) >0,4,(0) > 0,1},,,(0) = 0,A,,,,(0) = 0.

where;
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Fig. 1: Schematic diagram.
Table 1: Variables and Parameters Descriptions
Parameter Description
A, Recruitment rate into the class S,,.
A Recruitment rate into the susceptible class S.
U, Natural death rate among animals.
U Natural death rate among humans.
On Recovery rate for the class E,,.
Om Recovery rate for the class E,,, .
On, Recovery rate for the class I,.
Pm Recovery rate for the class I,,,.
T1 Monkeypox-recovery rate for the class I, .
T Monkeypox-recovery rate for the class Ay, .
d, Monkeypox-induced death rate among animals.

d, Monkeypox-induced death rate among humans.
dy HIV/AIDS-induced death rate.

€ The fraction born infected with HIV virus.
W, Monkeypox vaccine’s waning rate.
{ Rate at which humans who recover from monkeypox infection
become susceptible again.
A Monkeypox vaccination rate.
v, Progression rate from class E,, to class I,.
U Progression rate from class E,, to class I,,,.
p1 Progression rate from class 1, to class A4;,.
P2 Progression rate from class I,,,, to class Ay, .
o1 Parameter accounting for increased monkeypox susceptibility
because of an underlying HIV infection.
0y Parameter accounting for increased monkeypox susceptibility
because of underlying AIDS infection.
Cn Animals’ effective rate of contact for getting monkeypox
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Parameter] Description

Cm Humans’ effective rate of contact for getting monkeypox
Ch Humans’ effective rate of contact for getting HIV infection
Om Monkeypox prevention measure. 0 < §,, < 1.

o HIV/AIDS prevention measure. 0 < 6, < 1.

B Animal’s probability of catching monkeypox.

B Human'’s probability of catching monkeypox.

B Probability of getting infected with HIV per sexual contact with a
partner that is infected.

0, The infection coefficient of the class I,,, .

0, The infection coefficient of the class I, .

b1 The HIV infection coefficient of the class j,.
¢, The HIV infection coefficient of the class I,,, .

b3 The HIV infection coefficient of the class 4.

3. Basic Analysis of the Model
The following mathematical analyses are carried out to ascertain the biological relevance of
the model.

3.1  Non-negativity of Solutions

Theorem 1:

Suppose I' = {(S,., E., I, Ry, S, Vins Emy Ly R Iy Any I Apm) € RY3:5,,(0) > 0,E, (0) >
0,1,(0) > 0,R,(0) > 0,5(0) > 0,V,,(0) > 0,E,, (0) > 0,1,,(0) > 0,R,,(0) > 0,1,(0) >
0,4,(0) > 0,1I;,,(0) > 0, Ap,, (0) > 0}, then

{S,E L, Ry, S, Vi, Epy Ly, Ry Iy, Apyy Iy s A } 1S NON-Negativev t > 0.

Proof:
ds,
dd§ = An - (:un + An)Sn
dtn = _(,un + An)Sn;

1

[ sz - [+ a0
n

Sn Z e_f(#n‘l'ln)dt_

S, >0 Vvit=0.
Also,

ds

i 1-e)A+ w,Vyy + Ry — (u+ A, + Ay + ).
ds

EZ —(,Ll+lm +Ah + am)S,

1
]EdS = —](,U‘l‘ﬂm + 1, + a,,)dt,
S > e~ JWHim+Aptam)dt
S>0Vt=0.
Similarly, E,(t) >0,1,(t) >0,R,(t) >0,V,(t) >0,E,(0t) >0,1,,(t) > 0,R,(t) >
O,Ih(t) > O,Ah(t) > 0, Ihm(t) > O,Ahm(t) >0atalltimet>0m



3.2.  Invariant Region and Boundedness
Theorem 2:

The sets Iy = {(S,, By, I Ry) € RE:0 < S, + B, + 1, + Ry = N, < 2—} and
Ty = {(S Yius Ens s Rows s A s Apin) € R0 < S + Vo o+ By + Ly + Ry + Iy + Ay +
Iym + Apn = N < f}are positively invariant.

Proof:
N, (t) =5, (t) +E, (t) + 1, (t) + R, (t)' (2)
N(t) = S5(t) + V (O) + Epp () + Ly (£) + Ry (8) + 1, () + Ap () + I (0) + Apm (6). (3)

dN,
7 = Ay — U Ny — dp 1y < Ay — py Ny,
dN,
dt + U Ny = Ay
.
N,(t) < —+ ke #nt, (4)
n
dN
E =A —,UN - dm(lm +Ihm) - dh(Ah +Ahm) <A —,LlN
dN+ N<A
ac V=4
A —ut
N(E) <+ ke, (5)

The inequalities (4) and (5) are the threshold population levels for the animal population and
the human respectively. They show that when the population is greater than the threshold
level, the total population reduces asymptotically to the carrying capacity, and if the
population is less than the threshold population level, the solution remains in the invariant-
region at all time t > 0. Thus, the regions I'; and I, are positively invariant m

3.3.  Equilibrium Points
The disease-free equilibrium (DFE) and the disease-endemic equilibrium (DEE) are obtained
by equating the derivatives in system (1) to zero and solving the resulting system.

l. Monkeypox sub-model’s DFE
The system is:
An N (.un + ln)Sn =0, )
AnSn - (.un + o, t+ Un)En =0,
vnEn - (:un + dn + pn)ln =0,
QnEn + pnln - ,Ltan =0,
A+ w,V, +{R,, —(u+ A, +a,)S =0, > (6)
anS — (u+ w,)V, =0,
AmS - (.u + v, + Qm)Em =0,
vam - (.u + dm + pm)lm =0,
QmEm +pmlm - (,LL + ()Rm =0, J

L
M= P S O+ a0 + 10 () + R (O

A ~ 6 In ellm
m=a-6,) (ﬁnan—n-l- B Cm S@®) +V, (&) +E, () +L,(t) + R, (t))-



We set E,, = I, = E,, = I, = 0, solved the system and obtained the DFE of the monkeypox
sub-model:

A A(u + Aa
n (.u (‘)m) m 0'0'0> (7)

E =\ 0;0;0; ) )
om <un U+ @ + ) p(p + @ + W)

. HIV/AIDS sub-model’s DFE

The system is:
1-aA—-(@p+4)S=0,
EA+ A4S — (u+ p)l, =0,;(8)
pilp — (u+dp)A, = 0.

