Finite-time synchronization of fractional-order quaternion-valued
neural networks under aperiodically intermittent control: A
non-separation method

Abstract

This article mainly focuses on investigating finite-time synchronization(FTS) of fractional-order
quaternion-valued neural networks(FOQVNNSs) with time-varying delay via aperiodically intermit-
tent control. Firstly, a new group of fractional differential inequalities during aperiodically intermit-
tent times is proposed, which provides a formula for calculating stable time ¢ related to a parameter
about aperiodically intermittent control strategy. = can make the stable time ¢ even shorter than that
of many existing literature results. Secondly, the theoretical analysis of the entire paper is conducted
in a nonseparable method, and a quaternion-valued aperiodically intermittent controller based on
1-norm is directly designed to ensure the synchronization of FOQVNNSs. By constructing - suitable
Lyapunov function, the FTS criterion is derived. Finally, the validity of the proposed theoretical re-
sults is confirmed by numerical simulations.
Keywords: Fractional-order quaternion-valued neural networks; Finite-time synchronization; Time-

varying delay; Fractional differential inequalities; Aperiodically intermittent control.

1. Introduction

Since the end of the last century, artificial neural networks have attracted more and more attention,
which is an interdisciplinary research combining engineering, psychology and biology. Neural net-
works have a wide range of applications in the fields of system recognition, data compression, color
image processing, signal processing, and secure communication[1H3]. models have
better characteristics of heritability and memory than models and can more
accurately depict the dynamic behavior of complex systems, therefore, many scholars have begun to
study fractional-order neural networks, and have obtained remarkable research achievements.

Most of the research on neural networks is about real-valued neural networks(RVNNSs)[4H6] or




complex-valued neural networks(CVNNSs)[7]. In fact, multi-dimensional data are often encountered
in practical applications, while RVNNs and CVNNSs cannot process these data well. so some schol-
ars have considered introducing quaternions into neural networks, which are defined as quaternion-
valued neural networks(QVNNSs)

So far, most researchers have
applied three methods to the study of QVNNSs: the first is changing the considered QVNNSs into
four equivalent RVNNS, that is real decomposition method [12]: the second is changing the consid-
ered QVNNSs into two equivalent CVNNS, that is plural decomposition method [13]: and the last
one is the method used in this article without decomposition [14]. Given the separation strategy
of the first two methods and the non-separation strategy of the latter, it is not difficult to find that
the separation method increases the difficulty of calculation and complexity of theoretical analysis.
Therefore, considering the advantages of the non-separable method, our entire theoretical analysis
for of FOQVNN s is conducted under the inseparable method.

In the past few decades, with the rapid development of research in the field of algebra, many
scholars have begun to study the synchronous behavior of FOQVNNSs based on the Lyapunov func-
tion. Researchers in [15] discussed quasi-stability and quasi-synchronization control of FOQVNNS.
Researchers in [16] studied FTS of FOQVNNSs. However, the current research on FOQVNNSs syn-
chronization is mainly based on the discussion of the above synchronization types, there exists very
few studies on FTS of time-varying delay FOQVNNSs. Because there are many specific application
scenarios of FTS, ' is more reasonable and meaningful to study the FTS problem.

complete the synchronization of FOQVNNs within a finite time, the convergence time is very
important. In the literature [16] and [17], by establishing a fractional differential inequality as a cri-
terion for FTS, the synchronization time is obtained and in [18], the authors establishes the fractional
differential inequality through the period settling, such that the convergence time is more accurate.
However, in practice, many dynamic behaviors exhibit aperiodic synchronization. To be closer to
real life, we introduce a constant w to set the control time flexibly. The constant w is called the non-
control rate and does not depend on each control interval and rest interval, which greatly reduces
the synchronization convergence time. This is great importance for the study on FTS of QVNNSs.

