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Neutrosophic Metric Spaces With Partially Ordered
Multidimensional Fixed Point Theorems

Abstract

Some coincidence point and common fixed point theorems for ¢-contraction in multidimensional
partially ordered neutrosophic metric spaces are established in this paper. The results are used
to frame the proper circumstances to guarantee the occurrence of the common fixed point and
multidimensional coincidence point results.
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1 Introduction

The concept of «7-metric space was first developed in 2015 by Abbas, Ali and Suleiman [1]. Sun and
Yang [19] introduced the idea of generalized intuitionistic fuzzy metric spaces in 2010 and expanded
the definition of fuzzy metric space.Vishal Gupta and Kanwar [20] created the concept of ¥ -fuzzy
metric space, improved the description of ¢-fuzzy metric space and generated the linked fixed point
result in a partially ordered ¥'-fuzzy metric space during the generalization process.

As a generalization of the fuzzy metric space created by George and Veeramani [3], Park [8]
established the concept of intuitionistic fuzzy metric space with the help of continuous ¢-norm and
continuous ¢-conorm in 2004. In 2016 the introduction of generalised intuitionistic fuzzy metric spaces
and a discussion of their characteristics have given by Jeyaraman and Malligadevi [4]. Roldan and
Martinez-Moreno [12] established multidimensional coincidence results for compatible mappings in
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partially ordered fuzzy metric spaces in 2014.

Neutrosophy is an extension of the intuitionistic fuzzy set that FlorentinSmarandache [14, 15
& 16] presented in 1995. It asserts that there exists a continuum-power spectrum of neutralities
between an idea and its opponent. The research community was motivated by neutrosophy, which
adds neutralities to intuitionistic fuzzy sets and the topic is currently flourishing with a wide range of
studies, analyses, computing methods and applications. In generalized neutrosophic metric spaces,
we demonstrate a common fixed point theorem for ¢-compatible systems. This paper presents several
common fixed points and multidimensional coincidence theorems for ¢-compatible in partially ordered
neutrosophic metric spaces. The results are used to frame the proper requirements to ensure the
presence of the common fixed point and multidimensional coincidence point outcomes.

2 Preliminaries

Definition 2.1 (20). Consider a non-empty set 2. A triple (2, ¥, %) is known as a ¥- fuzzy metric
space (highlighted by ¥ — #.# ), where x is a continuous ¢-norm and fuzzy set ¥ on X" x (0, o)
meets the aforementioned requirements: For every ¢,n > 0:

() (FF -1V MM ... N0, ¢) >0forall %, 7 € X with A #uv,

(i) (¥ F =27 O A A AL A2 0) = 7 (At Aoy Agy ey Ans ©)
for all )\1,)\2,)\3,...,)\n€X with A17é)\27é)\37é7é)\n,

(III) (7/? — 3)4//(A1,)\2,)\3,. . ,,)\n,C) =1lifand only fA=X=X3=---= An,
(iv) (7F — )V (M1,A2,A3,...,2n0,0) = P (p(A1,A2,A3,...,2),(), where p is a permutation
function,

(v) (Vﬁ — 5)7/(A1,)\2,)\3,...,)\n,C+T]) > %(}\1,)\2,)\3,...,)\71_1,7,0,()
* Y (w,w,w, ..., w,An,n),

(Vl) (ﬂf/ﬁ — 6) ghm “//()\1, )\27 )\3, ey >\n7 C) = 1,
— 00
(viiy (Y F =7 (A1, A2, A3,...,An, ) : (0,00) — [0, 1] is continuous.

Definition 2.2. Let v and = are two self maps on the partially ordered set (27, <).Then J7 is
called an E=-isotone map, if for every o, a6 € XP E(e) =, E(9h) = H(A) 2p H(h).
Consider <, % is the partition of A\, = {1,2,...,p}, i.e., the union of & and A is A, and «7, %
are disjoint non-empty sets. Qas = {p: Ap = Ap: p(&) C #andp(B) C B} and Q'A,B =
{p:Ap = Ap: p(A) C Bandp(B) C &/} . Consider a partially ordered space (27, <), let p,w € &
and k € A,. The following notation will be used: y <, w <= { Z § Z :; :Eg

Definition 2.3. Consider a partially ordered space (2", <) and the mappings % : 27 — Zand
g: Z — Z. Invoking that .# has the mixed g-monotone property if .% is g-monotone increasing in
arguments of & and g-monotone non-decreasing in arguments of 4.

