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Common Fixed-Point Theorem for ExpansiveMappingsin Dualistic

Partial Metric Spaces

Abstract

O'Neill [14] introduces the concept of dualistic partial metric space.In this study, we prove
some common fixed-point theorems for dualistic expanding mappings defined on a dualistic
partial metric space.Some famous conclusions of [5] and [17] are extended and generalized by
our result. Additionally, we offer an example that demonstrates the value of these dualistic

expanding mappings.
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1. Introduction

“Because metric fixed-point theory has so many applications in applied mathematics and
the sciences, it is becoming more and more important in mathematics. The conventional
understanding of a metric space has been generalized in several ways. A partial metric
space, which Matthews developed and examined, is one such generalization” [7]. He
verified the exact correspondence between the so-called weightable quasi-metric spaces
and partial metric spaces. Partial metrics have certain generalizations. One major
modification to Matthews' formulation of the partial metric, for instance, was suggested by
O'Neill [14] and involved moving it range from [0, ©)to (—o0, ). A pair (U, 4*)where U
is @ nonempty set and 4*is a dualistic partial metric on U is referred to as a dualistic
partial metric space. According to [14], “the partial metrics in the O'Neill sense shall be
called dualistic partial metrics. In this way, O’Neill established several links between
partial metrics and the topological aspects of domain theory”.The study of Banach's

contraction principle served as the foundation for contractive conditions. These conditions



have been used in many generalized metric spaces for fixed point theorems. After that,
expansive conditions were added [17], and expansive mappings were used to provide new
fixed-point solutions. For different contractive or expansive mappings, several fixed-point
findings have still been studied utilizing the concepts of metric space and partial metric
space. View [3], [4], [5], [6], [8] [15], [16], and [19] for additional information.

The existence of fixed points for a particular class of mappings known as "expansive
mappings" is addressed by the fixed-point theorem for expansive mappings, a finding in
fixed point theory. According to the theorem, there is always at least one fixed point in an
expansive mapping defined on a nonempty bounded metric space. A concept of non-
contraction is reflected by expansive mappings, which lead points to spread apart during
the transformation. Put otherwise, the theorem asserts that a mapping can have invariant
points even in the absence of a contraction in the distances between its points. The idea
behind it is to expand upon the conventional fixed-point theorem for contraction mappings,

which asserts that every contraction mapping has a single fixed point.

Theorem 1.1Let U be a bounded metric space that is not empty, and let f be an expansive

mapping from Uto U. Then, f has a fixed point.

A number of diverse scenarios have been expanded upon using this theorem [15, 26, 28].
Applications of the expansive mappings fixed point theorem can be found in dynamical
systems, differential equations, and nonlinear analysis. The idea of expansive mappings
makes sense in these domains. Expansive mappings, for instance, are employed in
nonlinear analysis to examine the behavior of dynamical systems [27]. Expanding
mappings are used in differential and integral equations to examine the stability of
solutions [29]. Expansive mappings are widely utilized in dynamical systems to examine
the existence of chaotic attractors [27]. This technique is applied in many different

domains, such as the study of dynamics in mathematical biology and economics.

In a dualistic partial metric space, the purpose of this study is to show several common
fixed-point theorems under different dualistic expansive mappings. Some famous
conclusions of [5] and [17] are extended and generalized by our result. Furthermore, we

validate our findings using an example.

2. Preliminaries



To make this work self-contained, we review key definitions and foundational concepts in

mathematics.

Definition 2.1. (see[7]) Let Ube a non-empty set.A partial metric on Uis a function
d:U x U - [0,00) complying with following axioms, for all x,y,z € U
(d)x =y e d(x,y) = dx,x) = d(y,y),
(d2)d(x,x) < d(x,y),
(d5)d(x,y) = d(y,x),
(dy)d(x,y) < d(x,z) +d(z,y) — d(z,z).

The pair (U, d) is called a partial metric space.

