SOME OPERATIONS AND THEIR CLOSURE PROPERTIES ON MULTISET TOPOLOGICAL SPACES

Abstract: In this paper, we introduced some operations on multiset topological spaces to
include union, intersection, arithmetic multiplication, Scalar multiplication and Raising to
Arithmetic Power. Studies revealed that these operations are closed on the various classes of
multiset topological spaces defined.
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Introduction

The notion of multiset (mset, for short) is well established both in. mathematics and in computer
science. In mathematics, a mset is considered to be the generalization:of a set. In classical set
theory, a set is a well-defined collection of distinct objects, if repeated occurrences of any object
are allowed in a set, then a mathematical structure, that is known as mset is obtained.For the
various applications of msets the reader is referred to article [11]. It is observed from the survey
of available literature on msets and applications-that the idea of mset was hinted by R. Dedikind
in 1888. The msettheory which generalizes set theory as a special case was introduced by Cerf et
al.[2]. The term mset, as noted by Knuth [12] was first suggested by N.G de Bruijn in a private
communication to him. Further study was carried out by Yager [9], Blizard [3]. Other
researchers ([13], [14],[15]) gave a new dimension to the multiset theory.

Research on the mset theory has been gaining grounds. The research carried out so far shows a
strong analogy in the behaviour of sets and msets. It is possible to extend some of the main
notion and result of sets to the setting of msets. The concept of mset topological space (M-
topological space; for short) and the concept of open mset were introduced by Gerish and John
[4]-More precisely, an M-topology is defined as a set of mset points. Furthermore, the notion of
basis, sub basis, closed sets, closure and interior in topological spaces were extended to M-
topological spaces and many related theorems also proved.

Mahanta and Das,[16] studied the Semi Compactness in mset Topological space, by considering
their properties. They introduce the concepts of semi open and semi closed msets in M-
topological spaces. With this generalization of the notions of open and closed sets in M-

topological space, they generalize the concept of compactness in M-topological space as semi



compactness. Furthermore, semi compactness is generalized as semi whole compactness, semi
partial whole compactness and semi full compactness. They also studied some of the
characterizations of these compact spaces in the setting of mset theory. Furthermore, Mahanta,
[17] introduced the concepts of exterior and boundary in mset topological space. They further
established few relationships between the concepts of boundary, closure, exterior and interior of
an M- set. These concepts have been pigeonholed by other existing notions viz., open sets,
closed sets, and limit points. The necessary and sufficient condition for an mset to have an empty
exterior is also presented and justified.

Sobhy. A. EI-Sheikh et al [7] extended the notion of Hausdorff topological space as T2 space, as
part of the separation axioms where the set upon which the topology is built is.a mset

and introduced, studied the notion of msetbitopological spaces (M-bitopological space, for
short). They further presented the notion of ij-pre-open msets, ij-a-openmsets, ij-semi-open

msets, and ij--open msets.

In this paper,weextended the concept of M-bitopological space to Hausdorff M-bitopological
space and introduced operations on the various classes ‘M-topological spaces to include
submultispaces (submspace), union, intersection,arithmetic multiplication, scalar multiplication
and raising to arithmetic power and established that these operations are closed on the various
classes. Consequently, we presented some basic definitions and notations in section 2.1n section

3, our results are presented  and the summary of our findings are given in section 4.

2.0 Basic Definitions and Notations

Definition 2:1[1](mset): A msetA drawn from the set X is represented by a count function m, or
C, defined as. Cy: X = N, where N is the set of non-negative integers.

Here C,(x) is the number of occurrences of the element x in the mset A. The number C4(x) is
assumed unique and finite from known areas of applications.We present the mset4 drawn from
the setX ={x{, x,, X3, ..., xyas4 = {my/x; ,my /x5, ,M3/%5, ... .My, /x,} Where m; = C,(x;)i =
1,2,3,...,n in the mset A. However, those elements which are not included in the mset A have
zero count.i.eC,(x)=0=x ¢ A andC,(x) >0<= x € A.A msetM is called simple or
singleton if and only if for any x,y € M, we have x = y. For exampleM = [k/x] where k > 0.