That is, for every p1, p2, ..., pp,w,s € 2 and for all x,

g(w) = g(c) = y(uh'"7/1%*17(*)1/1%‘%17"'7/1’17) =k y(ula"'7MN*17C7MN+17'“7/LP)'

Definition 2.4. The two self-maps .7 and = on 2" are called weakly compatible if 2=y = =57 for
every u € 2 like that 77 = Ep.
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Definition 2.5. Consider a p-tuple of mappings ® = (p1, p2, ..., pp) from {1,2, ..., p} into itself. The
mappings .% : ZF — 2 and g : X — X are called ®-weakly compatible if
9F (Hpr (1) Bpe(2)s - - Hpw(p) = F (GHo, (1) GHpr(2)5 - - - GH(Px(D))),

whenever gu; = F (L, (1), Ip(2)> - - - s Bp (p)) TOr €Very x and some (u1, p2, ..., pp) € Z°.
Definition 2.6. Consider the function # : 2" — 2 and = : 2" — 2. A point 4 € 2" is called

e Fixed point if 72 (u) = p.

e Coincidence point if # (1) = E(p).

e Common fixed point if 77 (u) = E(p) = p.
Definition 2.7. Consider the function # : 27 - Z andg: 2" — 2. Apoint (u1,p2,...,up) € Z°
is said to be

(i) ®-coincidence point if .Z (11, (1), tp, (2)5 - - - > Hon(p)) = Gitw fOrall x € {1,2,...,p} and
(p1,p2,- .., pp) be a p-tuple mappings from {1, 2, ..., p} into itself.

(i) ®- common fixed point if F (1, (1), Kp.(2),-- > Hpn(p)) = Gt = pw forallk € {1,2,...,p} and
(p1,p2,- .., pp) be a p-tuple mappings from {1, 2, ..., p} into itself.

Definition 2.8. Let ®,, represent the collection of all functions ¢ : R — R satisfying the condition, for
every ¢ > 0 there exist s > ¢ like that lim ¢*(s) = 0.
pP—>o0

Lemma 2.1. Let ¢ € D, then for each { > 0 there exist s > ¢ like that ¢(s) < (.

Proposition 2.1. If 2" <, %, it follows that,
(Hp(1)s o), - Hp() = (Wp(1), Wp(2), -, Wow)) iF p € Qa5 and
(Ho(1)s Hp(2)s - - s Hp(p)) 2= (Wp(1)s Wp(2)s -+ - Wp(p)) If P E QN -

3 Neutrosophic Metric Spaces
If ui,uz,ug, ..., un € [0,1] then «2_jux = ug * ug * - - - x up @Nd Of_ ux = U1 Cud ... Sup.

Definition 3.1. Consider a nonempty set 2. A7-tuple (2", ¥, %', 7 ,*,<,®) is known as a Neutrosophic
Metric Space [NMS], where x is a continuous ¢-norm, <, ® is a continuous ¢-conorms and ¥, #" and

T are fuzzy sets on 2" x (0, 00) meets the aforementioned requirements:

Foreach \i, A2, As, ..., A\, w € Z,(,n >0,

() 7 (M, A2, A3, 5 A0, C) + # (A, A2, Ay, A, ©) + T (A, A2y Asy vy A, €) <03,
(i) (AN, . A 0,0) >0, forall \,v € 2 with X # v,
(i) ¥ (A1, M, A1, 0,1, X2,0) = P (A1, A2, Az, oo, A, €), forall Ay s, As, ..o, A € 27 with Ay #
Ao £ s # - # An,
) V(A1, A2, As,..., 0, ) =1ifandonlyif A1 = da = A3 =+ = Ay,
) V(A1, A2, A3, A0, C) = ¥ (p(A1, A2, A3, ..., An), ), Where p is a permutation function,
(Vi) (A, A2, A3, .., A0, (1) > P (A1, A2, A3, ooy A1y, w, €) * Y (w, w,w, . .., W, Any M),
) ¥V (A1, A2, A3, .., An, ) 1 (0,00) — [0, 1] is continuous,
) ¥ is a increasing function on R, Cllrgo YV (A, A2, A3, .., An, () =1 and
%%%(A17A27A3, A, O) =0, forall A, Ao, A, A € 2,C >0,