Definition 2.2. (see [14]) LetUbe a non-empty set.A dualistic partial metric on U is a
function 4*: U x U — (—oo, ) satisfying thefollowing axioms, for all x,y,z € U
@x=yeodxy)=axx)=4d(y),
(d3)d"(x, x) < a*(x,y),
(@3)d"(x,y) = d*(y,x),
(@ada (x,z) +d*(y.y) <d*(x,y) +d*(y.2).

The pair (U, d*)is called a dualistic partial metric space.

Remark 2.3 Noting that each partial metric is a dualistic partial metric, but the converse is
false. Indeed, define d* on (—o,®)as d*(x,y) = max{x,y}, Vx,y € (—o0, ).
Obviously, 4*is adualistic partial metric on(—oo, «).Since d*(x,y) < 0 ¢ [0, ®),Vx,y €

(—,0) and then &* is not a partialmetric on (—oo, ). This confirms our remark.
Example 2.4(see [10, 14])

(1) Define d,:U x U — (—o0,00)byd;(x,y) = p(x,y) + b, where p is a metric on a
nonempty set Uand b € (—oo, )is arbitrary constant, then it is easy to check that
d, verifies axioms (47) — (4;) and hence (U,4*)is a dualistic partial metric
space.

(2) Let 4 be a partial metric defined on a non-emptysetU. The functiond™: U < U —
(—o0,0) defined by d*(x,y) = d(x,y) — d(x,x) — d(y,y)satisfies the axioms
(a3) — (d;)and so it defines a dualistic partial metriconU. Note that &*(x, y) may

have negative values.



(3) Let U = (—o,00). Defined*: U x U — (—o,0) by d*(x,y) =|x—y| if x #y
and d*(x,y) = —p if x = yand B > 0. We can easily see thatd* is a dualistic

partial metric on U.

O’Neill [14] established that each dualistic partial metric 4* on U generates a T,
topology t(d*)on U having a base, the family of ¢*-balls {Bd* (x,€) | x€Ue> O},Where
(2.1)By(x,€) = {y EU | d*(x,y) <d*(x,x) + 6}.

If (U, d*)is a dualistic partial metric space, then the function p,-: U *x U — [0, )
defined by

(22)pa(x,y) = a*(x,y) — d*(x, %),

defines a quasi-metric on A such that t(d*) = 7(p,4)and

(23)pz(x, y) = max{py-(x,y), pa- (v, x)},

defines a metric on U.

Definition 2.5(see [13]) Let(U, 4*) be a dualistic partial metric space.

1. A sequence {x,} in U is said to converge or to be convergent if there isa x € U
such thatlim, e d*(x,, x) = d*(x,x). xis called the limit of {x,} and we write
Xp = X.

2. Asequence {x,} in U is said to be Cauchy sequence if lim, ;0o 4" (%, X,,,) €XiStS
and is finite.

3. A dualistic partial metric space U = (U, d") is said to be complete if every Cauchy
sequence {x,} in U converges, with respect to 7(<*), to a point x € U such that

d*(x,x) = limy, o0 d* (X, X,).

Remark 2.6For a sequence, convergence with respect to metric space may not imply

convergence with respect to dualistic partial metric space. Indeed, if we take g = 1 and
{xn = 1;—":n > 1} W C U as in Example 2.4(3).Mention that lim,,_,. p(x,, —1) = -1
ne

and therefore, x,, - —21with respect top. On the other hand, we make a conclusion that

x, + —1with respect to 4* because
Limmy o " (g, —1) = Lity o 12, — (—1)] = limyey |22+ 1| = 0

and 4*(—=1,-1) = —1.



Lemma 2.7(see [13])Let(U, 4*)be a dualistic partial metric space.

(1) Every Cauchy sequence in (U, pJ*) is also a Cauchy sequence in (U, 4).

(2) A dualistic partial metric(U, 4*)is complete if and only if the induced metric space
(U, pJ*) is complete.

(3) A sequence {x,} in Uconverges to a point x € U with respect to 7(p7}) if and only

if d*(x,x) = lim,_, o, d*(x,,x) = lim,_,,, d*(x,, x,,,).

