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Common Fixed-Point Theorem for ExpansiveMappingsin Dualistic

Partial Metric Spaces

Abstract

In this study, we prove some common fixed-point theorems for:dualistic expanding mappings
defined on a dualistic partial metric space.Some famous conclusions of [5] and [17] are
extended and generalized by our result. Additionally, we:offerian example that demonstrates

the value of these dualistic expanding mappings.
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1. Introduction

Because metric fixed-point theory has.so many applications in applied mathematics and
the sciences, it is becoming more and more important in mathematics. The conventional
understanding of a metric space has been generalized in several ways. A partial metric
space, which Matthews developed and examined, is one such generalization [7]. He
verified the exact correspondence between the so-called weightable quasi-metric spaces
and.partial metric spaces. Partial metrics have certain generalizations. One major
modification to Matthews' formulation of the partial metric, for instance, was suggested by
O'Neill [14] and involved moving it range from [0, o) to (—o0, ). A pair (U, 4*)where U
is @ nonempty set and 4*is a dualistic partial metric on U is referred to as a dualistic
partial metric space. According to [14], the partial metrics in the O'Neill sense shall be
called dualistic partial metrics. In this way, O’Neill established several links between

partial metrics and the topological aspects of domain theory



The study of Banach's contraction principle served as the foundation for contractive
conditions. These conditions have been used in many generalized metric spaces for fixed
point theorems. After that, expansive conditions were added [17], and expansive mappings
were used to provide new fixed-point solutions. For different contractive or expansive
mappings, several fixed point findings have still been studied utilizing the concepts of
metric space and partial metric space. View [3], [4], [5], [6], [8] [15], [16], and [19] for

additional information.

In a dualistic partial metric space, the purpose of this study is to show_ several common
fixed-point theorems under different dualistic expansive mappings. Some  famous
conclusions of [5] and [17] are extended and generalized by our result. Furthermore, we

validate our findings using an example.
2. Preliminaries

To make this work self-contained, we review key definitions and foundational concepts in

mathematics.

Definition 2.1. [7] Let Ube a non-empty set.A partial metric on Uis a function &:U %
U - [0, o) complying with following.axioms, for all w,w,9 € U
(d))w == dww) = dw,w) =d(w,m),
(d2)d(w,w) < d(w, ),
(d3)d(w, @) = d(w, w),
(dy)d(ww) < d(w,9)+d®, @) — d,9).

The pair (U, 4).is called a partial metric space.

Definition:2.2..[14] LetUbe a non-empty set.A dualistic partial metric on U is a function
d*: U *xU - (—o0, ) satisfying thefollowing axioms, for all w, @, € U
dDw=w o d'(w, @) =d"(w,w) =d*(w, ),
(@5)d"(w, w) < d*(w, ),
d3)ad*(w, @) = d*(w, w),
(d;)d*(w,9) +d*(w, @) < d (v, @) +d*(w,9).

The pair (U, d*)is called a dualistic partial metric space.



Remark 2.3 Noting that each partial metric is a dualistic partial metric, but the converse is
false. Indeed, define 4* on (—o, ) as d*(w, @) = max{w, @}, Vo, @ € (—o0, ).
Obviously, a*is adualistic partial metric on(—oo, ). Since
d*(w,@w) <0 ¢ [0,®),Vw,w € (—,0) and then 4* is not a partialmetric on (—oo, ).

This confirms our remark.
Example 2.4 [10, 14]

(1) Define d,:U x U — (—o0,0)byd ;(w, w) = p(w, @) + b, where p is.a metric on
a nonempty set Uand b € (—oo, »)is arbitrary constant, then. it is easy to check
that d; verifies axioms (1) — (4;) and hence (U, 4*)is a dualistic partial metric
space.

(2) Let 4 be a partial metric defined on a non-emptysetU. The functiond™: U < U —
(—,00) defined by d*(w, @)= d(w @) —d(w w)=d(w, o)satisfies the
axioms (47) — (d;)and so it defines a dualistic partial metriconl. Note that
d*(w,w) may have negative values.

(3) Let U = (—o0,0). Defined*: U x U~ (=0,0) by d*(w,@)=|w—w| if
w# w and d*(w,w) = —B if o =w and B > 0. We can easily see thatd* is a

dualistic partial metric onU.

O’Neill [14] established that each dualistic partial metric 4* on U generates a T,
topology 7(d*)on U having a base, the family of 4*-balls {Bd*(w,e)|w eEU,e>
O},where

(2.1)By(w,€) = {zzr eEU | d*(w, @) <d*(w,w) + 6}.

