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1. Introduction 

Because metric fixed-point theory has so many applications in applied mathematics and 

the sciences, it is becoming more and more important in mathematics. The conventional 

understanding of a metric space has been generalized in several ways. A partial metric 

space, which Matthews developed and examined, is one such generalization [7]. He 

verified the exact correspondence between the so-called weightable quasi-metric spaces 

and partial metric spaces. Partial metrics have certain generalizations. One major 

modification to Matthews' formulation of the partial metric, for instance, was suggested by 

O'Neill [14] and involved moving it range from [0,∞) to (−∞,∞). A pair (࣯,ࣸ∗)where ࣯ 

is a nonempty set and ࣸ∗is a dualistic partial metric on ࣯ is referred to as a dualistic 

partial metric space. According to [14], the partial metrics in the O'Neill sense shall be 

called dualistic partial metrics. In this way, O’Neill established several links between 

partial metrics and the topological aspects of domain theory 
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The study of Banach's contraction principle served as the foundation for contractive 

conditions. These conditions have been used in many generalized metric spaces for fixed 

point theorems. After that, expansive conditions were added [17], and expansive mappings 

were used to provide new fixed-point solutions. For different contractive or expansive 

mappings, several fixed point findings have still been studied utilizing the concepts of 

metric space and partial metric space. View [3], [4], [5], [6], [8] [15], [16], and [19] for 

additional information.  

In a dualistic partial metric space, the purpose of this study is to show several common 

fixed-point theorems under different dualistic expansive mappings. Some famous 

conclusions of [5] and [17] are extended and generalized by our result. Furthermore, we 

validate our findings using an example.  

2. Preliminaries 

To make this work self-contained, we review key definitions and foundational concepts in 

mathematics. 

Definition 2.1. [7] Let ࣯be a non-empty set.A partial metric on ࣯is a function ࣸ:࣯ ×

࣯ → [0,∞) complying with following axioms, for all ߱,߸,ߴ ∈ ࣯ 

(ࣸଵ)߱ = ߸ ⟺ ࣸ(߱,߸) = ࣸ(߱,߱) = ࣸ(߸,߸), 

(ࣸଶ)ࣸ(߱,߱) ≤ ࣸ(߱,߸), 

(ࣸଷ)ࣸ(߱,߸) = ࣸ(߸,߱), 

(ࣸସ)ࣸ(߱,߸) ≤ (ߴ,߱)ࣸ + −(߸,ߴ)ࣸ  .(ߴ,ߴ)ࣸ

The pair (࣯,ࣸ) is called a partial metric space. 

Definition 2.2. [14] Let࣯be a non-empty set.A dualistic partial metric on ࣯ is a function 

ࣸ∗:࣯ × ࣯ → (−∞,∞) satisfying thefollowing axioms, for all ߱,߸, ߴ ∈ ࣯ 

(ࣸଵ∗)߱ = ߸ ⟺ ࣸ∗(߱,߸) = ࣸ∗(߱,߱) = ࣸ∗(߸,߸), 

(ࣸଶ∗)ࣸ∗(߱,߱) ≤ ࣸ∗(߱,߸), 

(ࣸଷ∗)ࣸ∗(߱,߸) = ࣸ∗(߸,߱), 

(ࣸସ∗)ࣸ∗(߱, (ߴ + ࣸ∗(߸,߸) ≤ ࣸ∗(߱,߸) + ࣸ∗(߸,  .(ߴ

The pair (࣯,ࣸ∗)is called a dualistic partial metric space. 
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Remark 2.3 Noting that each partial metric is a dualistic partial metric, but the converse is 

false. Indeed, define ࣸ∗ on (−∞,∞) as ࣸ∗(߱,߸) = ߸,߱∀,{߸,߱}ݔܽ݉ ∈ (−∞,∞). 

Obviously, ࣸ∗is adualistic partial metric on(−∞,∞). Since 

ࣸ∗(߱,߸) < 0 ∉ [0,∞),∀߱,߸ ∈ (−∞, 0) and then ࣸ∗ is not a partialmetric on (−∞,∞). 