Then Pis a parametric metric on U and the pair (U, P) is a parametric metric space.Let
U be a set. A point z € U is a point of coincidence of a pair of self-maps f,g: U —» U and
6 € U is its coincidence point if f6 = g& = z. Mappings f and g are weakly compatible if
fg0@ = gfo for each of their coincidence points 8 [20, 23, 24] and occasionally weakly
compatible if the same holds for some coincidence point [22]. The set of fixed points of a
self-map f: U — U will be denoted as F(f). The mapping f is said to possess property (P)
if ¥(f™) = F(f) for each n € N (see [20, 25]). A pair of self-maps f,g: U — U is said to
have property (Q) if F(f")NF(g™) = F(f)NF(g) holds for each n € N (see [20]).

Definition 2.8(see [30])Let (U,4*) be a dualistic partial metric space and f:U — U.
Thenfis called a dualistic expanding mapping, if for every x,y € Uthere exists a

numberA > 1such that

la*(fx, fy) = 2ld*(x, y)I.
3. Main Result
Our main result as follows.

Theorem 3.1 Let(U,d*) be a complete dualistic partial metric space andf, g: U — Ube
two maps such that f(U) o g(U) and that at least one of these subspaces is complete.

Suppose that there exist real numbers a, g, ysatisfying 8,y = 0 anda > 1,y < 1such that

Bl (fx, fy) = ald(gx, gy)| + Bla*(gx, fx)| +yla*(gy, f)l,

Vx,y € U.Then f and g have a unique point of coincidence. If, moreover, the pair (f, g)

is (occasionally) weakly compatible, then f andg have a unique common fixed point.



ProofTake arbitrary x, € ©. Construct sequences {x,} and {y,} such that y,, = gx,

fxne1forn=0,1,2,... Applying (3.1), we obtain
|2* Oy yn-0)| = 1" (Fxpg, f2)l
> ald(gxni1, gx)| + Bld"(gxnss, frxns )| + vId ™ (gxn, fx,)]
= aldns1, Y| + Bla" Onsr, vl + v12" O, yn-1)I

= (a + BOd* W1,y +yvld O, yn-1)I

Hence

(32) (1 - )’)|d*(Yn—173’n)| = (6{ + ,3)|d*(Yn,3’n+1)|
Consequently,

(3.3) 1a*n Y| < uld* (Y1, y)1

whereu = 0:—’[; < 1foralln € N u{0}and t > 0. Repeating (3.3) r-times, we get
(3.6) |2* W, yne DI < ™ ld* (o, yo)I-
Now,
|2* O, vl = 127 (fxniq, fxnea)l
> ald(gxnir, gxn+)| + Bld"(gxns, fne) | + 12" (gXn1a, fxne)l

= aldn+1, Y+ + Bld* Qnsa, vl + vId* nsr, vl

(B + y)ld*(yn+17yn)| + ald(yn+17yn+1)|

The last inequality gives

(3.7) |4 Gner Yne)) < 21 Oyl = E2 12 Gy, 7))

Due to inequality (3.6), we have

(38) 14 a1 Yne)] < 21 Gyl = E2 1 (o, y0)1.
Similarly,

* 1 * (ﬁ+y) n—-1 *
(3.9) |2yl < — 12" -1, yu-)l = =1 Ha (vo, y1)1.



The inequality (3.6) implies that

(B+y)
a

1(1
|d(yn+17yn+1)| < a{a|d*(Yn—1,Yn—1)| - Iln_1|d*(YO,3’1)|}

—ED ymla (o, )

1 * - *
= 214" Gnes, yne)| = EL pm 1 (0, )

—ED ymla* (o, )

n-1
)2
2

1
= 2l On-1,yn-1 = (B +y)[ a

u"
+ ;] ld*(yo, y1)I

#n—z un—l un .
PE + 22 "‘7 |2* (v, y1)I.