If (U, 4*)is a dualistic partial metric space, then the function p,-: U *x U — [0, )
defined by

22)py(ww) = d*(w, @) — d*(w, w),

defines a quasi-metric on A such that t(d*) = 7(p,4)and

2.3)p;(w, @) = max{p, (0, @), py (@, W)}

defines a metric on U.

Definition 2.5(see [13]) Let (U, 4") be a dualistic partial metric space.



1. A sequence {w,} in U is said to converge or to be convergent if there isa w € U
such thatlim,_ . d*(w,, w) = d*(w, w). w is called the limit of {w,} and we write
W, = W.

2. A sequence {w,} in U is said to be Cauchy sequence if lim, s _,o, 4*(w,, wg) exists
and is finite.

3. A dualistic partial metric space U = (U, d") is said to be complete if every Cauchy
sequence {w,} in U converges, with respect to 7(4*), to a point w € U such that

d*(w, w) = limy 50 d*(wy, ws).

Remark 2.6For a sequence, convergence with respect to metric space maynot imply

convergence with respect to dualistic partial metric space. Indeed, if we take.f§ = 1 and

{wr = 1%:1’ > 1} c U as in Example 2.4(3).Mention_that lim;.,. p(w,, —1) = —1

TeEN

and therefore, w, = —1with respect top. On the other hand, we -make a conclusion that

w, +» —1with respect to 4* because

Lim, o, d*(w,, —1) = limy s d* |0, — (=1)| = lim, o, |1; + 1| =0
and 4*(—=1,-1) = —1.
Lemma 2.7(see [13]) Let (U, 4™)be a dualistic partial metric space.

(1) Every Cauchy sequence.in (U, p;+) is also a Cauchy sequence in (U, 4).

(2) A dualistic partial metric(U, 4*)is complete if and only if the induced metric space
(U, p3+)is complete.

(3) A sequence {w, } in Uconverges to a point w € U with respect to t(pj-) if and only

ifd* (w,w) = lim, o d*(w,, ) = lim,_ o d*(w,, wg).

Then Pis.a parametric metric on U and the pair (U, P) is a parametric metric space.Let
U be a set. A point9 € U is a point of coincidence of a pair of self-maps 0, Z: U — U and
6 € U is its coincidence point if 6 = £6 = 9. Mappings @ and = are weakly compatible
if 96 = Z00 for each of their coincidence points 8 [20, 23, 24] and occasionally weakly
compatible if the same holds for some coincidence point [22]. The set of fixed points of a
self-map @:U — U will be denoted as F(@). The mapping O is said to possess property
(P) if F(0™) = F(O) for each r € N (see [20, 25]). A pair of self-maps @,Z:U - U is



said to have property (Q) if F(OM)NF(E™) = F(O)NF(E) holds for each r € N (see
[20]).

Definition 2.8 Let (U,4*) be a dualistic partial metric space and ©:U — U. Then@is
called a dualistic expanding mapping, if for every w,@ € U,there exists a numberd >

1such that
|a*(Ow, Ow)| = ANd*(w, @)|.
3. Main Results

Our main result as follows.

Theorem 3.1 Let(U,d4*) be a complete dualistic partial metric space and@, =: U — Ube
two maps such that @(U) o Z(U) and that at least one of these subspaces is complete.

Suppose that there exist real numbers a, g, ysatisfying' 8,y = 0 anda > 1,y < 1such that
B.D|d*(bw, 0w)| = ald(Fw, Ew)| + Bld (Bw, Ow)| + y|d* (Ew, 0w)|,

Vw,w € U.Then @ and £ have a unique point of coincidence. If, moreover, the pair (0, =

is (occasionally) weakly compatible, then.® and= have a unique common fixed point.

ProofTake arbitrary w, € D. Construct sequences {w,} and {w,} such that @, = Fw, =

Ow,41 forr =0,1,2,. .. Applying (3.1), we obtain
|a* (@, @, )| = |d" (0w, 1, 0w,)]
2 ald(Gw, 1, Zw)| + Bld (Ewr iy, Owry )| +yld" (Ew,, 0w,)]
= ald(@, 11, @)| + Bld" (@, 41, @) +vld" (@, @)

= (a + p)la* (@11, @) +yld" (@, @, -,

Hence
B2) A -pla* (@1, @) = (a +Pla" (@, @41l
Consequently,

(3.3) la* (@, w, )| < pld* (w,—,, w,)]

where u = ;%; < 1foralln € Nu{0}and t > 0. Repeating (3.3) r-times, we get

(3.6) |2 (@, @ 4| < pld" (@, @)l



Now,
|a* (@, @) = |d" (0w 11, Owy11)]
2 ald(Ewri1, Ewre) |+ BlA (Ewr i1, Owp D] + ¥|A (Ewyiq, Owy )]
= ald(@, 1, DDl + Bl (@11, @) + 7|2 (@111, @)
= (B +V|d" (@1, @) + ald(@y i1, Ty 1)
The last inequality gives
(3.7) (@41, @r11)] < 1" @0 = C22 | @, @)

