Quasi-rational solutions to the seventh
equation of the NLS hierarchy

Abstract

The following study is part of a research program of rational solutions
of the hierarchy of the nonlinear Schrodinger equation. Here, we are
interested in the equation of order 7 and we highlight particular solutions
providing the first orders of rogue waves not yet found.
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1 Introduction

Quasi-rational solutions to the seventh equation of the NLS hierarchy are con-
structed. We give explicit expressions of these solutions for the first orders.
They depend on multi-parameters and so patterns of these solutions in the
(z,t) plane according the different values of the parameters are studied.

We consider the seventh equation of the NLS hierarchy of order 7 (N LS7) which
can be written as
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with as usual the subscripts meaning partial derivatives and @ the complex con-
jugate of u.

Different classical equations are included in the NLS hierarchy; the first one is
the NLS equation [1, 3, 4, 5, 6, 7, 10, 9]; the second one is the mKdV equation
[11, 12, 13, 14, 15]; the third one is the LPD equation [16, 19, 20, 21, 22].

Many works has been done for these first three equations of the NLS hierar-
chy. For example, we can quote the following works, for the NLS equation [2],
the mKdV equation [12], the LPD equation [16, 17, 18]. However, very few
studies have been carried out for the following orders of this hierarchy. Here we
explicitly construct solutions of the order equation seven of this hierarchy.

We construct quasi rational solutions for the first orders. The related patterns
of the modulus of these solutions in the plane of coordinates (x;t) are studied.

2 Quasi rational solutions of order 1 to the NLS7
equation

Theorem 2.1 The function v(x,t) defined by

(3 — 422 — 313600 ¢* + 2240 it) ™0 @
1+ 422 + 313600 ¢2

v(x,t) = —

is a solution to the (NLST) equation (1).

Proof: We have to replace the expression of the solution given by (2) and check
that (1) is verified.

Figure 1. Solution of order 1 to (NLST).

We get a smooth solution of the equation (1).



3 Quasi rational solutions of order 2 of the NLS7
equation depending on 2 real parameters

Theorem 3.1 The function v(xz,t) defined by
n(x,t)

v(x,t) = ) (3)

with

n(x,t) = —(—642°+2304 b12° — 768 a12x* +144 x4+107520 itz*—215040 a tx* +

768 ia121—15052800 t22* —34560 by 22— 18432 ia1 23 b1 —4992 b3 +276480 by 33+

18432 bia1 2234361267200 b1t223+5160960 bia; ta® —2580480 ita3b; +2580480 a2 ta? —
1244160 by *22+42903040 a1 tx2—3072 a1* 224361267200 ia 222 — 33718272000 a t3 x>+
23224320 ith 222 — 165888 b1%a12x2 + 293529600 1222 — 1180139520000 t422 +

5760 a1222+16859136000 it322 —1152 ia122+58752 by 22 +6144 ia 322 —361267200 a 26222+
165888 ia1bi 222 — 1720320 a13ta? — 3251404800 by 2t222 — 46448640 by’ aqta? —

806400 itx2 + 180 22 — 202309632000 it3xb; — 3161088000 b1t2z + 36864 braq*x —

29675520 braitz+ 663552 b2 a1 22 — 50688 byay 2z — 5616 by x4+ 20643840 bya; 3tz —

663552 ia1zbr > —290304 b1> 2413005619200 by >t22— 4608 iai 2b1 +4335206400 brai 2622+
14161674240000 b1t*z+7096320 ith, z—4335206400 ia1t2xb; +185794560 bi®aqto—
92897280 itxb,> —73728 ia13xb1 —30965760 ia12txb, +2985984 by ° £+404619264000 bya, t3z—
262080 it+23602790400000 ia1t*+54792192000 it>— 1475174400000 t*+3225600 ia;2t+
13005619200 iaqt2b; *4-337182720000 ia;2t3+606928896000 it3b, 2 +73543680 b2 a1 t—
30840979456000000 8+ 139345920 ith1* + 8601600 ia1*t +660878131200000 it®+