@ix) (AN .. v, 0) <1forall \,v € Z with X\ # v,
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(X) W()\17)\17)\1,...7)\1,)\2,C) < 7/()\17/\2,)\37...,)\,“{) forall A1, A2, A3, ..., A\, € 2 with Ay #*

A2 # A3 # o F A,
(Xi) # (A1, A2, A3,.. ., A, ) =0ifandonlyif \iy =Xdo =Xz =--- =\,
(xii) # (A1, A2, A3, ..., A0, C) = # (p(A1, A2, A3, ..., An), ¢), where p is a permutation function,
(Xiii)) # (A1, 22,23, -, A, C4+ 1) S H (A1, A2, A3, ooy A1, w, OO (W, wyw, .y wy Any 1),
(xiv) #' (A1, A2, A3, ..., An,+) 1 (0,00) — [0, 1] is continuous,
(xv) # is a decreasing function on R*,CILrEO W (A, A2, A3,...,An, () =0 and

}ir%y/()\l,)\Q,Ag,...,An,C) =1,forall \i, A2, As,..., A, € 27, >0,
—

(xvi) (AN, ., 0,0) < 1forall A\,v € 2 with A # v,
(XVii) 9()\1,)\1,)\1,..‘,)\1,)\2,@) < 9()\1,)\2,)\3,...,)\”,() for all )\l7>\27)\37~~7)\n € 2 with \; 75

Ao £ s # - # An,
(xviii) T (A1, A2, A3,..., A, () =0ifandonlyif \y =X =As=--- =\,
(XiX) T (A1, A2, A3, ..., An, Q) = T (p(A1, A2, A3, ..., An), (), where p is a permutation function,
(xx) T (A1, A2, A3, .., A0, C+ 1) < T (A1, 22,235+, A1, w0, () © T (w,w,w, ..., W, A,y 1),
(xxi) T (A1,A2,A3,...,An, ) : (0,00) = [0,1] is continuous,
(xxii) 7 is adecreasmg function on R*,Cllrgo T (A1, A2, A3,...,A,¢) =0 and

}in})ﬁ(Al,A%Ag,“.?An,g) =1, forall A\1, A2, Az, ..., A € 27,¢ >0,
—
In this case, the triple (¥, #', ) is called NMS.

Example 3.1. Let (2, <) be a <7 - melric space. For all \1,\2,s,..., A, € Z and every { > 0,
consider (v, %, 7) to be fuzzy sets on ™ x (0, 00) defined by

A (N1,22,23,--,An,
VA2, 28,5 0,0) = Fammase e, ds, A, () = ZEGRAR M and
T (A, A2, A3, ..., A0, Q) = %M, denote u x v = wv,udv = min{u + v,1} andu O v =
min{u +v,1}. Then (2, V, W, T ,%,<,0) is a NMS.

Lemma 3.2. Let (2,¥, W, T ,%,<,0) be a NMS. Then ¥ (A1, A2, As, ..., An, () is non-decreasing,
W (A1, A2, Az, ..., An, €) iS non-increasing and 7 (A1, A2, As, ..., An, () IS decreasing with respect to

¢.

Proof. Since ¢ > 0and ¢ +n > 0 forn > 0, consider

7/()\17A27)\3,---)\n—17)\n7g + ’I’]) > 7/()\17A27)\3,---)\n—1,)\n7<_) * V(/\n,An,)\n )‘na)‘n»n) which
implies A//(A1,)\2,)\3,. . .)\n,l,)\n,q—l—n) > 7/()\1,)\2,)\3, .. .)\n71,An,C)

Therefore, ¥ (A1, A2, A3, ... An—1, An, {) is NON-decreasing with respect to ¢.

Also,

4//()\1,A2,)\3,...)\n717)\n,§ + 17) S 7/(/\1,)\2,)\3,...)\n,l,)\n,q)OW()\n,An,/\n...An,)\mn) WhICh
implies 7 (A1, A2, Azy - - A1, Anys C+ 1) < H# (A1, A2y Asy oo A1, An, ).