The msetM over the set X is said to be empty iff C;,(x) = 0V x € X. We denote the empty mset by @ and
Cp(x) =0,Vx EX.



Definition 2.2:Let A be a mset drawn from the set X. The root(support ) set of A denoted A* is
defined: A* = {x € X:C,(x) > 0}. Note that x € A* < x € Aforall x.
Definition 2.3[1](Cardinality of an mset): The cardinality of an msetA denoted |Al|is the sum of
the multiplicities of all the elements in Ai.e|A| = X cx C4(x)
Definition 2.4[1](Finite mset):AmsetA is said to be finite if and only ifA* is finite.
Note that A4 is finite if and only if |A] < o
Definition 2.5[1]: A domain X, is defined as a set of elements from which msets are drawn. We
denote themset space M(X) as the set of all finite msets whose elements are inX. i.e
If X = {x1,%5, ..., x,}, then(X) = {{m,/x; ,my/x, M3/ %3, ... M/ X0 }}
x; €X,i=123,..,n. Notethat M* € M(X) for which Cp+(x) =non=2(3])
Definition 2.6[1] (mset relations and operations):
Let M,N € M(X). Then

i. (equality) M = NiffCy,(x) = Cy(x)vx € X.

ii. (submset) M « NiffC,(x) < Cy(x)Vx € X.Note that® =« N YN € M(X)
iii (mset union) P = M W N iffCp (x) = Max{C,,(x),Cy(x)}vx € X.
iv (mset intersection)P = M A N iff Cp(x) = Min{Cy(x),Cy(x)}Vx € X
v (mset addition)P = M@®N iffCr(x) = C);(x) + Cy(x)Vx € X
Vi (mset Difference) P = M &N iffCp(x) = Max{C,,(x) — Cy(x),0}l Vx € X.
viii  (mset arithmetic multiplication)P = MONIffCp(x) = Cp(x). Cy(x)Vx € X.
IX (msetraisig to arithmetic power)

P = MM™iffCo(x) = Cyn(x) = (Cu(x))".
X (mset scalar multiplication) P = kM fork € {1,2, ... }iff Cp(x) = kCy;(x)
all x € X,

Note that the operations W,and n ara commutative, associative and distributive over each
other(see([1],[18]). It is also clear from the definitions that for any A, B € M(X), we have
(AuB)" =A"wY B™and (A N B)" = A™ @ B"™ where n € N, the set of nonnegative integers.

Definition 2.7[2] (power mset):
Let M € M(X) be an mset. The power mset P(M) of M is the mset of all submsets of M.



For example given that M = [x, x, y], we
have P(M) = [@,{x}, {x},{y}, [x, x], {x, y}, {x, ¥}, [x, x, ]
The power set of an mset is the support set of the power mset and is denoted by P*(M).
Clearly, we have P*(M) = [@,{x}, {y}, [x, x],{x, y}, [x, x, ]| and P*(M) = P(M*).
Definition 2.8[2] (M-topological space): Let M € M(X) andt < P*(M). Then 7 is called an
mset topology on M if 7 satisfies the following properties:

1. The msetM and the empty mset ¢ are in 7.

2. The mset union of the elements of any members of 7 is in .

3. The mset intersection of the elements of any finite subcollection of 7 is.in 7.

The ordered pair (M, 7) is called M-topological space. Each element in 7 is called open mset.
For example, let X be a non empty setand @ # M € M (X). Then (M, 7) is an

M-topological space where T = P*(M). We denote the class of M-topological spaces by MTOP
Definition 2.9[4] (Submulti space of an M-topology space): Let (M, 1) be an

M-topological space such that M € M (X) and N = M. Then the ordered pair (N, 7,) such that
Ty ={U e MX):U =NnV,V € t}is called submspace of the M- topological space (M, 7).
Definition 2.10[7] (Hausdorff M-topological Space): Let (M, t) be an M-topological space
where M € M(X). If for every two simple msets{k, /x;}, {k,/x,} € M such that x; # x,, then
there exist G, H € tsuch that {k,/x;}« G,{k,/x,} €« Hand G " H = ¢. Then (M, 1) is said to
be a Hausdorff M- topological space.We denote the class of Hausdorff M-topological spaces by
HMTOP

Definition 2.11[6] (M-Bitopological Space): An M-bitopological space is a triple (M, 1, 1,)
where M € M(X) and 7,,7, are arbitrary M-topologies on M. We denote the class of M-
bitopological spaces by MBTOP

Definition 2,12: Let (M, 7,,7,) be M-Bitopological Space where M € MM(X) and N € M. Then
(N, tyyi7,n) Where 7,y ={A|A=UnNN,U € t,}andt,y ={B|B=V AN,V € 1,} is called a

submspace of theM-Bitopological Space.