This confirms our remark.  

Example 2.4 [10, 14] 

(1) Define ࣸఘ∗:࣯ × ࣯ → (−∞,∞)byࣸఘ∗(߱,߸) = (߸,߱)ߩ + ܾ, where ߩ is a metric on 

a nonempty set ࣯and ܾ ∈ (−∞,∞)is arbitrary constant, then it is easy to check 

that ࣸఘ∗  verifies axioms (ࣸଵ∗) − (ࣸସ∗) and hence (࣯,ࣸ∗)is a dualistic partial metric 

space. 

(2) Let ࣸ be a partial metric defined on a non-emptyset࣯. The functionࣸ∗:࣯ × ࣯ →

(−∞,∞) defined by ࣸ∗(߱,߸) = ࣸ(߱,߸) − ࣸ(߱,߱) − ࣸ(߸,߸)satisfies the 

axioms (ࣸଵ∗) − (ࣸସ∗)and so it defines a dualistic partial metricon࣯. Note that 

ࣸ∗(߱,߸) may have negative values. 

(3) Let ࣯ = (−∞,∞). Defineࣸ∗:࣯ ×࣯ → (−∞,∞) by ࣸ∗(߱,߸) = |߱ − ߸| if 

߱ ≠ ߸ and ࣸ∗(߱,߸) = ߱ if ߚ− = ߸ and ߚ > 0. We can easily see thatࣸ∗ is a 

dualistic partial metric on ࣯.  

 

O’Neill [14] established that each dualistic partial metric ࣸ∗ on ࣯ generates a ଴ܶ 

topology ߬(ࣸ∗)on ࣯ having a base, the family of ࣸ∗-balls ൛ℬࣸ∗(߱, ߳)│߱ ∈ ࣯, ߳ >

0ൟ,where 

(2.1)ℬࣸ∗(߱, ߳) = ൛߸ ∈ ࣯│ࣸ∗(߱,߸) < ࣸ∗(߱,߱) + ߳ൟ.                            

If (࣯,ࣸ∗)is a dualistic partial metric space, then the function ࣸߩ∗ ∶ 	࣯ × 	࣯ → [0,∞) 

defined by 

(߸,߱)∗ࣸߩ(2.2) = ࣸ∗(߱,߸) − ࣸ∗(߱,߱), 

defines a quasi-metric on ࣛ such that ߬(ࣸ∗) =  and(∗ࣸߩ)߬

∗ࣸߩ(2.3)
௦ (߱,߸) =  ,{(߱,߸)∗ࣸߩ,(߸,߱)∗ࣸߩ}ݔܽ݉

defines a metric on	࣯. 

 

Definition 2.5(see [13]) Let (࣯,ࣸ∗) be a dualistic partial metric space. 



 

 4

1. A sequence {߱௥} in ࣯ is said to converge or to be convergent if there is a ߱ ∈ ࣯ 

such that݈݅݉௥→ஶ ࣸ∗(߱௥ ,߱) = ࣸ∗(߱,߱). ߱ is called the limit of {߱௥} and we write 

߱௥ → ߱.  

2. A sequence {߱௥} in ࣯ is said to be Cauchy sequence if ݈݅݉௥,௦→ஶ ࣸ∗(߱௥ ,߱௦) exists 

and is finite. 

3. A dualistic partial metric space ࣯ = (࣯,ࣸ∗) is said to be complete if every Cauchy 

sequence {߱௥} in ࣯ converges, with respect to ߬(ࣸ∗), to a point ߱ ∈ ࣯ such that 

ࣸ∗(߱,߱) = ݈݅݉௥,௦→ஶ ࣸ∗( ௥߱ ,߱௦). 

