DISCRETE ERLANG MIXED DISTRIBUTIONS AND THEIR
PROPERTIES

Abstract: The proposed research is on discrete Erlang mixtures. Properties of the mixed
distributions analyzed include raw and central moments, which have been derived in terms
of moments of the mixing distributions. Cumulants obtained from the cumulant generating
functions were also used in deriving the moments. The posterior distribution and posterior
moments are also among properties presented. Bayesian method of moments and maximum
likelihood methods have been applied in parameter estimation. Additionally, the mixture
distributions have been fitted to two data sets to test their goodness of fit. Some methods
and special functions used in the study are the exponential series, logarithmic series, geo-
metric series, modified Bessel function of the first kind, and the Touchard polynomials. The
discrete mixing distributions used are the geometric, Poisson and logarithmic.
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1. Introduction

The Elang distribution is used in modeling the waiting time for an event in a Poisson
process. It reduces to the exponential distribution when the shape parameter is equal
to one. Its relation to both the Poisson and exponential distributions has contributed
to its vast applications.

Mixed distributions are obtained by combining two or more distributions. They have a
wider applicability compared to the basic distributions. They are used to model data
that the basic distributions may fail to, and therefore are integral in situations that the
basic distributions fail to address. They are devised by modifying the basic distributions
using mixing weights to form finite mixtures, and by varying their shape parameters to
form discrete mixtures and their rate/scale parameters to create continuous mixtures.
Mixed Erlang distributions have been studied extensively over time. Zakerzadeh and
Dolati (2009) [17], Shanker and Mishra (2013) [13], Merovci (2013) [10], Rashid et al.
(2019) [12], Abouammoh et al. (2015) [1], Ghitany et al. (2008) [4], and Nadarajah
et al. (2011) [11] are among people who derived finite Erlang mixtures, while McNolty
(1964) [9], Jordanova and Stehlik (2016) [5], Jordanova et al. (2013) [6], and Kang
(2003)[7] worked on continuous Erlang mixtures.

The focus of this work is on discrete Erlang mixed distributions, which are obtained
by mixing the Erlang distribution with discrete mixing distributions. Tijms (1994) [14]
showed that the Erlang mixture can be used in the approximation of any non-negative
continuous distribution. Landriault et al. (2015) [8] evinced that the order statistics
of independent mixed Erlang random variables belong to the same distribution class of
Erlang mixtures. Cossette et al. (2016) [3] used mixtures of the Erlang distribution in
moment based approximation. They conducted numerical experiments on the mixed
Erlang approximation method, where the model was seen to provide an overall good
fit.  Woo (2007) [15] demonstrated that a large number of distributions are of the
discrete mixed Erlang type. They showed that the Laplace transform of the Erlang



mixture can be expressed in terms of the probability generating function of the mixing
distribution. They also discussed special cases of the Erlang mixture, which include
the exponential distribution, the Erlang distribution and the non-central chi-square
distribution. Willmot and Woo (2015) [16] derived distributional properties of a class
of multivariate mixed Erlang distributions with different scale parameters. Cossette et
al. (2013) [2] presented the equilibrium function, among other properties, of the mixed
Erlang distribution.

The outline of the paper is as follows: The mathematical formulation of the Erlang
mixed distribution and its properties have been defined in section 2, and particular
cases of the mixed distributions have been obtained in sections 3, 4 and 5 using the
geometric, Poisson and logarithmic mixing distributions respectively. An application
of the mixed distributions has been demonstrated in section 6 and section 7 contains
the conclusion in brief.

2. The discrete mixed Erlang distribution and its properties

e The probability density function (pdf) of the conditional (Erlang) distribution is

A
f(tln) = F—e"\tt"_l, t>0A>0,n=1,23,. (2.1)
n

and its distribution function (CDF) is given by

P =1 - 5 Y - T

=0

(2.2)

where n is the shape parameter and A is the rate parameter.

e The mixed Erlang distribution is thus given by;

f(t) = i ﬁe”\tt”’lP =Xe M i (A" P,
I'n " (n—1)""

n=1 n=1

=X ME < ((:tznl;) (2.3)

where P, is a discrete mixing distribution.

e The r** raw moment of the Erlang mixture is ;

E(T") = EE(T"|n) = E/oo £ f(tn)dt

=F / e Mt = F (— / t"*r—le—”dt)
0 I'n I'm Jq

—E (?_:L%) = )\iE (F("F—ZT)) (2.4)