69120 ia1b1% — 13547520 itb;> — 13005619200 b1%a; 2¢2 — 1213857792000 by %aq > —
278691840 by a1t+995328 ia1by*+221184 ia13by % — 454812851200 ia;t2 — 98784000 t2+
92897280 ia12th1 243010560 a13t+270950400 a12t2—8429568000 a1t®—61931520 by%a;3t+
96768 b12a12 + 8399462400 by %t2 + 1872 a2 + 18000 b1 % + 846720 a1t — 720 5a1 +

1536 ia1°+12288 ia1°+2408448000 ia, 2 —42485022720000 by >t*—995328 by *a,2—
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224788480000 a13t3—1321756262400000 a1t°—2985984 b,5—4096 a,6+518400 b *+
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and

d(x,t) = 6425 — 2304 b1a® + 48 2* + 15052800 t2z* + 215040 astz? + 768 a1z +

34560 by 2z — 5160960 bra;tx® — 361267200 bit2z3 — 276480 bi>23 + 384 bya® —

18432 bya1 223 + 1180139520000 422 4 361267200 a;12t222 + 46448640 by 2a1ta? —

203212800 222 + 1720320 a13t2% — 1152 a1 222 — 1612800 a1ta? + 1244160 by 22 +

3072 a1%2? 4 165888 b12a1222 + 3251404800 b1%t222 — 17280 b1%22 + 10822 +
33718272000 a3 22 —20643840 bya; 3tz — 185794560 b1> a1tz —4335206400 bya, 2t2z—
404619264000 bya 3z — 2985984 by °z — 13005619200 b1 > 22+ 2077286400 byt2z+

124416 b3z — 14161674240000 b1tz — 663552 b1 > a1 2z — 4608 byaq 2z — 2448 by +

14192640 braitx — 36864 biar*z 4+ 9 + 177020928000 a1t 4+ 19508428800 by *¢2 +
347155200 t2 — 5148057600 b12t2 + 7375872000000 ¢* + 30840979456000000 5 +
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23602790400000 a;2t* + 3440640 a;1°t + 1204224000 a,*t? + 224788480000 a13t® +
1321756262400000 a1t5+2985984 b1°+4096 a1% —269568 by *+6912 a1%+42485022720000 by 24+



5591040 a13t + 1535385600 a12t? + 61931520 b1%a;3t + 13005619200 by%a1 2% +
1213857792000 b1%a1t3 + 278691840 b1 art + 1584 a4 2 + 20016 by >
is a solution to the (NLS7) equation (1).

Proof: We have also to replace the expression of the solution given by (3), and
we check that the relation (1) is verified.

Figure 2. Solution of order 2 to the equation (1); to the left a; = 0, by = 0; in
the center a1 = 1, by =; to the right a; = 10, by = 0.

Figure 3. Solution of order 2 to the equation (1); to the left a; =0, b1 = 1; in
the center a; = 0, by = 4; to the right a; =0, b = 10.

When one or both parameters increase, three peaks appear. When only one of
the parameters increases, the three peaks appear but with different orientations.

4 Quasi rational solutions of order 3 of the NLS7
equation

The solution of order 3, depending on 4 real parameters being too long, we
only present in the appendix. Here we give the solution of order 3 without



parameters.

Theorem 4.1 The function v(x,t) defined by

vz, t) = (4)

with
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and
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is a solution to the (NLS) equation (1).

Proof: It is sufficient to check that the relation (1) is verified when we replace
the expression of the solution given by (5).

In the following, we give the patterns of the modules of the solutions according
to different values of the parameters.



Figure 4. Solution of order 3 to (1); to the left a3 =0, b1 =0, az =0, bs = 0;
in the center a; =1, by = 0, az = 0, ba = 0; to the right a; = 10, by = 0,
a9 = 0, b2 =0.

Figure 5. Solution of order 3 to (1); to the left a3 =0, b1 = 0,1, a2 =0,
by = 05 in the center a; =0, by =5, az = 0, by = 0; to the right a; =0, by =5,
a9 = 0, b2 =0.




Figure 6. Solution of order 3 to (1); to the left a; =0, b =0, az =0, 5,
by = 0; in the center a; =0, by =0, ag = 1, by = 0; to the right a1 =0, by =5,
ag = 2, bg =0.

