On the convolution of the k—Lucas sequences

Abstract

In this paper, we study the iterated convolution of the k—Lucas sequences in a form
similar to the iterated convolution of the k—Fibonacci sequences [5].

A particular case is for the self-convolution of these sequences. Moreover the
generating functions of all this convolved sequences, we find the recurrence relation
between the terms of the resulting sequences.
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1 Introduction

In [9], the convolved Fibonacci sequences are defined in the form
r n r—1
3 75 )= Z IE ,E_j )
=0

with initial condition F() = F,, and where F, are the classical Fibonacci

numbers.

* Universidad de Las Palmas de Gran Canaria, Departamento de Matematicas

35017-Las Palmas de Gran Canaria, Spain.
Email address: sergio.falcon@ulpgc.es (Sergio Falcon).

Preprint submitted to Journal of Advances in Mathematics and Computer Sciences20 February 2024



The aim of this paper consists of extending this concept to case of the k—Lucas

numbers.

Definition 1 For any integer number k > 1, the k—Fibonacci sequence, say

{Fin}en 98 defined recurrently by:

Fro=0, Fy1=1, and Fypy1 =k Fyp + F oy forn > 1.

The characteristic equation from the definition is 72 = kr + 1 whose solutions

k+VE2+4 _ k—Vk%+4
2 - 2

are o; = and o, , that verify o1 - 09 = —1, 09 + 09 = k,

or—0s=Vk:+4, 02 =ko+1,0,>0, 0y <0.

For the properties of the k—Fibonacci numbers, see [7,8]. In particular, the

O.n . o.n
Binet Identity is Fy, = ——=.
01 — 02 "

T 1 —kz—a2

Finally, we define the k-Fibonacci numbers of negative index as Fj_, =

The generating function of the k—Fibonacci numbers is f(x)

(_1)n+1Fk,n

Definition 2 For any integer number k > 1, the k—Lucas sequence, say

{Lin},en @5 defined recurrently by [6]:
Lyo=2, Ly =k, and Lyyny1 =k Ly + Lgpn—1 forn > 1.
The Binet Identity for the k-Lucas numbers is Ly ,, = o} + 04

The k—Lucas numbers are related to the k—Fibonacci numbers by the relation

Lk:,n = Fk,n—l + Fk’,n—H-

Lk,n+1 + Lk,n—l
k2 +4 '
Since the recurrence relation indicated in the definition is the same for the

From this relation, it is easy to prove that Fj , =

k-Fibonacci numbers as for the k—Lucas numbers, the denominator of the



generating function is the same for both. The numerator does vary since it

depends on the initial conditions: (0, 1) for the k-Fibonacci numbers and

(2, k) for the k—Lucas. Then the generating function of the k—~Lucas numbers
2—kx

is |2 =

5 (2] f) =

Moreover, Ly _, = (—1)"Ly .

1.1 Convolved k—Fibonacci sequences

A convolved k—Fibonacci sequence [5] is obtained by applying a convolution
operation to the k—Fibonacci sequence one or more times. Specifically, define

FO _

,n

ka and

r r—1
F) ZFM F (1)

In particular, for k = 1 the classical Fibonacci numbers are F, 1&2 = F",

For k& = 2 we have the Pell numbers, FQ(Q = P,
For k = 3,4, ..., no convolved k—Fibonacci sequence is indexed in OEIS except
for r = 0.

By induction [?] , we have proven the following identities for the elements £, k(r,)L

of the convolved k-Fibonacci sequence: F ,32 =0for 0<n <rand

p _ 4 +p
F(Tr) _ (p . j) (T kP 2]
k,r+p+1 ]2% j p—3j
If r = 0, this formula becomes Formula (1) to obtain the k&~Fibonacci numbers.

1.2  Recurrence relation

Convolved k-Fibonacci sequences verify the following recurrence relation:

for n,r > 1, F\") 1 =k F,m + F,ST) + F,g?;l) and this formula was proven by



induction [?].
1.3 Convolved k—Fibonacci numbers and the Fibonacci polynomials

Sequences F) ,52 are related to the Fibonacci polynomials by the relation
w _Ld d"
kn = dk"Fk"’ where T

of the k—Fibonacci numbers of Definition 1.