_ (P11 + P3Ap)
A= (1 =) <thh5(t) +1,(0 + 4,0 )
We solved the system and obtained the DFE:

]th _ <(1 _HS)A' 0’0> (9)

. Monkeypox sub-model’s DEE
Using the maple 19 programming language, we solved the system (6) above and obtained:

_ n _ An/ln
S, = JE, = .
Un + Ay (Un + ) Uy + 00 + 1)
TLAanL

(M ) (i + 00 + V) (e + dy + pp)
__ Mn(non + (dn + Pn)on + Vnpn)hn

(g ) (U F 0 F V) (y + dy ) i

S = _((.u + wm)(e - 1)(# + Z)A(# + dm + pm)(l’l + Um + Qm))/(:u + (Am + Om
+{+dy + U+ pm + Oy + 0t + (A + 0 + Ay + Uy + P
+ )P+ O @) + (A + O + Ay + Vi + P 0y + (diy
+ ap)pm + 0man) () + ((0m +dm + Vi + P ) A + (dy,
+ pm)(©@m + V)0 + (Ao + P) (@ + Vi) (A + @) u?
+ ((((dy, + v, + P A + (A + p) (@ + V)0 + A di Uy
+ @ (dy + P)(@m + Vi) (§) + Ay (diy + P ) (@ + V)1
+ () dip Vi A i),

Vm — _((E - 1)(# + C)Aam(:u + dm + pm)(.u + Um + Qm))/(us + (Am + Om + (
+dy + Uy + P+ Ay + 0 )u+ (A + 0 + diy + Uiy + P
+ )P + O @) + (A + 0 + Ay + Vi + P 0y + (diy
+ @) Pm + 0m @) () + ((0m + dip + Vi + ) Ay + (dy
+ pm) (@m + Vi)W + (A + P (@m + Vi) (A + @) u?
+ (A + v + ) A + (A + P) (@ + V) W + A diy Uy
+ @ (diy + Pp) (@ + Vi) (Q) + Ay (dyy + p) (@ + Vi) 14
+ () VA wpy),




Em = _((ﬂ + dm + pm)A/lm(e - 1)(# + wm)(:u + ())/(HS + (Am + Om + ( + dm
+ Uy, + pm + Oy + 0 U+ (A + 0 + dpy + Uy + P + A
+ pm)Am + (@ + VU + ay)dy + (P + GV + (O + An) P
+ om @)1 + (A + 0 + diyy + Vi + pr) Wy + (dyy + vy
+ P )Am + (@m + Vm + @p)dy + (O + @)V + (O + X)) P
+ 0m@n) () + ((0m + dp + Uy + P) A + (A + P) (O,
+ Uy )W + (A + ) (@m + Vi) A + @))i* + (A + vy
+ om)(@m + V) () + A wy (dy + pr) (O + V)KL
+ (D) Vi A @),

Im = _(AUmAm(E - 1)(/1 + wm)(u + ())/(HS + (Am + Om + { + dm + Um + Pm
+ @y + )+ (A + 0 + diy + Vi + oy + @y + 0) ()
+ (dm + P + W)V + (O + X))y + (@ + )P + O W) 113
+ (A + 0 +dip + V5 + p) 0 + (i + Uiy + P ) Ay + (A
+ pm + )V + (@ + @) di + (O + ) P+ O @) (§)
+ ((om + dm + Vi + P ) A + (A + P) (@ + Vi) 0y, + (A,
+ Pm) (@ + Vi) (A + @ D + (A + Vi + P) A + (dy
+ pm) (Om + Vm))wm + Andp Uy + A (dyy + ) (O + V) (©)
+ A W (A + P (@ + V)t + () Ay Vi Ay 0y,

Rm = _((E - 1)(.“Qm + dem + Pm (Qm + Um))(.u + wm)/lmA)/(.HS + (Am + Om
+{+dy + Uy + pm + Ay + 0+ (A + 0 + Ay + Uy + P
+ @) Pm + Om @I + (A + 0m + din + Uy + ) 0 + (din
+ @) pm + 0 @) Q) + ((0m +dm + Vi + P ) Ay + (i
+ Pm)(@m + V)W + (A + Pr) (@ + Vi) (A + @)
+ ((((dn + Vi + p) A + (A + ) (O + Vi) O + A d Uy
+ am (dn + Pm) (0m + V) () + A (A + pin) (@ + Vi)
+ (O dn Vi A @)

vV HIV/AIDS sub-model’s DEE

Using the maple 18 programing language, we solved the system (8) above and obtained
_(-9A (et A _ Api(ep+ Ap)
N =

J

"t At p)’ " A A+ p) e+ dy)

3.4. Basic Reproduction Numbers

The basic reproduction number is the average number of infectious cases generated by
a single infectious individual in an entirely susceptible population.

We shall employ the approach used by Ossaiugbo and Okposo (2021). That is the
next generation matrix approach. We use the notations R, , Ro, and Ry, to denote the
basic reproduction numbers of the monkeypox sub-model, the HIVV/AIDS sub-model, and the
co-infection model respectively.

(1) Calculating Ry, -
LetX (t)represent the infected classes. Then
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X =FtX)-V(X)
whereFstands for the new infection terms and Vstands for the remaining terms. Now,
E AnS (1 + v + 0m)E
X — m) , T — m , v — ( m m m ).
(Im ( 0 ) _vam +(/'L+dm +pm)1m
The next generation matrices F and V which are the Jacobian matrices of F and
Vcalculated at the DFE.

