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Abstract
Some coincidence point and common fixed point theorems for φ-contraction in multidimensional
partially ordered neutrosophic metric spaces are established in this paper. The results are used
to frame the proper circumstances to guarantee the occurrence of the common fixed point and
multidimensional coincidence point results.
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1 Introduction
The concept of A -metric space was first developed in 2015 by Abbas, Ali and Suleiman [1]. Sun and
Yang [19] introduced the idea of generalized intuitionistic fuzzy metric spaces in 2010 and expanded
the definition of fuzzy metric space.Vishal Gupta and Kanwar [20] created the concept of V -fuzzy
metric space, improved the description of G -fuzzy metric space and generated the linked fixed point
result in a partially ordered V -fuzzy metric space during the generalization process.

As a generalization of the fuzzy metric space created by George and Veeramani [3], Park [8]
established the concept of intuitionistic fuzzy metric space with the help of continuous ζ-norm and
continuous ζ-conorm in 2004. In 2016 the introduction of generalised intuitionistic fuzzy metric spaces
and a discussion of their characteristics have given by Jeyaraman and Malligadevi [4]. Roldan and
Martinez-Moreno [12] established multidimensional coincidence results for compatible mappings in
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partially ordered fuzzy metric spaces in 2014.

Neutrosophy is an extension of the intuitionistic fuzzy set that FlorentinSmarandache [14, 15
& 16] presented in 1995. It asserts that there exists a continuum-power spectrum of neutralities
between an idea and its opponent. The research community was motivated by neutrosophy, which
adds neutralities to intuitionistic fuzzy sets and the topic is currently flourishing with a wide range of
studies, analyses, computing methods and applications. In generalized neutrosophic metric spaces,
we demonstrate a common fixed point theorem for φ-compatible systems. This paper presents several
common fixed points and multidimensional coincidence theorems for φ-compatible in partially ordered
neutrosophic metric spaces. The results are used to frame the proper requirements to ensure the
presence of the common fixed point and multidimensional coincidence point outcomes.

2 Preliminaries

Definition 2.1 (20). Consider a non-empty set X . A triple (X ,V , ∗) is known as a V - fuzzy metric
space (highlighted by V −FMS ), where ∗ is a continuous ζ-norm and fuzzy set V on Xn × (0,∞)
meets the aforementioned requirements: For every ζ, η > 0:

(i) (V F − 1)V (λ, λ, λ, . . . , λ, v, ζ) > 0 for all U ,V ∈ X with λ 6= v,

(ii) (V F − 2)V (λ1, λ1, λ1, . . . , λ1, λ2, ζ) ≥ V (λ1, λ2, λ3, . . . , λn, ζ)
for all λ1, λ2, λ3, . . . , λn ∈ X with λ1 6= λ2 6= λ3 6= · · · 6= λn,

(iii) (V F − 3)V (λ1, λ2, λ3, . . . , λn, ζ) = 1 if and only if λ1 = λ2 = λ3 = · · · = λn,

(iv) (V F − 4)V (λ1, λ2, λ3, . . . , λn, ζ) = V (p(λ1, λ2, λ3, . . . , λn), ζ), where p is a permutation
function,

(v) (V F − 5)V (λ1, λ2, λ3, . . . , λn, ζ + η) ≥ V (λ1, λ2, λ3, . . . , λn−1, w, ζ)
∗ V (w,w,w, . . . , w, λn, η),

(vi) (V F − 6) lim
ζ→∞

V (λ1, λ2, λ3, . . . , λn, ζ) = 1,

(vii) (V F − 7)V (λ1, λ2, λ3, . . . , λn, ·) : (0,∞)→ [0, 1] is continuous.

Definition 2.2. Let H and Ξ are two self maps on the partially ordered set (X p,�).Then H is
called an Ξ-isotone map, if for every A1,A2 ∈ Xp,Ξ(A1) �p Ξ(A2) ⇒ H (A1) �p H (A2).
Consider A ,B is the partition of λp = {1, 2, . . . , p}, i.e., the union of A and B is λp and A ,B

are disjoint non-empty sets. ΩA,B = {ρ : Λp → Λp : ρ(A ) ⊆ A and ρ(B) ⊆ B} and Ω
′
A,B =

{ρ : Λp → Λp : ρ(A) ⊆ B and ρ(B) ⊆ A } . Consider a partially ordered space (X ,�), let µ, ω ∈ X

and κ ∈ Λp. The following notation will be used: µ �κ ω ⇐⇒
{
µ � ω if κ ∈ A
µ � ω if κ ∈ B

Definition 2.3. Consider a partially ordered space (X ,�) and the mappings F : X p → X and
g : X → X . Invoking that F has the mixed g-monotone property if F is g-monotone increasing in
arguments of A and g-monotone non-decreasing in arguments of B.
That is, for every µ1, µ2, . . . , µp, ω, ς ∈ X and for all κ,
g(ω) � g(ς)⇒ F (µ1, . . . , µκ−1, ω, µκ+1, . . . , µp) �κ F (µ1, . . . , µκ−1, ς, µκ+1, . . . , µp).

Definition 2.4. The two self-maps H and Ξ on X are called weakly compatible if H Ξµ = ΞH µ for
every µ ∈ X like that H µ = Ξµ.
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Definition 2.5. Consider a p-tuple of mappings Φ = (ρ1, ρ2, . . . , ρp) from {1, 2, . . . , p} into itself. The
mappings F : X p → X and g : X → X are called Φ-weakly compatible if
gF (µρκ(1), µρκ(2), . . . , µρκ(p)) = F (gµρκ(1), gµρκ(2), . . . , gµ(ρκ(p))),
whenever gµi = F (µρκ(1), µρκ(2), . . . , µρκ(p)) for every κ and some (µ1, µ2, . . . , µp) ∈ X p.