Remark 2.6For a sequence, convergence with respect to metric space may not imply 

convergence with respect to dualistic partial metric space. Indeed, if we take ߚ = 1 and 

ቄ߱௥ = ଵି௥
௥

: ݎ ≥ 1ቅ
௥∈ℕ

⊂ ࣯ as in Example 2.4(3).Mention that ݈݅݉௥→ஶ ௥߱)ߩ ,−1) = −1 

and therefore, ߱௥ → −1with respect toߩ. On the other hand, we make a conclusion that 

߱௥ ↛ −1with respect to ࣸ∗ because 

  ݈݅݉௥→ஶ ࣸ∗(߱௥ ,−1) = ݈݅݉௥→ஶ ࣸ∗|߱௥ − (−1)| = ݈݅݉௥→ஶ ቚ
ଵି௥
௥

+ 1ቚ = 0 

and ࣸ∗(−1,−1) = −1. 

Lemma 2.7(see [13]) Let (࣯,ࣸ∗)be a dualistic partial metric space. 

(1) Every Cauchy sequence in (࣯,ࣸߩ∗
௦ ) is also a Cauchy sequence in (࣯,ࣸ∗). 

(2) A dualistic partial metric(࣯,ࣸ∗)is complete if and only if the induced metric space 

(࣯, ∗ࣸߩ
௦ ) is complete. 

(3) A sequence {߱௥} in ࣯converges to a point ߱ ∈ ࣯ with respect to ߬(ࣸߩ∗
௦ ) if and only 

if ࣸ∗(߱,߱) = ݈݅݉௥→ஶ ࣸ∗(߱௥,߱) = ݈݅݉௥→ஶ ࣸ∗(߱௥ ,߱௦). 

Then ࣪is a parametric metric on ࣯ and the pair (࣯,࣪) is a parametric metric space.Let 

࣯ be a set. A point ߴ ∈ ࣯ is a point of coincidence of a pair of self-maps ߌ,߆:࣯ → ࣯ and 

ߠ ∈ ࣯ is its coincidence point if ߠ߆ = ߠߌ =  are weakly compatible ߌ and	߆ Mappings .ߴ

if ߠߌ߆ =  and occasionally weakly [24 ,23 ,20] ߠ for each of their coincidence points ߠ߆ߌ

compatible if the same holds for some coincidence point [22]. The set of fixed points of a 

self-map ߆:࣯ → ࣯ will be denoted as ृ(߆). The mapping ߆ is said to possess property 

(P) if ृ(߆௥) = ݎ for each (߆)ृ ∈ ℕ (see [20, 25]). A pair of self-maps ߌ,߆:࣯ → ࣯ is 
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said to have property (Q) if ृ(߆௥)⋂ृ(ߌ௥) = ݎ holds for each (ߌ)ृ⋂(߆)ृ ∈ ℕ (see 

[20]). 

Definition 2.8 Let (࣯,ࣸ∗) be a dualistic partial metric space and ߆:࣯ → ࣯. Then߆is 

called a dualistic expanding mapping, if for every ߱,߸ ∈ ࣯,there exists a numberߣ >

1such that 

|(߸߆,߱߆)∗ࣸ| ≥  .|(߸,߱)∗ࣸ|ߣ

3. Main Results 

Our main result as follows. 

Theorem 3.1 Let(࣯,ࣸ∗) be a complete dualistic partial metric space andߌ,߆:࣯ → ࣯be 

two maps such that ߆(࣯) ⊃  .and that at least one of these subspaces is complete (࣯)ߌ

Suppose that there exist real numbers ߚ,ߙ, ߛ,ߚ satisfyingߛ ≥ 0 andߙ > ߛ,1 < 1such that 

|(߸߆,߱߆)∗ࣸ|(3.1) ≥ |(߸ߌ,߱ߌ)ࣸ|ߙ + |(߱߆,߱ߌ)∗ࣸ|ߚ +  ,|(߸߆,߸ߌ)∗ࣸ|ߛ

∀߱,߸ ∈ ࣯.Then ߆ and ߌ have a unique point of coincidence. If, moreover, the pair (ߌ,߆) 

is (occasionally) weakly compatible, then ߆ andߌ have a unique common fixed point. 