Fy, . is the derivative of order r with respect to k

1.4  Generating function

In [12], formula (2.2.3), the following theorem is proven:
If f(x) and g(x) are the respective generating functions of the sequences u,
and v, then f(z) - g(x) is the generating function of the convolution of these

Sequences.

So, by taking into account the generating function of the k—Fibonacci numbers
x

is fl2) = T —3

sequences is

the generating function of the convolved k—Fibonacci

fakn) = (1) @)

1—ka— a2

As a special case, F, ,51,2 is the self-convolution of the Fj, numbers.
Sometimes, the convolution of the sequences U = {u,} and V = {v,} is

represented as U @ V' = {u,, ® v,,}, so F,E can be F,, ® Iy .

Theorem 1 The self-convolution of the k—Fibonacci numbers verifies

TLLkn—kan
: : 3
k? 4+ 4 )

(1) ZFkJFkn -j =

7=0



(n—1)P,+nP,
1 )

For instance, for the Pell numbers F5,, = P, it is P,gl) =

Theorem 2 The self-convolution of the k—Fibonacci numbers verifies the re-

currence relation

FY o =2k B — (k= 2)F)_ —2kF)_, — FY) (4)

A way to find these recurrences if we take into account that the denominator
of the generating function corresponds to the recurrence relation between the
terms of the sequence.

The expansion of the respective denominators leads us to the recurrence rela-
tion of the corresponding sequence by simply changing x? by F; éfg_p. So, from

Equation (2), and taking into account 1 = 2% = F,SQ :
r=0—-1—kr—2*=0—1=ka+ 2>

SO =k E 4 EY .y (Fin =k Fipoy + Fipoo)
r=1-=1—kr—1%%0 —=1-2k+ (k* —2)2* +2ka® +2* =0

—1 =2k — (k* —2)2* — 2ka® — 2*

— i =2k By — (K = 2) Py — 2k Fi_s — P
r=2—=(1—kr—2?)°®=0—=1-3kr — (3—3k?z*+ (6k — k*)z* =0
+(3 = 3kH)a* — 3ka® +2° =0
—1=3kx+ (3—3k")2* — (6k — k*)2® — (3 — 3kH)a* + 3k 2° — 2°

= P = 3R FCLL+ (3= 3RS, — (6k = KR,
(3= 3K)F)_ + 3k F) s — B

There are necessarily 2(r 4 1) initial conditions for these relations.

Corollary 1 For the classical Fibonacci numbers (k = 1), the respective re-

lations are
FO—=F =F, 1+ F,_,
1 1 1
FY=F ®F, = QFT(LlJl + FT(L,)Q — Fy(L,)g - FT(LJ4

n



F? =F, @ F) =3F® —55%, 4+ 37?4+ FO,

2 On the convolution of the k—Lucas sequences

The convolution of Fibonacci and Lucas numbers has been studied by many
authors. The convolution of the k—Fibonacci numbers has also been studied,
some of the results of which have been presented in the previous section. We

want to apply the results obtained in that case to the k—Lucas sequences.

The definition of the convolved k—Lucas sequences is similar to definition of

the convolution of the k-Fibonacci numbers (1):

Definition 3 With the initial condition LS?L = Ljn, the convolved k-Lucas

sequences is defined as LE:ZL = Z LkJL,(:;_lz
=0

Taking into account that Ly _, = (—1)"" L, ,, it is also Ll(:ln = (—1)"+1L,S:2L.

Moreover, L,(:()) = 2rtt ij{ = 2"(r+1)k, L,(:% = 2" 2 (r4+1) (r+4) k> +2" 1 (r+1).
From the definition,

L =Ly = {Lp,) = {2,k 2+ K23k + k2 + 4k* + k* 5k + 5K° + k5, .. )
LV =Ly @ Ly = {L{)} = {4, 4k, 8 + 5k%, 16k + 6k, 12 + 26k + Tk*,.. .}

LY ={L3)} = 8,12k, 24 + 18k?, 60k + 25k%, 48 + 114k2 + 33k%, .. .}

LY ={LP)} = {16, 32k, 64 + 56k, 192k + 88k, 160 + 416k + 129k, .. .}

LY ={LY} = {32,80k, 160 + 160k, 560k + 280K°, ...}

For k = 1 the classical Lucas sequences [1]