Figure 7. Solution of order 3 to (1); to the left a; =0, b3 =0, ay =0,
bs = 0,5; in the center a1 =0, by =0, as = 0, bs = 2; to the right a; =0,
b1 :5, (12:0, b2:3

We remark the similarity with these solutions and those relative to other equa-
tions belonging to this NLS hierarchy. For example, we recover the same types
of patterns like in the NLS equation [23], the mKdV equation [24], or the Lak-
shmanan Porsezian Daniel equation [25]. We get the structure of triangles with
peaks which appear in function of the different values of the parameters.

5 Conclusion

Quasi-rational solutions to the (NLST) equation have been constructed for the
first orders. These N-order solutions appear as the quotient of a polynomial
of degree N(N + 1) in = and ¢ for the numerator by a polynomial of degree
N(N +1) in « and ¢ for the denominator.

The solutions of order 2 depend on two real parameters, and the structure of
triangles with three peaks is observed for their modules.

The solutions of order 3 depend on four real parameters. In the plane (z,t) of
the coordinates, the representation of the modules of the solutions reveals the
formation of triangles containing 6 peaks.

It will be relevant to study other solutions of this equations and study the
patterns of their modulus.
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Appendix
Solution of order 3 to the (NLS5) equation depending on 4 real parameters :
The function v(zx,t) defined by

1 oaT )N i2a1-6a+701)
v(x,t) = (1 24—d(a:,t)) e (5)
with

n(z,t) = (675+69363302400 t2+88473600 by +(2 2—12 by +60 by) 0427000 (8 by —
80b2)2 491800 (16 az — 1120¢)? +2190 (4 a1 —24 az+560¢)6 +495 (4 a; — 24 as +
560t)% +11 (4a; — 24 as +560t)*0 — 720 (4a1 — 24 a2 +560t)7(16 az — 1120t) —
3600 (4 a3 — 24 ag + 560 t)3(48 az — 15904 t) — 720 (4 a; — 24 a + 560 ¢)°(272 ag —
25312¢) — 154828800 (16 ag — 1120 )t + (15422400 ¢ + 64800 (16 ag — 1120 )3 —