. (_1 + 6m)ﬁmcm91(ﬂ + wm)

o N I 0 ]
. ,u+a6n+wm ) —v, u+d, +p. |
1
e ]
M+Um+Qm

-1 _
T e L
m+v, ton)utdy, +pn) putdy+pn

. (1 _6m).3mcm91(.u+wm)vm (1 _Sm)ﬁmcmel(/l+wm)
FV==lu+an+wn)W+vm +o0)u+dy+pn) U+ ay +w)@+dy +pn)l|
0 0

Ry, is the spectral radius of FV 1.
U+ wpy ) ( 1

Ra, = Gnenti 0= (220 ) (G g, ) G419
Thussusceptible humans become exposed at rate S,, ¢, 61 (1 — 6,, )when an infectious

human is introduced into a completely susceptible population. Susceptible individuals are
vaccinated but due to the vaccine waning effect, vaccinated individuals can become

susceptible again. The time taken by these humansas susceptible and vaccinated is #+”a+w+’"w .
Exposed humans become infectious at rate v,,. The time spent by these humansas exposed

. . . 1
and infectious is )
(W+vm tom)(utdm +pm)

(i) Calculating Ry, -
_ Ih _N eN+ A, S _ (H+p1)lh
X= (Ah)’ F= ( 0 ' )’V - (—pllh + (u+ dh)Ah>'
F= [—(—1 +0p)Brerpr —(=1+ Sh)ﬁhch¢3]’v _[etp 0 ]

0 0 —P1 dh +u
n (u+p)™ 0
V= = P1 1.
(dp + )™

(u+p)dy+1)
(14 80)Brendr (=14 8)Brchdspr (=14 8n)Brcn s
FV—! = 1+ p (1 + p)(dy, + 1) dp +
0 0

Ry, = Brcn(1 —8,)(P1(dp + 1) + Pp3p1)

TETDICET) (10)

(i)~ Calculating Ry,



Ep, AnS
/ I \ 0
X=| bt [ A S+ R |
Ay 0
K‘ihm \ 0
hm 0
(/" + Um + Om + /’lh)Em
/ _UmEm + (/" + dm + pm t+ /’lh)lm \
V= | —Tylpm + (U + p1 + 0140 I
| —pilp — T2Apm + (U + dp + 0245) A
\_allmlh - /111 (Em + Im) + (/’L + dm +p; + Tl)lhm
_pZIhm - GZAmAh + (.u + dm + dh + TZ)Ahm
0 ¢ 0 cy C3
0 0 0 0 0 0
F=|0 0 (A=8)brcndr (1 —3n)Brcnps (1 —3n)Brchpz (1 = Sn)Brcn
0 O 0 0 0 0 '
0 0 0 0 0 0
0 0 0 0 0 0
U+ v, +on 0 0 0 0 0
—Up, u+dy + pm 0 0 0 0
V= 0 0 u+p 0 -7 0
- 0 0 —-p1  dp+u 0 -1,
0 0 0 0 U+d, +p,+1 0
0 0 0 0 —p2 u+dy, +d, + 15
c = _(_1+5m).8mcm91(.u+wm) o N _(_1+6m)ﬁmcm92(/l+wm)
re U+ ay, + o, ’ 2= U+ ay, + w, ’
Ca = — (_1 + 6m),8mcm(.u + wm)
3 U+ ay, + o, '
kg O 0 0 0 0 7
ko ks 0 0 0 0
1|0 0 (+pen)” 0 ks 0
0 0 k4 (dp +w)7" ke ko
0 O 0 0 k; 0
L0 O 0 0 kg ki
vm

kl — (# G Um + Qm)_l'kZ =

k:=(u+d, + -1
G o+ o) Gt i+ ) (it d + )
1

P1
k = ,k = )
T p)(dy 1) T (ut dy +py )+ py)
ke = dpp1Ty + dmp1T1 + UP1T1 + UP2Ty + P1P2T2 + P1TIT,
6

k;=(u+dn+p,+7)7"
12

C(ptdn ettt p)Hdy +dy 1) dy + 1)
) k8

. P2
S (utdy+pr ) +dy, Hdy 1)

ko

— ,k
U+ dy +dy, +1)(dp +0)'

0= (,Ll+dm +dh +T2)_1.
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(_1 + 6m)ﬁmcm(ﬁu + mm)

far a0 ° K4 T o T o)+ oy + d F 1)
0 0 0 0 0 0
Fvii=lo 0 ky - (=14 6p)Brcn s ks — (=14 6p)Brcn(Pp3ty +dp + 1)
dp +u (u+dy +dyp +12)(dy + 1)
0 0 0 0 0 0
0 0 0 0 0 0
L 0 0 0 0 0 0
where
k — _ (_1 + 6m).8mcm91 (/" + a)m)vm .
T (utag 0 WA v )t dy + o)
ki, = — (_1+6m).8mcm91(u+a)m) .
T (utan o)t dy + p)’
I = — (=14 6p)Bnen(dnpy + ugy + d3p1)
3 (u+pp(dy + 1) '
o) = — (=14 6,)Bmem (U + 0y )(dp6z + dip 02 + 16, + 7,0, + p2)
1“ (U + @ + )@+ dyy + o + 7))+ dyy, + dy +T2)
kis = —((=1 + 8)Bucn(dn’ by + di’ P17y + di* opy + dydmpudhy + dydin 171
+ dpdy Papr + 2dppP Py + 2dudy Ty + 2dppopr + dppdaT,
+dy 11Ty + dppopiTy + dpP3pi Ty + dp Py + dy T
+ dptipzpr + dpP3priTy + 130y + pEPTy + PP Papr + WP P21,
+ UP1T1Ty + pop1 Ty F UD3p1T1 + UP3 P2 Ty + P3p1P2Ty + P3p1TIT,
+ dpupy + dpprpy + 1Pp2 + 1p1p2)) /(1 + di + pz + ) (1 + p1) (1
+d, +d, +1)(d, + 1n)).
R,  isobtained as the spectral radius of FV—L,
Ry = max( (1= 6,)BrmCmbr (1 + )V (1= 8p)Bren((dn + Wy + ¢3P1))'
hm (.u+am+wm)(.u+vm+gm)(ﬂ+dm+pm)’ (#+p1)(dh+ﬂ)

i.e. Ry, = max(ROm,ROh).

3.4.5. Stability Analysis
Lemma 1 (Maia, 2015)
Assume that J is a square matrix with constant entries and Det J # 0. Assume that J has been
obtained as a linearization around the equilibrium (x*, y*). Then the equilibrium (x*, y*) is
locally asymptotically stable if and only if

Trace/] <0 and Det] > 0.
The equilibrium (x*, y*) is unstable if and only if

Trace/ >0 and Det] <0.

l. Local stability of DEE
Theorem 3:
E,,is locally asymptotically stable if R, < 1, otherwise, it is unstable.