Encouraged by the above discussion, the main work of this paper is to explore the FTS problem

of FOQVNNSs under aperiodic intermittent control. The main contributions are listed as follow:

e At first, inspired by literature[17H19], a group of fractional differential inequality is established



under non-periodic time conditions, which provide a shorter synchronization time, and time is

more flexible and more in line with real life.

* Secondly, as a general form of symbolic functions for real and complex numbers, the quaternion
symbolic function is introduced, and some properties of the quaternion symbolic function are
established, which can prevent QVNNSs from being decomposed into CVNNs or RVNNs and

reduce computational complexity.

¢ Thirdly, a quaternion numerical state controller composed of symbolic functions and norms are
flexibly designed, and based on the application of the Lyapunov function method in nonlinear

dynamics, Lyapunov functions related to 1-norm are constructed.

¢ Finally, some new synchronization criteria are obtained by establishing fractional-order differ-

ential inequalities in aperiodic periods and fractional-order Razumikhin theorems.

Notation: In this paper, N, R, Q, Q™ denote the set of natural numbers, the set of real numbers, the
set of quaternion numbers, and n-dimensional quaternion space, respectively. For any quaternion

r = ol rizl +j27 +ka¥ € Q where 27, 27, x7 2K € R, i, j, k are standard units, and obey Hamilton

R K

relus: i2 = j2 = k2 = ijk = —1,ij = —ji = k, jk = —kj = i, ki = —ik = j. T = 2B — izl — ja’ —ka

n
denote the conjugate of z. For z € Q, |z|; = |zf| + |2f| + |2/| + |2¥]|. Forz € Q", ||z||1 = Y |z /1.
r=1

2. Preliminaries

In this section, we introduce some essential basics of fractional-order calculus by recalling some
definitions, lemmas, and establish two new lemmas.
Definition 1.([20]) The Caputo fractional-order derivative of the function F'(¢) is given as
o DIF() =

1 K -
F(l—p)/to(ts) F'(s)ds,

in which 0 < p < 1, I'(p) is the Gamma function defined by I'(p) = |, oo

0 e~'t®=1dt. For simplicity,

use D¥F(t) in place of { D{ F'(t).
The time sequences {t,, } and {s,,}(m € N) satisfy 0 = tp < so < t1 < 81+ <ty < 8y < ---, and

limy s 4 oot = LMy, s 100 Sm = +00. The control interval is [t,,, s, ) and the rest interval is [s,,, tm41)-



Definition 2.([21]) For the aperiodically intermittent control, we denote

. t 1— S
w= lim sup -2+ —°"m

)
M= ;eN tmt1 — U

where 0 < w < 1, when w = 0, the aperiodically intermittent control becomes continuous control.

Definition 3.([22]) For z € Q, the sign function of z is denoted

[z] = sign(z®) + isign(z!) + jsign(z?) + ksign(z™).
Lemma 1.([23]) For any m =0, 1,2, - - -, we denote
t— Sm
W(t) = ﬁ, t € [Sm,tm+1). (1)

Obviously, w(t) is a strictly increasing function and w(t) < %

Lemma 2.([14]) Suppose function X (¢) € Q is a differentiable function, then

D?(X(H)X (1) < DX ()X (t) + X(t)D? X (t),

where 0 < p < 1,t > 0.

Lemma 3.([24]) For any ¢ € Q, the following equation holds

[olo + [olo = 2|o1. €l

Lemma 4.([18]) Suppose o € (0,1), ¢ € R, the Caputo fractional-order derivative for function F'(¢)

has the following properties

I'(1+q)

SR P

FI~*(t)D*F(t).
Lemma 5.([25]) Let f(¢) be a differentiable function, then one has

DP[f(#)] < sign(f(£))D¥(f(1)),

where p € (0,1).



Lemma 6.([25]) For any o € QQ, we can obtain
0+ 0 =2Re(0) < 2|ol;. ©)]
Lemma 7.([26]) Let 0 < p < 1, there exists function m(t) € Q, such that
DPIm(t)]y <

Lemma 8.([27]) The following inequality holds
Q1= <Y1l
i=1 i=1

where z; € Q, p € (0,1].