Raw and central moments of the mixed Erlang distribution in terms of moments
of the mixing distribution are therefore given by;



e Raw moments

B(T) = L E(n) (2.5)
B(T?) = 14 F (F(”FZ 2>) = Bl + 1)] = 33 [E() + B(w)] (2.6)
B(T%) = 3B (F("PZ 3)) = S El(n + 1)+ 2)] = 55 [E(®) + 3E(n?) + 25(n)]
2.7)
BE(TY %E (F(qﬁz 4)) - %E[n(n +1)(n+2)(n +3)]
_ %[E(n‘l) +6E(n®) + 11E(02) + 6E(n)] (2.8)

e Central moments

i. Variance
pe = E[T — E(T)* = E(T*) — [E(T)]?

= 5[B0) + B)] - 3 B0 = 55 {B@?) + B(n) ~ [E))

= —={Var(n)+ E(n)} (2.9)

ii. Third moment

s = E(T = B(T)' = B(T%) = 3E(T*) B(T) + 2B
= SUEG) +3B(2) + 2B()] - (B0 + B ) + B0

= % {E(n°) +3E(n*) +2E(n) — 3E(n*)E(n) — 3[E(n)]* + 2[E(n)]°}
_ % (E[n — E(m)]® + 3Var(n) + 2B(n)} (2.10)

iii. Fourth moment

pu = E[T — B(T)]* = B(T") — 4E(T*)E(T) + 6BE(T*)[E(T)]? - 3[E(T))*
1

= =
)\4
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= %{E(n‘*) + 6E(n’) + 11E(n?) 4+ 6E(n) — 4E(n’)E(n) — 12E(n*)E(n)—
8E(n)]” +6E(n*)[E(n)]” + 6[E(n)]” = 3[E(n)]"}

E(n*) +6E(n*) + 11E(n*) + 6 E(n)]

= %{E[n — E(n)]* 4+ 6E[n — E(n)]* +6Var(n)E(n) + 11Var(n) + 3[E(n)]* + 6E(n)}

= i{E[n — E(n)]* +6E[n — En)® 4+ Var(n)[6E(n) + 11] + 3[E(n)]* + 6E(n)}

(2.11)

e The moment generating function of the Erlang mixture is given by

My(s) = E(e") = EE(e"|n) = E/OOO e’ f(t|n)dt
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and hence the cumulant generating function is

A n
Ki(s) = logM,(s) = logFE ()\ > (2.13)
—S
The r** cumulant of the mixed distribution, K, (t), is the r** derivative of the
cumulant generating function at s = 0, and the first, second and third cumulants
are the expected value, second and third central moments respectively.

K,(s) = % and Ki(t) = K,(0) = %E(n) (2.14)

K/ (s) = P E [?ii)%] _n{gE [#]}2 and
B ()]

Kolt) = K7 (0) = 53 {E(0n?) + E(n) — [B(m)]*} (2.15)

fqﬁz[E(ﬁJW{ESQVEﬂw%%%Q&}—Ekﬁ%%ﬂE[%%%ﬂ}—
t (B ()"

nA" A \™ nn+HA™ | nA" 2
2B [(A_s)n+ } {E (%) F |:(/\—s)"+ ] [E (()\—s)’“r )} } .

Ks(t) = K, (0) = % {E(n®) +3E(n®) +2E(n) — 3E(n®)E(n) — 3[E(n)]> + 2[E(n)]* }

(2.16)
e The posterior distribution is given by
n o _ _ ()\t)n71
O e Gt I
g(n\T) _ f( |n> _ Tn© _ (n—1)! (2'17)
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where f(t|n) is the likelihood function, which is the Erlang distribution, and P,
is the prior distribution.
The posterior 7" moment is given by

o0 n—1 n" ()"t

o) Zn: n'r ():)_ Pn E ( 1) )
EW|T) =3 wignlt) = ==t r el (2.18)

— E ((At)n71> E <()\t)n71>

n= (n—1)! (n—1)!
and the posterior mean is
E (n(At)"*)
n—1)!

Em|T) = — "2/ (2.19)

(At)n—1
b < (n—1)! )
The posterior mean E(n|T') is the Bayes estimator of the parameter n of the Er-
lang distribution, assuming squared error loss function.