Proof:

The Jacobian matrix J(E,, ) of the monkeypox sub-model, evaluated at the disease-free
equilibrium is
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-, 0 —f,c, O 0 0 0 0 0
0 p1 fuca 0 0 0 0 o0 0
0 v, 0 0 0 0 0 0 0
J(Eo,)=| 0 0 P2 0 -—-pu-ay Wiy 0 ps ¢
0 0 0 0 A -u—-—w, 0 0 0
0 0 P3 0 0 0 P+ De 0
0 0 0 0 0 0 Um D7 0
0 0 0 0 0 0 Om Pm —MH—C

pL= —fhy, — Op — ¥ p, = _(_1+6m)ﬁncn.unA(_1+e)(/l+wm)
PoofmeEm e Ait(i + @y + 0)
ps = (_1 + 6m)ﬁncn,unA(_1 + E)(:“ + wm)
’ Apit(i+ @y + W)
— (_1 + 6m)ﬁmcm61(.u + wm)
u+a, +ow,
p7 = _.u_dm —~ Pm-
Trace](IEOm) = —3Up —O0n —Vn —OU— Uy — Wy = VU — O — iy — P — ¢ <0,
Det J(Eo,) = ttcufutn(t+ Q) (13 + (dy + Vi + iy + Wy + P + Q)2
+ ((wm + X + Pm + dm - (1 - 6m)ﬁmcm91)vm + (Qm + dm + pm)wm
+ (@ + dp + pr)om + an (dm + )1
+ ((pm + dm - (1 - 5m)ﬂmcm61)wm + ap, (dm + pm))vm
+ 0 (A + Pr) (@ + @) > 0.

)

yPa = —U— Uy — Om)y

_ (_1 + Sm)ﬁmcmel(ﬂ + wm)
u+a, +ow,

’ Pe =

Ps

)

Observe that:w, + ap, + pm + dpy > (1 = 8,,) B C1 0120d Pm +dy > (1—
6 )Bmcm01-Hence, by Lemma 1, E,_ is locally asymptotically stable. Now substituting
R —(,809(1—6)17)( # m )( ! )
O T AP TRE T + ty + ) N Vi + 0m) (4 F iy + i)
into the expression for Det J(E,,, ), we obtained
Ry, <1

It follows that the disease-free equilibrium E,_ is locally asymptotically stable. m
Similarly, we established the following result:

Theorem 4
E, ,is locally asymptotically stable if Ry, < 1, otherwise, it is unstable.

Proof:
—# —(A=6)Brerpr —(1 —bp)Brends
J(Eo,)=|0 (A—=8)Brchdr (1= 8)Brcnds
0 P1 —u—dp
Trace J(Eo,) = (1 — 8,)Brcndr — (p1 + dj +3u) <0,
Det J(Ey,) = u(ch(1 — 8,)(dnd1 + udpy + d3p1)Bn + (u+ p)(u+dy)) > 0.
Observe that,

(1= 6p)Brendr < (pr + dp + 3p).
Hence, by Lemma 1, E,, is locally asymptotically stable. Substituting
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1
(u+p)(dy + 1)

Ry, = Brc(1 = 8,)(¢1(dy + 1) + Pp3p1)

into the expression for Det J(IE,, ), we obtained
Ro, < 1.
It follows that [E_ is locally asymptotically stable. m

. DFE’s Global Stability
Lemma 2: If a function V (x) is globally positively definite and radially bounded, and its time
derivative globally negative,VV (x) < 0 for all x # x*,then x* is globally stable.

Theorem 5
Ey,, is globally asymptotically stable ifR, < 1.

Proof:
Vk(S s 515”) E+1I+k(S s — 5*15)
= —_ —_ " n—*
Lo TS  tontu) "y, S
+k(v -V, =V, V’”)+ 1 E+1I
3 m ) Tt vt o ™
k1>0,k2>0,k3>0.
T puta, o) " (et @y, + wy)
To verify that V > 0 for all
A A(l—¢ + w Aa, (1 —¢
(Sn,En,In,S,Vm,Em,Im)¢<—",0,o, (1 =) ’"). ) ,o,o>,
tn plp + ap + 0n) p(p + ay + o)

We observe that

k, (Sn ~S, =S, In

Sn S . i1 Vm
—*)>0,k2<S—S*—S*ln—>>0,k3(Vm—Vm —V,"In *>>o,
S, S* .,

since the function g(x) = x — 1 — Inx achieves a global minimum at x = 1 and g(1) = 0.
Hence g(x) > 0 forall x > 0 and x # 1. Vis radially unbounded.

*

dV k S*S'+ 1 E'+1I'+k<1 S)S
dt \ S ) T e tv) "t v S

v, 1 1
+ ks 1—— + E, +—1,
WU+vm+om) " Uy

—V = kl (1 - %) [An - (:un + An)Sn]

n

+ (‘u +Q +u )[AnSn _(Hn +Qn +Un)En]
n n n

1 S
+ v_[vnEn - (:un +d, + pn)In] + k; (1 _?>S

n

|/
+ k3 (1 - V_> [amS - (:u + wm)Vm]

+ AnS — (u+ vy + 0m)E

1
+ v_[UmEm - (‘Ll + dm + pm)Im]-

m

13



av

dt
_ A(pPky + (kg + k3) oy + wpko)u + k3 w,)

plu+ ay + wn)

+ kz(l - 6)A + ZklAn
ko Aw,, ay,

+
u(ét + a4 + W)
(H A kl + (unAkZ + klA Ay + klA wm):u + w kZA/'Ln(l m))cnﬁnln
P (Sp + En + L) (U + ay, +wm)u
n kZAR{\ttO} (.u + Um + Qm)(,u + d + pm)l k1 n