Definition 2.6. Consider the function H : X → X and Ξ : X → X . A point µ ∈ X is called

• Fixed point if H (µ) = µ.

• Coincidence point if H (µ) = Ξ(µ).

• Common fixed point if H (µ) = Ξ(µ) = µ.

Definition 2.7. Consider the function F : X p → X and g : X → X . A point (µ1, µ2, . . . , µp) ∈ X p

is said to be

(i) Φ-coincidence point if F (µρκ(1), µρκ(2), . . . , µρκ(p)) = gµκ for all κ ∈ {1, 2, . . . , p} and
(ρ1, ρ2, . . . , ρp) be a p-tuple mappings from {1, 2, . . . , p} into itself.

(ii) Φ- common fixed point if F (µρκ(1), µρκ(2), . . . , µρκ(p)) = gµκ = µκ for all κ ∈ {1, 2, . . . , p} and
(ρ1, ρ2, . . . , ρp) be a p-tuple mappings from {1, 2, . . . , p} into itself.

Definition 2.8. Let Φw represent the collection of all functions φ : R→ R satisfying the condition, for
every ζ > 0 there exist s ≥ ζ like that lim

p→∞
φp(s) = 0.

Lemma 2.1. Let φ ∈ Φw, then for each ζ > 0 there exist s ≥ ζ like that φ(s) < ζ.

Proposition 2.1. If X �p Y , it follows that,
(µρ(1), µρ(2), . . . , µρ(p)) � (ωρ(1), ωρ(2), . . . , ωρ(p)) if ρ ∈ ΩA ,B and
(µρ(1), µρ(2), . . . , µρ(p)) � (ωρ(1), ωρ(2), . . . , ωρ(p)) if ρ ∈ Ω

′
A ,B.

3 Neutrosophic Metric Spaces
If u1, u2, u3, . . . , un ∈ [0, 1] then ∗nκ=1uκ = u1 ∗ u2 ∗ · · · ∗ un and 3ni=1uκ = u13u23 . . .3un.

Definition 3.1. Consider a nonempty set X . A 7-tuple (X ,V ,W ,T , ∗,3,�) is known as a Neutrosophic
Metric Space [NMS], where ∗ is a continuous ζ-norm, 3,� is a continuous ζ-conorms and V ,W and
T are fuzzy sets on X n × (0,∞) meets the aforementioned requirements:
For each λ1, λ2, λ3, . . . , λn, w ∈ X , ζ, η > 0,

(i) V (λ1, λ2, λ3, . . . , λn, ζ) + W (λ1, λ2, λ3, . . . , λn, ζ) + T (λ1, λ2, λ3, . . . , λn, ζ) ≤ 3,

(ii) V (λ, λ, λ, . . . , λ, v, ζ) > 0, for all λ, v ∈ X with λ 6= v,

(iii) V (λ1, λ1, λ1, . . . , λ1, λ2, ζ) ≥ V (λ1, λ2, λ3, . . . , λn, ζ), for all λ1, λ2, λ3, . . . , λn ∈ X with λ1 6=
λ2 6= λ3 6= · · · 6= λn,

(iv) V (λ1, λ2, λ3, . . . , λn, ζ) = 1 if and only if λ1 = λ2 = λ3 = · · · = λn,

(v) V (λ1, λ2, λ3, . . . , λn, ζ) = V (p(λ1, λ2, λ3, . . . , λn), ζ), where p is a permutation function,

(vi) V (λ1, λ2, λ3, . . . , λn, ζ + η) ≥ V (λ1, λ2, λ3, . . . , λn−1, , w, ζ) ∗ V (w,w,w, . . . , w, λn, η),

(vii) V (λ1, λ2, λ3, . . . , λn, ·) : (0,∞)→ [0, 1] is continuous,

(viii) V is a increasing function on R+, lim
ζ→∞

V (λ1, λ2, λ3, . . . , λn, ζ) = 1 and

lim
ζ→0

V (λ1, λ2, λ3, . . . , λn, ζ) = 0, for all λ1, λ2, λ3, . . . , λn ∈ X , ζ > 0,

(ix) W ((λ, λ, λ, . . . , λ, v, ζ) < 1 for all λ, v ∈ X with λ 6= v,
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(x) W (λ1, λ1, λ1, . . . , λ1, λ2, ζ) ≤ W (λ1, λ2, λ3, . . . , λn, ζ) for all λ1, λ2, λ3, . . . , λn ∈ X with λ1 6=
λ2 6= λ3 6= · · · 6= λn,

(xi) W (λ1, λ2, λ3, . . . , λn, ζ) = 0 if and only if λ1 = λ2 = λ3 = · · · = λn

(xii) W (λ1, λ2, λ3, . . . , λn, ζ) = W (p(λ1, λ2, λ3, . . . , λn), ζ), where p is a permutation function,

(xiii) W (λ1, λ2, λ3, . . . , λn, ζ + η) ≤ W (λ1, λ2, λ3, . . . , λn−1, w, ζ)3(w,w,w, . . . , w, λn, η),