870 (4a; —24as +560t)7 +25 (4a; — 24 az +560t)° + (4 a; — 24 az + 560 ¢) —
151200 az — 5529600 (8 by —80 ba) (16 ag — 1120 )by — 77414400 (16 a— 1120 )%t —
90 (4a; — 24as + 5601)8(16ay — 1120t) — 120 (4ay — 24 as + 560¢)%(80 ag —
11872t) + 900 (4 a; — 24 az + 5601)*(464 ag — 23520t) + (—450 (4ay — 24 ag +
5601)3 —210 (4a; —24 a+560t)°+10 (4a; —24 a2 +560t)7"+300 (4 a; —24 az +
560¢)*(16 az—1120t)+450 (4 a1—24 a+560t)(—3+12 (8 b1 —80 b2)* —4 (16 ax—
1120¢)?) — 14400 az+ 2620800 ¢+ 1800 (4 a3 — 24 a2 +560t)%(16 ax —2016 ¢))(2 2 —
12b; + 60 bo)* + (—480 (4 a1 — 24 as +560t)°(8 by — 80 bg) + 14400 (4 a; — 24 as +
560t)2(8by — 80b2)(16 az — 1120¢) + 7200 (4 a1 — 24 az + 560¢)(8by — 48 by) —
2400 (4 ay — 24 ag +5601)3(16 by — 128 by) — 14400 (8 by — 80 b2) (16 ag — 1120¢) —
460800 (16 az—1120¢)b2+12902400 (8 b;—80 b2)t)(2 2—12 by +60 b2)>—21600 (8 b1—
80b2)2(16 az — 1120t) + (1710 (4 a1 — 24 ax +560¢)° — 60 (4 a1 — 24 a2 + 560 )7 +
5(4a1—24a2+560¢)?—900 (4 a1 —24 az+560¢)%(7+4 (8 b1 —80 b2)* —12 (16 ao—
1120¢)2) 4675 (4 a1 — 24 az +560¢)(7+ 16 (8 by — 80 b2)? 416 (16 as — 1120¢)2) —
345600 ag + 38707200t — 21600 (8 by — 80b9)?(16 az — 1120t) — 21600 (16 ay —
1120¢)3 + 9676800 (4 a1 — 24 as + 560¢)%t — 1800 (4 ay — 24 az + 560t)*(64 az —
17921))(22—12 b;+60 bo)?+(—240 (4 a1—24 az+560¢)7(8 by —80 by ) —7200 (4 a;—
24 as + 560 t)*(8 by — 80 ba)(16 az — 1120¢) + 10800 (4 a1 — 24 ag + 560¢)(24 by —
400 bQ + 4 (8 b1 —80 b2)3 + 4 (8 b1 —80 b2)(16 as — 1120 t)z) + 3600 (4 ay — 24 as +
5601)3(24 by — 176 ba) + 720 (4 a; — 24 as + 560t)°(56 by — 400 ba) + 21600 (8 by —
80 ba)(16 ag — 1120¢) + 1382400 (16 az — 1120¢)by — 38707200 (8 by — 80 by )t —
43200 (4 a3 — 24 az +560)%((8 by — 80 ba) (16 ag — 1120t) + 32 (16 az — 1120 )by —
896 (8 b1 —80b2)t)) (22 —12b1+60b2) +90 (4 a1 —24 az+5601)°(—107+28 (8 by —
80b2)? + 12 (16 az — 1120t)?) + 5400 (4 a1 — 24 az + 5601)3(176 az — 22176t +
4 (8b1—80b2)%(16 az—1120t)+4 (16 ag—11201)3)—225 (4 a1 —24 aa+560 )3 (11+
80 (81 — 80bg)? + 80 (16 az — 1120¢)2 + 4096 (8 by — 80 b2)ba + 114688 (16 as —
1120 ¢)t) — 675 (4 a1 — 24 a2+ 560 ¢)(—7+56 (8 by — 80 ba)? +88 (16 az — 1120 ¢)% —
4096 (8 b1 — 80 bg)by — 131072 by — 102760448 t2) + 77414400 (8 by — 80 by)?t +