1 (S + Vi + Epy + 1) Sy
k2A6mIBnC I
- - klsnﬂn
(ﬂ t+a, + wm)(sn +E, + In)
. In(_l + kZ (,LL + Uy + Qm))(l - Sm)cnsﬁn . k3Aam25
W+ v+ o) Sy +E, + 1) p(p + am + 0n)h,
I (.un + d + pn) kZAme (ﬂ + (‘)m)

o Wi+ @, + @S Vn ((=kz + k3)wn, + pks)
I (H"‘d + Pm)S(=1 4 k(1 + Vi + 0m))Rpeoy, (0 + @y + wy)
Vp(U+wn)S+V, +Ep + 1)
_ Cnﬁnlnsn(_l + kl(:un +on + vn)) _ Im(” + dm + pm) 4 kZAZ(l B E)(H + wm)

Uy +0n + 1) Sy +E, + 1) U uu + ay + wp)S
— ((ky = k3)ay, + uky)S

If we let k; = ;, k, = k3 = ;, then the derivative simplifies to:
Un+on+v, UFVm+0m

av _ ('uZ + (zam + wm)ﬂ + am“)m)A (1 B E)A +2 An
dt  (u+vp+topputan +wn) Utvy+om et ont

Aw,, an,

(u + Uy + 0)u(u + ay + wy)
+ Cnﬁn ( An/'lz +( ,u'nA

Un(Sy + Ey + L)+ oy + W)l Uy +0n + U, UV + O

Anam Anwm 1 Awm.un(l - 6m)
Alp+dm + pp)ln A(Rom —Du+dn + pn)ln

Uv, (S +Vy, +E +1,) o, (S +V, + E,, +1,)
_ Sakn Lp(uAtdn +pn)

ﬂn + Qn + vn vm

Aa,,%S

(U + vy + 0 + ay + W)V,
B Awy, Vo (1 + wp) _ Van

U+ vy + 0+ ay + 0y)S p+vy, +0on,

N1 -e)(u+ wy) uS
(L+vy, +op)u(p+ ay + wy)S 1+ vy + 0o

Observe that 2—: < Owith Ry <1, Therefore, by Lyapunov’s theorem, E, is globally
asymptotically stable.m
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Theorem 6:
Assume Ry, < 1. Then Eg, is globally stable.

Proof:
V=k (S S —85"1 S) — 1 A
= —_ n .
(u+ Pl) "
To show that V > 0 for all (S,1,,A,) # ((1 £)/ ,0 0) we observe that k (S e A ln%) >
0.
Vis radially unbounded.
d V= k(l S*)S' 1 A
dt S (u+ 1) i
dV k(l S)((1 )A + (+/1)5)+ ! (eA+ 2,8 — (u+ pDI)
-5, - — & Wy - & -
dt K h (1 + py) h U p1)p
+ E(pllh — (u+dp)Ap).
av A +d + kA(1 — 1
2 kA1 —e) + € +¢1(.U ) (1 + p)kA(L —€) h
dt Kt p ((u+dpr+dsp)n S+ + 4,

(u+d)es (3+ 6, (u+pDk) 54,
(1—6)((u+dp)p1 + d3p1) S+ 1 + Ap)
(1 + dp)s SI,

((u+d)dr + P3pr) S+ 1 + Ap)
kA(u + p1)(u+ dp)p3(1 —€) Ay

((# +dp)p1 + ¢3P1)li S+1, +4)
B (Ro, — 1)(u + dp) 1 (kp + kpy) Sy
((u+d)d1 + P3p1) S+1, +A4)

 (Ro, ~ ) +d)¢n Sl

((u+dp)r + Pp3pr) S+ I + Ap)

kA(Ro, — 1) (u+ p)(u+dp)ps(1—€) A,

((u+d)ds + papr ) S+1, +A)
(u+dw)(Ro, = Vb3 (3 + 8w +pDk) 54,
(1= 8)((u+dp)p1 + d3p1) (S+1In + Ap)
¢1(Ro, — 1) (u + dp) (e + p kAL — €) Iy

+ 2

((u+d)ds + papr ) S+1, +A)
_ (u+d)di(kp+kpy — 1) Sy CEs dh)A
((u+d)dr + d3pr) S+ I+ 4y P1 "
B kA?(e — 1)? s
uS He:

For any k>0 and R,, <1, we observe that Z—I: is negative. Therefore, by Lyapunov’s
theorem, E, is globally stable. m

Theorem 7 - Krasovkii-LaSalle Theorem (Maia, 2015)
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Consider the system x* = f(x), where x* is an equilibrium, that is, f(x*) = 0. Suppose there
exists a positive definite continuously differentiable function VV: R® — R™on the entire space
and radially unblounded and that it satisfies
V'(x) <0 for all t and all x € R™
Define the invariant set
7={x e RYV (x) = 0}.
If 7 contains only the equilibrium x*, then the equilibrium x* is globally stable.

Ill.  DEE’S Global Stability
Theorem 8 (DEE'’s global stability of the monkeypox sub-model)
Assume R, > 1. Then the monkeypox sub-model’sDEE is globally asymptotically stable.

Proof:
V=K (Sn -8, =S, ln—*> +k, (En —E," —E, ln—*>
Sn En
+ ks (In -1, ln—*) b4k, (5 ~5* = S*ln—)
L, S*
+k5(Vm — V), =V, ln—*>+k6(Em —E," —E,"In )
Vin En
* * Im
+k; (Im — 1, =1, ln—*).
Iy

We notice that
k1<Sn—Sn -5, ln—)>0, kZ(En—En —E,"In >>O,

S E
ks (In—ln _1, ln—*)>0, k4<S—S*—S*ln—)>O,
I R
ke (Vm—vm —v,*In *)>0, k6(Em—Em _E, ln—*>>0,
|/ En

* * Im
Kk, (Im 1, —1,*In ) > 0.
Ly,

Vis radially unbounded.
Lk <1 S”*>s'+k (1 E"*>E'+k (1 In*>1'+k 1 S*)s’
dt 1 Sn n 2 En n 3 In n 4 S
V. E,"\ L,"\
+k5(1_;_m>vm +k6<1—ﬁ>Em +k7<1—ﬁ>lm.