3.0  Some Results
Proposition 3.1: Let (M,7) € MTOP and N,M € IM(X)such that N € M. Then the submspace
(N,7y) € MTOP.



Proof:

Let (M,7) € MTOP and N,M € M(X)suchthat N € M
Then we show that (N, y) € MTOP.
Since by definition, we have ty ={U:U=NnV,V € 1}

But ¢ = N n ¢ (since ¢ is an open set in (M, 7)) then ¢ is also open in (N, ).
Also, N = N A M and M is open in (M, ), then N is also open in (N, ty). Thus ¢;N € ty.
Let {A,}qer be a collection of open sets in 7y, for each a € I there exist open set 8, € = such that

A, = N0 B,. This implies Wae; Ay =Wae; (N A By) = N A (Wge; (By))E Ty

(since Wyer (By) € T). Therefore, the arbitrary union U ¢4, IS openin ty.

Furthermore, supposed 44, ..., A, are open msets in 7. Then there exist 5, ..., B € T such that
A; =N B;. Thisimples N, A; =A% (NN B) =N A (A, B;).€ Ty(since N, B; € T)
Therefore, A, A; is open in . Hence, (N, ty) is M-topological space.

In particular, (N, ty) € MTOP

Definition3.2(Union):Let(M, t,), (N, t,) € MTOP where M, N € IM(X).
The union of these M-topological spaces denoted (M, t):L1 (N, T,) is given by:

M, 1) u(N,7,)=(MYN, 7, Ut,) wheret; U 1, ={U W V|U € 7,,V € 1,}
Definition3.3(Intersection):Let(M, 7y), (N, 7,) € MTOP where M, N € M(X).
The intersection of these M-topological spaces denoted (M, t) 1 (N, ;) is given by:
WM,r)n(N,7,) =M AN, 7, m1,)wWheret, M7, ={UNV|U € 1,,V € 1,}

Definition3.4( arithmetic multiplication): Let(M, ,), (N, 7,) € MTOP where M,N € M(X).
The arithmetic multiplication of these M-topological spaces denoted (M,7)®(N, ;) is given
by:(M, tT)O(N,7,) = (M O N,7,01,) where 7,01, ={U Q V|U € 7,V € 1,}

Definition3.5( msetmultiplication) :Let (M, 1) € MTOP where M,N € M(X).
The mset multiplicationN © (M, t) is definedby NO (M,7) = (N O M,N © 1)
where NO1t={N Q U|U € 1}

Definition 3.6:Let(M, 1) € MTOP where M € I(X).The scalar multiplication

k(M,7) is defined by k(M, 1) = (kM, kt) where kt = {kU|U € 7} andk € {1,2, ... }.

Definition 3.7:Let(M, 1) € MTOP where M € IM(X). Raising (M, t) to arithmetic

power n denoted (M, )" is defined by (M, 7)™ = (M™,t")
where t* ={U™U e t},ne{1,2,..}.



Proposition 3.8:LetM, N € IM(X). Then
i. WM, t)A(N,7,) E MTOP = (M,1,) U(N,17,) €E MTOP
i. WM, t))A(N,1,) E MTOP = (M, 1) N (N,17,) €E MTOP
iii. M,t) e MTOP = N (O (M,1t) € MTOP
iv. (M,7)eMTOP= (M,t)"* € MTOP
v. M,7)eMTOP = k(M,t) € MTOP
Proof:

i. NowWM,7y)u(N,7,)=(MUUN,7, Ut,)wheret, U1, ={UWV|U €T,V ET,}
NotethatUe MAVEN=UWV c&MUN.
Sincep,M € t;and ®,N € 7,,wehave U @ = @, MUN €7, Uz, (1)