Remark: The mixed Erlang distribution and its properties have been expressed
in terms of expectations of the mixing distribution.

e Parameter estimation
Method of moments estimation (MME)
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In this method, sample moments are used to estimate distribution moments, where
the r*" raw moment for the sample z of size n,

1 n
m.=~-Y af, r=1273,.. 2.20

B 220
is equated to the 7 raw moment for the probability distribution f(z;8),0 € €,

=FEX"), r=1,2,3,.. (2.21)
to solve for the estimators of the parameters.
Maximum likelihood estimation (MLE)
The first derivatives of the log-likelihood functions of the mixed distributions,
with respect to respective parameters, are obtained and equated to zero and the
resulting equations solved simultaneously to obtain another equation, which is

solved using the Newton-Raphson method to obtain the numerical estimates of
the parameters.

3. Erlang-geometric distribution and its properties

The geometric mixing distribution is;

P,=pl—-p™ ! n=123.;0<p<]1 (3.1)
(At)" ! = (M) ! [M(1 —p)"t N
d E|——) = — = — (1-p)
ane <(n—1)! ;(n—l)!p( pz n—l - pe
(3.2)
(A" ) A= p)] PN e A=)
and, F <n’” =p n’ — P A S 2 B
(n—1)! ; (n—1)! At(1 —p) ; n!
— P ox0-np (1 — 3.3
where T,(z) = ey 2, 5% = 37, S(r,k)z* is the Touchard polynomials and
S(r,k) = Z?:o % is the Stirling number of the second kind.

a) The Erlang-geometric distribution is thus;
ft) =dpe™ t=0,1,2,..;0<p<1,A>0 (3.4)

The distribution function is given by

¢ - 1 — e—Ap(t+1)
mw:m§;e =¢p{1_em] (3.5)
and the quantile function is
Q) = F'(t) = —In |1 - L1 —e)| -1 (3.6)
Ap Ap



b) The moment generating function of the mixed distribution is;

— S
n=1 n=1
_pA 1 _pA
_/\—31_>‘(A1_—P)_p)\—3 (3.7)
and the cumulant generating function is thus;
M) = tog (2 )~ log(pY) ~ log(p ) (33)
¢) The raw moments of the geometric distribution are;
E(n) = - (3.9)
n)=-— .
p
21—-p) 1
E(n?) = + = 3.10
(n%) pe ’ (3.10)
6(1—p)® 6(1—p) 1
E(n®) = + + - 3.11
(n”) e - p (3.11)
24(1 —p)®  36(1—p)? 14(1-p) 1
(n%) i P ? p (3.12)
and the central moments are therefore;
20l—=p) 1 1 1-p
Var(n) = +-——= 3.13
(n) pe PR (3.13)
6(1—p)?® 6(1—p) 1 32-p , 2 _2-3p+p’
Eln—EM0) = + + - — . S
| () p’ p? p P’ p’ P’
(3.14)
24(1 —p)® 36(1—p)? 14(1-p) 1 4
Eln—En)* = + + 4+ =
| () p* P’ p? p p
6 39— 18p+ 10p* — p?
E(2 —p) — = i (3.15)

d) Hence, the moments and cumulants of the Erlang-geometric distribution are given
by;

1
E(T)=K(t) = — 1
(T) = Ki(2) I (3.16)
1 (1—p 1 1
Var(T) = Ky(t) = — - 3.17
o) =Kl = 55 {2+ S = o (317)
1 (2=3p+p* 3(1-p) 2 2
= Ky(t) = — - 1
s = Hslt) X”{ P T p)  (pA)? (3.18)
1 (9—18p+10p2 —p® 6(2—3p+p%) 1—p][6 3 6
= p+10p" —p®  62—3p+p) L-pf6 ) 3 6
A p* p? p* |p P op
(3.19)
e) The posterior distribution is,
()‘t)n71 1 _ n—1 —M\t(1— —
P P =PI At(1 — )™t
g(n|T) = =2 U e A1 —p) (3.20)

pe)\t(l—P) - (’n, — 1)'

(6 — 12p + 6p* + 6p — 6p° + p°)+




which is Poisson~ [At(1 — p)].

th

The posterior " moment is,

PP T ML= p)] T (a1 — p)]

T At(1—p
EMn"|T) = = 21
(n | ) pe)\t(l_p) At(l _p) (3 )
The posterior mean is hence given by,
To[At(1 — p)]
T)= ———==M(1 - 1 22
B(nfT) = 0% = (1 —p) + (322

f) Parameter estimation
Method of moments

The method of moments estimator(MME) of the parameter p of the geometric
distribution is