(xiv) W (λ1, λ2, λ3, . . . , λn, ·) : (0,∞)→ [0, 1] is continuous,

(xv) W is a decreasing function on R+, lim
ζ→∞

W (λ1, λ2, λ3, . . . , λn, ζ) = 0 and

lim
ζ→0

W (λ1, λ2, λ3, . . . , λn, ζ) = 1, for all λ1, λ2, λ3, . . . , λn ∈ X , ζ > 0,

(xvi) T (λ, λ, λ, . . . , λ, v, ζ) < 1 for all λ, v ∈ X with λ 6= v,

(xvii) T (λ1, λ1, λ1, . . . , λ1, λ2, , ζ) ≤ T (λ1, λ2, λ3, . . . , λn, ζ) for all λ1, λ2, λ3, . . . , λn ∈ X with λ1 6=
λ2 6= λ3 6= · · · 6= λn,

(xviii) T (λ1, λ2, λ3, . . . , λn, ζ) = 0 if and only if λ1 = λ2 = λ3 = · · · = λn,

(xix) T (λ1, λ2, λ3, . . . , λn, ζ) = T (p(λ1, λ2, λ3, . . . , λn), ζ), where p is a permutation function,

(xx) T (λ1, λ2, λ3, . . . , λn, ζ + η) ≤ T (λ1, λ2, λ3, . . . , λn−1, w, ζ)� T (w,w,w, . . . , w, λn, η),

(xxi) T (λ1, λ2, λ3, . . . , λn, ·) : (0,∞)→ [0, 1] is continuous,

(xxii) T is a decreasing function on R+, lim
ζ→∞

T (λ1, λ2, λ3, . . . , λn, ζ) = 0 and

lim
ζ→0

T (λ1, λ2, λ3, . . . , λn, ζ) = 1, for all λ1, λ2, λ3, . . . , λn ∈ X , ζ > 0,

In this case, the triple (V ,W ,T ) is called NMS.

Example 3.1. Let (X ,A ) be a A - metric space. For all λ1, λ2, λ3, . . . , λn ∈ X and every ζ > 0,
consider (V ,W ,T ) to be fuzzy sets on X n × (0,∞) defined by
V (λ1, λ2, λ3, . . . , λn, ζ) = ζ

ζ+A (λ1,λ2,λ3,...,λn)
, W (λ1, λ2, λ3, . . . , λn, ζ) = A (λ1,λ2,λ3,...,λn)

ζ+A (λ1,λ2,λ3,...,λn)
and

T (λ1, λ2, λ3, . . . , λn, ζ) = A (λ1,λ2,λ3,...,λn)
ζ

, denote u ∗ v = uv, u3v = min{u + v, 1} and u � v =
min{u+ v, 1}. Then (X ,V ,W ,T , ∗,3,�) is a NMS.

Lemma 3.2. Let (X ,V ,W ,T , ∗,3,�) be a NMS. Then V (λ1, λ2, λ3, . . . , λn, ζ) is non-decreasing,
W (λ1, λ2, λ3, . . . , λn, ζ) is non-increasing and T (λ1, λ2, λ3, . . . , λn, ζ) is decreasing with respect to
ζ.

Proof. Since ζ > 0 and ζ + η > 0 for η > 0, consider
V (λ1, λ2, λ3, . . . λn−1, λn, ζ + η) ≥ V (λ1, λ2, λ3, . . . λn−1, λn, ζ) ∗ V (λn, λn, λn . . . λn, λn, η) which
implies V (λ1, λ2, λ3, . . . λn−1, λn, ζ + η) ≥ V (λ1, λ2, λ3, . . . λn−1, λn, ζ)
Therefore, V (λ1, λ2, λ3, . . . λn−1, λn, ζ) is non-decreasing with respect to ζ.
Also,
W (λ1, λ2, λ3, . . . λn−1, λn, ζ + η) ≤ W (λ1, λ2, λ3, . . . λn−1, λn, ζ)3W (λn, λn, λn . . . λn, λn, η) which
implies W (λ1, λ2, λ3, . . . λn−1, λn, ζ + η) ≤ W (λ1, λ2, λ3, . . . λn−1, λn, ζ).
Therefore, W (λ1, λ2, λ3, . . . λn−1, λn, ζ) is non-increasing with respect to ζ.
T (λ1, λ2, λ3, . . . λn−1, λn, ζ + η) ≤ T (λ1, λ2, λ3, . . . λn−1, λn, ζ)3T (λn, λn, λn . . . λn, λn, η) which
implies T (λ1, λ2, λ3, . . . λn−1, λn, ζ + η) ≤ T (λ1, λ2, λ3, . . . λn−1, λn, ζ)
Therefore, T (λ1, λ2, λ3, . . . λn−1, λn, ζ) is decreasing with respect to ζ.

Definition 3.2. Let (X ,V ,W ,T , ∗,3,�) be a NMS. A sequence {λs} is said to converge to a point
λ ∈ X if V (λs, λs, λs, . . . , λs, λ, ζ)→ 1,W (λs, λs, λs, . . . , λs, λ, ζ)→ 0 and
T (λs, λs, λs, . . . , λs, λ, ζ) → 0 as s → ∞ for every ζ > 0, that is, for every ε > 0, there exists n ∈ N
such that for every s ≥ n, we have V (λs, λs, λs, . . . , λs, λ, ζ) > 1 − ε,W (λs, λs, λs, . . . , λs, λ, ζ) < ε
and T (λs, λs, λs, . . . , λs, λ, ζ) < ε, we write lim

s→∞
λs = λ.
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Definition 3.3. Let (X ,V ,W ,T , ∗,3,�) be NMS. A sequence {λs} in X is said to be a Cauchy
sequence if V (λs, λs, λs, . . . , λs, λr, ζ)→ 1,W (λs, λs, λs, . . . , λs, λr, ζ)→ 0 and
T (λs, λs, λs, . . . , λs, λr, ζ)→ 0 as s, r →∞ for every ζ > 0, that is, for every ε > 0,
there exists n0 ∈ N such that for every s, r ≥ n0, we have
V (λs, λs, λs, . . . , λs, λr, ζ) > 1− ε,W (λs, λs, λs, . . . , λs, λr, ζ) < ε and
T (λs, λs, λs, . . . , λs, λr, ζ) < ε.

