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A New Polar Representation for Pell and Pell-Lucas Split
Quaternions

Abstract

In this paper, we define split quaternions with components including Pell and Pell-Lucas
number sequences. By using Binet’s formulas of these type split quaternions we introduce a
new polar representation for these split quaternions using Cayley-Dickson’s notation. This al-
ternative representation, based on two complex number sequences, provides a new perspective
on the structure of Pell and Pell-Lucas split quaternions and give a deeper understanding of
their geometric interpretations and transformations. Furthermore, some fundamental proper-
ties and identities for these type of Pell and Pell-Lucas split quaternions are studied. In further
the current paper, it would be valuable to replicate similar approaches polar representationin
with Pell and Pell-Lucas Split quaternions.

Keywords:Pell split quaternions, Pell-Lucas split quaternions, Polar representation Mathematics
Subject Classification: 11B37, 11R52, 53B30

1 Introduction

W. R. Hamilton [1] initiated the study of the quaternions an extension to the complex number in
1843. They have many applications in mathematics, physics, computer graphics, and engineering.
Hamilton first introduced quaternions in 1843 as a way to represent rotations in three-dimensional
space, and since then, they have become an important tool in many fields. One advantage of
quaternions over other methods of representing rota tions is their ability to avoid the problem of
gimbal lock, which can occur when using Euler angles. Quaternions also have a relatively simple
algebraic structure and can be efficiently implemented in computer algorithms. In recent years,
quaternions have been used in the development of virtual reality systems and computer games,
where they are used to represent orientations of objects in three-dimensional space. They have also
been applied in robotics, control theory, and signal processing. Overall, quaternions have become a
valuable tool in many areas of mathematics and engineering, and their use continues to expand [23].
Sangwine and [4] introduced a quaternion polar representation that draws inspiration from the
Cayley-Dickson form. In their formulation, they express quaternions using a complex modulus and



UNDER PEER REVI EW

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

argu ment. The Cayley-Dickson construction is a mathematical procedure that extends the concept
of complex numbers to higher dimensions, paving the way for the development of quaternions. On
the other hand, the complex argument represents the direction or orientation of the quaternion
in a manner analogous to the argument of a complex number. This approach provides a concise
and insightful way to represent quaternions, offering a geometric interpretation that aligns with the
principles of complex analysis.

In 1849, Cockle [5] defined split quaternions by utilizing real quaternions. The multiplication
rules for split quaternions differ in the vector part due to their association with Minkowski space,
as opposed to the Euclidean 3-space associated with real quaternions. This distinction makes split
quaternions particularly relevant in the context of theories involving spacetime, such as special
relativity. It is known that split quaternions are effective for rotating vectors in [6H8], whereas real
quaternions are efficient for rotating vectors in [13].

A split quaternion [9-11] is defined as the following quadruple

Y= + i1+ 2t + V3i3
with v9_3 € R and quatenionic units i1, 29, i3 satisfy
i = —i = —i5 = 1, i1iy = —izi1 = i (1)

and can be shown as v = S, + V,, v with S, = 0 is a pure split quaternion. Let v and ¢ be split
quaternions, then addition and multiplication are

Y+6=(S,+ 855+ (Vy+Vs)
¥0 = 5,85 + (Vy, Vs) + SV, + S5Vs + V,y x Vs

respectively, where (,) and x are inner and cross products in Minkowsky space Ef. The conjugate
and norm of v = g + 141 + Y22 + Y313 are respectively as

v =0 — Y1t — Y2l — Y33

and

= VI = 18 + 7% =3 — 2l = /1T, . (2)

If |v| = 1, then v is a unit split quaternion, for any split quaternion v with |y| # 0, H%II is a unit
split quaternion. The split quaternion v is space-like, time-like and light-like if Z, < 0, Z,, > 0 and
Z, = 0 respectively and

I,=%+% —% -7 =TIs, +Iv, (3)

*

= ‘f’W and there is

no inverse for light-like split quaternion. The Cayley-Dickson’s form of a split quaternion = is

where Zg =g and Iy, = 77 — 43 —~3. The multiplicative inverse of 7 is v~
7= (Yo +m1i1) + (72 + 381 )i2

which is based on two complex numbers.
Classify the polar representation according to the given the split quaternion = and vector part,



UNDER PEER REVI EW

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

respectively.
1. The polar representation for spacelike quaternion can be written in the form
7 = |yl (sinh ¢ + p cosh ¢) (4)
: Yo VR4S Yii1+y2iatysis : :
where sinh ¢ = 1%, cosh¢ = Y—*—2—= and p = ALLEZLES g 3 spacelike unit vector.
Il 11 V=242