< 1 Gy~ B+ D) [

Continuing further, we get

(B2, Ynr)| £ 5 | G0, yo) = (B + 1) | g + Lo+ + ] 14" (30, 30|

< 8™ A (Yo, yo) | = (B + Y™ + 8™+ -+ Spu™ld* (o, y1)I
= 8™ a* (yo,y0)l — (B +y)p™ " (vo, v,
< 8™ (o, yo)l + p™Hd* (o, y)I,

whereé = i and p™tt = "+ 5y 4+ -+ Su™

We deduce from (2.2) that

B.11)par ny Ynt1) < 1" Oy Yna D — 2" (i )

< " n, Y+ + A" (i, )
< ptad (o, ¥yl + 8™ " (o, yo) | + p"ld" (vo, y1)I
= (" + p™)|d* (xo, x| + 8™|d* (x0, x0).

Now, for m > n, we have



Par O Ym) < Par W Yna1) + Par W1, Ynaz) + -+ par 1, Ym)
< W+ pMla o,y + 8™a* (o, yo)l
+™ + p™ DA (yo, y )| + 8™ (v, o)l + -+
+m =+ p™m ) d (Yo, yi) | + ™ d (o, yo)l

= (" +p™t A ™ (v, yo)I
+(p" + p" 4+ p™ D) (o, yo)I
+(8™ + 5™+ o+ 5™ )| (o, o)

S @t Attt At 4 )] d (o, y0)

+(p" + p™ e p™ T+ ) |d (v, y0)

+(6TL + 6n+1 + oo 6777.—1 =+ "‘)ld*(y01y0)|

n n n

l2* (o, y) | + 4" oyl + 17—

|d*(3’0,3’0)|-

1—yu 1-p

Hence
n * n * " *
(3.12) par O ¥m) < 112" (o, vl + 1= 1" (o, y) | + 55 1" (30, v0) |

Asm,n = 00, 0t (Vn, Ym) = max{ps* Vn, Ym), pa> (Ym, ¥n)} = 0, thus, {y,} is a Cauchy
sequence in(U, pJ+).Since (U, 4*)is a complete dualistic partial metric space, by Lemma
2.1(2), (U,pt)is a complete metric space. Thus, there existsz € (U, pJ*)such that
VY = GXpn = fXp4q1 = zasn - oo, that islim,,_,. p4 (¥, z) = 0 and by Lemma 2.1 (3), we

know that
(8.13)d"(z,2) = limy,eo d" (Y, 2) = liMyy 00 d* (Y, Yim)-
Since, limy, .0 pas(Ym, 2) = 0, by (2.2) and (3.27), we have

(8.14)d*(z,2z) = lim, oo d*(y,, z) = lim, o A* (¥, Yi) = O.



Thisshows that {y,} is a Cauchy sequencein (U) . Suppose thatf(U)is complete. Then,
there exists 8 € U such that fx,, = f0 = z. Let us prove that f6 = g6. Then, using (3.1),

we get
|d*(yn7f9)| = |d*(fxn+17f9)|
> ald(gxni1, 90| + Bld* (gxni1, fxnr )| +yld (g, fO)I

which implies that as n — +oo,
0= (a+y)la(fo, o)l

Hence f6 = g6. Thus, f6 = g6 = z is a point of coincidence for (f, g). Suppose that

there is another point of coincidencef6, = g6, = z,. Then
|a*(z,z,)| = 1a*(f6, f6,)]

> ald(g0,96,)| + Bld* (g6, fO) + vla (g6, f6,)I

implying (since a > 1) that |d*(z,z,)| =0=|d*(z,z)| = |d*(z,,2,)|. Consequently,
z = z,.Thus, the point of coincidence is unique. If the pair (f, g) is weakly compatible,
applying [21, Proposition 1.12] we conclude that f and g have a unique common fixed
point. If (f, g)is occasionally weakly compatible, the same conclusion follows from [22,
Lemma 1.6]. This completes the proof.

Setting § = 0 = y in Theorem 3.1, we can obtain the following result.

Corollary 3.2Let(U, d*) be a complete dualistic partial metric space andf, g: U — Ube
two maps such that f(U) o g(U) and that at least one of these subspaces is complete.