Lemma 9. Suppose that a continuous and non-negative function x(¢) satisfies the following condi-

tions
DPX(t) < —,LLXp(t), tm <t < S, (4)
DPX(t) <0, Sm <t <tmy1,
where m = 0,1,2,--- , u > 0,0 < p < p. If there are a constant @ € (0,1), and w is introduced in
Definition 2, then we can obtain inequality as below
— o— Wl (14+p—p) ‘ g
XOTP(t) S XVTP(to) — Fimprirgy (L~ @)t —10)7, t <, )

x(t) =0, t>1,

X°~°(t))T(1=p)T(1+p) ) s
pT(1+p—p)T'(1—w®) ’

Proof. Take Hy = x~*(to) and R(t) = x“~° (£) + g rls (=) ¥, t > to = 0. Set R(t) = N(t)— Ho.

where =ty + (

Obviously, it gets
R(t) =0, fort = 0. (6)

Next, R(t) <0, for t € [0, so) will be proved.



When t € [0, s9), it has

pl(1+p—p)

I'(1=p)I(1+p)

_Ml+p-p) -, ) PPA+9=p) pory

=T, X (t)D X(t)+F(1—p)F(1+p)D [(t —t0)"] ”
_Mr(1+p—p) pl(14+p—p) T(1+4p)

= Fl-p)  TA-pI1l+p) (1)

=0.

DPR(t) = DY[x*"(t) + (t —t0)” — Ho]

It is east to see that R(¢) is non-increasing in [0, s¢). Hence, R(¢) < £(0) =0, for ¢ € [0, so).
Assume Q1 (t) = N(t) — Hy — %@ — 50)¢. In the following steps, t € [so,t1), Q1(t) <0
will be proved.

When V't € [so, 1), it yields

DPQu{t) = DYIR() = Ho - rﬁr ElpJ)er(l_er?p) (= 0)"]
_Il+p-—p _, L1+ g — p)
=TT X OOt R Rt

LA+ 9 =p) pory e
o I'(1—p)(1+ p)D [(t 0)¥] (8)
I'l+p—0p) Fl+p—p) TO+p)

“MTa -, TMTaorae) T

=0.

DP[(t — t0)¥]

That is, the function Q(¢) is non-increasing over the interval [so,¢1). Hence, Q1(t) < Qi(so) =

Combining Q1 (t) <0, fort € [so,t1), it has

N0 < Ho+ TR ©)
< Hyt pl(1+ o —p) (11 — 50)°.

L1 —p)I'(1+p)

Then, we have

pP(1+p —p)

_ ©
= F(l *p)F(l + p) (tl 80) , forallt e [Oﬂfl).




Similar to the (7), for ¢ € [t1, s1), we can prove that

And for any ¢ € [s1,t2), similar to the proof of (8), taking Q2(t) = N(t) — Hy — %(h -
50)° — %(t — 51)%, we can prove Qz(t) < Qa(s1) < 0. Denote Q(t) = N(t) — Hy —
% [(t — s0) + (t — 51)]°. According to the Lemma 8, it has Q2 (t) < Q2(t), which has similar

proof process as (8), for any ¢ € [s1,t2), Q2(t) < 0 holds that is

(1 +p—p)
L1 —pL(1+p)

N(t) < Ho + [(t1 — s0) + (t — s1)]*.

By induction, we can derive the following estimation of X(¢) for any integer m.