1 L1
P n
and those of the parameters of the Erlang-geometric distribution are
1 _ 2 S t? | 1
— =1¢ and =&=lh o N=—_ and p=— 3.24
Ap (Ap)? n pt Y; (3:24)
The equation )\ip — ¢ = 0 can be solved using the Newton-Raphson method to
obtain the numerical estimates of p and A
Maximum likelihood estimation
The likelihood function of the Erlang-geometric distribution is given by
H Ape P = (\p)le AP Tizi! (3.25)
and the log-likelihood function is thus
L =InL(p,\) = nin(Ap) — /\pZt (3.26)

The first order derivatives with respect to respective parameters are obtained as
illustrated below.

oL n "
i t; =0 3.27
s Zl (3.27)
oL n -
oL _n_ . 2
= =3 p;tl 0 (3.28)
1 . 1 <1
s p=—— == and A== — — pA==  (3.29)
AT M Py ti Pt t

Equations (3.27)-(3.28) are equated to zero and solved simultaneously to further
obtain the equation p)\— Z = 0, which is solved using the Newton-Raphson method
to estimate the parameters p and A numerically.
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4. Erlang-Poisson distribution and its properties

The Poisson mixing distribution is;

-
Pn_e fg . n=01,2...0<p<l1 (4.1)
(At)" ! N L K G i
d, FE =pe?
ane ( Z n—l n' be Zn!(n—l)!(—l)"—1
n=1 n=1
S ) B i i o (V2™
P — nl(n —1)! nl(n —1)!
pe L, ( W)Q” ' e
= = | 264/ Apt 4.2
Z nl(n —1)! i\/)\ptﬂ( ! p) (42)

where 7,(z) = > 7 mp kipk+1) (%)%er is the modified Bessel function of the first kind.
a) The Erlang-Poisson mixture is thus;

)\pe—()\t-i-p)
1/ Apt

and the distribution function is

£(t) = 720/ Apt), t=1,23,.:0<p<1,A>0  (4.3)

t

)\pep 0 )\pk+2 S
\/TZ Zk'Fk:+2 —Awa)’ 2_€p\/_zkvrk+2 Z” '

_ X Op)ktE /. d \F1— et
N : 4.4
¢TIV LTkt 2) \© des) T1-e (44)

b) The moment generating function of the mixture is;

- DN N o 7 O — Ap \" 1
M. = — e P -
() Z()\—s) n! ¢ ‘ (A—s) n!

n—

e (4.5)

and the cumulant generating function is therefore;

Ki(s) = In (mf) - Ap_ss (4.6)

¢) The raw moments of the Poisson distribution are;

E(n) = (4.7)
E(n?) = p? +p p(p+1) (4.8)
E(n’) = p +3p° +p=p(p®+3p+1) (4.9)
En*) =p*+6p° +7p* +p=p(p* +6p° +Tp+ 1) (4.10)
and the central moments are hence given by;

Var(n) =p* +p—p*=p (4.11)
En—EMm)’=p*+3p>+p—3pp*+p)+2p° =p (4.12)
Eln — E(n)]* = p* +6p® + 7p* + p — 4p(p® + 3p* +p) + 6p*(p* + p) — 3p* = 3p* +p

(4.13)



d) Moments and cumulants of the Erlang-Poisson distribution are thus;

E(T) = Ki(t) = § (4.14)
Var(T) = Kx(t) = 550+ 7) = 1 (115)
ps = K3(t) = %(p+3p+2p) = % (4.16)

1 12
fha = )\4[3]9 +p+6p + p(6p + 11) + 3p* + 6p] = )\4(p2+2) (4.17)

e) The posterior distribution is

(0" emrpn

T i/ XpE(pt)™!
n|T) = — — ' 18
g< | ) 1%7._1 (2i\/ )\pt) T1 (22\/}\pt) n'(n _ 1)| ( )
The posterior 7" moment is
1/ Apt > (Apt)~1
En|T) = —Y " r \ADL)” L1
Wi =3 (2iv/Apt) ;" nl(n —1)! (4.19)

and the posterior mean is

e T LI GTE)

f) Parameter estimation

Method of moments

The respective method of moments estimators of the parameters of the Poisson
and the Erlang-Poisson distributions are given by

p=n (4.21)
P - p(2+p) YLt} t2+A) Y
r :t d — (3 3 :> 1= Z
A an A2 n )\ n
. ont 2nt?
Lt S S 4.22
SrEoap NPT e (4.22)