LO=r={L,}=1{2,1,3,4,7,11,18,29,...}
LY=L ®L={LY}=1{4,4,13,22,45,82,152,274, ...}
L®={L®} = {8,12,42,85,195,399,816,1611,...}



L® ={L®} = {16, 32,120, 280, 705, 1588, 3526, 7520, .. .}
LW ={L®} = {32, 80,320, 840, 2290, 5601, 13355, 30470, ...}

The classical Lucas sequence L = {2,1,3,4,7,11,18,29, ...} is indexed in the
OEIS [10]: A000032 and the self-convolution L") = L ® L as A099924. No

other of these convolutions are indexed in the OEIS.

Theorem 3 First convolution of the k—Lucas numbers is called the self con-

volution of these numbers and verify the formula [4]

L) = Lyn ® Lin = Y- Ly Liny = (0 + 1) Ly + 2F i1 (5)

Jj=0

Proof.

L](CIJ)Z = zn: Lk,ij,n—j = zn: (O’{ + 0’%) (U?_j + o';_j)

j= 0
(o o f(02Y a0
oy +oy+o; | — | +oy | —
0 01 02

o
<
Il

j=

Jj=0 Jj=0
(L)nJrl 1 (L)nJrl 1
=(n+1)Lin + 07> + 05~
o1 g2
;H—l 0?-"—1 UiH_l Un-‘rl

g
=(n+1)Ly, +

Z Lk,ij,n*j = (" + 1)Lk:,n + 2F i1
=0

Because the denominator of the generating function of the k—Lucas numbers
and the k—Fibonacci numbers is the same, the recurrence relation between the
terms of the sequences F, ,572 and L,(:L is the same for both convolved sequences.
For instance, the terms of the self-convolution of the k—Lucas numbers verify

the relation Ly),, = 2k Li") — (k2 = 2)L{) | — 2k L{")_, — L{!)_, that, in the

n—1"



classical case (k = 1) takes the form LV = orW 4+ LW, —orW LW with

initial conditions L{" = 4, L{" =4, LY = 13 and L{” = 22

Theorem 4 The convolved k—Lucas numbers verify the recurrence relation

Ll(ﬁrzz—f—l_k‘[’l(cn—i_‘[/kn 1+Z( kn+1+Ll(€21 1)

Proof. For r = 1, from Equation (5):

Ll(cl72L+1 =(n+2)Lint1 + 2F 042
=(n+2)(kLgn+ Lipn-1) +2(k Fypi1 + Fin)
=k((n+1)Lyy +2F;nt1) + (0 Li o1 + 2Fy )
+ (k Lin + Lip—1) + L1 = k’L(l) + L;:)z L+ LY 7)1+1 + Lk 0

n—1

Let us suppose the formula is true until . Then

(r+1) (r)
LknJrl ZLk] kn+1—j
7=0
n+1

_ZLkﬂ kLkn ]+Ll(cn 1—j+Z<LkI7’L+1 ]+L/(ci,)n—1—j)‘|
7=0
n+1

—k ZLML,(;“ j+ZL L
7=0
r—1n+1 r—1n+1

+ZZLk1LI(;n+1 ]+ZZLICJL](;7L 1—j

1=0 j=0 =0 j=0

_kZLkaLgﬂ; j+ZLkJLk21 15

7=0

+ Z Linh+ Z Lt

:k:Ll(cf—H 1::11+Z( kn+1+Lk)n 1)

Both self-convolutions of the k—Fibonacci and k—Lucas numbers are related to

each other by mean of the equation L + (k* + 4)F( ) = =2(n+ 1)Ly, That



is Z Lk,ij,nfj + (k2 + 4) Z Fk,ij,nfj = 2(77, + 1)Lk,n
j=0 j=0

3 Second convolved k—Lucas sequence

After studying the self-convolution of the k—Lucas sequence, this section is
dedicated to studying the second convolution, that is, L,(f) = {Lg}z}
Theorem 5 Second convolved k—Lucas sequence verify the relation

n—+ 2
2

LY = ((n+ 1) Lip + 6 Frnya)