When ¢, <t < s,,, it has

,uI‘( + p )
< + §
N(t) S H() F(l 1 |:k_1 tk Sk—1 :| y (10)

and for s, <t < t;,+1, we obtain

N(t) < Hp + Fﬁl—‘(l i Pl erp {Z th — sp—1) + (t — Sm)]}p- (11)
=1

Therefore, for any ¢ > 0, there are a natural number [, such thatt; <t < s;, the following estimates

of X(¢) for any ¢ by (10) and (11), for ¢; <t < s;, we can get

l
I'(1+
() < o+ e[S )]

I'l1—pT(1+p) pt
l
pL(1+p —p) e — Sk—1 ®
= Hy+ [ e — the }
O R T ) L2 ey )
l
pl(1 4o —p) (12)
< Hy+ [ (tr —t }
°t FI— T+ o) w; k= tro1
T(1+p—
—H, o+ pl(1+p — p) (woty)?

I(1-pIr1+p)
pl'(1+ o —p) s
L(1—p)T(1+ p) '

< Hy+

And for s; <t < 41, ithas



N(t) < Hy + ul“(l—i—p ) [Z — Sk-1) (?5—81)p

- I'1-pT(1+p) Pt
l
pL(1+p —p) [ th — Sp—1 t— s r
= by — tr t—t
T TI - T+ ;tkftk_l(k 1)+ (=)

1
T'(1 — th — Sk— ti41 — ©
< Hy+ pl'(1+p—p) |:Zk Sk l(tk—tk_l)—l—u(t—tl)}

P =p)P(1+p) L=t — i tiy1 — U (13)
l
ul(1+p—p) ©
< H _ _
< 0+1“(1—p) T+ ) {wkz_ltk to—1) + (t tz)]}
pr(1+p—p)
= H t)®
R o+ )
pl(1+ o —p)
= Hy + 10
CTTA -+ e)”
Thus, we can get
- pP(1+p—p) p(1+p—p)
x¥7P(t) < Hy + w¥t® — t—19)%
U= Hot 50— r+ ) P prite 1)

pl(L+p —p)
(1 —p)I'(1+p)

< x""*(to) = (1 =)t —1)”.

Denote f(t) = x**(to) — %(1 — w?)(t — to)?, function I'(x) > 0 (x > 0),1 — w® >0,

f(t) is a continuous function with respect to ¢ which is strictly decreasing.

For f(t) = 0, if and only if

X (t)I' (1 = p)I(1 + p)
pl(1+ o = p)I'(1 — @?)

)é,tzo.

The above Lemma 9 proof is completed.
Remark 1. In [17], the authors gave a fractional-order differential inequality in Lemma 10 for en-
suring the FTS of neural networks, and gave the settling time
In [16], the researchers studied the inequality with the initial time ¢ty = 0 and
obtained the settling time . In fact, the faster the convergence time
becomes, the more helpful it becomes for our actual life. In Lemma 9 above, we establish two

sets of fractional differential inequalities in each intermittent times and get the settling time ¢ =

X7 (t)L(1—p)T(1+p)

1 ~
to + ( T to-p)T(1—=") ) ©. Obviously, the introduced parameter @ can make the settling time ¢

decreases. In addition, it should be noted that Lemma 9 plays a significant role in the theorem below.

Through the proposed aperiodically intermittent control, the condition of FTS of the neural network



is guaranteed, and an accurate settling time is obtained.
Lemma 10 Forz € Q,0 < m < p < 1, we have

(i) : [#]la] = sign®(a®) + sign?(a") + sign®(a”) + sign®(a¥) = |[a]]1,
(ii) « [=[7" [Z)[x] = o[ [z]} = |z

Proof.

[2][Z] = (sign(zT) + isign(z!) + jsign(z’) + ksign(zX))

x (sign(z®) — isign(z!) — jsign(z’) — ksign(x))
(15)
= [sign(x™)| + |sign(a")| + [sign(z”)| + |sign(z™))|
= [[]]1-
If x = 0, it can be obtained |z|7*|[z]|1 = 0 = |z|{*, else  # 0, it can be got |z|{*|[z]|x > |z}

Therefore, for any = € Q, |z|7*|[z]|1 > |=|{".
Remark 2. Definition 3 provides a definition of a quaternion function [z] = sign(z®) + isign(z!) +
jsign(xz”’) + ksign(z®), and based on this definition, we obtain some related properties in above

Lemma 10, which are an important factor in ensureing the FTS of FOQVNNSs.