d s E,
EV =k |1 _3 (An - (.un +/1n)Sn) +ka(1 _E_n (AnSn

*

I
- (:un + On + vn)En) + k3 <1 - IL> (UnEn - (Aun + dn + pn)ln)

n
*

+ ky (1 — S?) Q-4+ w,,)V,, +{R,, — (u+ A, + a,,)S)

|/ En”
+k5 1—V— (amS—(,u+wm)Vm)+k6 1—E— (AmS

m m

m

I *
- (,LL + Um + Qm)Em) + k7 (1 - IL> (UmEm - (.u + dm + pm)lm)'

dV—A B:
dt ’
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where
. E,'S
A = k4L7LoS™ — (Ry,, — D) (L11keSp + L7Loks)S + keL11(1 — 6,) £
m

+ ksz + k3L4 + k4(lms* + k5amS + kGLBS + k7’l7mEm

+ k1A,

*

+ k6L86m E— + klllnsn + lel'Sn + k6L11R0mS + k6L12 —

m Em
I,* v, I, E,
Im Vm I, E,
n n
+k VS+kLES+k I Em
5&m 7 6lsg E, 7Vm I
E,S
— keL11(Ro,, —1)(1 = 6,) T (L11keSm + L7Loky)S
m
—k4L7Lo(Ry,, — 1)S7;
1, I,S,
b= by T E T, TS T, 1l g NG e = Tl
Ls = (.un + dn 'l'Ipn)Inl Lg = (1 - E)A+ Wy Vs Ly =p+1— 6m;
Lo = 4;
8= Pren s 1
L _(ptan +wp) (Ut v + o)+ dn + pp) I
? U (1 = 8,) (U + ) S+V, +E, + 1)
LlO - (.u + wm)Vm'
Lot an F on)@t vt om) W dn F Pm) I
! U (1= 8,) (1 + W) S+ Vn +Ep + 1)’

Li; = (u+ Up + Qm)Em; Liz = (u+ dp + pm)Im-
We apply the Krasovkii-LaSalle theorem. We consider where the Lyapunov function is equal
to zero:

7={x eRYV (x) =0}
For any ky, ky, k3, ky, ks, ke, k7 and R, > 1we observe that %V <0 if A<B, and
:—tv =0iffs,=S,E,=E,", I, =1,",S=S8*V,=V,*, E, =E,* I, =1, Hence,
the set 7 consists of the singleton (S,%, E,", 1,,",S*, V,,,”, E,,", L,”) and the DEE is globally
asymptotically stable. m
Theorem 9 (DEE'’’s global stability of the HIV-AIDS sub-model)
Assume R, > 1. Then the HIV-AIDS sub-model’sDEE is globally asymptotically stable.

Proof:

s I
V=k1<S—S* Sln—)+k2<1h—1h )
R I

Ay
+ k3 (Ah Ah - Ah ln )
Ap
To showthatV > 0, we notice that
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S I
kl (S—S*—S*ln§)>0, kz(lh—lh*—lh*lnl_h*>>0,
h

. Ap
ks (Ah — A, Ah*) > 0.

ay_ k(l S>S+k 1 Ih*1'+k 1 A*A
dt ! S 2 7 A, )

* *

Vis radially unbounded.

d S I,
EV k1 (1——) ((1—€)A—(ﬂ+/1h)5)+k2 <1—E> (8/1+/1h5

*

A
—(u+pDIy) + ks (1 - ﬁ) (p1In — (u+ dp)Ap).

d V=A-B
dt ’
where

o . Ro, =D+ p)(u+dn)(Angs + Inp)keS
A= (=l uas (et dn)py + $3p) G+ I An)
~ (R, =D (u+p)(u+dp)(Angps + Iy¢1)Ska 1,
((u+dp)py + P3p1)(S + I + Ap)ly
(u~+p)(u+dy)(Apds + 1Pk S”
+ SAkz

((u+dp)dpr + d3p)(S+ 1, + Ap)
(u+p)(p+dp)(Ands + 1,p1)Sk,

(1t dp)d1 + P3p1)(S + i + Ap)
+ ks Ay p+ k3lppy
_ A —eAkS kS + (1 +p)(u+ dp)(Apgs + 1p1) kS
S (e d)$y + d3p1) (S + I+ Ap)
(1 — 84 (R, — 1)) (u+p)+dp)Apps + I,P1)k, S™
((u+d)dr + d3p1) (1 —8,)(S + I, + Ap)
_ (Ro, =D+ p)(u+ dp)(Angs + Ind1)Sk, N ehky Iy
((u+dp)pr + ¢3p1)(S + I + Ap) Iy
(u+p)(u+dp)(Apds + 1,P1)Ska 1y
+ (1 + pDInk;
((u+dp)d1 + 3p1) (S + I + Al
ks ALl
+ %hpl + kgAhdh + kgAh,Ll
h
Again, we also apply the Krasovkii-LaSalle theorem. We consider where the Lyapunov
function is equal to zero:

+ (u+ pka 1" + k3Ay"dy,

I={xe€ R"|V’(x) = 0}.
For any ki, ky, k3 and R,, > 1we observe that —V < 0if A< B, and d— =0 iff S =

S* 1, =1,", SA, = A,". Hence, the set J consists of the singleton (S*, 1", A,) and the DEE
is globally asymptotically stable. m

4. Numerical Simulations

The following numerical simulations are presented in order to show the effects of
certain parameters on different compartments. We magnified some parts of the plots for a
better observation.
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Fig. 2a: Effect of € on I,. Fig. 2b: Effect of £ on I, (magnified view).
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5. Discussion and Conclusion

From figure 2a, we observe that the size of the compartment I, alters with changes in the
value of ¢, although this is not obvious without a magnification as shown in figure 2b. We
observed that when the value of ¢ is increased, the number of HIV-infected individuals also
increased. Figure 3a shows that when the waning rate (w,,) of the monkeypox vaccine
increases, the number of individuals in the compartment (I,,,) also increases. Similar results
are achieved for the compartments I;,,, Ay, Ay, and I, as shown in figure 3b, figure 3c,
figure 3d and figure 3e respectively. An increase in the value of w,, reduces the size of the
compartment 1,,. This is shown in figure3f. Figure 4a reveals that the number of individuals
in the compartment R,,increases with increase in ¢. It is observed in figure 4c that the
number of susceptible humans increases with increasing{. Figures 4d, 4e, 4f, 49 and 4h
reveal that increasing or lowering the value of ¢ affects the number of individuals in the
compartments L, Iy,l,,, A, and A, respectively, in a manner to similar compartment S.
Figure 5a reveals that lowering the value of g,, causes an increase in the number of
individuals in the E,,. Similar result is observed for the class I,,. Observed via some
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magnifications, figures 5c, 5d, 5e and 5f reveal a similar result for the compartments I, I,,,,
Ay, and Ay, respectively.