ProofTake arbitrary ߱଴ ∈ ु. Construct sequences { ௥߱} and {߸௥} such that ߸௥ = ௥߱ߌ =

ݎ ௥ାଵ for߱߆ = 0, 1, 2, . .. Applying (3.1), we obtain 

|ࣸ∗(߸௥,߸௥ିଵ)| =  |(௥߱߆,௥ାଵ߱߆)∗ࣸ|

  ≥ |(௥߱ߌ,௥ାଵ߱ߌ)ࣸ|ߙ + ௥ାଵ߱ߌ)∗ࣸ|ߚ |(௥ାଵ߱߆, + ௥߱ߌ)∗ࣸ|ߛ  |(௥߱߆,

  = |(௥ାଵ,߸௥߸)ࣸ|ߙ + |(௥ାଵ,߸௥߸)∗ࣸ|ߚ +  |(௥,߸௥ିଵ߸)∗ࣸ|ߛ

  = ߙ) + |(௥ାଵ,߸௥߸)∗ࣸ|(ߚ + ௥߸)∗ࣸ|ߛ ,߸௥ିଵ)| 

Hence  

(3.2)   (1 − |(௥ିଵ,߸௥߸)∗ࣸ|(ߛ ≥ ߙ) +  |(௥,߸௥ାଵ߸)∗ࣸ|(ߚ

Consequently, 

(3.3)   |ࣸ∗(߸௥ ,߸௥ାଵ)| ≤  |(௥ିଵ,߸௥߸)∗ࣸ|ߤ

where ߤ = ଵିఊ
ఈାఉ

< 1 for all ݊ ∈ ℕ ∪ {0} and ݐ > 0. Repeating (3.3) r-times, we get 

(3.6)                                 |ࣸ∗(߸௥ ,߸௥ାଵ)| ≤  .|௥|ࣸ∗(߸଴,߸ଵ)ߤ
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Now,  

|ࣸ∗(߸௥,߸௥)| =  |(௥ାଵ߱߆,௥ାଵ߱߆)∗ࣸ|

 ≥ |(௥ାଵ߱ߌ,௥ାଵ߱ߌ)ࣸ|ߙ + |(௥ାଵ߱߆,௥ାଵ߱ߌ)∗ࣸ|ߚ +  |(௥ାଵ߱߆,௥ାଵ߱ߌ)∗ࣸ|ߛ

 = |(௥ାଵ,߸௥ାଵ߸)ࣸ|ߙ + |(௥ାଵ,߸௥߸)∗ࣸ|ߚ +  |(௥ାଵ,߸௥߸)∗ࣸ|ߛ

 = ߚ) + |(௥ାଵ,߸௥߸)∗ࣸ|(ߛ +  |(௥ାଵ,߸௥ାଵ߸)ࣸ|ߙ

The last inequality gives 

(3.7)                    |ࣸ(߸௥ାଵ,߸௥ାଵ)| ≤ ଵ
ఈ

|ࣸ∗(߸௥ ,߸௥)|− (ఉାఊ)
ఈ

|ࣸ∗(߸௥ାଵ ,߸௥)|. 