Maximum likelihood estimation

The likelihood function of the mixture is

—()\tH-P) (Ap) e_ AZZ 1 t;

" e . 2k+1
L(p,A)ZHp_—Aptiﬁ(Q —Apti) = V) 11 fHZk'Pk+2 (V “>
(4.23)

and the log-likelihood function is given by

L =InL(p,\) = nIn (A\p) —np — AZt—nln( ) Zln\/_+

=1

n ad —1)* 2k+1
Y in ; m (x/—)\pti> (4.24)

=1



The derivatives of the log-likelihood function with respect to the parameters, p
and A are obtained as below.
n )AL (2k41) 2k—1
oL _n > S (V=)

00 1)k 2k+1
op  2p i=1 k= Ok'(F(T)—i-Q(V_)\ i)

§: EZEZROL%%¥%%%E(V—A £)
o mres (v =)
n

TR o
. %Z E:l = =N (4.27)
n

The Newton-Raphson method is applied to the equation p — M = 0 to obtain nu-
merical maximum likelihood estimates of the parameters. The equation is obtained
by equating equations (4.25)-(4.26) to zero and solving them simultaneously.

—0 (4.25)

=0 (4.26)

A

5. Erlang-logarithmic distribution and its properties

The logarithmic mixing distribution is given by;

V12

p
= =1,2,3,..;0 1 5.1
g —p) " b ,3,..50<p< (5.1)
A" o (! p" — (Atp)”
and thus, E(m—1ﬂ"ghn—m—m%a—m —Amg Z;
_(pAtp L Mp
_ (e 1) _ l—e (5.2)
Atlog(1 —p)  Atlog(1 — p)
n"(\t)"t 1 = n"(Atp)” NPT (\tp)
and, ( (n—1)! ) —Atlog(1 —p) == nl —Atlog(1 — p) (5:3)

a) The Erlang-logarithmic distribution is therefore,
—At __ e—)\t(l—p)

ft) = fogl—p)

with a distribution function,

1 (e t (e~ M1-p))*
F(t)zlog(l—p) [Z(m‘) _Z( x )]

t=1,2,3,.:A>00<p<1 (5.4)

1 1 — e A1-P)
= iogl ) {Iog (—_A) + B(e Pt +1,0) — Ble ™t +1, 0)}
p

log(1 — 1—e
(5.5)
b) The moment generating function of the mixed distribution is;
> A " p" 1
M = = —
() ; ()\ — s) —nlog(1 — p) —Iog (1— ; ( > n
_log[1-3%]  log[A1—p) — 5] — log(A —5) (56)
log(1 — p) log(1 —p) '

and hence the cumulant generating function is given by;

Ki(s) = log (Iog A1 —p) —s] — log(\ — 8))

log(1 —p)

= log {log [A\(1 — p) — s] — log(A — s)} — loglog(1 — p)
(5.7)
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¢) The raw moments of the logarithmic distribution are;

B —p
B = = Diog1 =) (58)
2y _ —p’ - p _ —p
B = 0 log(1—p) " U= plog(l—p) ~ (L —pllogi—p) 9
E(n®) = —2p° - 37° _ p _ -plp+ 1)
(1—=p)ilog(l—p) (1—p)*log(l—p) (1—p)log(l—p) (1-—p)’log(l—p)
(5.10)
B(nt) = —6p* B 12p® B p? B P

(1—=p)tog(l—p) (1 —p)log(l—p) (1—p)?log(l—p) (1—p)log(l—p)
—p(p® +4p+1)

~ (1—p)tlog(1 - p) o4
and the central moments are;
Var(n) = —p - P _ _—plog(1—p) —p’
(1 —p)Plog(l —p) (1 —p)*log(l—p)* (1 —p)*[log(l—p)]
(5.12)
TN R 1k N 3p° B 2p*
Eln=Eml = G ogi=p) ~ 1=pPllog@ =p)? _ (1 = p)llogl —p)F
_ —p(p +1)[log(1 — p)]* — 3p*log(1 — p) — 2p (5.13)
(1 —p)*[log(1 — p)J? '
i~ P A+ e+l 6p” _
B B = G ioa(1 =)~ (1 plloa(1 9P (1~ ) log(1 — pIF
3p*