3. System description

In this section, the model of FOQVNN:Ss is considered and we establish a response system to

investigate the synchronization.

The drive-response systems studied in this paper are given as

D91 () = — 1ty (1) + 32 angfal1a(6) + 32 bragaliglt — 7(1))) + -
e e (16)
D”Jr(t) = _mrjr(t> + Z::l arqfq(]q(t» + Z::l brng(]q(t - T(t») + 4 + %T(t>-

in which p € (0, 1), state vectors ¢,(t), 3-(), 14(¢), 3q(t), 2q(t — T(t)), 34(t — 7(t)) € Q, m, € R denote
the self-feedback coeffcient, a,q,brq € Q is connection weights, 7(t) is the time-varying delay, ¢,
represents the external input, $(t) is the controller, f,(-) and gq(-) : Q — Q is the activation
function.

Definition 4. If lim;_,7||7-(t) — ¢-(¢)|| = 0, thatis ||3-(t) — ¢-(¢)|| = 0 for any ¢ > T are satisfied, then
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Begin Begin
/ Derive system / / Response system /

run run
Uy (t)
no controller controller

[ o ] [ ow ]

Fig.2 Fig.3

Figure 1: Flow chart of drive system and response system

the drive-response systems (16) can achieve FTS.
Assumption 1. For any r = {1,2,--- ,n}, k = 1,2. and 1,5 € Q, there exist positive constants Ly,

Py, such that

Ifr(2) = fr(D ke < Lrlr = lr,
(17)

|gr(Z) - gr(])|k < Pkr‘z *]|k~

In order to synchronize the drive-response system (16), satisfying definition 4 and assumption 1,

we can get an error system:

DP(E,(t)) = —m,Er(t) + Z arqfq(5q<t)) + Z brqGq(Eq(t — 7(1))) + S (1), (18)

in which Z,.(t) = 2,(t) — 0-(t), f4(E4(t)) = fq(34()) — fa(1g(t)), Gq(Eq(t — 7(2))) = g4(24(t — 7(1))) —
9q(1g(t — 7(1)))-
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4.Main results

In this part, a quaternion numerical aperiodically intermittent controller composed of symbolic
functions and norms are studied. Among them, 1-norm are composed of the real part of the quater-
nion and the three imaginary parts, respectively. In the theorems 1, we establish the Lyapunov func-
tion to simplify the controller. Through the condition of lemma 9, the FTS of FOQVNNs is realized.

Firstly, consider the 1-norm controller

Sp(t) = =, 20 (t) = AE OS], b <t < 5,

(19)
(\\yr(t) =0, Sm <t < thrlv
in whichn, € Q,nf >0,A>0,0< 8 < p.
Based on derive-response systems (16) and the controller (19), the error system is
N } N
DY (E, (1)) = =mrZp(t) + D argfeEq(D) + D broda(Eq(t = 7()) = nrE () = AED)E-(D)]7-
q=1 qg=1
In order to simplify of the calculation process, the following denotations are introduced
dr = m, +n,. (20)

Theorem 1. Under the controller (19), and Assumption 1 holds, if there exist positive constants dZ,
Lir, Pir,n, 9, |age|1, [bgrl1, [dE], |d]|, |dE| satisfying following conditions:

N N
(1)_d§ + |d£‘ + |d;~]| + ‘df‘ + Z L17'|aq7'|1 + Z P17'|bq7'|17] < O/
qg=1 q=1

N N
({@)—m + [m]| + [m| + [m |+ 3 Lirlageli + 3 Pirlbgr[19 <0,
q=1 q=1
then the drive-response systems (16) with aperiodically intermittent controllers (19) will be synchro-

nized in finite-time, moreover the settling time of synchronization T satifies

X5 P (to)T(1 = BT(1 + @)é

i=to+ ( (14— B)(1—@P)