Definition 3.4. A NMS (X ,V ,W ,T , ∗,3,�) is known as complete if each Cauchy sequence in X
is convergent sequence.

4 Main Results
Definition 4.1. Let (X ,V ,W ,T , ∗,3,�) be a NMS and H and Ξ two self maps on X and are
called compatible if and only if
lim
p→∞

V (H (Ξ(ω̄p)),H (Ξ(ω̄p)) . . .H (Ξ(ω̄p)),Ξ(H (ω̄p)), ζ) = 1,

lim
p→∞

W (H (Ξ(ω̄p)),H (Ξ(ω̄p)) . . .H (Ξ(ω̄p)),Ξ(H (ω̄p)), ζ) = 0 and

lim
p→∞

T (H (Ξ(ω̄p)),H (Ξ(ω̄p)) . . .H (Ξ(ω̄p)),Ξ(H (ω̄p)), ζ) = 0, each ζ > 0,

whenever {ω̄p} ∈ X such that lim
p→∞

H (ω̄p) = lim
p→∞

Ξ(ω̄p) = ω̄ for some ω̄ ∈ X .

Lemma 4.1. Let (X ,V ,W ,T , ∗,3,�) be a NMS and {vp} be a sequence in (X ,V ,W ,T , ∗,3,�).
If there exists a function φ ∈ Φw such that

(4.1.1) φ(ζ) > 0, for all ζ > 0,

(4.1.2) V (vp, vp, . . . , vp, vp+1, φ(ζ)) ≥ V (vp−1, vp−1, . . . , vp−1, vp, ζ),
W (vp, vp, . . . , vp, vp+1, φ(ζ)) ≤ W (vp−1, vp−1, . . . , vp−1, vp, ζ) and
T (vp, vp, . . . , vp, vp+1, φ(ζ)) ≤ T (vp−1, vp−1, . . . , vp−1, vp, ζ),
for every p ∈ N and ζ > 0, then {vp} is a Cauchy sequence.

Proof. Let (X ,V ,W ,T , ∗,3,�) be a NMS. We have,
lim
ζ→∞

V (v1, v2, v3, . . . , vn, ζ) = 1, lim
ζ→∞

W (v1, v2, v3, . . . , vn, ζ) = 0 and

lim
ζ→∞

T (v1, v2, v3, . . . , vn, ζ) = 0 it suggests that for every ε > 0, there exist ζ0 > 0 like that

V (v0, v0, . . . , v0, v1, ζ0) > 1− ε,W (v0, v0, . . . , v0, v1, ζ0) < ε and T (v0, v0, . . . , v0, v1, ζ0) < ε.
Now we have φ ∈ Φw, there exists ζ1 ≥ ζ0 such that lim

p→∞
φp(ζ1) = 0.

Therefore, for ζ > 0, there is p0 ∈ N such that lim
p→∞

φp(ζ1) ≤ ζ, for all p ≥ p0 from condition (4.1.1),

φp(ζ) > 0, for all p ∈ N and ζ > 0. It follows by induction and condition (4.1.2) we get
V (vp, vp, . . . , vp, vp+1, φ

p(ζ)) ≥ V (v0, v0, . . . , v0, v1, ζ),
W (vp, vp, . . . , vp, vp+1, φ

p(ζ)) ≤ W (v0, v0, . . . , v0, v1, ζ) and
T (vp, vp, . . . , vp, vp+1, φ

p(ζ)) ≤ T (v0, v0, . . . , v0, v1, ζ), for each p ∈ N and ζ > 0.
Utilizing Lemma (3.2), we have

V (vp, vp, . . . , vp, vp+1, ζ) ≥ V (vp, vp, . . . , vp, vp+1, φ
p(ζ1)) ≥ V (v0, v0, . . . , v0, v1, ζ1)

≥ V (v0, v0, . . . , v0, v1, ζ0) > 1− ε,
W (vp, vp, . . . , vp, vp+1, ζ) ≤ W (vp, vp, . . . , vp, vp+1, φ

p(ζ1)) ≤ W (v0, v0, . . . , v0, v1, ζ1)

≤ W (v0, v0, . . . , v0, v1, ζ0) < ε and

T (vp, vp, . . . , vp, vp+1, ζ) ≤ T (vp, vp, . . . , vp, vp+1, φ
p(ζ1)) ≤ T (v0, v0, . . . , v0, v1, ζ1)

≤ T (v0, v0, . . . , v0, v1, ζ0) < ε.
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That is, as p→∞, V (vp, vp, . . . , vp, vp+1, ζ)→ 1,W (vp, vp, . . . , vp, vp+1, ζ)→ 0 and
T (vp, vp, . . . , vp, vp+1, ζ)→ 0 for any ε > 0 and ζ > 0.
For r ∈ N and ζ > 0, we have

V (vp, vp, . . . , vp, vp+r, ζ) ≥ V

(
vp, vp, . . . , vp, vp+1,

ζ

r

)
∗ V

(
vp+1, vp+1, . . . vp+1, vp+2,

ζ

r

)
∗ · · · ∗ V

(
vp+r−1, vp+r−1, . . . , vp+r−1, vp+r,

ζ

r

)
,

W (vp, vp, . . . , vp, vp+r, ζ) ≤ W

(
vp, vp, . . . , vp, vp+1,

ζ

r

)
3W

(
vp+1, vp+1, . . . vp+1, vp+2,

ζ

r

)
3 . . .3W

(
vp+r−1, vp+r−1, . . . , vp+r−1, vp+r,

ζ

r

)
and

T (vp, vp, . . . , vp, vp+r, ζ) ≤ T

(
vp, vp, . . . , vp, vp+1,

ζ

r

)
� T

(
vp+1, vp+1, . . . vp+1, vp+2,

ζ

r

)
� · · · � T

(
vp+r−1, vp+r−1, . . . , vp+r−1, vp+r,

ζ

r

)
.