Let {U, ¥ VB}MEI be a collection of open sets int; W 7,, for each a, 8 € I

Noww {U, WV} = (W U,) W (W Vp).
Since W U, € 71 and U V € T, (by hypothesis)
We have (1 U,) W (W V) € 7, U 7, (by definition)
In particular, ¥ {U, U Vz} € 7, U1, (2)
Let{U; wV,, U, WV, ..., U, WV, }be any finite collections in 7; U 7,
We have AL, (U; W V;) = (AL, U)W (AL 1)).
Since N}L, U; € t, and NiL, V; € t5(by hypothesis), then we have
AL, (Uu V) = (L U)u (@, ) ET U, (3)
It’s clear that (M, 7,).LU (N, 7,) € MTOP (from 1-3)
ii. NowWM,t)n(N,7,)=(MnAN, 7, mt,)wheret, M7, ={UAV|U €1,,V €1,}
NotethatU c MAVEeN=UNVcEcMnAN
Since ®,M € t; and ®,N € 7,,wehave PN @ =@, M AN €1, M1, (4)

Let {Ua o) Vﬁ}a,ﬁgl be a collection of open msets int; @ t,, foreach a,f € 1

Now n {U, AV} = (A U,) A (A V).

Since A U, € 7, and A Vg € 7, (by hypothesis),We have (A U,) A (A V) € 7, M T,
(by definition). In particular, A {U, A Vz} € 7y M7, (5)

Let {U, nV,,U, AV, ..., U, A V,}be any finite collections in 7; m 7,



We have W, (U; A V) = (WL, U;) A (W=, V).

Since Wi, U; € t; and WL, V; € t,(by hypothesis), then we have
Wie, (U; A V) = (WL, Uy A (W2, V) € 1 A 75 (6)

It’s clear that (M, ;) 1 (N,7,) € MTOP (from 4-6)

iii. NowNQO WM, 1) =(NOM,NQOr1)where NO1={N O U|U € t}(by definition)
Notethat US M = NQU S N O M.
Sinced,M er,wehave NOP=Q0eNOrtandNOMeN O z.(7)
Let {A,}ees be a collection of open sets in N O t, for each « € I there exist open set
Bo € TSuchthat A, = N © B,. This implies:
Woer Ag = Yaer (N O By) = N O (Uper (By)) €N O T(8)
(since Wue; (B,) € T by hypothesis)
Therefore, the arbitrary union U ,¢;4, IS open inN O 7.
Furthermore,Supposed4,, ..., A,, are open msets in.N © t.
Then there exist g4, ..., 5, € Tsuchthat A; = N © ;. This imples
AL, A =A% (N O B) =N O (AEy Bi) EN O z(since AL, B; € T) by hypothesis)
Therefore, n?.; A, EN O 1 (9)
Hence,N © (M, 1) € MTOP (from (7-9)
iv. ~ Now (M,7)" =M™ t") where t" = {U™|U € 1}, n € {0,1,2, ... }(by definition)
Thus, for n = 0, we have.(M,7)° € MTOP([10]).
NotethatU ¢ M = U™ @ M™
For n > Owe have ¢ = ¢" , M™ € t" (Since ¢, M € 7 (by hypothesis)) (10)
Let {UZ }aer be @ collection of msets in .
Now WU = (WU,)™([9]). But WU, € t(by hypothesis)
Thus (WU,)™ € t™.In particular, JUZ € t™ (11)
supposed {Uf*, U ..., U*} be a finitecollection of msets int™ such that U; € 7
Now A7.; Ul = (A]-; U™ ([9]). But n]-, U; € 7 (by hypothesis).
Thus, (A]., U)™ € ™
In particular, A, U € ™ (12)
Hence, (M, 7)™ € MTOP (from (10-12) above)
v. NotethatU ¢ M = kU € kM



