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On the convolution of the k—Lucas sequences

Abstract

In this paper, we study the iterated convolution of the k—Lucas sequences in a
similar form that the iterated convolution of the k~Fibonacci sequences [1].

A particular case is for the self-convolution of these sequences. Moreover the
generating functions of all this convolved sequences, we find the recurrence relation
between the terms of the resulting sequences.

Keywords: k-Fibonacci and k—Lucas numbers. Convolution. Generating function.
Recurrence relation.
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1 Introduction

In [6], the convolved Fibonacci sequences are defined in the form
DN D
FT(L ) - Z ‘Fan—j
=0

with initial condition FTELO) = F,, and where F,, are the classical Fibonacci

numbers.
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The aim of this paper consists of extending this concept to case of the k—Lucas

numbers.

Definition 1 For any integer number k > 1, the k—Fibonacci sequence, say

{Fintpen 8 defined recurrently by:

Fro=0, Fra=1, and Fypny1 =k Fyp+ Frpn1 forn > 1.

Characteristic equation from the definition is 7> = k7 + 1 whose solutions

@ and gy = k=vkT+d ”‘32+4, that verify o1 - 09 = —1, 01 + 09 = k,

are o1 = 5

or—0s=Vk:+4,02=ko+1,0,>0, 0y <0.

For the properties of the k—Fibonacci numbers, see [3,4]. In particular, the

ol — ol
Binet Identity is Fy, = ! z,
01 — 02 .

Tl —kr—a22

Finally, we define the k-Fibonacci numbers of negative index as Fj_, =

Generating function of the k~Fibonacci numbers is f(z)

(_1)n+1Fk,n

Definition 2 For any integer number k > 1, the k—Lucas sequence, say

{Lin},en @5 defined recurrently by [2]:

Lyo=2, Lpy =k, and L1 =k Lgp + L1 forn > 1.

The Binet Identity for the k-Lucas numbers is Ly ,, = of + 03.
The k—Lucas numbers are related to the k—Fibonacci numbers by the relation

Ly = Fypn-1 + Fipny1. From this relation, it is easy to prove that
_ Lk,nJrl + Lk,nfl
k2+4

Generating function of the k—Lucas numbers is f(z) =

Fin
2—kx
1—kx—a2?

Moreover, Ly _, = (—1)" Ly .
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1.1 Conwvolved k—Fibonacci sequences

A convolved k—Fibonacci sequence [1] is obtained applying a convolution o-
peration to the k—Fibonacci sequence one or more times. Specifically, define

F = F,, and

r r—1
F) ZFM F (1)

In particular, for £ = 1 and the classical Fibonacci numbers, F, ,52 = F",

For k = 2 and the Pell numbers, Fz(r,z = P\,
For k = 3,4, ..., no convolved k—Fibonacci sequence is indexed in OEIS except
for r = 0.

By induction, we can prove the following identities for the elements F,g:i of
the convolved k-Fibonacci sequence: F) ,32 =0for 0 <n <rand

)

) .

p—3j\(r+p-— ) 2
) _ . kP2
z( j )(p J

If r = 0, this formula becomes Formula (1) to obtain the k-Fibonacci numbers.
1.2 Recurrence relation

Convolved k-Fibonacci sequences verify the following recurrence relation:

for n,r > 1, F,§72+1 =k F(T) + F,gr) + F(T Y and this formula was proven by
induction.

1.3 Convolved k—Fibonacci numbers and the Fibonacci polynomials

Sequences F, ,S") are related to the Fibonacci polynomials by the relation

1 d dr
@ By, wh
Lk e WHEEE g

F k(?b F, . is the derivative of order » with respect to k
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of the k—Fibonacci numbers of Definition 1.

1.4  Generating function

In [7], formula (2.2.3), the following theorem is proven:
If f(x) and g(x) are the respective generating functions of the sequences u,
and v, then f(z) - g(x) is the generating function of the convolution of these

sequences.

So, and taking into account the generating function of the k-Fibonacci num-

x
———  the generating function of the convolved k-
1—kx—2a?

Fibonacci sequences is

fen = (1) @)

1—kax— a2

bers is f(z) =

As a special case, F, ,glrz is the self-convolution of the Fj, numbers.

Sometimes, the convolution of the sequences U = {u,} and V = {v,} is

represented as U © V = {u, - v,}, so Fk(lg can be Fy, © Fj .

Theorem 3 The self-convolution of the k—Fibonacci numbers verifies

n Lk,n —k Fk,n
k% +4 3)

F&Z = FrjFinj=
j=0

(n—1)P,+nP,4

For instance, for the Pell numbers F5,, = P, it is PTEI) = 1

Theorem 4 The self-convolution of the k—Fibonacci numbers verifies the re-

currence relation

1 1 1 1 1
Fimsn =2k Byl = (6 = 2B = 26 G — (4)
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A way to find these recurrences if we take into account that the denominator
of the generating function corresponds to the recurrence relation between the
terms of the sequence.