Letting, p→∞, we get,
V (vp, vp, . . . , vp, vp+r, ζ) ≥ 1 ∗ 1 ∗ · · · ∗ 1 = 1,W (vp, vp, . . . , vp, vp+r, ζ) ≤ 0303 . . .30 = 0 and
T (vp, vp, . . . , vp, vp+r, ζ) ≤ 0� 0� · · · � 0 = 0. Thus the sequence {vp} is a Cauchy sequence.

Theorem 4.2. Let (X ,V ,W ,T , ∗,3,�) be a complete NMS and (X ,�) be a partially ordered set.
H : X → X and Ξ : X → X be two maps such that
(4.2.1) H (X ) ⊆ Ξ(X ).
(4.2.2) H is a Ξ-isotone mapping.
(4.2.3) Assume that a function φ ∈ Φw exists, such that

V (H (ω̄),H (ω̄) . . .H (ω̄),H (ω), φ(ζ)) ≥ V (Ξ(ω̄),Ξ(ω̄) . . .Ξ(ω̄),Ξ(ω), ζ),
W (H (ω̄),H (ω̄) . . .H (ω̄),H (ω), φ(ζ)) ≤ W (Ξ(ω̄),Ξ(ω̄) . . .Ξ(ω̄),Ξ(ω), ζ) and
T (H (ω̄),H (ω̄) . . .H (ω̄),H (ω), φ(ζ)) ≤ T (Ξ(ω̄),Ξ(ω̄) . . .Ξ(ω̄),Ξ(ω), ζ),
for all ω̄, ω ∈ X , ζ > 0 and Ξ(ω̄) � Ξ(ω).
H and Ξ(ω̄) are continuous and compatible maps.

If there exists µ0 ∈ X such that Ξ(ω̄0) ≈H (ω̄0), then H and Ξ have a coincidence point.

Proof. Choose a point ω̄0 ∈ X such that Ξ(ω̄0) ≈ H (ω̄0). Given that, H (X ) ⊆ Ξ(X ). So, we
choose µ1 ∈ X such that Ξ(µ1) = H (µ0).
Continuing in this manner, we assemble a sequence
{ω̄p} ∈ X for p ∈ N ∪ {0} like that Ξ(ω̄p+1) = H (ω̄p). Since Ξ(ω̄0) ≈ H (ω̄), we suppose that
Ξ(ω̄0) �H (ω̄0).
Assume that Ξ(ω̄p−1) � Ξ(ω̄p) and we have H is Ξ-isotone mapping which suggests H (ω̄p−1) �
H (ω̄p). We set Ξ(µ0) = v0 �H (Ξ0) = v1 and H (ω̄p−1) = vp �H (ω̄p) = ω̄p+1.
Thus, the sequence {vp} is an increasing sequence. From (4.2.3), we get
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V (vp, vp, . . . , vp, vp+1, φ(ζ)) = V (H (ω̄p−1),H (ω̄p−1) . . .H (ω̄p−1),H (ω̄p), φ(ζ))

≥ V (Ξ(ω̄p−1),Ξ(ω̄p−1) . . .Ξ(ω̄p−1),Ξ(ω̄p), ζ)

= V (vp−1, vp−1, . . . , vp−1, vp, ζ),

W (vp, vp, . . . , vp, vp+1, φ(ζ)) = W (H (ω̄p−1),H (ω̄p−1) . . .H (ω̄p−1),H (ω̄p), φ(ζ))

≤ W (Ξ(ω̄p−1),Ξ(ω̄p−1) . . .Ξ(ω̄p−1),Ξ(ω̄p), ζ)

= W (vp−1, vp−1, . . . , vp−1, vp, ζ) and

T (vp, vp, . . . , vp, vp+1, φ(ζ)) = T (H (ω̄p−1),H (ω̄p−1) . . .H (ω̄p−1),H (ω̄p), φ(ζ))

≤ T (Ξ(ω̄p−1),Ξ(ω̄p−1) . . .Ξ(ω̄p−1),Ξ(ω̄p), ζ)

= T (vp−1, vp−1, . . . , vp−1, vp, ζ)

for all p ∈ N ∪ {0} and ζ > 0. Clearly φ(ζ) > 0 for every ζ > 0. From Lemma (4.1), we determine
that {vp} is a Cauchy sequence. Since (X ,V ,W ,T , ∗,3,�) be a complete NMS, there exists a
point v ∈ X such that lim

p→∞
Vp = v. That is, lim

p→∞
H (ω̄p) = lim

p→∞
Ξ(ω̄p) = v. Since H and Ξ are

compatible,
lim
p→∞

V (H (Ξ(ω̄p)),H (Ξ(ω̄p)), . . . ,H (Ξ(ω̄p)),Ξ(H (ω̄p)), ζ) = 1,

lim
p→∞

W (H (Ξ(ω̄p)),H (Ξ(ω̄p)), . . . ,H (Ξ(ω̄p)),Ξ(H (ω̄p)), ζ) = 0 and

lim
p→∞

T (H (Ξ(ω̄p)),H (Ξ(ω̄p)), . . . ,H (Ξ(ω̄p)),Ξ(H (ω̄p)), ζ) = 0, for all ζ > 0.