N

where x1(t0) = > |Z,(to)|1, @ € (0, 1), w is defined in Definition 2.
r=1

Proof. Consider the Lyapunov function below:

N
xa(t) = 2 [=Oh,
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when t,, <t < s,,, it has

v N
= 5 2 {EOI=m =) + 3 arafu ()
N
+ D brada(Eqlt = 7(1)) = B (t) = AE O] (1)}
q= ] N ]
+ {(_mrEr (t) + (_qu q(Eq(t))
q=1
N — — — _
+ 3 Brada(Eq(t = 7)) = E (1) = NED]IEO1)EO]}]
‘Z; N ) )
=75 Z {(mr + ) [Er ()2 () + (M + ﬁT)Er(t)[Er(t)]} (21)
(NN ]
+ 52> arafaEa)E D] + drg fo (B (1) Er ()]}
v ) )
5 0D bralEr (10)34 Ealt = 7(6))) + bro[Er ()]0 (E(t = 7(8))}
ATJ_V - _
=5 2 AGE@IEW0] + EOIEODEDI)

Using Lemma 5 and Lemma 6, we have

N
= — Z Re{dr[ér(t)]ET(t)}
N
==Y Re{(df +id} + jd] + kd))(sign(E] (t)) (22)

—isign(ZL(t)) — jsign(E] (1)) — ksign(EX (1))

F(8) +AE0(1) + JE (1) + K2 (1)}

x (B
N
< A=A+ [d]] 4 |d] |+ 1dEDIE(6] -
r=1
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Using Lemma 6 and Assumption 1, it follows that

DO |
[~]=
[~]=
—~
S
3
_
el
—
[
_
=
~—
S~—
Tl
3
=
=
+
A
3
_
atl
—
[1]
[l=)
=
N~—
S~—
[1]
3
=
=
——

5
I

-
=]
Il

-

N
D Re{argfy(Eq(1))Er ()]}

WE

%
Il
-

=)
Il
-

Ref{(ag, +iaj, + jaj, + kaQ) (FH(E, (1) +if] (Eg(D) + i (E4(2)) (23)
1

%
Il
-

I
] =
1[M]=

+
oy
<X

Zq(1))) x (sign(E(1)) — isign(E1.(t)) — jsign(E] (1)) — ksign(E (1))}

M=
M=

{lafgllfaEaO)h + lafyllfa(Eg ()1 + layllfa Ea ()1 + laf |1 fa(Eq(8)) 1}

i
Il

-
=]
Il

-

|arq|1|fq(5q(t))|l

WE
WE

%
Il
-

=)
Il
_

] =
] =

L1r|aqr|1|57‘(t)|1~

%
Il
MR

<
Il
MR

Similar to inequality (23), using Lemma 6 and Assumption 1, we can obtain

% Z Z {qu[ET(t”gq(Eq(t —7(t))) + brg [ET(t)]éq(Eq(t - T(t>))}

R
=33 Re{byg[E (8)]34(Z,(t — 7(£))}
r=1q9=1
N N
<SS rgl 30 (Eat — 7)1 (24)

= A {EWIE-ODEOF) @)
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According to the above

N N N
Doxa(t) <D (=df +|d]| + ]|+ |[dEDEADL + YD Lirlageh[Er ()]s
r=1

r=1gq=1

N N N
YN Prlbgrr En(E = 7)1 = A ZE (26)

r=1g=1

= (= +|df| + & | + [ [)xa (t) + ZLn\aqr\le(t)

q=1

N
+ Zplr|bqr|1xl(t —7(t)) — AXf(t)
qg=1

By the fractional-order Razumikhin theorem ([28]) and combining the condition (i), there is a

n > 0, such that x1 (¢t — 7(t)) < nxa(?), it yields

D¥xu(t) < (=djf + Idl\+Id"|+\dK\+ZL1rlaqu1+ZP1r|bqr|m)X1() AT (1)

q=1 q=1

thus,
DPx1(t) < =i (). 27)

when s, <t < t;,11, it has

1r;1 ) N
= Y HE O mE 1) + Y anfyE )
2 brada(Ea(t = (O} + {(=70Z0(0) + 3 g fo(Ea(1))

g=1 !