Therefore, # (A1, A2, As, ... An—1, An, ) is NON-increasing with respect to ¢.
<7()\17)\2,>\3,~--)\n717An7C + 77) S <7()\1,)\2,>\3,...)\n71,)\n,C)Q<7()\n,)\n,)\n...)\n,An,n) WhICh
implies y()\h)\z,)\g,. . ‘)\n71,)\n,(—|— T)) < y()\h)\z,)\g,. . ~)\n—17>\n7§)

Therefore, 7 (A1, A2, A3, ... An—1, An, () is decreasing with respect to (. O

Definition 3.2. Let (2,7, %, 7,*,<,®) be a NMS. A sequence {)\.} is said to converge to a point
AEZX Y (As; Asy Asy ooy Ay ,, ) = 1L, # (Asy Asy Asy -2, A5y A, ¢) — 0 and

T (AsyAsy Asy -y Asy A, () — 0 a@s s — oo for every ¢ > 0, that is, for every e > 0, there exists n € N
such that for every s > n, we have ¥ (A5, Ao, Asy ., A, A Q) > 1 — €, W (As, Asy Asy oo, As, A Q) < €
and 7 (As, As, As, .., As, A, ) < €, we write SILHQO)‘S =\
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Definition 3.3. Let (2,7, % ,7,*,<,®) be NMS. A sequence {\;} in 2 is said to be a Cauchy
sequence if ¥ (As, As, Asy -« -3 As, Ay §) = L (As, Asy Asy - -5 As, Ar, () — 0 @and

T (Asy Asy Asy oy Ay Ay €) = 0 @S s, — oo for every ¢ > 0, that is, for every e > 0,

there exists ng € N such that for every s, r > ng, we have

Y (Ass Asy Asy o5 Ass Ay §) > 1 — €, 7 (As, Asy Asy ooy Asy Ary €) < eand

TNy Asy sy Aes Ay €) < e

Definition 3.4. ANMS (2,7, %', 7,*,<,®) is known as complete if each Cauchy sequence in 2
is convergent sequence.

4 Main Results

Definition 4.1. Let (2,7, %, 7,%,<,0) be a NMS and . and E two self maps on 2" and are
called compatible if and only if

=
sE
X
X
[1]
o
s
b
[1]
o
s
X
/[_I\]
%E
&
X
gl
=
o
Il
=

lim (A (E(@)), A (E(@y)) . A (E(@)), E(H# (@,)),¢) = 0 and
lim 7 ((2(@,)), /(@) #(2(@), E(F (@,)),¢) = 0, each ¢ >0,

whenever {&,} € 2  suchthat lim 7 (v,) = lim =(@,) = @ for some w € 2.

p—r00 p—00
Lemmada. Let(Z,V,#,T,%<,0) bea NMS and {v,} be asequencein (2 ,V , W, T ,%,<,0).
If there exists a function ¢ € ®,, such that

(4.1.1) $(¢) >0, forall¢ >0,

(4.1.2) Y (0p, Uy V9, Vg1, () =V (Up1, U1, -, Up1, 09, ),
W(’UZNUP? e 7’UP7’UP+13 ¢(C)) S W(’UP*h’UP*l? e 7UP*17UP7 C) and
9(1}7)7 Ups -+, Up, Up+1, ¢(<)) < 9(1}7)*171}7)*17 ++ oy Up—1,Up, C)!
foreveryp € N and ¢ > 0, then {v,} is a Cauchy sequence.

Proof. Let (2°,v, %, 7, <,®) be a NMS. We have,
lim ¥ (v1,v2,03,...,0n,() = 1,Clim W (vi,v2,v3,...,0n,() =0 and
—00

¢{—o0

(lim T (v1,v2,v3,...,vn,¢) = 0 it suggests that for every ¢ > 0, there exist (o > 0 like that
— 00

7/(1}0,1)0, . ,’Uo,’U1,C0) >1— E,W(vo,’l}o, . ,Uo,vl,(jo) < e and 17(’[)072)07 . ,1)0,1)1,(0) < €.
Now we have ¢ € ., there exists (1 > (o such that lim ¢”(¢(1) = 0.
p—o0

Therefore, for ¢ > 0, there is p, € N such that ILm oP(¢1) < ¢, for all p > p, from condition (4.1.1),
p—o0

¢P(¢) > 0, forall p € Nand ¢ > 0. It follows by induction and condition (4.1.2) we get
Y (Vpy Upy + + 5 Upy Upt1, P (C)) > ¥ (vo, vo, - - . , Vo, v1, (),