2. The polar representation for timelike v with spacelike vector part (Iy, < 0 for
V) = v1i1 + Y22 + y3is vector part of v ) can be written in the form

7 = ] (cosh & + usinh ) (5)

vV it 3 cosh ¢ — 2 _ and u= Y11 t+y292+y3is
Bl 7 N H S e
Yi+v3+73

3. The polar representation for timelike « with timelike vector part can be written as

where sinh ¢ = is a spacelike unit vector.

v = || (cos ¢ 4 psin p)
N
2

A 7 N
Indeed, a unit timelike quaternion v with a timelike vector part represents a rotation of a three-
dimensional non-lightlike Lorentzian vector by an angle 2¢ about the axis defined by ~. This
rotation operation is similar to the one described earlier with the unit timelike quaternion v having
a spacelike vector part. However, in this case, the axis of rotation is determined by the direction of
the timelike vector part of ~.

4. If v is a lightlike split quaternion, then

where sing = cosg = W—O and p = WAt §g 5 ypit pure split quaternion.

vy=1+p.
Here, 7 is a lightlike (null) split vector. [12,|13]. Any Split quaternion can be written in the form
v = AeBi

where A = Ay + Ajiy and B = Ay 4+ Asziy are complex numbers, [4,/9]. For detailed information
about the matrix notation of rotation and its relationship with quaternionic representations, we refer
the reader to reference [6], as well as references [7] and [§]. These sources provide comprehensive
explanations and discussions regarding the mathematical foundations and practical applications of
quaternionic rotations in Lorentzian geometry.

In the literature, sequences of integers have an important place. The most famous of these sequences
have been demonstrated in several areas of mathematics. The Pell P,, and Pell-Lucas (,, number
sequences are defined by

PnZQPn_1+Pn_2, P0:0,P1:1,n22
Qn = 2Qn—1 + Qn—27 QO = Ql = 2; n>2

The characteristic equation of these number sequences is 22 — 2z — 2 = 0, with roots o = 1 + /2

and 8 = 1 — v/2.The Binet’s forms of these sequences are

a — Bn
o= p

For more details and relations about these number sequences see [14-21].

P, = and Qn = a" + " (6)
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2 Pell and Pell-Lucas split quaternions

In this section, we will give Pell and Pell-Lucas split quaternions and their fundemental identities..
Definition 1. The Pell and Pell-Lucas split quaternions are defined as
Pn = P, + Pyy191 + Ppyoto + Physis (7)
Qn = Qn + Qui191 + Quiyoiz + Qnysis (8)
respectively, where P, and Q, are Pell and Pell-Lucas numbers and 1,12, 13 follow the rules in .
From definition, the following recurrence relation can be prove easily
Prn =2Pp_1+Pp—2, n>2

and
Qn = 2anl + Qn727 n > 2

Theorem 2. The Binet’s formulas for Pell and Pell-Lucas split quaternions are

a"a—B"B
Ppn=————= and Q,=a"a+p"p 9)
a—pf =
respectively, where
a=1+ai; + o’y + a3 and B =1+ Bis+ B+ B (10)

Proof. The proof can be done directly by using definition and Binet’s formulas for Pell and Pell-
Lucas sequences. O

Theorem 3 (Vajda’s identities). For positive integers m,n and r with n > m >r > 1, we have

Py _ _
7Dm,Pn - ,merpn+r = %(anﬁm Té@ —a™ Tﬁngﬁ)

Qan - Qm—TQn+T = \/gpr(am—rﬁngg - anﬁm—rég)
where P, is nt" Pell number and
af = Qo +2V2(iy — 2ix +i3) and fa = Qy — 2v2(i1 — 2z + i3) (11)

Proof. Using (9), (10) and Binet’s formula, we have

PrPr — Pr—r Prtr = % (@ma—pB"B) (a"a —B"8)
-5 (" am 4778 (a7 a5
= & (~aB ™" — fa e + af a™TF 4 o 70"
-7 (W e ﬁ/ir —ap S ;-T)
By using @, and , the proof for Pell-Lucas can be done similarly. O
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Corollary 4. For m = n in theorem[J we get the Catalan’s identities
Pn—T'P7L+7' - ,Pz = i(_1)”(05 BQ - B Qﬁ)
NG let it

Qu—r Quir — Qi = V8P (-1)"(8 aff — a fa)
Form =n and r =1 we get the Cassini’s identities

(="
\/g (O[ §Q— ﬁ %‘é)