The expansion of the respective denominators leads us to the recurrence rela-
tion of the corresponding sequence without more than changing z? by F; ,6(2_19.

So, from Equation (2), and taking into account 1 = 2° = F ,5(2 ;

r=0—=1—kr—2*=0—1=ka+ 2>
S B =k FO 4+ FY . (Fon =k Fun1 + Fons)
r=1—=1—-kr—2)%0 >=1-2k+ (k> —2)2® + 2ka® + 2" =0
—1=2k— (k* — 2)2® — 2ka® — 2*
S FY =2k PO — (- 2)F) -2k F) R,
r=2—=(1—kr—2?)°®=0—=1-3kr — (3—3k?z*+ (6k — k*)z* =0
+(3 = 3kH)a* — 3ka® +2° =0
—1=3kx+ (3—3k")2* — (6k — k*)2® — (3 — 3kH)a* + 3k 2° — 2°
S F 3k O, + (3 - 3R, — (6 — K)FC,
(3= 3K} E)_ 43k F)_— F2)

There are necessary 2(r + 1) initial conditions for these relations.

Corollary 1 For the classical Fibonacci numbers (k = 1), the respective re-

lations are

FTS,O):Fn:Fn—1+Fn—2
1) =F,®F, —QF(1)1+F(1) _F(l) _F(l_)
F® =F, @ FV =3F?, —5r®, 4 3p®_ 4 p@,

2 On the convolution of the k—Lucas sequences

We will dedicate this section to apply the preceding results to the case of the

k—Lucas numbers.
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Definition of the convolved k-Lucas sequences is similar to definition of the

convolution of the k—Fibonacci numbers (1):

Definition 1 With the initial condition L,(fgb = Ly, the convolved k—Lucas

sequences is defined as L,(:ZL =) Lk]Ll(:;,lz
=0

Taking into account that Ly _, = (—1)"*' Ly, it is also L,(:)_n = (—1)”+1L,(€7:7)1.

Moreover, L,(;:% = 2r+l L,(:% =2"(r+1)k, L,(:% = 2" 2 (r4-1) (r+4) K227 (r 1),

From the definition,

LY ={Lin} = {2,k,2 + k2, 3k + k°,2 + 4k + k*, 5k + 5K% + &°,.. .}

LY ={L{)} = {4,4k,8 + 5k, 16k + 6K>, 12 + 26k + 7k, .. .}

LY ={L{)} = 8,12k, 24 + 18k, 60k + 25k%, 48 + 114k + 33k, ..}

LY ={LP)} = {16, 32k, 64 + 56k, 192k + 88k, 160 + 416k + 129k, ...}
LY = (LY} = {32,80k, 160 + 160k, 560k + 280K?, ...}

For k£ =1 and the classical Lucas sequences

L9 ={L,} ={2.1,3,4,7,11,18,29, .. .}

LV ={L{)} = {4,4,13,22,45,82,152,274, ...}

LY ={L{)} = {8,12,42,85,195, 399,816, 1611, . ..}

LY ={L3)} = {16,32,120,280, 705, 1588, 3526, 7520, . . .}
LY ={LY} = {32,80,320,840, 2290, 5601, 13355, 30470, . ..}

Classical Lucas sequence L = {2,1,3,4,7,11,18,29,...} is indexed in the
OEIS [5]: A000032 and the self-convolution L) = L ® L as A099924. No

other of these convolutions are indexed in the OEIS.

Theorem 5 First convolution of the k—Lucas numbers is called the self con-
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volution of these numbers and verify the formula

L) = Lin @ Ly =Y LijLin—j = (n+ 1) Ly + 2Fp i1 (5)
=0

Proof.

7=0 7=0
n J J
-y <a?+ag+a? (Z2) + oz (2) )
=0 01 09
J n J
=+ 1)Lgn+o7 Y 02) + o3 (01>
j=0 V01 j=0 202
n+1 n+1
o2 -1 o1 -1
:(n—l—1)Lk,n-1-071%(01(7)2 — —I—JS(U?U)I 7
o1 g2
_ (n N 1)L N U;H—l U?—H N 0711+1 _ Ug-&-l
ki 09 — 01 01 — 09