Due to inequality (3.6), we have 

(3.8)                     |ࣸ(߸௥ାଵ,߸௥ାଵ)| ≤ ଵ
ఈ

|ࣸ∗(߸௥,߸௥)| − (ఉାఊ)
ఈ

 .|௥|ࣸ∗(߸଴,߸ଵ)ߤ

Similarly,   

(3.9)                      |ࣸ∗(߸௥,߸௥)| ≤ ଵ
ఈ

|ࣸ∗(߸௥ିଵ,߸௥ିଵ)| − (ఉାఊ)
ఈ

 .|௥ିଵ|ࣸ∗(߸଴,߸ଵ)ߤ

The inequality (3.6) implies that 

|ࣸ(߸௥ାଵ,߸௥ାଵ)| ≤
1
ߙ ቊ

1
ߙ

|ࣸ∗(߸௥ିଵ,߸௥ିଵ)| −
ߚ) + (ߛ

ߙ  ௥ିଵ|ࣸ∗(߸଴,߸ଵ)|ቋߤ

  − (ఉାఊ)
ఈ

 |௥|ࣸ∗(߸଴,߸ଵ)ߤ

= ଵ
ఈమ

|ࣸ∗(߸௥ିଵ,߸௥ିଵ)| − (ఉାఊ)
ఈమ

    |௥ିଵ|ࣸ∗(߸଴,߸ଵ)ߤ

 − (ఉାఊ)
ఈ

 |௥|ࣸ∗(߸଴,߸ଵ)ߤ

=
1
ଶߙ

|ࣸ∗(߸௥ିଵ,߸௥ିଵ)| − ߚ) + (ߛ ቈ
௥ିଵߤ

ଶߙ +
௥ߤ

ߙ ቉
|ࣸ∗(߸଴,߸ଵ)| 

≤
1
ଷߙ

|ࣸ∗(߸௥ିଶ ,߸௥ିଶ)|− ߚ) + (ߛ ቈ
௥ିଶߤ

ଷߙ +
௥ିଵߤ

ଶߙ +
௥ߤ

ߙ ቉
|ࣸ∗(߸଴,߸ଵ)|. 

Continuing further, we get 
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(3.10)|ࣸ(߸௥ାଵ,߸௥ାଵ)| ≤ ଵ
ఈೝశభ

|ࣸ∗(߸଴,߸଴)| − ߚ) + (ߛ ቂ ଵ
ఈೝశభ

+ ఓ
ఈೝ

+ ⋯+ ఓೝ

ఈ
ቃ |ࣸ∗(߸଴,߸ଵ)| 

  ≤ ௥ାଵ|ࣸ∗(߸଴ߜ ,߸଴)| − ߚ) + ௥ାଵߜ](ߛ + ߤ௥ߜ + ⋯+  |௥]|ࣸ∗(߸଴,߸ଵ)ߤߜ

= ௥ାଵ|ࣸ∗(߸଴ߜ ,߸଴)| − ߚ) +  |௥ାଵ|ࣸ∗(߸଴,߸ଵ)ߩ(ߛ

≤ |௥ାଵ|ࣸ∗(߸଴,߸଴)ߜ +  ,|௥ାଵ|ࣸ∗(߸଴,߸ଵ)ߩ

where ߜ = ଵ
ఈ
 and ߩ௥ାଵ = ௥ାଵߜ + ߤ௥ߜ + ⋯+ ௥ߤߜ . 

We deduce from (2.2) that 

௥߸)∗ࣸߩ(3.11) ,߸௥ାଵ) ≤ |ࣸ∗(߸௥,߸௥ାଵ)| − ࣸ∗(߸௥,߸௥) 

≤ |ࣸ∗(߸௥,߸௥ାଵ)| + ࣸ∗(߸௥ ,߸௥) 