Since H and Ξ both are continuous maps,
V (H (v),H (v), . . . ,H (v),Ξ(v), ζ) = 1,
W (H (v),H (v), . . . ,H (v),Ξ(v), ζ) = 0 and
T (H (v),H (v), . . . ,H (v),Ξ(v), ζ) = 0,
for all ζ > 0, which suggests that, Ξ(v) = H (v). Hence v is a coincidence point of H and Ξ in
X .

Theorem 4.3. Let (X ,V ,W ,T , ∗,3,�) be a complete NMS and (X ,�) be a partially ordered set.
H : X → X and Ξ : X → X be two maps such that
(4.3.1) H (X ) ⊆ Ξ(X )
(4.3.2) H is a Ξ-isotone mapping
(4.3.3) Assume that a function φ ∈ Φw exists, such that

V (H (ω̄),H (ω̄) . . .H (ω̄),H (ω), φ(ζ)) ≥ V (Ξ(ω̄),Ξ(ω̄) . . .Ξ(ω̄),Ξ(ω), ζ),
W (H (ω̄),H (ω̄) . . .H (ω̄),H (ω), φ(ζ)) ≤ W (Ξ(ω̄),Ξ(ω̄) . . .Ξ(ω̄),Ξ(ω), ζ) and
T (H (ω̄),H (ω̄) . . .H (ω̄),H (ω), φ(ζ)) ≤ T (Ξ(ω̄),Ξ(ω̄) . . .Ξ(ω̄),Ξ(ω), ζ),
for all ω̄, ω ∈ X , ζ > 0 and Ξ(ω̄) � Ξ(ω).

(4.3.4) X has the following property
(a) If {ω̄p} is a increasing sequence such that ω̄p → ω̄ then ω̄p ≤ ω̄ for all p ∈ N.
(b) If {ω̄p} is a decreasing sequence such that ω̄p → ω̄ then ω̄p ≥ ω̄ for all p ∈ N.

(4.3.5) Ξ(X ) is closed
If there exists ω̄0 ∈ X such that Ξ(ω̄0) ≈H (ω̄0), then H and Ξ have a coincidence point.

Proof. Consider a point ω̄0 ∈ X like that Ξ(ω̄0) ≈ H (ω̄0). Given that, H (X) ⊆ Ξ(X ). So, we
choose ω̄1 ∈ X such that Ξ(ω̄1) = H (ω̄0).
Proceeding like this way, we assemble a sequence
{ω̄p} ∈ X where p ∈ N ∪ {0} like that Ξ(ω̄p+1) = H (ω̄p). Since Ξ(ω̄0) ≈ H (ω̄0), we suppose
that Ξ(ω̄0) � H (ω̄0). Assume that Ξ(ω̄p−1) � Ξ(ω̄p) and we have H is Ξ-isotone mapping which
suggests H (ω̄p−1) �H (ω̄p). Set Ξ(ω̄0) = v0 �H (ω̄0) = v1 and H (ω̄p−1) = vp �H (ω̄p) = vp+1.
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Thus, the sequence {vp} is an increasing sequence. From (4.3.3), we get

V (vp, vp, . . . , vp, vp+1, φ(ζ)) = V (H (ω̄p−1),H (ω̄p−1) . . .H (ω̄p−1),H (ω̄p), φ(ζ))

≥ V (Ξ(ω̄p−1),Ξ(ω̄p−1) . . .Ξ(ω̄p−1),Ξ(ω̄p), ζ)

= V (vp−1, vp−1, . . . vp−1, vp, ζ),

W (vp, vp, . . . , vp, vp+1, φ(ζ)) = W (H (ω̄p−1),H (ω̄p−1) . . .H (ω̄p−1),H (ω̄p), φ(ζ))

≤ W (Ξ(ω̄p−1),Ξ(ω̄p−1) . . .Ξ(ω̄p−1),Ξ(ω̄p), ζ)

= W (vp−1, vp−1, . . . vp−1, vp, ζ) and

T (vp, vp, . . . , vp, vp+1, φ(ζ)) = T (H (ω̄p−1),H (ω̄p−1) . . .H (ω̄p−1),H (ω̄p), φ(ζ))

≤ T (Ξ(ω̄p−1),Ξ(ω̄p−1) . . .Ξ(ω̄p−1),Ξ(ω̄p), ζ)

= T (vp−1, vp−1, . . . vp−1, vp, ζ)

for every p ∈ N ∪ {0} and ζ > 0. Clearly φ(ζ) > 0 each ζ > 0. From Lemma (4.1), we decide that
{vp} is a Cauchy sequence. Since (X ,V ,W ,T , ∗,3,�) be a complete NMS, there exists a point
v ∈ X such that lim

p→∞
Vp = v. That is, lim

p→∞
H (ω̄p) = lim

p→∞
Ξ(ω̄p) = v. Since Ξ(X ) is closed, there

exists v0 ∈ X such lim
p→∞

H (ω̄p) = lim
p→∞

Ξ(ω̄p) = Ξ(v0) = v.