W (Up, Up,y -« s Up, Ups1, P (C)) < # (vo, vo, . . ., vo,v1,¢) and

T (Up, Up, « « «, Up, Upt1, PP (€)) < T (vo,v0,. .., v0,v1,(), foreach pe Nand ¢ > 0.
Utilizing Lemma (3.2), we have

Y (Up, Up, - -+, Up, Upt+1,C) = ¥ (Up, Up, - - ., Up, Upt+1, B (C1)) > ¥ (vo, vo, - - -, Vo, v1,(1)
> ¥ (vo, vo, - .- ,V0,v1,(0) > 1 —¢,

W (Vp, Upy - -5 Up, Upt1,C) < W (Up, Upy« -+, Up, Upt1, 9 (C1)) < # (vo, 0o, - - -, 00,01, (1)
< ¥ (vo,vo,...,v0,v1,() < eand

T (Vpy Upy «+ vy Upy Upt1,C) < T (Vpy Up,y « v+, Upy Upt1, @7 (C1)) < T (vo, v0, - -+, V0, V1, (1)
< T (vo,vo, ..., v0,v1,(0) <€
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Thatis, as p — oo, ¥ (Vp, Up, - - -, Vp, Up+1,C) = 1, # (vp, Up, ..., Up, ps1,() — 0 and
T (Upy Upy -« -, Up,Upt1,() — 0 forany e >0 and ¢ > 0.
Forr e N and ¢ > 0, we have

Y (Vp, Up, -« s Up, Vpgr, C) =2 ¥ (vp,vp, . Upy Upt1, %) 4 <Up+1, Uptly -« Uptl, Upt2, %)
DI 4 <Up+rflvvp+rflv coo sy Uptr—1, Uptr, ;) s
W (Vpy Upy -« ooy Upy Upgr, ) < W (vp, Upy -+« Up, Upt1, %) oW (Up+1,vp+1, oo Upt1, Upt2, %)
SO (vp+7,_1,vp+r_1, ey Upgr—1, Uptr, %) and
T (Vp, Upy -y Upy Upgr, C) < T <vp7vp, .y Up, Uptl, %) o <vp+1, Uptly -« Uptl, Upt2, %)
00T ('Up+'r71,’up+r717 co oy Upgr—1, Uptr, %) .
Letting, p — oo, we get,

Y (Upy Upy + « s Upy Uptry €) >
‘7(1}?71}?7 <oy Up, Uptry C) S

1sls---x1=21,%(Vp,Vp,...,0p,Vpgr,{) < 0000...00 =0 and
0©00®---®0=0. Thus the sequence {v, } is a Cauchy sequence. O

Theorem 4.2. Let (2 ,V, W ,7,%,<,®) be a complete NMS and (%", <) be a partially ordered set.
H X - Z and E: 2 — Z be two maps such that
(4.2.1) #4(Z) CE(Z).
(4.2.2) ¢ is a =-isotone mapping.
(4.2.3) Assume that a function ¢ € ®,, exists, such that
V(A @), H(@)... 2(@), (@), 6(C) 2 ¥ (E@),2®) ... E@), Ew), )
W (A (o), H (D) ... (), (), () < H (2 B
T(H(@), A (@) ... H (@), # (W), 6(C)) =
forallo,we Z,( >0 and E(w) 2 E(w).
A and Z=(w) are continuous and compatible maps.
If there exists o € 2 such that Z(wo) ~ (o), then 2 and = have a coincidence point.

Proof. Choose a point wo € 2" such that Z(wg) ~ (o). Given that, #(2°) C Z(2). So, we
choose p1 € 2 such that Z(u1) = 9 (uo).

Continuing in this manner, we assemble a sequence

{@p} € &2 for p € NU {0} like that Z(&p11) = (). Since =(wo) ~ (), we suppose that
E(Qo) = g%ﬂ(a]o).