(1 —p)*[log(1 —p)]*
_ —p(p* + 4p + 1)[log(1 — p)* — 4p*(p + 1)[log(1 — p)]* — 6p°log(1 — p) — 3p"
(1 —p)*[log(1 —p)I*

(5.14)
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d) Moments and cumulants of the Erlang-logarithmic distribution are therefore;

E(T) = K\(t) = T p)_lfg(l — (5.15)
B 1 f —plog(l—p)—p* p ~ —plp+ (2 —p)log(1 — p)]
Verr) = 5t) = 35 { T gt~ T | - (1 Pl
5.16
N _ 1 {—p(p+1)[log(1 —p)]* — 3p*log(L —p) —2p®  3plog(l —p) —p*
= 1500 = 35| (1~ pPlloall — ) (T~ p)loa(l — )P
2p _ —2p° — p*(4 — p)log(1 — p) — p(6 — 6p + 2p*)[log(1 — p)}*
(1 —p)log(1 —p) A3 (1 = p)3[log(1 — p)J?
(5.17)
e L {—p(p2 +4p + D[log(1 —p)° — 4p*(p + 1)[log(1 — p)|* — 6p°log(1 —p) — 3p*
EPY (1 —p)*log(l —p)]*
6p(p + 1)[log(1 — p)]* — 3p°log(1 —p) —2p>  plog(1 —p) — p?
(1—=p)3[log(1 —p)J? (1 —p)?[log(1 —p)J?
6p 3p? 6p
[‘ A= pog(i—p) | T A= p)log(i—p)E (1= pllog(1—p)

_ —6p(6p* — 6p — p” + 2)[log(1 — p)* — 8p(3p* + 3p + p°)[log(1 — p)]*—
A1 = p)*log(1 —p)]*
6p(2p* — p*)log(1 — p) — 3p"

(5.18)
e) The posterior distribution is the zero truncated Poisson (Atp) distribution,
anr—t - pn
(n—1JT —niog(1—p) (Atp)"
g(n|T) = 1,6Aff P _ ol 1) (5.19)
Atlog(1—p) '
The posterior 7 moment is
eAtpTr(Atp)
. Taog(i-p)  Lr(Atp)
EMn"|T) = 1i’§wp =TT (5.20)
Ntlog(1—p)
and the posterior mean is
Ty (M Y, Atp)ertr
E(nr) = DU __ Mp ___ (Aipe (5.21)

eMP—1  1—e AP eMp ]
f) Parameter estimation

Method of moments

The parameter p of the logarithmic distribution can be estimated, using method
of moments, as

~

—-p — 7 p
A-plogi—p) = (1-p)

The resulting equation can then be solved using the Newton-Raphson method, to
estimate the parameter numerically.

+ nlog(1 —p) =0 (5.22)
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The Erlang-logarithmic distribution method of moments parameter estimators,
p and A are given by

—p . —p(2—p)log(L—p) > 7

NI pos(l-p) " N prlesl-p)F | n (5:23)
= - plogl=AF+5) t=0 and ;\:E(l—ﬁ)l_cf;(l—ﬁ) (524)

The parameter p can be estimated numerically by solving the equation n(2 —
p)log(l —p)t? +p >, t7 = 0 using the Newton-Raphson method.

Maximum likelihood estimation

The likelihood function of the mixed distribution is

N =Xt Ati(1—p) no o=t _ p—Ati(1-p)
H € _ Hz:l [ - :| (525)
el Iog (1—p) nlog(1 —p) [T, ti
The log-likelihood function is
L =logL(p, A Z Iog Ati(1 p)} logn — loglog(1 — Z logt;
(5.26)

The log-likelihood function is then differentiated with respect to the parameters,
p and A, resulting in the below equations, which are equated to zero and solved
simultaneously. The Newton-Raphson method was applied in estimating the pa-
rameters numerically.

SL i — M e M(1-p) N 1 B i — e NP N 1
op e M —e M) (1 —plog(l—p) = 1—eMr = (1—p)log(l—p)
(5.27)

—tieMi (1 — ple M0 Iy —1; [1— (1 —ple 7]
(5/\ Z o Mi _ o Ati(1-p) = Z [ o (5.28)

i=1

6. Application

This section provides an application of the constructed distributions to data to assess
and compare their goodness of fit. The -log-likelihood (-log(L)), chi-square (x?) and
kolmogorov-smirnov (k-s) statistics have been computed to this effect. Two real data
sets have been used. The first is on death times, in weeks, of 30 patients with cancer of
the tongue. The data has been applied by various authors such as Klein et al. (2003)

[18]7

Eledum and El-Alosey (2022) [19] and Eledum and El-Alosey (2023) [20]. The

second data set is on remission times, in weeks, for 30 leukemia patients who are on a
specific type of medication, and has been used by Eledum and El-Alosey (2022) [19],
Eledum and El-Alosey (2023) [20] and Lawless (2011) [21] among other authors.