Ξ(µp) is a non-decreasing sequence. So, Ξ(ω̄p) ≤ Ξ(v0) for all p ∈ N.
Using Lemma (3.2) and Lemma (2.1) we get

V (H (ω̄p),H (ω̄p), . . . ,H (ω̄p),H (v0), ζ) ≥ V (H (ω̄p),H (ω̄p), . . . ,H (ω̄p),H (v0), φ(s))

≥ V (Ξ(ω̄p),Ξ(ω̄p), . . . ,Ξ(ω̄p),Ξ(v0), s)

≥ V (Ξ(ω̄p),Ξ(ω̄p), . . . ,Ξ(ω̄p),Ξ(v0), ζ),

W (H (ω̄p),H (ω̄p), . . . ,H (ω̄p),H (v0), ζ) ≤ W (H (ω̄p),H (ω̄p), . . . ,H (ω̄p),H (v0), φ(s))

≤ W (Ξ(ω̄p),Ξ(ω̄p), . . . ,Ξ(ω̄p),Ξ(v0), s)

≤ W (Ξ(ω̄p),Ξ(ω̄p), . . . ,Ξ(ω̄p),Ξ(v0)), ζ) and

T (H (ω̄p),H (ω̄p), . . . ,H (ω̄p),H (v0), ζ) ≤ T (H (ω̄p),H (ω̄p), . . . ,H (ω̄p),H (v0), φ(s))

≤ T (Ξ(ω̄p),Ξ(ω̄p), . . . ,Ξ(ω̄p),Ξ(v0), s)

≤ T (Ξ(ω̄p),Ξ(ω̄p), . . . ,Ξ(ω̄p),Ξ(v0)), ζ)

for all ζ > 0 and p ∈ N, taking p→∞ in above inequality we get H (ω̄p)→ H (v0) and we conclude
that the limit is unique because of this H (v0) = Ξ(v0). Thus v0 is a coincidence point of H and
Ξ.

Theorem 4.4. A unique coincidence point exists between H and Ξ if X is a totally ordered set, in
addition to the assumptions of Theorems (4.2) and (4.3). Furthermore, if Ξ is weakly compatible with
H then H and Ξ have a one and only common fixed point.

Proof. Consider that u, v ∈ X are coincidence points of H and Ξ. Since, every coincidence
points u, v ∈ X , there exists a point ω ∈ X such that Ξ(ω) is comparable to Ξ(u) and Ξ(v). Let
ω0 = ω then establish a sequence Ξ(ωp). The sequence Ξ(ωp) and its limit defined,similar as in
Theorem (4.2) and Theorem (4.3), so we have Ξ(ωp+1) = H (ωp) and Ξ(ω1) = H (ω0). We have
lim
ζ→∞

V (Ξ(ω),Ξ(ω) . . .Ξ(ω),Ξ(v), ζ) = 1,

lim
ζ→∞

W (Ξ(ω),Ξ(ω) . . .Ξ(ω),Ξ(v), ζ) = 0 and

lim
ζ→∞

T (Ξ(ω),Ξ(ω) . . .Ξ(ω),Ξ(v), ζ) = 0, it suggests that for each ε ∈ (0, 1) there exists t1 such that

V (Ξ(ω0),Ξ(ω0) . . .Ξ(ω0),Ξ(v), ζ1) > 1− ε,
W (Ξ(ω0),Ξ(ω0) . . .Ξ(ω0),Ξ(v), ζ1) < ε and
T (Ξ(ω0),Ξ(ω0) . . .Ξ(ω0),Ξ(v), ζ1) < ε.
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As φ ∈ Φw, so there exists s ≥ ζ1 such that lim
p→∞

φp(s) = 0. It suggests that, there exists p0 ∈ N such

that φp(s) < t every p ≥ p0 and ζ > 0. Consider,

V (Ξ(ωp),Ξ(ωp) . . .Ξ(ωp),Ξ(v), ζ) ≥ V (Ξ(ωp),Ξ(ωp) . . .Ξ(ωp),Ξ(v), φp(s))

= V (H (ωp−1),H (ωp−1) . . .H (ωp−1),H (v), φp(s))

≥ V (Ξ(ωp−1),Ξ(ωp−1) . . .Ξ(ωp−1),Ξ(v), φp−1(s))

≥ · · · ≥ V (Ξ(ω0),Ξ(ω0) . . .Ξ(ω0),Ξ(v), s)

≥ V (Ξ(ω0),Ξ(ω0) . . .Ξ(ω0),Ξ(v), ζ1)

≥ 1− ε,
W (Ξ(ωp),Ξ(ωp) . . .Ξ(ωp),Ξ(v), ζ) ≤ W (Ξ(ωp),Ξ(ωp) . . .Ξ(ωp),Ξ(v), φp(s))

= W (H(ωp−1),H (ωp−1) . . .H (ωp−1),H (v), φp(s))

≤ W (Ξ(ωp−1),Ξ(ωp−1) . . .Ξ(ωp−1),Ξ(v), φp−1(s))

≤ · · · ≤ W (Ξ(ω0),Ξ(ω0) . . .Ξ(ω0),Ξ(v), s)

≤ W (Ξ(ω0),Ξ(ω0) . . .Ξ(ω0),Ξ(v), ζ1)

≤ ε and

T (Ξ(ωp),Ξ(ωp) . . .Ξ(ωp),Ξ(v), ζ) ≤ T (Ξ(ωp),Ξ(ωp) . . .Ξ(ωp),Ξ(v), φp(s))

= T (H (ωp−1),H (ωp−1) . . .H (ωp−1),H (v), φp(s))

≤ T (Ξ(ωp−1),Ξ(ωp−1) . . .Ξ(ωp−1),Ξ(v), φp−1(s))

≤ · · · ≤ T (Ξ(ω0),Ξ(ω0) . . .Ξ(ω0),Ξ(v), s)

≤ T (Ξ(ω0),Ξ(ω0) . . .Ξ(ω0),Ξ(v), ζ1)

≤ ε,

for all p ≥ p0 and ζ > 0.
Hence, lim

p→∞
Ξ(ωp) = Ξ(v) and similarly we can easily show that lim

p→∞
Ξ(ωp) = Ξ(ω̄) and from the

uniqueness of limit we get Ξ(v) = Ξ(u).
Now, let H (v) = Ξ(v) = e and H , Ξ are weakly compatible mappings.
That is, H (e) = H (Ξ(v)) = Ξ(H (v)) = Ξ(e).
So e is a coincidence point it suggests that H (e) = H (v) = e. Thus e is a coincidence and common
fixed point of H and Ξ. Now, imagine that there is e

′
( 6= e) ∈ X like that H (e

′
) = Ξ(e

′
) = e

′
.