≤ |௥|ࣸ∗(߸଴,߸ଵ)ߤ + |௥|ࣸ∗(߸଴,߸଴)ߜ +  |௥|ࣸ∗(߸଴,߸ଵ)ߩ

= ௥ߤ) + |௥)|ࣸ∗(߱଴,߱ଵ)ߩ +  .|௥|ࣸ∗(߱଴,߱଴)ߜ

Now, for ݏ >  we have ,ݎ

(௥,߸௦߸)∗ࣸߩ ≤ ௥߸)∗ࣸߩ ,߸௥ାଵ) + (௥ାଵ,߸௥ାଶ߸)∗ࣸߩ + ⋯+  (௦ିଵ,߸௦߸)∗ࣸߩ

≤ ௥ߤ) + |௥)|ࣸ∗(߸଴,߸ଵ)ߩ +  |௥|ࣸ∗(߸଴,߸଴)ߜ

௥ାଵߤ)+   + |௥ାଵ)|ࣸ∗(߸଴,߸ଵ)ߩ + |௥ାଵ|ࣸ∗(߸଴,߸଴)ߜ + ⋯ 

௦ିଵߤ)+ + |௦ିଵ)|ࣸ∗(߸଴,߸ଵ)ߩ +  |௦ିଵ|ࣸ∗(߸଴,߸଴)ߜ

= ௥ߤ) + ௥ାଵߤ + ⋯+  |௦ିଵ)|ࣸ∗(߸଴,߸ଵ)ߤ

௥ߩ)+ + ௥ାଵߩ + ⋯+  |௦ିଵ)|ࣸ∗(߸଴,߸ଵ)ߩ

௥ߜ)+ + ௥ାଵߜ + ⋯+  |௦ିଵ)|ࣸ∗(߸଴,߸଴)ߜ

≤ ௥ߤ) + ௥ାଵߤ + ⋯+ ௦ିଵߤ + ⋯ )|ࣸ∗(߸଴,߸ଵ)| 

௥ߩ)+ + ௥ାଵߩ + ⋯+ ௦ିଵߩ + ⋯ )|ࣸ∗(߸଴,߸ଵ)| 

௥ߜ)+ + ௥ାଵߜ + ⋯+ ௦ିଵߜ + ⋯ )|ࣸ∗(߸଴,߸଴)| 
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=
௥ߤ

1 − ߤ
|ࣸ∗(߸଴,߸ଵ)| +

௥ߩ

1 − ߩ
|ࣸ∗(߸଴ ,߸ଵ)| +

௥ߜ

1 − ߜ
|ࣸ∗(߸଴,߸଴)|. 

Hence 

௥߸)∗ࣸߩ              (3.12) ,߸௦) ≤ ఓೝ

ଵିఓ
|ࣸ∗(߸଴,߸ଵ)| + ఘೝ

ଵିఘ
|ࣸ∗(߸଴,߸ଵ)| + ఋೝ

ଵିఋ
|ࣸ∗(߸଴,߸଴)|. 

Asݏ, ݎ → ∗ࣸߩ,∞
௦ (߸௥ ,߸௦) = ௥߸)∗ࣸߩ}ݔܽ݉ ,߸௦),ࣸߩ∗(߸௦ ,߸௥)} → 0, thus, {߸௥} is a Cauchy 

sequence in(࣯,ࣸߩ∗
௦ ). Since (࣯,ࣸ∗)is a complete dualistic partial metric space, by Lemma 

2.1(2), (࣯, ∗ࣸߩ
௦ )is a complete metric space. Thus, there existsߴ ∈ ∗ࣸߩ,࣯)

௦ )such that 

߸௥ = ௥߱ߌ = ௥ାଵ߱߆ → ݎasߴ → ∞, that is݈݅݉௥→ஶ ,௥߸)∗ࣸߩ (ߴ = 0 and by Lemma 2.1 (3), 

we know that 

(ߴ,ߴ)∗ࣸ(3.13) = ݈݅݉௥→ஶ ࣸ∗(߸௥, (ߴ = ݈݅݉௥→ஶ ࣸ∗(߸௥,߸௦). 

Since, ݈݅݉௥→ஶ ௥߸)∗ࣸߩ , (ߴ = 0, by (2.2) and (3.27), we have 

(ߴ,ߴ)∗ࣸ(3.14) = ݈݅݉௥→ஶ ࣸ∗(߸௥, (ߴ = ݈݅݉௥→ஶ ࣸ∗(߸௥,߸௦) = 0. 

Thisshows that {߸௥} is a Cauchy sequence in ߆(࣯) . Suppose that߆(࣯)is complete. Then, 

there exists ߠ ∈ ࣯ such that ߱߆௥ → ߠ߆ = ߠ߆ Let us prove that .ߴ =  Then, using .ߠߌ