N —
+ ) brgdy(Sy(t — T(t)))}[ur(t)]}

q; N ) i
IS B 010 + e O (0]} )



_l’_
N =
] =

5
Il
—

N
Z {arqfq Eq

q

Il
-

( )] + arqfq(‘—*q( ))[H (t)]}

e
E
M=

1
Il
—
=]
Il
—

{brq [:T(t)]gq(:q(t - T(t))) + qu [Er(t)}éq(aq(t - T(t)))}

Similar to the inequality (22), it has

_ ;Re{ mP 4+ im! + jm? + km5) (sign(ZE(t)) (29)
— ksign(Z;* (1))

— isign(2L(t)) — jsign(E](t))
x (EF(t) +iEL(t) +

N
<> ACEmE 4+ ml] + [m] |+ [m ) E )}
r=1

Similar to the inequality (26), it can be seen that

N
DPxy(t) < Y (=mf + mE| + m | + [mE I () +
r=1

N N
SO Liclag i[5 (1)

r=1gqg=1
r=1gq9=1

N N
+ Zzplr|bqr| |*~T [ T(t))|1

(=mf + Iml| + Im]| + [mS)xa

(30)
N
(t) + ZL1T|@qr|1X1( )
q=1
N
+ 3 Pilbgrhixa(t = (1))
qg=1

By the fractional-order Razumikhin theorem ([28]) and combining the condition (ii), there is a
¥ > 0, such that x1 (¢t — 7(¢)) < ¥x1(t), we can get
D¥x4(t) <

N

N
(=mf il + ml |+ &+ Livlageh + > Prelbgr[10)xa (#)
q=1 qg=1
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therefore

D¥x1(t) < 0. (31)

From Lemma 9, the drive-response systems (16) can achieve FIS and the settling time 7} is given

by

x?‘%mﬂwl—ﬂﬂw1+g»)¢
M (1+p—B)(1 —wf)

ﬂ:m+<

This proof is completed.
Remark 3. According to the designed controllers (19), we can see that they contain 1-norm |=,.(¢)|;
terms. Therefore, based on the characteristics of the controllers containing 1-norm, the selected Lya-
punov functions in Theorems 1 are also presented in the form of 1-norm. Meanwhile according to the

sign function properties of the defined complex function, some synchronization criteria are obtained

to ensure FTS of FOQVNNSs.

5.Numerical simulations

In this section, some simulation examples are used to validate the effectiveness of our derived
theoretical results.

Example 1. Consider the drive-response FOQVNNs with two neurons in the following forms:

2
D1, (t) = —myar(t) + Zarqfq 14(t)) + Z brqgq(1q(t = 7(1))) + Lr, (32)
D%@:WM~+ZWMM +ZWMM (1) + €+ Si(t), (33)
q=1

where o = 0.98,r = 1,2,1,(t) = o (t)+in] (t)+j2;] (£)+kal (t), olF 0k 0] o € R, fu(14(1)) = sin(fH(t))+
(E(t)) + itanh(a ( )) + jtanh(s g( ) +

isin(u}(t)) + jsin(u] (t)) + ksin(:k () and g,(14(t)) = tanh(}
ktanh(:f (t)), 7(t) = 0.6]sin(t)], 3, (t) = —n,E.(t) — AE, (D)2 (t)]f and

mp O 5 0
M: = s
0 mg 0 5
ny 0 5—i—j—k 0
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d 0 0—i—j—k 0
D: = s
0 do 0 0—i—j—k
4 0.3+0.3i +0.3j + 0.1k 0.2+ 0.3i +0.1j + 0.3k
0.3+0.3j + 0.2k 0.1+0.1i +0.2j
5 0.3+ 0.3i + 0.35 + 0.3k 0.2+0.1i — 0.1j
0.3+0.1i — 0.1k 0.1+0.3i +0.3j + 0.3k

—_—i
i

—
2

Hr'2r
Mtz

}\
05/%
§

/\A\’
JUVA
vy .