Assume that E(w,—1) < E(@p) and we have 7 is =-isotone mapping which suggests 7 (op—1) =
%(@p). We set E(/J,o) =g X r9@(50) =v; and %(C)pfl) =vp X %(@p) = Wp+1-

Thus, the sequence {v, } is an increasing sequence. From (4.2.3), we get
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%(Up,”pv e Upy Upt, 9(€)) = 7/(%(_1971)7%(‘:@71) o I (Op—1), H _p)»¢(o)

W (Vp; Up, - - -, Vp, Upt1, $(C)) =
E(prl),E(@pﬂ) - B(@p-1), E(@p), €)
Up—1,Up—1,--.,Vp—1,Vp, () and

H(Cp—1), H(@p1) ... H(0p—1), K (@p), $(C))
E(@p-1), E(@p-1) - - - E(@p-1), E(@p), ¢)

Up—1,Up—1y .-+ Up—1,Vp,()

‘7(1)177 Upy -+, Up, Up+1, ¢(C))

T T

forall p € NU {0} and ¢ > 0. Clearly ¢(¢) > 0 for every ¢ > 0. From Lemma (4.1), we determine

that {v,} is a Cauchy sequence. Since (2,¥, %, ,x,<,®) be a complete NMS, there exists a

point v € £ such that lim ¥, =v. Thatis, lim s (&,) = lim Z(&p) = v. Since s and Z are
pP—>00 p—r00 pP—>00

compatible,

lim ¥/(H(E(@p)), H(E(@p)), - - -, H(E(@p)), E(H(@p)), ) = 1,

ZIZIIEZW(%(E(@P))’%(E(%))’ ey H(E(Wp)), E(H(@p)), ¢) = 0 and
(@p)),¢) = 0, for all ¢ > 0.

lim 7 (O (E(@,)), H(E@),...., A (E@)), 2
Since s and = both are continuous maps,
V(A (), H(v), ..., (v),E(v),¢) =1,

W (A (), A (),...,7(v),E@),() = 0 and
‘7(%(’0)7 '%g(v)v cee 7%(’0)7 E(U)a C) =0,

for all ¢ > 0, which suggests that, =(v) = #(v). Hence v is a coincidence point of 7# and Zin
Z. O

(1]

Theorem 4.3. Let (Z,V, W ,7,*,<,®) be a complete NMS and (2, =) be a partially ordered set.
H: X - X and=: X — Z be two maps such that
(4.3.1) #(2) CE(X)
(4.3.2) 7 is a =-isotone mapping
(4.3.3) Assume that a function ¢ € ®,, exists, such that
V(A (@), (D) ... H#(©), K (w), $(C)) = ¥ (E(w),
W (A (@), H (@) ... H (@), # (W), p(C)) < W (E(@),
T(H (@), H (@) ... H (@), # (), d(C)) < T (E(@),
forallo,w e Z,( >0 and E(©) = E(w).
(4.3.4) Z has the following property
(a) If {&p} is a increasing sequence such that w, — @ then @, < @ forallp € N.
(b) If {&p} is a decreasing sequence such that &, — @ then i, > & for allp € N.
(4.3.5) =( %) is closed
If there exists wo € 2~ such that Z(wo) ~ ¢ (@o), then 2¢ and = have a coincidence point.

@)
@)..
(@)

2w

Proof. Consider a point @y € 2 like that =Z(wo) ~ (o). Given that, s (X) C E(Z"). So, we
choose w; € 2 such that E(@;) = (o).

Proceeding like this way, we assemble a sequence

{op} € Z where p € NU {0} like that E(wp+1) = H#(p). Since E(wo) ~ H(&o), We suppose
that =(@o) = (o). Assume that =(@,—1) < E(@,) and we have 7 is E-isotone mapping which
suggests 7 (wp—1) <X H(wp). Set E(wo) = vo =X H(wo) = v1 and ' (Wp—1) = vp < H(Wp) = Vpt1-
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Thus, the sequence {v, } is an increasing sequence. From (4.3.3), we get
Y (0p, Vps - -+, Ups Vp1, §(C)) = V(A (p—1), H(@p-1) - .. H(Wp-1), K (p), $(C))
(E("‘_j 1)3‘—‘(“_)17*1) "'E((‘_jpfl)vE(u_)P)vg)

(UP 1, Up—1, .- ~'Up717'Up,C),

IIAVAN]
%\:%

W (Vp, Vp, - -+, Vpy Upt1, $(Q)) = W (I (wWp—1), H(Wp-1) - .. H (@p-1), H (@p), $(C))
< W (E(@p-1), E(@Wp-1) - - . E(Wp-1), E(@p), C)
=W (vp-1,Vp—1,.--Vp—1,0p,¢)and