Figure 6a shows that a smaller value of zqresults in a higher population size for the
compartment I,,,. Figure 6b shows that a higher value of z; results in a higher population
size of the compartment I,. We observe from figure 6c that an increase in the value of 7,
results in a reduced population size for the compartment A;,. A similar result exists for the
compartment Ay, as shown in figure 6d. Figures 6e and 6f reveal that a higher value of 7,
results in a lower population size for the class I,,,. Figure 7a shows that a higher value of t,
results in a lower population size of the compartment I,,,. Figure 7b reveals that increasing the
value of 7, causes an increase in size of I;,. A similar trend is shown for the compartment I;,,,
as given in figure 7c. Figure 7d shows that increasing t, increases the size of A, while figure
7e reveals that increasing t, lowers the size of 4, .

In this research, a 13-compartment deterministic model was constructed to analyze the co-
infection dynamics of HIV/AIDS and monkeypox. The disease-free equilibrium and the basic
reproduction numbers of the sub-models and the co-infection model were
determined.Thenon-negativity of solutions and the invariant region were established. The
Maple 18 programming software was used to simplify some calculations. The expression for
the basic reproduction number of monkeypox infection is given asR, = (B, 61(1 —

u+wn, 1 . . . . .
O ) Vm) (Hammm) ((H+Um+gm)(#+dm +pm)), while that of the HIV/AIDS infection is given
1

asRy, = Prcp(1 —6,)(p1(dp, + 1) + Pp3p1) PPN TETEYAY
employed in the stability analysis. The disease-free equilibriums of the monkeypox and the
HIV/AIDS sub-models are globally asymptotically stable.Thus, it has been shown that a 13-

compartment model of ordinary differential equations can be formulated to study the
dynamics of the co-infection of HIVV/AIDS and monkeypox infections.

Lyapunov functions were

References

Arita 1., Gispen R., Kalter S. S.,, Wah L. T., Marennikova S. S., Netter R., Tagaya I.,
Outbreaks of monkeypox and serological surveys in non-human primates, Bull. WHO
46 (1972) 625.

Ayele, T. K., Goufo, E. F. G., and Mugisha, S. (2021). Mathematical modeling of HIV/AIDS
with optimal control: A case study in Ethiopia. Results in Physics. 26. 104263. Pp. 1-
17. Elsevier. https://doi.org/10.1016/j.rinp.2021.104263.

Bhunu C. P. and Mushayabasa S., Modelling the transmission dynamics of Pox-like
infections, Int. J. Appl. Math. 41 (2) (2011) 141-149.

Bhunu C. P., Garira W., Mukandavire Z., Modelling HIV/AIDS and tuberculosis coinfection,
Bull. Math. Biol. 71 (2009) 1745-1780.

Bhunu C., Mushayabasa S. and Mac Hyman J. (2012). Modelling HIV/AIDS and
Monkeypox co-infection. Applied Mathematics and Computation. Vol. 218. Pp. 9504-
9518. http://dx.doi.org/10.1016/j.amc.2012.03.042.

Castillo-Chavez, C. and Song, B., (2004). Dynamical models of tuberculosis and their
applications. Mathematical Biosciences and Engineering. 1. 361-404.

Daley, D. J., and Gani, J. (2005). Epidemic Modeling: An Introduction. New York:
Cambridge University Press.

Diekmann, O. and Heesterbeek, J. (2000). Mathematical epidemiology of infectious diseases
in Mathematical and Computational Biology, Wiley Series, 2000.

25



Eftimie R., Bramson J. L., Earn D. J. (2011). Interactions between the immune system and
cancer: a brief review of non-spatial mathematical models. Bull Math Biol. 73:2-32.
doi: 10.1007/s11538-010-9526-3.

Elsa, H. (2011). Applications of Optimal Control Theory to Infectious Disease Modeling. A
thesis submitted to the Department of Mathematics and Statistics, Queen’s University,
Kingston, Ontario, Canada. P. 2-5.

Emeka, P. C., Ounorah, M. O., Eguda, F. Y. and Babangida, B. G. (2018). Mathematical
Model for Monkeypox Virus Transmission Dynamics. Epidemiology (Sunnyvale).
Vol. 8: 348. D0i:10.4172/2161-1165.1000348.

Espitia, C. C., Botina, M. A., Solarte, M. A., Hernandez, 1., Riascos, R. A. and Meyer, J. F.
(2022). Mathematical Model of HIV/AIDS Considering Sexual Preferences Under
Antiretroviral Therapy, a Case Study in San Juan de Pasto, Colombia. Journal of
Computational Biology. Vol. 29, No. 5. Pp. 483-493. D0i:10.1089/cmb.2021.0323.

Gammack D., Doering C. R., Kirschner D.E. (2004). Macrophage response to
Mycobacterium  tuberculosis infection. J Math Biol. 48:218-42. doi:
10.1007/s00285003-0232-8.

Getachew, T. T.(2017). Mathematical Model for Co-Infection of Pneumonia and Typhoid
Fever Disease with Optimal Control. Pan African University.

Global AIDS Monitoring  (2020). Country  progress  report —  Nigeria.
https://www.unaids.org/sites/default/files/country/documents/NGA_2020_countryrep
ort.pdf. Retrieved 17th December, 2023.

Hamer, W. (1928). Epidemiology Old and New. Kegan Paul. London.

Hethcote, H. W. (2000). ”The mathematics of infectious diseases”. Society for Industrial and
Applied Mathematics. 42: 599-653.

HIV/AIDS Epidemic Control Report. April - June 2023 Edition (Quarter 2).
https://www.phis3project.org.ng/wp-content/uploads/2023/08/HIV-AIDS-Epidemic-
Control-June-2023-for-web.pdf? Retrieved 17th December, 2023.