Q- 1Qn1 — Q% = V8(—1)"(B afl —a fBa)

Form=n, m=n+1andr =1, we get the d’Ocagne’s identities

Pn—lpn—i-l - P»,QL -

1
Pn+17>m - Pnp7n+1 = %(amﬂn ég - anﬂm Qg)

Q141Qm — @0 Qi1 = V8(a"B™ aff — a™B" Ba)

3 The Different Polar Representation of Pell and Pell-Lucas
split quaternions

In this section, we aim to demonstrate that every Pell and Pell-Lucas split quaternion possesses a

polar form, in addition to the classical form mentioned. This polar form provides an alternative

representation of Pell and Pell-Lucas split quaternions, offering insights into their geometric and

algebraic properties. Indeed, the concept of constructing a polar form for Pell and Pell-Lucas split

quaternions using two complex numbers, and then applying a specific operation (multiplying the

second complex number by i) bears resemblance to the Cayley-Dickson construction. However,
there are notable distinctions between this approach and the traditional Cayley-Dickson method.

Proposition 5. The norm of Pell and Pell-Lucas split quaternions is
N(Pn) =V 2Q2n+3
N(Qn) = 4\/ Q2n+3

where Q,, is nt" Pell-Lucas number.

Proof. From definition of norm for split quaternion, we have

N(Pa) = \/IP2+ P2,y — P2y — Pyl

and by using Binet’s formula

n __ Aan 2 n+1l _ ogn+l 2 n+2 _ ogn+2 2 n+3 _ an+3
P2 -I-PEH - PE+2 - PE+3 = (M) + (M) - (oz b > - (a b

a—p
from using o8 = —1 and o — § = 2v/2 we get

a—p a—f a—f

1
P’r% +P§+1 _Pg+2 _Pg+3 = 3 (a2n(10‘2 -a* _0‘6) +ﬂ2n(1+52 —54 —56))

:



UNDER

PEER REVI EW

us  Because o and 8 are roots of 22 — 22 — 1 = 0, then

1
P2+P —P:,— P = 3 (" (—80a — 32) + B°"(—808 — 32))

— _10(a2n+1 +B2n+1) _ 4(a2n +B2n)
= —10Q2n+1 — 4Q2n
= —2Q2n+3

120 Then the result is clear, the proof for Pell-Lucas is similarly. O

i Corollary 6. The Pell and Pell-Lucas split quaternions are spacelike split quaternions with space-
122 like vector part.

123 Theorem 7. The classical polar representation of Pell split quaternion is

P = /2Q2n13(sinh @ + 11 cosh @)

Ppi1(i1+2i2+53)+ Py, (12+213)
\/Q2n+6 +2Q2n43—2(=1)"

® = tanh ™ V8P,
VQ2n16 + 2Q2n43 — 2(—1)"

14 where p = 18 a pure unit split quaternion and

s Proof. Since P, is a spacelike split quaternion, then by using , the polar representation is

P, = N(P,,)(sinh @ + p cosh P)

126 Where
Ppy1i1 + Poyota + Prysis
\/ w1t Pis + Py
P,
sin = NP
L — \/| n+1 Pg+2*P5+3|
cos = NP
127 therefore tanh @ = Ly and we get
\/ n+1+ +2+ n+3
Py (i + 2ig + 5ig) + P (ia + 2i3)
VQ2n+6 + 2Q2p43 — 2(—1)"
s and
P
® = tanh ! V8P,
V Q26+ 2Qa2nts — 2(—1)"
129 D
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Corollary 8. The classical polar representation of Pell-Lucas split quaternion is

Q,, = 4/ Qan13(sinh ® + i cosh @)

Qny1(i1+2i2+513)+Qn (i2+2i3)

where = Qo201 18 a pure unit split quaternion and
® = tanh™* @n
VQ2n+6 + 2Q2n4s + 2(—1)"
Proof. The Proof is similar to Theorem @ O

Proposition 9. Let D = Ais + Bis = (A + Biy)is be an arbitrary split quaternion, for spacelike
D, the exponential form is

A B
el = sinh |D| + D] cosh |Dliy + D] cosh | Dlis = ag + agiz + asis

and for timelike D, then

A B
eP = cosh |D| + ﬁ sinh | D|is + H sinh |Dlis = By + Paiz + Psis

That s, it is a split quaternions with no i1 ’s term.
Proof. Suppose p is a spacelike unit split quaternion, that is N(u) = 1, then from we have
e = sinh § + pcosh @
D

if we rewrite D = |D|%, then by taking p = 5 and 6 = |D| we get the result, we can prove
similarly for timelike D by using O

Now we give the new polar representations for Pell and Pell-Lucas split quaternions by using
Cayley-Dikson’s form.