(3.1), we get 

|ࣸ∗(߸௥,ߠ߆)| = ௥ାଵ߱߆)∗ࣸ|  |(ߠ߆,

≥ ௥ାଵ߱ߌ)ࣸ|ߙ |(ߠߌ, + |(௥ାଵ߱߆,௥ାଵ߱ߌ)∗ࣸ|ߚ +  |(ߠ߆,ߠߌ)∗ࣸ|ߛ

which implies that as ݎ → +∞,	 

0 ≥ ߙ) +  |(ߠߌ,ߠ߆)ࣸ|(ߛ

Hence ߠ߆ = ߠ߆ ,Thus .ߠߌ = ߠߌ =  Suppose that .(ߌ,߆) is a point of coincidence for ߴ

there is another point of coincidenceߠ߆ଵ = ଵߠߌ =  ଵ. Thenߴ

,ߴ)∗ࣸ| |(ଵߴ =  |(ଵߠ߆,ߠ߆)∗ࣸ|

≥ |(ଵߠߌ,ߠߌ)ࣸ|ߙ + |(ߠ߆,ߠߌ)∗ࣸ|ߚ + ଵߠߌ)∗ࣸ|ߛ  |(ଵߠ߆,
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implying (since ܽ > 1) that |ࣸ∗(ߴ, |(ଵߴ = 0 = ,ߴ)∗ࣸ| |(ߴ = ,ଵߴ)∗ࣸ|  ,ଵ)|. Consequentlyߴ

ߴ =  ,is weakly compatible (ߌ,߆) ଵ.Thus, the point of coincidence is unique. If the pairߴ

applying [21, Proposition 1.12] we conclude that ߆ and ߌ have a unique common fixed 

point. If (ߌ,߆)is occasionally weakly compatible, the same conclusion follows from [22, 

Lemma 1.6]. This completes the proof. 

Setting ߚ = 0 =  .in Theorem 3.1, we can obtain the following result ߛ

Corollary 3.2Let(࣯,ࣸ∗) be a complete dualistic partial metric space andߌ,߆:࣯ → ࣯be 

two maps such that ߆(࣯) ⊃  .and that at least one of these subspaces is complete (࣯)ߌ

Suppose that there exists a real numberߙ > 1such that 

|(߸߆,߱߆)∗ࣸ|        (3.15) ≥  ,|(߸ߌ,߱ߌ)ࣸ|ߙ

∀߱,߸ ∈ ࣯.Then ߆ and ߌ have a unique point of coincidence. If, moreover, the pair (ߌ,߆) 

is (occasionally) weakly compatible, then ߆ andߌ have a unique common fixed point. 

Corollary 3.3Let(࣯,ࣸ∗) be a complete dualistic partial metric space and߆:࣯ → ࣯be a 

surjection. Suppose that there existsa real numberߙ > 1such that 

|(߸߆,߱߆)∗ࣸ|        (3.16) ≥  ,|(߸,߱)ࣸ|ߙ

∀߱,߸ ∈ ࣯.Then ߆has a unique fixed point. 

Proof From Corollary 3.3, it follows that ߆ has a fixed point ߴ in ࣯ by setting ߌ = ࣯݅.  

Uniqueness. Suppose that  ߴ ≠  then from condition,߆ is also another fixed point of ⋆ߴ

(3.16), we obtain 

|(⋆ߴ,ߴ)∗ࣸ| = |(⋆ߴ߆,ߴ߆)∗ࣸ| ≥  |(⋆ߴ,ߴ)ࣸ|ߙ

 which implies  ࣸ∗(ߴ,ߴ⋆) = 0 = (ߴ,ߴ)∗ࣸ = ߴ that is ,(⋆ߴ,⋆ߴ)∗ࣸ =  This completes the .⋆ߴ

proof. 

Corollary 3.4Let(࣯,ࣸ∗) be a complete dualistic partial metric space and߆:࣯ → ࣯be a 

surjection. Suppose that there exists a positive integer ݊ and a real number a real 

numberߙ > 1such that 

|(߸௥߆,௥߱߆)∗ࣸ|        (3.17) ≥  ,|(߸,߱)ࣸ|ߙ

∀߱,߸ ∈ ࣯.Then ߆has a unique fixed point. 
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Proof From Corollary 3.3, ߆௥has a fixed pointߴ. But߆௥(ߴ߆) = (ߴ௥߆)߆ =  is ߴ߆ So ,ߴ߆

also a fixed point of ߆௥ . Hence ߴ߆ = ,ߴ  is ߆ Since the fixed point of .߆ is a fixed point of ߴ

also fixed point of  ߆௥	, the fixed point of ߆ is unique. 