Suppose that there exists a real numbera > 1such that

3.15)  la*(fx,fy)| = ald(gx, gy)I,

Vx,y € U.Then f and g have a unique point of coincidence. If, moreover, the pair (f, g)

is (occasionally) weakly compatible, then f andg have a unique common fixed point.

Corollary 3.3Let(U, d*) be a complete dualistic partial metric space andf:U — Ube a

surjection. Suppose that there existsa real numbera > 1such that

3.16)  [a*(fx.fy)| z ald(x,y)I,



Vx,y € U.Then fhas a unique fixed point.

Proof From Corollary 3.3, it follows that f has a fixed point z in U by setting g = iy,.
Uniqueness. Suppose that z # z* is also another fixed point of f,then from condition
(3.16), we obtain

|d*(z,z*)| = |d*(fz, fz)| = ald(z,z)|
which implies d*(z,z*) =0 =d*(z,z) = 4*(z*,z*), that is z = z*. This completes the
proof.
Corollary 3.4Let(U, d*) be a complete dualistic partial metric space andf:U — Ube a
surjection. Suppose that there exists a positive integer n and a real number a real

numbera > 1such that
@17)  |d*(f"x "yl = ald(x, ),
Vx,y € U.Then fhas a unique fixed point.

Proof From Corollary 3.3, f™has a fixed pointz.Butf™(fz) = f(f"z) = fz, So fz is also
a fixed point of f™. Hence fz = z, z is a fixed point of f. Since the fixed point of f is also

fixed point of f™, the fixed point of f is unique.

Corollary 3.5(Corollary 2.1 of Huang et al. [5])Let(U,4) be a complete partial metric
space andf: U — U be a surjection. Suppose that there existsA > 1such that

(3.18)d(fx, fy) = Ad(x,y),

Vx,y € Uthenfhas a unique fixed point.

ProofSince the restriction of a dualistic partial metric 4*to[0, ), d* | [oc0) = d IS @

partial metric, so arguments followthe same lines as in the proof of Theorem 3.1.

Corollary 3.6(Theorem 2.1 of Huang et al. [5]) Let(U,4) be a complete partial metric
space andf: U — U be a surjection. Suppose that there exist real numberse, 3, ysatisfying
B,y = 0 anda > 1such that

(3.19)d(fx, fy) = ad(x,y) + B d(x,fx)+y d(y, fy),

Vx,y € Uthenfhas a unique fixed point.

10



ProofSetd” | [y ) = dand arguments followthe same lines as in the proof of Theorem 3.1.

Observations 3.7

1. Usually the range of a dualistic partial metric &* is(—oo0, 0)but if we replace
(—o0,0)by [0, ), then d*is identical to a partial metric 4and hence Theorem
3.1 is applicable in the setting of partial metric space.

2. If we setd(x,x)=0 in Corollary 3.5 and Corollary 3.6, we retrieve
corresponding theorems in metric spaces.

3. Our main result extends and generalizessome well-known results of Huang et al.

[5] and Wang et al. [17].

Example 3.8Define d*: (—o0,0] x (—o0,0] - (—o0,0)byd*(x,y) = max{x,y}. It is easy
to check that ((—oo,O],d*) is a complete dualistic partial metric space. Define f,g :
(—,0] » (—»,0]asfx = 6x,gx = 3x,Vx € (—,0].  Further, for all x,y€

(—o0,0]with x = y,and & = 2, wehave
|2*(fx, fy)l = Imax{6x, 6y} = |6x|
> 2|max{3x, 3y}|
=2|a*(x, )l

Cleary, (3.15) issatisfied and f is a self-surjection on (—o,Q]. In the view of Corollary

3.1,f and ghas a unique common fixed point in (—oo, 0],indeed f0 = g0 = 0.Also
|2*(fx, fy)| = Imax{6x, 6y} = [6x]| > alx| = almax{x,y} = ald*(x,y)I,

forl <a <6 and V x,y € (—o,0]with x > y.Thus,f is a dualistic expanding surjective

self-mapping on (—, 0]. From, Corollary3.3,f0 = 0 € (—oo, 0] is unique.
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