Jezek A., Marennikova S. S., Mutumbo M., Nakano J. H., Paluku K. M., Szczeniowski M.,
Human monkeypox: a study of 2510 contacts of 214 patients, J. Infect. Dis. 154
(1986) 551-555.

Jezek, Z., Szczeniowski, M., Paluku, K.M., Mutombo, M. and Grab, B. (1988) Human
Monkeypox: Confusion with Chickenpox.ActaTropica,45, 297-307.

Lee S., Hwang H. J., Kim Y. (2014). Modeling the role of TGF-f in regulation of the Th17
phenotype in the LPS-driven immune system. Bull Math Biol. 76:1045-80. doi:
10.1007/s11538-014-9946-6.

Maia, M. (2015). An Introduction to Mathematical Epidemiology. Springer, New York,
Heidelberg Dordrecht, London.

Maimunah, D. A. (2018). Mathematical model for HIV spreads control program with ART
treatment. Journal of Physics: Conf. Series 974 (2018) 012035. Doi: 10.1088/1742-
6596/974/1/012035.

Ngungu, M., Addai, E., Adeniji, A., Adam, U. M. and Oshinubi, K. (2023). Mathematical
epidemiological modeling and analysis of monkeypox dynamism with non-
pharmaceutical intervention using real data from United Kingdom. Front. Public
Health 11:1101436. Doi: 10.3389/fpubh.2023.1101436.

Nigeria Centre for Disease Control (2022). Monkeypox. https://ncdc.gov.ng/diseases/info/M.
Retrieved 17th December, 2023.

Nigeria Centre for Disease Control (2023). Situation Report — Update on mpox (mpx) in
Nigeria. https://ncdc.gov.ng/diseases/sitreps. Retrieved 17th December, 2023.

26



Osborne M. J.  (2020). Mathematical ~methods for  economic  theory.
https://mjo.osborne.economics.utoronto.ca/index.php/tutorial/index/1/cvn/t. retrieved
14th December, 2022.

Ossaiugbo, I. M. and Okposo, I. N. (2021). Mathematical Modeling and Analysis of
Pneumonia Infection Dynamics. Science World Journal. Vol. 16 (No. 2).

Pontryagin, L. S., Boltyanskii, V. G., Gamkrelidze, R. V., and Mishchenko, E. (1986). The
mathematical theory of optimal processes. Wiley New York.

Sahara Reporters (2022). https://saharareporters.com/2022/11/24/nigeria-currently-has-
16million-hiv-patients-treatment-800000-2017-monitoring-agency. Retrieved 17th
December, 2023.

Saravanakumar, S., Eswari, A., Rajendran, L. and Abukhaled, M. (2020). A Mathematical
Model of Risk Factors in HIV/AIDS Transmission Dynamics: Observational Study of
Female Sexual Network in India. Applied Mathematics & Information Sciences. 14,
No. 6, 967-976. http://dx.doi.org/10.18576/amis/140603.

Selgelid M. J. (2012). Infectiosu Diseases. Encyclopedia of Applied Ethics. Second Edition.|
https://www.sciencedirect.com/topics/immunology-and-microbiology/infectious-
diseases. Retrieved November 12th, 2022.

Somma, S. A., Akinwande, N. I. and Chado, U. D. (2019). A Mathematical Model of
Monkey Pox Virus Transmission Dynamics. Ife Journal of Science. Vol. 21, No. 1.
https://dx.doi.org/10.4314/ijs.v21i1.17.

Statista (2021). Prevalence rate of HIV in Nigeria as of 2020, by gender (in 1,000s).
https://www.statista.com/statistics/1262126/prevalence-of-hiv-in-nigeria-by-gender/.
Retrieved 17th December, 2023.

Statista (2022). People living with HIV in Nigeria in 2021 (in 1,000s).
https://www.statista.com/statistics/1128675/people-living-with-hiv-receiving-
treatment-in-nigeria/. Retrieved 17th December, 2023.

Tsetimi, J., Ossaiugbo, M. I. and Atonuje, A. (2022). Bifurcation Analysis of a
Mathematical Model for the Covid-19 Infection among Pregnant and Non-Pregnant
Women. European Journal of Pure and Applied Mathematics. 15(2). 537-556.
https://doi.org/10.29020/nybg.ejpam.v15i2.4312.

Tu P. N. V. (1994) Nonlinear Systems. In: Dynamical Systems. Springer, Berlin, Heidelberg.
https://doi.org/10.1007/978-3-642-78793-57.UCLAF Fielding School of Public
Health. http://www.ph.ucla.edu/epi/Bioter/anthaphadefa.html.retrieved14thDecember,
2020.

United Nations ~ Office  on Drugs and  Crime  (2023). HIV/AIDS.
https://www.unodc.org/nigeria/en/hiv-and-aids. Retrieved 17th December, 2023.

United Nations Programme on HIV/AIDS (2020). Global AIDS
Update: https://aids2020.unaids.org/report/. Retrieved 17th December, 2023.

Usman S. and Adamu 1. 1. (2017) Modeling the Transmission Dynamics of the Monkeypox
Virus Infection with Treatment and Vaccination Interventions. Journal of Applied
Mathematics and Physics, 5, 2335-2353. https://doi.org/10.4236/jamp.2017.512191.

Usman S. and Adamu 1. 1. (2017) Modeling the Transmission Dynamics of the Monkeypox
Virus Infection with Treatment and Vaccination Interventions. Journal of Applied
Mathematics and Physics, 5, 2335-2353. https://doi.org/10.4236/jamp.2017.512191.

Will K. (2020). Stochastic Modeling. https://www.investopedia.com/terms/s/ stochastic-
modeling.asp. Retrieved 14th December, 2020.

World Health Organisation (2023). Mpox (monkeypox). https://www.who.int/health-
topics/monkeypox#tab=tab_1. Retrieved 17th December, 2023.

27



Zarin, R., Khan, M., Khan, A. and Yusuf, A. (2023). Deterministic and fractional analysis of
a newly developed dengue epidemic model. Waves in Random and Complex Media.
Doi: 10.1080/17455030.2023.2226765.

28