T (Vp, Up, - -+ 5 Up, Vpt1, 9(C)) = T (H(Wp—1), H(@p-1) ... H(@p—1), K (wp), #(C))
< T (E(wp-1), E(@p-1) - - - E(@p-1), E(@p), €)
= T (Up—1,Vp—1,...Up—1,Vp, ()

for every p € NU {0} and ¢ > 0. Clearly ¢(¢) > 0 each ¢ > 0. From Lemma (4.1), we decide that
{vp} is a Cauchy sequence. Since (2,7, %, 7 ,x,<,©) be a complete NMS, there exists a point
v € Z such that plir&% =v. Thatis, plLrgo H(wp) = plirgo H(wp) = v. Since (&) is closed, there
exists vo € 2 such lim 7 (wp) = lim E(w,) = E(vg) = v.

p—0o0 p—ro0
=(pp) is @ non-decreasing sequence. So, =(wp) < E(vo) for all p € N.
Using Lemma (3.2) and Lemma (2.1) we get

V(A (@p), A (@p),s -y H(@p), H (v0), C) 2 V(A (@p), H (W), - - ., H (@), H (v0), B(5))
> V' (E(@p), E(@p), -, E(@p), E(vo), 5)
>V (E(@p), E(@p), - - -, E(Wp), E(v0), €),
W (A (wp), H(@p), - - ., A (@p), H (v0), Q) < W (A (@p), H(@p), - ..., H(@p), H (v0), $(5))
S W (E(@p), E(@p), - - -, E(Wp), E(v0), 5)
< W (E(@p), E(@p), - - -, E(Wp), E(w0)), ¢) and
T(H (@p), A (Wp), -, H(@p), H (v0), () < T(H(@p), H (Wp), - ..., H(@p), H (v0), B(5))
< T (E(@p), E(@p), - .-, E(@p), E(v0), 5)
< T (E(@p), E(@p), - .-, E(@p), E(v0)), ¢)

forall ¢ > 0 and p € N, taking p — oo in above inequality we get J#(w,) — 5 (vo) and we conclude
that the limit is unique because of this 7 (vo) = E(vo). Thus v is a coincidence point of .7 and

=. O

Theorem 4.4. A unique coincidence point exists between s and = if 2" is a totally ordered set, in
addition to the assumptions of Theorems (4.2) and (4.3). Furthermore, if = is weakly compatible with
A then 5 and = have a one and only common fixed point.

Proof. Consider that u,v € 2  are coincidence points of 2# and =. Since, every coincidence
points u,v € 2, there exists a point w € 2" such that Z(w) is comparable to =(u) and E(v). Let
wo = w then establish a sequence =(w,). The sequence Z(w,) and its limit defined,similar as in
Theorem (4.2) and Theorem (4.3), so we have E(wp+1) = H#(wp) and E(wi) = (wo). We have
Cllngo Y (Ew),Ew)...E(w),E(v),() =1,

Jlim #/(3(), (@) E(),=(v),¢) =0 and
(W), )

(llm T (E(w), E(w ) .E(w), E(v), ) = 0, it suggests that for each € € (0, 1) there exists ¢, such that
7/(5(0.)0), E(WO) .. E(wo), E(’U) Cl) 1 — €,

W (E(wo), Z(wo) ... E(wo), E(v), (1) < e and

y(E(wo), E(WO) o E(wo) E(’U) <1) < €.
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As ¢ € ®,,, so there exists s > (1 such that lim ¢”(s) = 0. It suggests that, there exists p, € N such
p—>00
that ¢”(s) < ¢ every p > p, and ¢ > 0. Consider,

V(E(wp), E(wp) - - - E(wp), E(v),€) = ¥ (E(wp), E(wp) - - - E(wp), E(v), ¢”(s))
= V(A (wp—1), H (wp—1) . .. H (wp—1), H (), §" (s))

> ¥ (E(wp-1), E(wp-1) - - - E(wp—1),E(v), 6" (5))
> > Y (E(wo), E(wo) . . . E(wo), Z(v), s)
> V' (E(wo), E(wo) - - . E(wo), E(v), C1)
>1—g¢

W (E(wp), E(wp) - - E(wp), E(v),¢) < # (E(wp), E(wp) - - - E(wp), E(v), ¢"(s))
=W (H(wp-1), H (wp-1) ... A (wp-1), H (v), ¢*(s))
< W (E(wp-1),E(Wp-1) - - E(wp-1), E(v), 9" (s))
< < W (E(wo),ZE(wo) ... E(wo), E(v), s)
< W (E(wo), E(wo) - - - Ewo), E(v), (1)
< eand

T (2 (@), E(wp) - Ewp) E0), 0) < T (E(wy), Zlep) .- (), Z(0), 6°(5))
= T (H (wp—1), H (wp-1) ... H (wp-1), A (v), $"(5))
< 7 (E(wp-1), E(wp-1) E(wp-1),E(v), 9" 1(3))
< < T (E(wo), E(wo) - .. E(wo), E(v), s)
< T (E(wo), E(wo) - . . E(wo), Z(v), (1)
<kg

forallp > p, and ¢ > 0.