Now k(M, 1) = (kM, kt) where kt = {kU|U € t}(by definition)
Since (M,t) € MTOP then ¢, M € tand k¢ = ¢, kM € k1 (by hypothesis) (13)
Let {kA,}qes be a collection of msetsfor each a € I and A, € T
NowlkA, = kWA,.
But WA, € t(by hypothesis)
Thus, kWA, € kt
In particular, WkA, € kt(14)
Let {kA,, kA,, ..., kA,} be a finitecollection of msets inkt such that 4; €.
Now ML, kA; = k(A% A;)
But A%, A; € t(by hypothesis)
Thus, k(P A;) € kt
Thus,A™ , k4; € kt (15)
In particular, k(M, 1) € MTOP(fron (13-15) above)
Proposition 3.9: Let (M,7) € HMTOP and NyM € M(X)such that N € M. Then the
submspace (N, 7y) € HMTOP
Proof:
Clearly, (N,ty) € MTOP (by proposition 3.1)
Let {k,/x} and {k,/y} be two simple msets such that {k,/x},{k,/y} € Nand x # y
Thus, {k,/x},{k,/y} € M(since N € M)
We have U,V € 7 such that
{ki/x} € U, {ky/y} € Vand UnV = ¢ (by hypothesis and definition)
Thus, we have 4,B € ty suchtht A=NAnUandB=NnAV
ButAAB=(NAU)ANAV)=NAUAV)=NAQ=0
Since {k,/x},{k,/v} € N and {k,/x} € U, {k,/y} = V, we have {k,;/x} € NAU = A and
{k,/yYe NAV =Bsuchthat AnB =@
So that (N, ty) € HMTOP

Proposition 3.10: Let (M, 1) € HMTOP where M € IM(X). Then
(M, 7)" € HMTOP



k(M,t) € HMTOP
Proof:
Given that (M, 1) € HXMTOP. It’s clear that (M, 1) € MTOP (by definition)
Thus, (M, 7)™ = (M™,t") € MTOP (by proposition 3.8)
Let {k]'/x} and {k%/y} be two simple msets such that {k7/x} {k}/y} = M™ and x #y
where ky,k, > 0and {k,/x},{k,/y} = M.
Thus we have U,V € t such that {k,/x} < U,
{k,/y} € Vand U nV = @ (by hypothesis and definition) (16)
But {k,/x} €« U = {k]/x} = U™, 17)
{k2/y} eV = {k%/y} = V™(18) and
uravt=UnV)t=o" = o([9])(19)
Since U,V € 7, we have U™, V™ € t™(by definition)
In particular (M™,t") € HMTOP (from(16-19)
Given that (M,7) € HMTOP. It’s clear that (M, 7) € MTOP. (by definition)
Thus, k(M, ) = (kM, kt) € MTOP (by proposition 3.8)
Let {kk,/x}and {{kk,/y}} be two simple msets such that  {kk,/x}, {kk,/y} € kM and
x # y where {k,/x},{k,/y} € M.
Thus we have U,V € 7 such that {k,/x} < U,
{k,/y} € V and U n V.= @.(by hypothesis and definition) (20)
But {k,/x} € U - {kk,/x} < kU, (21)
{k,/y} € V > {kk,/y} € kV (22)
kUnkV =k(UnV)=ko=0(9]) (23)
Since U,V &€.t, we have kU, kV € kt(by definition)
In particular. (kM, k) is Hausdorff (from 20-23)
Thus, k(M,7) € HMTOP
Proposition 3.11: Let (M, 74, 7,) € MBTOP where M,N € MM (X) suchthat N € M. Then
(N, 7.y, T2n) € MBTOP.
Proof:
Since tyy ={AlIA=UNAN,U € 1.}, 7,y ={B|B =V A N,V € 1,} (by definition)
It’s clear that (N, t,y), (N, T,y) € MTOP (Proposition 3.1)
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In particular, (N, T,y, T,n) € MBTOP (by definition)
Definition 3.12: Let (M, 71, 7,), (My,T11,T12), (M3, T21, T22) € MBTOP
where My, My, M,N € IM(X). We define union(L1), intersection(r), mset multiplication and

raising to arithmetic power as follows respectively:

My, 711, 7T12) U (M3, Ty, Tpp) = ((uf=1 M)ty U Tzi,) ,i = 1,2where

T U 15 = {Uy; WVo|Uy; € 743,V € 134}

(My,711,7T12) T (M5, Ty, Tpp) = ((mf=1 M;), Ty M Tzi,) ,I = 1,2where

Ty M Ty = {Uy A Vy|Uy; € T4, Vi € 123},

NOWM,1,7,) =(NOM,NQO1,NO1,)where NO 1, ={N QU|U € 1,} and

NQOQ1,={NQOQVI|V € 1,}.