Due to inequality (3.6), we have

(38) (@01, @] < 21 (@, @) — LRy | L (o, @)
Similarly,
(3.9) | (@, @)] < 2ld" (@5, @, )| = ELpr=a @y, @)l

The inequality (3.6) implies that

1)
RIS E{Eld*(wr_l,wr_ol -

D1 o)

— D r|a (@, @)

& * - *
= Sl (@@ - EL pr N (@, )]

— D ) g (g, )|

a

r—1
U
a?

1 T
= @@l = @+ |+ 10 )

r—2 r—
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a3 a?

1 1 'ur
< 23 |d*(@y—p, @r_2)| = (B +v) [ + ;] |2 (wy, @)

Continuing further, we get



BAONA@, 11, T )| S 5 14" @0, o) = (B + V) |z + o+ -+ | |2 (w0, )

< 8 d (@o, @) — (B+ 6™ + 8" u+ -+ Sp"1|d* (@, @)
= 8" d* (@o, @) — (B + v)p" " (@, )|
< 8™ Hd " (@o, @o)| + p" | d (@, @),
where § = iand prtt =61+ T+ -+ 6"
We deduce from (2.2) that
B1V)pys (@, @y y1) < |d" (@), @ry )| — d* (), @)
< la* (@, @] + d" (@ ;)
< ua* (@, @) + 67| (wo, @) | + p"d” (@, @1)|
= "+ pNla (wg, w )| + 67|d™(wo, o).
Now, for s > r, we have
par (@, @) < pur (@ @ i4) FPar @1y 1, Bry2) + 0 + pyr (@s_1, @)
<"+ pNla"(@o, @,)| + 8"|d" (@, @)
+(t+ pr ) d (@, @i )| + 67 (@, )| + -
+(@t + p )| d (wo, @ )| + 8 Hd (@, @)
=W +utt e+ pmh)aN (@, @)
+(p" + p"t + o+ pST )| (@, @)
+(8" + 6T+ e+ 57| d (@, Do)
S +utt+ e+ ptm 4 ) |d (@, @)
+(p" + ™+ e+ p5Th 4 ) |2 (@, @)

+(5T+ 5+ e+ 55+ )| d (wy, @)



T T T

u
* *
= 1 #ld (wy, @) | + 1 pld (wy, @y)| +1 5

|d*(wo,wo)|-

Hence
r * T * 8" *
(3.12) pu (@, @wg) < 16—# |a*(wy, @) + 1p__p|d (@, @) +§|d (@, o).

Ass, T - o, p3(w,, w;) = max{p, (@, @), p4 (@s, @, )} = 0, thus, {w,} is a Cauchy
sequence in(U, p3+). Since (U, d*)is a complete dualistic partial metric space, by Lemma
2.1(2), (U,p3+)is a complete metric space. Thus, there existsd € (U, p;:)such that
@, = Ew, = Ow,,, - Yasr - oo, that islim,_,, p,(@,,9) = 0 and by 'Lemma 2.1 (3),

we know that

(38.13)a*(9,9) = lim,_, o, d*(®w,,9) = lim,_, o d* (w,, @;).
Since, lim, ., p4-(w,,9) = 0, by (2.2) and (3.27), we have
(8.14)a*(9,9) = lim,_, o, d*(w,,9) = lim,_, d*(w,, w,).= 0.

Thisshows that {w,} is a Cauchy sequence:in @ (U).. Suppose that@(U)is complete. Then,
there exists 8 € U such that Ow, — @6 = IJ. Let us prove that ©6 = £6. Then, using
(3.1), we get

|¢*(@,, 60)| = |d*(6w,,,60)]
= ald(Ewry,,E0)| + Bl (Ewr iy, Owriy)| +y|d ™ (26, 00)]
which.implies that as» — +oo,
0> (a +7)|4(06,26)|

Hence ®0 = £6. Thus, ®6 = 6 =9 is a point of coincidence for (@, Z). Suppose that

there is another point of coincidence®6, = Z6; = 9;. Then
|2*(¥,9.)| = |47(66,06,)|

> a|d(56,56,)| + Bld* (56, 00)| + y|d* (56,,06,)|



implying (since a > 1) that |d*(9,9,)| = 0= |d*(®,9)| = |d*(I¥,,9,)]. Consequently,
9 = 9;.Thus, the point of coincidence is unique. If the pair (6, £) is weakly compatible,
applying [21, Proposition 1.12] we conclude that @ and = have a unique common fixed
point. If (@, %)is occasionally weakly compatible, the same conclusion follows from [22,
Lemma 1.6]. This completes the proof.