Corollary 3.5(Corollary 2.1 of Huang et al. [5]) Let(࣯,ࣸ) be a complete partial metric 

space and߆:࣯ → ࣯ be a surjection.  Suppose that there existsߣ > 1such that 

(߸߆,߱߆)ࣸ(3.18) ≥  ,(߸,߱)ࣸߣ

∀߱,߸ ∈ ࣯,then ߆has a unique fixed point. 

ProofSince the restriction of a dualistic partial metric ࣸ∗to[0,∞), ࣸ∗│[଴,ஶ) = ࣸ is a 

partial metric, so arguments followthe same lines as in the proof of Theorem 3.1. 

Corollary 3.6(Theorem 2.1 of Huang et al. [5]) Let(࣯,ࣸ) be a complete partial metric 

space and߆:࣯ → ࣯ be a surjection.  Suppose that there exist real numbersߛ,ߚ,ߙsatisfying 

ߛ,ߚ ≥ 0 andߙ > 1such that 

(߸߆,߱߆)ࣸ(3.19) ≥ (߸,߱)ࣸ	ߙ + (߱߆,߱)ࣸ	ߚ +  ,(߸߆,߸)ࣸ	ߛ

∀߱,߸ ∈ ࣯,then ߆has a unique fixed point. 

ProofSetࣸ∗│[଴,ஶ) = ࣸand arguments followthe same lines as in the proof of Theorem 3.1. 

Observations 3.7 

1. Usually the range of a dualistic partial metric ࣸ∗ is(−∞,∞)but if we replace 

(−∞,∞) by [0,∞), then ࣸ∗is identical to a partial metric ࣸand hence Theorem 

3.1 is applicable in the setting of partial metric space. 

2. If we set	ࣸ(߱,߱) = 0 in Corollary 3.5 and Corollary 3.6, we retrieve 

corresponding theorems in metric spaces.  

3. Our main result extends and generalizessome well-known results of Huang et al. 

[5] and Wang et al. [17]. 

Example 3.8 Defineࣸ∗: (−∞, 0] × (−∞, 0] → (−∞,∞)byࣸ∗(߱,߸) =  It is .{߸,߱}ݔܽ݉

easy to check that ൫(−∞, 0],ࣸ∗൯ is a complete dualistic partial metric space. Define 

ߌ,߆ ∶ (−∞, 0] → (−∞, 0]as߱߆ = ߱ߌ,6߱ = 3߱,∀߱ ∈ (−∞, 0]. Further, for all ߱,߸ ∈

(−∞, 0]with ߱ ≥ ߸, and ߙ = 2,	wehave 
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|(߸߆,߱߆)∗ࣸ| = ,6߱}ݔܽ݉| 6߸}| = |6߱| 

≥ ,3߱}ݔܽ݉|2 3߸}| 

= 2|ࣸ∗(߱,߸)|. 

Cleary, (3.15) issatisfied and ߆ is a self-surjection on (−∞, 0]. In the view of Corollary 

,∞−) has a unique common fixed point inߌ and	߆,3.1 0], indeed 0߆ = 0ߌ = 0.Also 

|(߸߆,߱߆)∗ࣸ| = ,6߱}ݔܽ݉| 6߸}| = |6߱| > |߱|ߙ = |{߸,߱}ݔܽ݉|ߙ =  ,|(߸,߱)∗ࣸ|ߙ

for 1 < ߙ < 6 and ∀	߱,߸ ∈ (−∞, 0]with ߱ ≥ ߸.Thus,߆ is a dualistic expanding 

surjective self-mapping on (−∞, 0]. From, Corollary3.3,0߆ = 0 ∈ (−∞, 0] is unique. 
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