(M, 1y, 7)™ = (M™, 7], 77) where ' = {U"|U € 1,} and ©& ={V"|V.€ 7,}

k(M,t,,7,) = (kM, kT, kt,) where kt, = {kU|U € ,} and kz, ={kV|V € 1,}

Proposition 3.13: Let (M, 7,,7,), (M1, T11, T12)i M3, T21,T2,) EMBTOP

where M;, M,, M,N € I(X). Then

i (My, 111, 712) U (Mg, Tpq,Typ) € MBTOP

il (My, 711, T12) N (Mg, Tyq,T53) € MBTOP

ii. NOW,t,,1,) €E MBTOP

iv. (M,1,,7,)" € MBTOP

v. kWM,t,,1,) EMBTOP

vi M,tynt,) € MTOP

Proof:
i (Myutyq,102) U (My, 751, T55) = ((uf=1 Mj),rli U 7y, ) ,i = 1,2where

10U Ty = {Uy; WV, Uy € 145, Vs € T4, (by definition)
Now ((uf=1 M)t U rzi,) € MTOP Vi (Proposition 3.8)
In particular, (M, 711, T12) U (M3, Toq, T55) € MBT OP(by definition)

. My, 111, T12) M (My, Tpq,Tpp) = ((mf=1 M)ty M Tzi,) ,i = 1,2where
Ty M Ty = {Uy; A Vy|Uy; € 143, Vo € T, 1(by definition)

Now ((mf=1 M), Ty M rzi,) € MTOP Vi (Proposition 3.8)



11

In particular, (M, 711, T12) 1 (M3, To1, T53) € MBT OP(by definition)
ii. NOW,t,7,)=(NOMNO1,NO1,)where NO 1, ={N QU|U € 1,}
and N © 7, = {N © V|V € 1,}(by definition)
Now (N O M,N ® 1), (NO M,N © 1,) € MTOP(Proposition 3.8)
In particular, (N © M,N © 174, N © 1,) € M'BTOP(by definition)
iv. (M, 7)" =M™ 1}, t}) where t = {U™|U € t,} and 5 = {V"|V € 15}
(by definition). Now, (M™, 1), (M™,1%) € MTOP(Proposition 3.8)
In particular, (M, t,, ;)" = (M™, 1}, 1}) € M'BTOP(by definition)
v. k(M,tq,1,) = (kM k1, k1,) where kT, = {kU|U € 1.} and k1, = {kV|V € 1,}
(by definition). Now (kM, kt,), (kM, kt,) € MTOP(Proposition 3.8)
In particular, k(M, 1, 7,) = (kM, k1, kt,) € MBTOP(by definition)

vi. Giventhat (M, 1,,7,) € M'BTOP, we show that (M;7; N1,) € MTOP
Since 7, and 7, are two topologies defined on M. Then ¢, M € 7, and ¢, M € 1,
(by definition). Thus, ¢, M € 7, N 7, (24)

Let {A,¢;1A4, € T, N 7,} be an arbitrary collection Then we show that
WAz ETyNT, NOWA, ETyNT, = A, €Ty and A, €T,

ButA, € 1, =W A, € T;aNdA, € T3 =W Ay € T,

(by hypothesis and definition). Thus,A, € T, N T, =W A, ET, N T, (25)
Let {A,,4,, ..., A,} be afinite collectionssuch that A; € t; N T,

Now A; ety Nt, = 4A; €1, and A; € 7,. But 4; € 7, =N}, A; € 7y and
A; € T, =N} A; € Ty (by hypothesis and definition)

In particular,4; € T, N 7, =AML, A; € T; N T,(26)

Thus (M, T, 0 75) € MTOP (from 24-26 above)

Definition 3.14:Let(M, 7., 7,) € MBTOP. Then (M, 1,,7,) is

a HausdorffM-bitopological space if and only if for any simple msets{k,/x},{k,/y} € M with
x # y, there exist U € t,; and V € 1, such that {k,/x} € U, {k,/y}cVand U NV = ¢,