Then e = Ξ(e) = Ξ(e
′
) = e

′
. Thus, H and Ξ have a unique common fixed point.

Example 4.5. Let X = [0, 1] and (X ,�) be a partially ordered set. Let H and Ξ are two self
mappings in X such that H (ω̄) = ω̄2

2
+ 1

2
and Ξ(ω̄) = ω̄ for all ω̄ ∈ X . Then we can easily get

condition H (X ) ⊆ Ξ(X ) and H is a Ξ-isotone mapping. Let φ(ζ) = ζ
2
, for all ζ > 0.

Define V : X p × (0,∞) such that
V (ω̄1, ω̄2, ω̄3 . . . ω̄p, ζ) = ζ

ζ+A (ω̄1,ω̄2,ω̄3...ω̄p)
,

W (ω̄1, ω̄2, ω̄3 . . . ω̄p, ζ) =
A (ω̄1,ω̄2,ω̄3...ω̄p)

ζ+A (ω̄1,ω̄2,ω̄3...ω̄p)
and

T (ω̄1, ω̄2, ω̄3 . . . ω̄p, ζ) =
A (ω̄1,ω̄2,ω̄3...ω̄p)

ζ

where A (ω̄1, ω̄2, ω̄3 . . . ω̄p, ζ) =
∑p
κ=1

∑
κ<j |ω̄κ − ωj | for all ω̄1, ω̄2, ω̄3 . . . ω̄p ∈ X and ζ > 0.

Let ω̄ ∗ ω = min{ω̄, ω}, ω̄3ω = max{ω̄, ω} and ω̄ � ω = max{ω̄, ω} for all ω̄, ω ∈ X .
Then (X ,V ,W ,T , ∗,3,�) is a complete NMS.
Now,
V (H (ω̄),H (ω̄), . . . ,H (ω̄),H (ω), φ(ζ)) = φ(ζ)

φ(ζ)+|H (ω̄)−H (ω)| = ζ
ζ+|ω̄2−ω2| ,

W (H (ω̄),H (ω̄), . . . ,H (ω̄),H (ω), φ(ζ)) = |H (ω̄)−H (ω)|
φ(ζ)+|H (ω̄)−H (ω)| = |ω̄2−ω2|

ζ+|ω̄2−ω2| and
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T (H (ω̄),H (ω̄), . . . ,H (ω̄),H (ω), φ(ζ)) = |H (ω̄)−H (ω)|
φ(ζ)

= |ω̄2−ω2|
ζ

.
V (Ξ(ω̄),Ξ(ω̄), . . . ,Ξ(ω̄),Ξ(ω), ζ) = ζ

ζ+|ω̄−ω| ,

W (Ξ(ω̄),Ξ(ω̄), . . . ,Ξ(ω̄),Ξ(ω), ζ) = |ω̄−ω|
ζ+|ω̄−ω| ,

T (Ξ(ω̄),Ξ(ω̄), . . . ,Ξ(ω̄),Ξ(ω), ζ) = |ω̄−ω|
ζ

, for all ω̄, ω ∈ X and ζ > 0.
We get,
V (H (ω̄),H (ω̄), . . . ,H (ω̄),H (ω), φ(ζ)) ≥ V (Ξ(ω̄),Ξ(ω̄), . . . ,Ξ(ω̄),Ξ(ω), ζ),
W (H(ω̄),H (ω̄), . . . ,H (ω̄),H (ω), φ(ζ)) ≤ W (Ξ(ω̄),Ξ(ω̄), . . . ,Ξ(ω̄),Ξ(ω), ζ) and
T (H (ω̄),H (ω̄), . . . ,H (ω̄),H (ω), φ(ζ)) ≤ T (Ξ(ω̄),Ξ(ω̄), . . . ,Ξ(ω̄),Ξ(ω), ζ).
Consider the possibility that ω̄0 = 0 such that Ξ(ω̄0) = 0 ≤ H (ω̄0), we can create a sequence
v0 = Ξ(ω̄0) and ω̄p+1 = Ξ(ω̄p+1) = H (ω̄p) for p ∈ N ∪ {0} and a sequence
{vp} =

{
v0 = 0, v1 = 1

2
, v2 = 5

8
, v3 = 89

128
, . . .

}
this sequence {vp} is a non-trivial sequence.

By Theorem (4.4), H and Ξ have a distinct common fixed point, as shown, i.e.,v = 1.

Corollary 4.6. In addition to hypothesis of Theorem (4.2) and Theorem (4.3), suppose that H :
X → X be a mapping such that H is increasing and non-discontinuous mapping and Ξ : X → X
be an identity map, then H and Ξ has a common fixed point. If X is a totally ordered set, then H
and Ξ has a unique common fixed point.

5 Conclusion
By using certain coincidence point and common fixed point results for a pair of mappings, we want
to propose some multidimensional coincidence and common fixed point theorems for φ-contraction
in partially ordered neutrosophic metric spaces in this paper. We also give an illustration of the
applicability of our key findings.
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