Proof. Self convolution of the k—Lucas sequence is Ly ® L = {Z LkJLk,n_j}

=0

where ZLk,ij‘,n—j = (n+ 1)Ly, + 2F} »41. Besides, ZFk‘,ij,n—j = (n+

j=0 j=0
1)Fk,n and therefore Z Lk,ij,n—i-l—j = (n + 2)Fk,n+1-
j=0
rtn(r—1)—1)+r

Finally, Y " jr/ =

=0

(r—1)2
Then

Ll(le => Lk,le(cl,Zij =Y Lij((n+1—=j)Lypj+2F;ns1-;)
=0

=0

=m+1)Y LijLin—j— Y jLejLinj+2> LiiFrnii—;
=0 =0 =0

(n+1)((n+1)Lgn+ 2Fkpni1) +2(n+2)Fypir — C

C=>j(ol —i—ag) (0'7117]' +a§7j)

om0\ (oY
o) ()
=0 g1 2



oy = (= 1)2 )
o2
n(n+1) 1 noyt +noh Tt 4 oh "
= —— Ly, — 5 — oy
2 (01 — 09) o1
B 1 not™ 4ot + ot o
(00 — 0y)? op) 72
n(n+1) 1
== 2 Ipn———— (=m0 — " — (n+ 1)o7
2 k, (o1 _02)2 ( 2 = ) 2)
1 n n n
— m <—n0'1+2 — 0'2 — (n + 1)0'1)
n(n+1)
- TLk,n + L2 T4 (’I’L Lk,n+2 + nLk,n)
nn+1
= (Q)Lk,n +n Fk,nJrl
LY = (n+1) ((n+ 1)Ly + 2Fg 1) + 2(n + 2) Fy
n(n+1
_(2)Lk,n +n Fy g1

n+1)(n+2
= ( )2< )Lk,n + (3n +6)Fipni1 —
+ 2
- Lfr)z = nT ((n+ 1)Ly + 6Fkni1)

The second convolved classical Lucas sequence verifies the recurrence relation

L@ =3r® —51P ., 43r® 4 1P with initial conditions L{¥ = 8, LY = 12,

n—1" n—3

LY =42, L =385, LP =195, LP = 399.

3.1 Generating function

It is well known that if f(z) and g(z) are the generating functions of the nu-
merical sequences A = {a,} and B = {b,} respectively, then f(x)-g(x) is the

generating function of the convolution of both sequences A ® B. Therefore,
2—kx

I is the generating function of the k-Lucas sequence,
—kr—x

since [ ()

10



the generating function of the convolution Lg") is the function I (z)". There-

2—kx
1—ka— a2

of the k—Lucas numbers, [(k,z)? is the generating function of their self con-

fore taking into account that l(k,z) = is the generating function

volution Ly, ® Ly and I(k,z)? that of the second convolution L\ [11].

It is evident that developing this function in series becomes more and more
complicated as the value of r increases. The solution is to use a Mathematics
program that solves the problem. For example, if using Mathematica©, the

small program for the self convolution could have the following form:

2—kxzx
ALk Sl e
o r=>2

e Expand|[CoefficientList[Series[f[k, x]", x, 0, 10], x]].

When executing the program, the coefficients of the series expansion of [(x, k, 1)
are obtained, that is, the numerical sequence Ly (n) dependent on the value of
k.

If %/.k — a is then sorted, the corresponding numerical sequence is obtained,
being a =1,2,3....

You can also directly obtain the numerical sequences for k = 1,2,3..., using
the command Table[CoefficientList[Series]f[k, x]", x, 0, 10], x]],k,3] instead of

the previous order.

Conclusions

In this paper, the iterated convolution of the k—Lucas numbers has been stud-

ied in a general way and then the first and second convolutions have been

11



studied more specifically. Subsequently, a special dedication has been made
to the case of classical Lucas numbers as well as to those of Lucas-Pell. More
information on convolutions of sets of sequences defined by linear recurrence
relations such as those of the Fibonacci or Lucas form can be found in [3] or
[13].

I deeply appreciate the anonymous reviewer who helped me so much to im-

prove and expand this article.
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