(4a1 —24a34+5601)(22 —12b1 460 bo)** + (—60 a1 + 840 as — 42000t +5 (4 as —
24 a4+ 5601)3)(2 2 — 12by + 60 b2)® + (—600 a3 — 240 az + 722400t — 140 (4 a; —
24az +560t)% + 10 (4a; — 24 az + 560t)° + 240 (4ay — 24 a2 + 560t)*(16 ag —
1120))(22—12 by +60 bo)5+(—240 (4 a1 —24 ag+560t)3(8 by —80 by) —1440 (8 by —
80b2)(16 az — 1120¢) + 720 (4ay — 24 az + 560t)(8b1 — 176 b2))(2x — 1251 +
60b2)5) + 15 (1 + (4a; — 24 az +560t)?)(22 — 12 b1 + 60 b)® + (210 — 60 (4 a3 —
24 ay 4 560t)% + 50 (4ay — 24az + 5601)* + 480 (4 a1 — 24 as + 560¢)(16 ag —
1120¢))(22—12b1+60 b2)8 + (=720 (4 a1 —24 az+560 ) (8 by —80 by) — 5760 by —
11520 b9)(2 2 — 12by + 60 b2)° + (450 (4 a1 — 24 az + 560t)% — 150 (4ay — 24 ag +
560t)* + 70 (4 a1 — 24 az + 560 )¢ + 1200 (4 a; — 24 as + 560¢)3(16 az — 1120 ¢) —
45045400 (8 b1—80 b2)%2—1800 (16 a2—1120¢)2+3600 (4 a1 —24 as+560t) (16 az—
2016¢))(2x — 12by + 60b2)* + (2400 (4a; — 24az + 5601)*(8b; — 80b2) +
28800 (4 a3 — 24 az + 5601)(8 by — 80 be) (16 az — 1120t) 4 57600 by — 806400 by —
7200 (4 ay — 24 ag + 560)2(16 by — 128 b)) (22 — 12b1 + 60b)3 + (6750 (4a; —
24 a3+560 )1 +420 (4 a1 —24 as+560¢)5 445 (4 a1 —24 as+560 )8 — 2700 (4 a1 —
24 as +5601)2(5 + 4 (8b; — 80bg)? — 12 (16 az — 1120¢)2) — 675 — 10800 (8 by —
80 b)? — 10800 (16 ag — 1120t)% + 21600 (4 a3 — 24 az + 560t)(32az — 3136¢) —
7200 (4 a; — 24 az 4+ 5601)3(32 ag +4481)) (22 — 12by +60bs)? + (—1680 (4 ay —
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24 as + 560)%(8by — 80 by) — 28800 (4 ay — 24 ag + 5601)3(8 by — 80b)(16 ag —
1120¢) — 10800 (4 a1 — 24 as + 5601)%(8 by — 272 by) + 86400 by — 1209600 by +
43200 (8 by — 80 ba) 4 43200 (8 by — 80 bo) (16 az — 1120¢)% + 3600 (4 a; — 24 as +
5601)*(8 by + 80 b2) — 86400 (4 ay — 24 az +5601)((8 by —80b2)(16 az — 1120¢) +
32 (16 ag— 1120 )by — 896 (8 by —80 b2 )t)) (22 — 12 by +60 bo) +450 (4 a; —24 ag +
5601)*(—17 + 28 (8 b1 — 80b2)? + 12 (16 az — 1120¢)?) + 10800 (4 a1 — 24 as +
560t)(—16 ag + 2016 ¢ + 4 (8by — 80 b2)?(16 az — 1120¢) + 4 (16 ag — 1120¢)3) +
675 (4 a1—24 az+5601)%(—3+16 (8b1—80 b2)%+16 (16 az— 1120 )% —4096 (8 by —
80 by)by — 114688 (16 ag — 1120¢)t) — 2764800 (8 by — 80 ba)bs)