Theorem 10. Fvery Pell split quaterninon P, = P, + Py11t1 + Pri2is + Phy3ts can be given in
the form P, = AeP®, where A and B are complex numbers, that is

Q(Pn + Pn+1i1)

VQ2n+1 + Q2n

B— Q2n+3 + Qant2 — 8(—1)"4; tanh—! \/m
= anh —_—
V(Q2n41 + Q20)(Q2n+5 + Qanta) Q2nts5 + Qonta

Proof. Suppose that A = a + bi; and eB2 = qy + anis + asis, then

A:

P, = AeBiz — acg + bagiy + (aa2 — bOég)iQ + (aag + baz)ig

if g = 0, then we can select a = 1 and b = 0, we will get A = 1. For a¢ # 0, we construct a
complex number v = aag + bagiy = P, + Py1191 and then A = ﬁ, by using the explicit form
of A is

2(P, 4 Ppy1i1)

VQ2n+1 + Q2n

A= |Pn|
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18 Since A is a unit complex number then A~1 = A = 2(Lo—Por1i) |P,|, where A is conjugate of
VQ2n+1+Q2n ’
uw A and
o 9 ‘
6312 = AP, = (P2 + P2+1 + (P Pn+2 + PnJranJrg)ZQ —+ (P Pn+3 Pn+1Pn+2)ZB)

V@2n41 + Q2n

150 and the norm of eBi2 is

\/P + P2,
\V4 Q2n+1 +Q2n
= P2+ P2y~ P3P,

. Big . . . . . . .
151 Since @37“2' is a unit spacelike split quaternion, then its classical polar form is

|6Bi2| - (P71,Pn+2 + Pn+1pn+3)2 - (PnPn+3 - Pn+1Pn+2)2

eBig

W = sinh 6 + p cosh 6
€719

12 then we can write
\/ Pr+ Pr
sinh § =

\/P3+2+P3+3*P2 P2,

\/ P2, + P2,
cosh =

\/P3+2+P3+3*P2 P2,
_ (PoPnt2 + Poy1Ppis)ia + (PrPats — Pry1Pogo)is
V(P2 + P2 (P + PRys)

VPR + Pl
tanh@ E r———

P+ P

153 which gives

15« From Bis = uf we get

AN 2 2
BiQ = (PnPn+2 + Pn+1Pn+3 + (P Pn+3 - Pn+1Pn+2)21)22 tanhfl \/ﬁ

\/(Pv%JFPZ (P2 o+ P23) \/P72L+2+P72L+3

155 The explicit form of B can be write easily. O

155 Corollary 11. Fwvery Pell-Lucas split quaterninon Q, = Qn + Qni191 + Qnaioiz + Qnisis can be
57 given in the form Q, = AeP, where A and B are complex numbers, that is

Qn + Qnirin

vV Qant2 + Q2n

B— Q2n+4 + Q2n12 + 16(—1)"iy tanh~! Q2nt2 + Q2n
= anh —_—
V(Q2n+2 + Q20)(Q2nt6 + Qanta) Qon+t6 + Q2nta
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Proof. The proof can be done similar to Theorem . O

Example 12. Find the new polar representation for P1 = 1+ 2i; + 5ig + 12i3 and
Qo = 2 + 211 + 6ip + 14i3.

We have P = AeP®, where
2(Py, 4 Ppti1)

VQ2n+1 + Q2n

1425
V5

B_ Q2n13 + Qanta — 8(—1)"; tanh~"! \/m
V(Q2n41 + Q20)(Q2n+5 + Qanta) Qon+ts + Q2nta
_ Qs + Q4 + 813 tanh—! \/m
V(Q3 + Q2)(Q7 + Qo) Q7+ Qs

29 + 244 (V5
== " tanh™' | —
13v/5 13

A:

and

4 Conclusions

In this paper, we give the Pell and Pell-Lucas split quaternions and obtain some fundamental
identities. After that we introduce a new class of quaternions known as Pell and Pell-Lucas split
quaternions. Our work is mainly concerned with polar representations of Pell and Pell-Lucas split
quaternions similar to the real quaternions. An arbitrary Pell and Pell-Lucas split quaternion has
been used to compute the argument and modulus for this. In further the current paper, it would be
valuable to replicate similar approaches in dual split quaternions with Pell and Pell-Lucas number
sequences.
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