Hence, ILm Z(wp) = Z(v) and similarly we can easily show that ple E(wp) = E(@) and from the
p—r00 oo

uniqueness of limit we get Z(v) = E(u).

Now, let 77 (v) = Z(v) = e and #, = are weakly compatible mappings.

Thatis, 7 (e) = #(2(v)) = Z(H(v)) = E(e).

So e is a coincidence point it suggests that 77 (e) = 2 (v) = e. Thus e is a coincidence and common

fixed point of 7# and =. Now, imagine that there is e/(7$ e) € X like that Jﬁ(e') = E(e/) =c.

Thene =E(e) = E(e,) =¢'. Thus, # and = have a unique common fixed point. O

Example 4.5. Let 2" = [0,1] and (%', <) be a partially ordered set. Let s¢ and = are two self
mappings in 2 such that 7 (o) = %2 + 2 and E(@) = @ for all o € 2. Then we can easily get
condition #(2°) C 2(%) and # is a =-isotone mapping. Let $(¢) = &, for all ¢ > 0.

Define v : Z'7 x (0, 00) such that

7/(@170._)2,(:)3 ... Wp, C) = WM’

o _ oA (@1,02,@3...0p)
W (@1, 02,05 - 09y C) = Tt (ar o .- o)

T (@1, @, @5 . .. @y, () = LLELD200:0p)

where of (w1,w2,ws ... wp,¢) = D20 _ >, |0k —wj| forall wi,w,03...0, € 27 and (> 0.
Letw * w = min{®, w}, 9Ow = max{@,w} and ® © w = max{w,w} forallw,w € Z .

Then (2, vV, W,7,x <,0) is a complete NMS.

and

Now,
V(A @), H(@),..., (&), #(),d(Q) = s —zm = o=
w)— w @2 —w?
W (H(0), H (@), ..., H(0),(w),Q)) = ¢(<‘)ff;gg)<@ff%(lw)| = (Jlr‘wz,w‘q and
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vo = E(@o) and @py1 = E(wpy1) = H () forp € NU {0} and a sequence
{vp} = {vo=0,v1 = 5,02 = 3,v3 = %, .. } this sequence {v,} is a non-trivial sequence.

By Theorem (4.4), 5 and = have a distinct common fixed point, as shown, i.e.,v = 1.

T (A @), H @), .., (@), (), 6(Q)) = P — [,

7 (E(), E(@), yE2E(®),E(w), () = my

W(E(*%E(Q)’ ,E(Q),E(UJ),C) = CJ‘:T;SL‘ ,

7 (2(@),5(@),...,5(@),E(w),¢) = 2, forallw,w € 2" and ¢ > 0.

We get, )

V(A (0), (D), ..., (@), #(w), () =V (E(@),E(@),...,E(@),E(w),(),

W (H(@), H(@),..., (@), (w),$(C) < W (E@),E(®),...,Ew),Ew),¢) and

T(H (@), H (@), ..., (@), H (w), $(()) < T (E(@),E(@), ..., E(@), E(w), ()

Consider the possibility that oo = 0 such that Z(wo) = 0 < (o), we can create a sequence

Corollary 4.6. In addition to hypothesis of Theorem (4.2) and Theorem (4.3), suppose that 7 :
2 — 2 be a mapping such that 5 is increasing and non-discontinuous mapping and = : 2~ — %
be an identity map, then 5# and = has a common fixed point. If 2" is a totally ordered set, then ¢
and E has a unique common fixed point.

5 Conclusion

By using certain coincidence point and common fixed point results for a pair of mappings, we want
to propose some multidimensional coincidence and common fixed point theorems for ¢-contraction
in partially ordered neutrosophic metric spaces in this paper. We also give an illustration of the
applicability of our key findings.
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