25 30 ¥ 4 & K 0 5 0 1B 2 25 N B 0 £ 8
t 1

0

RTTE-1
o

Figure 2: Transient states of R, I, J, K part of derive systems (32) with 2-neurons.

Let the initial values: ¢1(0) = 2.5 — 1.2 — 25 + 3.5k, 12(0) = —0.2 + 6i — 65 — 2.7k, the external
input w; = wy = 0, then the four part trajectories of the drive system (32) are depicted in Figure 1.
Obviously, the four part trajectories do not converge. In order to verify the validity of Theorem 1
with controller S,.(t) = —n,.Z,.(t) — A[E,.(¢)]|Z,(t) |f , we perform the following steps. Firstly, let L; =

Lis = Pi; = P12 = 1,1 = 9 = 1. They can satisfy the condition of Theorem 1 that —dZ® + |d| + |d] | +
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14 3 ikt 4 35 Palbyp 1 < 0~ nd - nf |+ 05+ 3 L+ 3 Palbyr 10 < 0
Choosg_)l\ =109, 8 :(1_6.5. Secondly, set the initial values: j;(0) :q_().2 — 0.7 — gj_'+ 8.5k, 72(0) =
4.1+ 0.9¢ + j — 3.3k, w1 = wy = 0, the time response of the four parts of (33) are depicted in Figure 2.
Thereupon, we can get that the initial values of the error system are =, (0) = —2.3 + 0.5i — 65 + 5k,
Z2(0) = 4.3 — 5.1i 4+ 7j — 0.5k, the period width ¢,,,+1 — t,, is randomly generated between 0.4s and
0.6s, and the ratio of the control width s,,, — t,,,(m > 0) is randomly generated between 0.3 and 0.7,

w = 0.7.

Jqud2y

Figure 3: Transient states of R, I, ], K part of response systems (33) with 2-neurons.

Remark 4. In this paper, the FIS problem of FOQVNNs with time-varying delay under aperi-
odically intermittent control is discussed when 0 < p < 1. By using the fractional derivative and
inequality method, the Lyapunov function constructed by quadratic norm and linear norm is de-
rived, and the FTS criterion of the error system is obtained. And numerical simulation shows that

the derived synchronization criterion is correct and effective in Figures 1 and 3. In recent years, many
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0 05 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5

Figure 4: State trajectories of 51 R, =11, E1J, 21 K,E2R, E21, EoJ, o K.

QVNNs have attracted increasing attention from scholars. In this paper, we only study the FTS based
on aperiodically intermittent control, fixed/predefined-time synchronization of FOQVNNSs under
aperiodically intermittent control will be discussed in the future, the biggest challenge we face is

how to prove the fix/predefined-time stability lemma under intermittent time for FOQVNN .

6.Conclusion

In this article, we research the FTS between two FOQVNNSs by using aperiodically intermittent
control. In order to ensure the FTS of FOQVNNSs, a new group of fractional differential inequali-
ties during aperiodically intermittent times is given, and a control scheme composed of symbolic
functions and norms are proposed by the non-decomposition method. Meanwhile, according to the
actual needs, we can choose the control time by adjusting the parameter w, and the synchronization
time deduced is better than the synchronization time convergence effect obtained in the previous

literature. The validity of the derived theoretical analysis is confirmed by numerical simulations.
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