and

d(z,t) = 2024 + 416179814400 % + 530841600 by> + 356400 (8 b1 — 80 bs)? +
518400 (8 by — 80 ba)* + 874800 (16 ag — 1120¢)% + 3720 (4 a; — 24 ag + 5601)8 +
120 (4 a1 —24 as+5601)'0 +518400 (16 az — 1120 ) + (14 (22— 12 b1 +60 by)? +
(4a1—24a2+5601)2)%+ (=360 (4 a; — 24 az+5601)3(8 by —80 bg) — 17280 (4 a3 —
24 ay + 560t)°(8b; — 80b2)(16 az — 1120t) — 1440 (4 ay — 24 az + 5601)%(8 by —
240bs) + 32400 (4a; — 24as + 560)4(8by + 112by) + 64800 (4ay — 24 as +
5601)2(—40by + 752by + 4 (8b1 — 80b2)® + 4 (8b; — 80b2)(16az — 11201)?) —
777600 (4 a1 — 24 az +5601)((8 by — 80 be)(16 ag — 1120 ¢) +64 (16 az — 1120 )by —
1792 (8 b1 —80 b2 )t) — 172800 (4 a3 —24 az+560t)3(3 (8 by —80 ba) (16 a — 1120 )+
32 (16 ag— 1120 )by — 896 (8 by — 80 ba)t) — 648000 by + 8553600 bz 4259200 (8 by —
80 by)? 4 1296000 (8 by — 80bg)(16 az — 1120¢)% — 33177600 (8 by — 80 ba)%by +
33177600 (16 az — 1120¢)2by — 1857945600 (8 by — 80 b2)(16 az — 1120¢)t)(2x —
12b; + 60b) + 80 (4a; — 24 az + 5601)5(191 + 63 (8by — 80b2)? + 27 (16 az —
1120¢)2)+21600 (4 a1 —24 a2 +560 t)3(—368 a2+23072 t+4 (8 b1 —80 b2)? (16 ag —
1120 %) 44 (16 a2—1120¢)3) 4120 (8 b1 —80 ba) (2 2 — 12 by +60 ba)° +46080 by (2 2 —
12b1 4+ 60b2)7 — 1161216000 (16 ag — 1120 )t + 240 (4 ay — 24 ag + 560 ¢)*(599 +
135 (8 by — 80 bg)? —225 (16 ag — 1120 )2 — 11520 (8 by — 80 b)) by — 322560 (16 az —
1120 ¢)t) — 16200 (4 a; — 24 az + 560 t) (496 az — 52640t +80 (8 by — 80 ba)%(16 ag —
1120¢) +16 (16 a2 — 1120 )% 44096 (8 b1 — 80 b2) (16 az — 1120 )by — 57344 (8 by —
80 bo)2t+57344 (16 ag— 1120 )%t) +24 (4 a1 — 24 ao +5601) (3881 + 12150 (8 by —
80 b2)2 428350 (16 az—11201)2+691200 (8 by —80 by) by 422118400 by?+17340825600 )+
(=120 (4 a;—24 a2 +5601)2+360 (4 a1 —24 as+5601)(16 az—1120¢) +120) (2 x —
12 b1 +60 b)8+ (480 (4 a1 —24 az+560t)% —240 (4 a1 —24 as+560 1)1 +960 (4 a1 —
24 a3+5601)3(16 az—1120¢)+2320-+2160 (8 b1 —80 b2 )% +5040 (16 ag—1120¢)2—
1440 (4 ay — 24 az + 560t)(64 ag — 89601))(2x — 12b1 + 60b2) + (=720 (4a;y —
24 ay + 5601)*(8by — 80by) — 17280 (4ay — 24 ag + 5601)(8by — 80 ba)(16 ag —
1120¢) 4 4320 (4 ay — 24 az + 560 1)%(8 by — 176 by) — 51840 by + 103680 b2) (2 = —
121 +60bo)® + (—1440 (4 a1 — 24 a2+ 560 t)* + 720 (4 a1 — 24 az + 560 ¢)5(16 ag —
1120¢) +240 (4 a1 —24 a2+ 560 t)%(56 +135 (8 by —80 b2)? — 45 (16 ag— 1120 £)%) +
32400 (4 a1 — 24 ag + 5601)(16 az — 2912t) + 7200 (4 a; — 24 az + 560t)3(48 ag —
4256 ) + 3360 + 32400 (8 by — 80 b2)? — 54000 (16 az — 1120¢)2 + 2764800 (8 by —
80 b2 )ba + 77414400 (16 ag — 1120 t)t) (22 — 12 by 4 60 ba)* 4 (—960 (4 a3 — 24 az +
560¢)%(8by — 80 b2) + 57600 (4 ay — 24 az 4+ 560¢)3(8 by — 80 ba)(16 az — 1120¢) —
43200 (4 a1 — 24 ag + 560 1)%(24 by — 272 by) — 7200 (4 a1 — 24 az + 560 1)* (48 by —
448 by)+345600 by — 5529600 by — 86400 (8 by —80 bz ) —86400 (8 by —80 b)) (16 ag—
1120¢)% + 172800 (4 a1 — 24 a2 4+ 5601)((8 by — 80 ba) (16 ag — 1120¢) — 32 (16 ag —
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1120 )by + 896 (8by — 80b2)t))(22 — 12by + 60b2) + (13440 (4ay — 24as +
560 ¢)0 + 240 (4 ag — 24 az + 560 )® — 240 (4 ay — 24 as + 560 )4 (—326 + 45 (8 by —
80b)% — 135 (16 az — 11201)?) + 480 (4ay — 24as + 560)2(—76 + 135 (8by —
80 bg)? + 1215 (16 az — 1120 ¢)2) — 120600 (4 a1 — 24 as + 560 )3 (32 ap — 1344 ¢) —
12960 (4 ay — 24 as + 560 £)%(32 az — 1344 £) — 64800 (4 ay — 24 as + 560 £)(—96 as +
11200 t+4 (8 by —80 b2)2 (16 az— 1120 £)+4 (16 a—1120£))+12144—97200 (8 by —
80 bs)2 + 32400 (16 az — 1120 ¢)% + 530841600 by? — 464486400 (16 ap — 1120 )t +
416179814400 £2) (2 — 12b; + 60bs)? — 2160 (4ay — 24as + 560)5(240 az —
47264 1)—1440 (4 a1—24 az+560 )7 (80 a2 —6496 £)—120 (4 a1—24 az+560£)? (16 a—
1120 %) + 1036800 (8 by — 80b2)2(16 az — 1120 )% — 24883200 (8 by — 80 bo)bs

is a solution to the (NLS5) equation (1).
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