Example 3.15:
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Let M = {3/a’4/b , 2/C,1/d} be an mset, 7; = {X, ¢.{3/a} {Z/b}’ {3/a’2/b}} and

T, = {X, o, {Z/a}, {2/0}’ {Z/a,z/c}} be two M-topologies. Then, (M, 74, 7,) is
Hausdorffmsetbitopological space. We denote the class of Hausdorffmsetbitopological space by
HMBTOP

Proposition 3.16: Let (M, 7, 7,) € HMBTOP and N € M(X)

suchthat N € M. Then (N, 71y, T2y) € HMBTOP

Proof:

Let (M, 7,,7,) € HMBTOP and (N, 7.y, T,y) be its submspace. The we show that
(N, 11y, Toy) is Hausdorff M-bitopological space. Clearly
(N, 1y, T2n) € MBTOP €(by definition and proposition 3.11).
Let {k,/x},{k,/y} € N suchthat x # y. Since N « M, then {k/x},{k,/y} € M.
Since (M, t,,7,) € HMBTOP(by hypothesis), we have A € t3.and B € 1, such that
{ki/x}c Alk,/y}cB andANB = ¢
ButAet, > NnA€tyandB €1, > NNAB E 1,y. Inparticular, {k,/x} «c N A A and
{k,/y}e NAaB.BU(NAnA)A(NAB)=NA(ANB)=NAQ=0
Hence, (N, T,y,T2y) € HMBTOP.
Proposition 3.17:Let (M, 74,7,) € HMBTOP. Then

i.  (M,1y,7,)" € KMBTOP forn €{1,2,...}

i. k(M 1,,1,) € KMBTOPforn € {1,2,..}
Proof:

Clearly, (M, 14, 7,) € HMBTOP = (M, 1,,7,) € MBTOP (by definition)
Thus, (M, t1,7,)* € MBTOP (Proposition 3.13)
We show that (M, 7,,7,)™ is Hausdorff
Now let {k7'/x},{k% /y} € M™ such that {k,/x}, {k,/y} € M and x = y
Thus, we have U € 7, and V € 7, such that {k;/x} =< U, {k,/y}cVandUnNV =0
(by hypothesis and definition)
But {k;/x}c U= 1{k}'/x}cU"and {k,/y}cV = {k}/y}c V"
NotethatU € 1y > U™ et and V € t, = V" € t}(by definition) .
Thus, U" A V™ = (U A V)" = Q" = gand(M, 7., 7,)" = (M™, 7], t})is Hausdorff.
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In particular, (M, t,,7,)" € HMBTOP.

Clearly, k(M,1,,7,) € HMBTOP = k(M,1,,7,) € MBTOP (by definition)
Thus, k(M,t,,7,) € MBTOP(Proposition 3.13)

We show that k(M,t,,t,) is Hausdorf.Since k(M, 7, 7,) = (kM, k1., kT,)where
kt, ={kU|U € 7.} andkt, = {kV|V € 1,},k € {1,2, ... } (by definition),

let {k k,/x},{k k,/y} € kM such that{k,/x},{k,/y} € M and x # y.

Thus, we have U € t; and V € 1, suchthat {k,/x} =« U, {k,/y}cVand U NV = @
(by hypothesis and definition).

But{k,/x}c U = {kk,/x}c kU and {k,/y} c V = {k k,/y} = kV.
Notethat U € 1y = kU € kt; and V € 1, = kV € kt,(by definition) .

kUnkV =k(UnV) =k = @andk(M,1,,1,) is a Hausdorff

In particular, k(M, t,,1,) € HMBTOP

4.0 conclusion :

In this article certain operations has been introduced and studied on the various classes of mset
topological spaces to include submspace, union, intersection, multiplication,raising to arithmetic
power andscalar multiplication. The study of these operations reveals that these operations are
closed on the class of M-topological spaces and M-bitopological spaces. However, only the
submspace, raising to arithmetic power and scalar multiplication operations are closed on the

classes of Hausdorff M-topoelogical space and Hausdorff M-bitopological spaces.
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