Dataset 1

1

11114 (5 |1013|13]16|16 24|26 27 | 28 | 30 | 30

32

41 |51 |65 | 67 |70 [ 72 | 73 | 77 | 91|93 |96 | 100 | 104 | 157 | 167

Table 1. Death times, in weeks, of patients with cancer of the tongue.
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Dataset 2
1 1 2141416 6|67 8199 ]10]|12]13
14 |18 1191241261129 |31 (42|45 |50 |57 |60 |71|8& |91

Table 2. Remission times, in weeks, for some leukemia patients taking a specific
type of therapy

Distribution Estimated parameters | -log(L) | x? p-value k-s

geometric p=0.02 - 157 4 0.5 0.09
Poisson p=50.03 - 689.73 | — o0 0 0.5
logarithmic p=0.0001 - —00 | &0 0 0.84
Erlang-geometric p=0.1 A=0.2 157 4 0.5 0.09
Erlang-Poisson p=2.66 A=0.053 160 8.29 0.14 0.164
Erlang-logarithmic | p=0.0001 | A=0.046 | 172.18 39 | 0.0000002 | 0.28

Table 3. Parameters estimates, -log(L), x?, p-value and k-s test value for the mixing
and mixed distributions using the tongue cancer patients’ data set.

Distribution Estimated parameters | -log(L) X p-value | k-s

geometric p=0.0395 - 126 3 0.8 0.10
Poisson p=25.33 - 412.6 | 4347625 0 0.48
logarithmic p=0.0001 - — 00 — 00 0 0.83
Erlang-geometric p=0.1 A=0.395 126 3 0.8 0.074

Erlang-Poisson p=2.005 A=0.079 | 132.49 8.135 0.228 0.2
Erlang-logarithmic | p=0.0001 A=0.09 140.64 10.78 0.1 0.2

Table 4. Parameters estimates, -log(L), x?, p-value and k-s test value for the mixing
and mixed distributions using the leukemia patients’ data set.

The mixed distributions generally offer better fits compared to the mixing distribu-
tions, as seen in the above tables 3 and 4, where the p-values are smaller and the
-log(L), x? and k-s values are larger for mixing distributions compared to the corre-
sponding mixed distributions. Among the mixed distributions, the Erlang-Poisson is a
better fit compared to the Erlang-logarithmic mixture, but the Erlang-geometric distri-
bution offers the best fit among the three mixtures with the least values for the -log(L),
x? and k-s and the highest p-value.

7. Conclusion

This research has studied discrete Erlang mixtures using the geometric, Poisson and
logarithmic mixing distributions. The posterior distribution of the Erlang-geometric
distribution was demonstrated as the Poisson. The Erlang-Poisson mixture and its
posterior distribution were expressed in terms of the Modified Bessel function of the
first kind. The posterior distribution of the Erlang-logarithmic distribution was shown
to be the truncated Poisson distribution, and the posterior moments were expressed
as Touchard polynomials. The moments of the mixed distributions were expressed in
terms of moments of the mixing distributions. Additionally, the cumulant generating
functions of the Erlang mixtures have been obtained from their moment generating
functions. Moments of the Erlang mixtures have also been obtained from their cumulant

14
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Figure 1: The pmfs for the geometric, Erlang-geometric, Poisson, Erlang-Poisson, logarithmic

and Erlang-logarithmic distributions using dataset 1

generating functions as cumulants. Further, Bayesian method was applied in parameter
estimation, where the posterior means are the Bayes estimators of the conditional
(Erlang) distribution’s parameter, assuming squared loss function. Method of moments
and maximum likelihood estimates for the mixed distributions were obtained, and the
goodness of fit test for the mixtures was performed by fitting them to two real data sets.
The mixed distributions were seen to have better fits compared to their corresponding
mixing distributions, and the Erlang-geometric distribution had the best fit among the
three discrete Erlang mixtures.
Construction of discrete Erlang mixed distributions using more mixing distributions,
and further applications of the mixed distributions, are recommendations for further

research.
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