Z Ly iLgn—j=n~+1)Lgn+ 2F 1

=0
Because the denominator of the generating function of the k—Lucas numbers
and the k—Fibonacci numbers is the same, the recurrence relation between the
terms of the sequences F) ,32 and L,(le is the same for both convolved sequences.
For instance, the terms of the self-convolution of the k—Lucas numbers verify
the relation Ly ),, = 2k Ly — (k= 2)L{) | — 2k Ly, , — L{!)_, that, in the
classical case (k = 1) takes the form LY = 2L£Ll_)1 + LS_)Q — 2L7(11)3 L(1 with

initial conditions L(()l) =4, Lgl) =4, Lgl) =13 and Lgl) =929
Theorem 6 Convolved k—Lucas numbers verify the recurrence relation

Lkn+1_kLkn+Lkn 1+Z( kn+1+Lkn 1)

=0

Proof. For r = 1, from Equation (5):
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LSLH (n+2)Lipny1 + 2Fknio
=k (( )Lk n + 2Fk n+1) (n Lk,nfl + 2Fk,n)

+ (kLky + Liyp—1) + L1 =k Li(fl; + Lz(glﬂ)lq + L’(;,)’27,+1 + Ll(c[,)zzfl

Let us suppose the formula is true until . Then

(r+1)
Lkn—l—l_ZLk] kn+1 —J
7=0
n+1

:ZLkJ kLlE;)z—]_}_Ll(cT)w 1—j+Z( kn+1— ]+Lkn 1—])‘|
j=0

n+1
_k ZLkJLI(:n ]+ZL]€] k2L 1—j

7=0
r—1n+1 () r—ln+l ()
3D Ll 2> DLy

i=0 j=0 =0 j=0

:kZLk]LI(;?)’L j+ZLk] kn 1—j5
+ZL;§ZL+ZL£11

:kLl(vf—’_l 1::511“’2( kn+1‘|’Lk)n 1)

Both self-convolutions of the k—Fibonacci and k—Lucas numbers are related to
each other by mean of the equatlon L + (k* + 4)F, FY = =2(n+ 1)L, That

is Z Lk,ij,nfj + (k‘Q + 4) Z Fk,ij,nfj = 2(7’L + 1)Lk,n

J=0 J=0
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3 Second convolved k—Lucas sequence

After studying the self-convolution of the k—Lucas sequence, this section is

dedicated to studying the second convolution, that is, Ll(f) = {L,(j) }

Theorem 7 Second convolved k—Lucas sequence verify the relation

_n—|—2

3G
k.n 92

((n+ 1)Ly + 6Fnt1)

Proof. Self convolution of the k—Lucas sequence is L, ® L = {Z Lk,ijmj}
§=0
where ZL’CJL’M*J' = (n+ 1)Lgy + 2F +1. Besides, ZFk,ij,n—j = (n+
j=0 §=0
1)F},,, and therefore Z Ly iFyni1—j = (n+2)Fpni1-
§=0

_ "o o (nr—1)—-1)+r

Finally, Zj r = (r— 17 .

J=0

Then

Ll(f}l = Z Lkijgcln)’L—j = Z Lkvj ((TL +1- j)Lk,n—j + 2Fk,n+1—j)
j=0 7=0

=+1)> LyjLiny—> i LijLinj+2> LijFrnii—;

=0 j=0 j=0
=mn+1)((n+ 1)Ly + 2Fknt1) +2(n+2)Fy i1 — C
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n(n+1) 1 (n oy 4 noh Tt +oh ! n)
= ——F—Lgn— 5 — 0
2 (o1 — 02) 01
1 (n ot 4 no Tt + ot n)
(09 — 01) op}
n(n+1) 1
== 2 Im—— (0o — 0" — (n+ 1)o7
2 k, (o1 _02)2 ( 2 = ) 2)
1
- (—no™? — % — (n+ 1)o"
(0_1 . 0_2)2 ( 1 2 ( ) 1)
n(n+1)
= TLk,n + 2d (n Ly pi2 +n Lgy)
n(n+1
= (2)Lk,n +n Fpp
LY = (n+1) ((n+ 1) Lip + 2Fx 1) + 2(n + 2) Fyng
n(n+1
_(Q)Lk,n +nFy

1 2

+ 2

Second convolved classical Lucas sequence verifies the recurrence relation
L® =31® 51?131 1 1P with initial conditions L{¥ = 8, L = 12,

LY =42, 1 =85, LY =195, LY = 399.

3.1 Generating function

2—kx
1—kx— a2

the k-Lucas numbers, [(k, z)? is the generating function of their self convolu-

Taking into account that [(k,z) = is the generating function of

tion L ® Ly and [(k, x)? that of the second convolution L,(f).

10
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Conclusions

In this paper, the iterated convolution of the k—Lucas numbers has been stud-

ied in a general way and then the first and second convolutions have been

studied more specifically. Subsequently, a special dedication has been made to

the case of classical Lucas numbers as well as to those of Lucas-Pell.
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