Setting § = 0 = y in Theorem 3.1, we can obtain the following result.

Corollary 3.2Let(U,4*) be a complete dualistic partial metric space and®, =: U — Ube
two maps such that @(U) o £(U) and that at least one of these subspaces.is complete.

Suppose that there exists a real numbera > 1such that
(3.15) |d*(Ow, Ow)| = ald(Ew, Ew)|,

Yw,w € U.Then @ and Z have a unique point of coincidence. If, moreover, the pair (6, %)

is (occasionally) weakly compatible, then @ and= have a unique common fixed point.

Corollary 3.3Let(U,4*) be a complete dualistic partial-metric space and@: U — Ube a

surjection. Suppose that there existsa real numbera > 1such that
(3.16) |a*(Ow, Ow)| = ald(w,@)],
Vw,w € U.Then @has a unique fixed point.

Proof From Corollary 3.3, it follows that @ has a fixed point 9 in U by setting = = iy.
Uniqueness. Suppose that 9 # 9* is also another fixed point of @,then from condition
(3.16), we obtain

[a*(9,9")| = |a* (09, 09*)| = ald(¥,9)|
whichimplies=d*(9,9*) = 0 = 4*(9,9) = 4*(9*,9*), that is 9 = 9*. This completes the
proof.
Corollary 3.4Let(U,d*) be a complete dualistic partial metric space and®: U — Ube a
surjection. Suppose that there exists a positive integer n and a real number a real

numbera > 1such that
(3.17) |a* (07w, 0" w)| = ald(w, @),

Vw,w € U.Then @has a unique fixed point.



Proof From Corollary 3.3, @"has a fixed pointd. But®@”(09) = @(0"9) = 09, So 09 is
also a fixed point of @". Hence 09 = 9,9 is a fixed point of . Since the fixed point of @ is

also fixed point of @™, the fixed point of © is unique.

Corollary 3.5(Corollary 2.1 of Huang et al. [5]) Let(U, &) be a complete partial metric

space and@: U — U be a surjection. Suppose that there existsA > 1such that
(3.18)d(Pw, Ow) = Ad(w,w),
Vw,w € U,then Ohas a unique fixed point.

ProofSince the restriction of a dualistic partial metric 4*to[0, @), &* | [0y = 4 IS @

partial metric, so arguments followthe same lines as in the proof of Theorem 3.1.

Corollary 3.6(Theorem 2.1 of Huang et al. [5]) Let(U,4) be a-complete partial metric
space and@: U — U be a surjection. Suppose thatthere exist real numberse, 3, ysatisfying
B,y = 0 anda > 1such that

(3.19)d(Pw, 0w) = a d(w, w) + B d(w, Ow) +y d(w, Ow),
Vw,w € U,then Ohas a unique fixed point.

ProofSetd*

[0,0) = dandarguments followthe same lines as in the proof of Theorem 3.1.

Observations 3.7

1. Usually:the range of a dualistic partial metric &* is(—o0, c0)but if we replace
(=0, 0) by [0, ), then 4*is identical to a partial metric dand hence Theorem
3.1 isapplicable in the setting of partial metric space.

2..If we setd(w,w)=0 in Corollary 3.5 and Corollary 3.6, we retrieve
corresponding theorems in metric spaces.

3. Our main result extends and generalizessome well-known results of Huang et al.
[5] and Wang et al. [17].

Example 3.8 Defined*: (—o0,0] x (—o0,0] - (—o0, 0)byd*(w, w) = max{w,w}. It is
easy to check that ((—oo,O],d*) is a complete dualistic partial metric space. Define
0,5 : (—,0] » (—o0,0]asbw = 6w, Zw = 3w, Vw € (—,0]. Further, for all w,w €

(—o0, O]with w > @, and a = 2, wehave

10



|a*(Ow, Ow)| = |max{6w, 6w} = |6w]|
> 2|max{3w, 3w}

= 2|d*(w, ).

Cleary, (3.15) issatisfied and © is a self-surjection on (—c0,0]. In the view of Corollary

3.1,0 and Ehas a unique common fixed point in (—, 0], indeed ®#0 = £0 = 0.Also

|d*(Ow, Ow)| = |max{bw, 6w} = |6w| > alw| = a|lmax{w, @} = ald*(w, @),

for 1<a<6 and Vw,w € (—o,0]with w = w.Thus,® is a dualistic. expanding

surjective self-mapping on (—oo, 0]. From, Corollary3.3,00 = 0 € (—o0,0] is unique.
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