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Solution of Inhomogeneous Differential Equations with
Polynomial Coefficients in Nonstandard Analysis, in
Terms of the Green’s Function

Abstract

Discussions are presented by Morita and Sato on the problem of obtaining the
particular solution of an inhomogeneous differential equation with polynomial
coefficients in terms of the Green’s function. In a preceding paper, solution is
given without using the Green’s function, on the basis of nonstandard analysis,
for a restricted class of inhomogeneous terms. In the present paper, the
corresponding solutions are given in terms of the Green’s function. It is applied to
Kummer’s and the hypergeometric differential equation.
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1 Introduction

In the present paper, we treat the problem of obtaining the particular solutions of a differential equation
with polynomial coefficients in terms of the Green’s function.

In a preceding paper [4], this problem is studied in the framework of distribution theory, where the
method is applied to Kummer’s and the hypergeometric differential equation. In another paper [5], this
problem is studied in the framework of nonstandard analysis, where a recipe of solution of the present
problem is presented, and it is applied to a simple fractional and a first-order ordinary differential
equation.

In a recent paper [6], a compact recipe based on nonstandard analysis, which is obtained by revising
the one given in [5], is presented, and is applied to Kummer’s differential equation.

In the preceding paper [7], we consider the problem of solving the equation which has a special
class of inhomogeneous part, and we adopt a recipe without the Green’s functuion, which is applied
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to the hypergeometric differential equation, the differential equations treated in [5] and the Hermite
differential equation.

In the present paper, we solve the problem considered in [7], but now the results are expressed in
terms of the Green'’s function. It is applied to Kummer’s and the hypergeometric differential equation.

The presentation in this paper follows those in [4, 5, 6], in Introduction and in many descriptions in
the following sections.

We consider a fractional differential equation, which takes the form:

n

pu(t, ’Du(t) = S ai(t) D u(t) = f(1), (1.1)
=0
where (i) n € Z>_1, t € R, (i) a;(t) for I € Zjy ,,) are polynomials of ¢, (iii) p; € C for [ € Zj, satisfy
Re po > Rep1 > --- > Re p, and Re po > 0.

Here Z is the set of all integers, R and C are the sets of all real numbers and all complex numbers,
respectively,and Z>, = {n € Z |n>a}, Zcy ={n € Z|n < b} and Zj,p,) = {n € Z | a < n < b} for
a,b € Z satisfyinga < b. We alsouse Ry ={z € R|z>a}fora e R,andC; ={z € C|Rez >

0}.

We use Heaviside’s step function H(t), which is equal to 1if ¢ > 0 and, to 0 if ¢ < 0. Here rD/"
are the Riemann-Liouville fractional integrals and derivatives defined by the following definition; see
3, 8].

Definition 1.1. Lett € R, 7 € R, uo(t) be locally integrable on R, u(t) = uwo(t)H(t — 1), A € C4,
n € Z~_1 and p = n — X. Then r D u(t) is the Riemann-Liouville fractional integral defined by

rD; Mu(t) = ﬁ /_Oo(t — )" g () H(z — 7)da
1 i A—1
ZW/T (t—x) UO(I)d!E~H(t—T), (1.2)

and rD; u(t) = 0 fort < 7, where I'(\) is the gamma function, rD?u(t) = rDI *u(t) is the
Riemann-Liouville fractional derivative defined by
dn

rD{u(t) = rRD} " u(t) = dTn[RD[AUO(t)} -H(t—7), (1.3)

whenn > Re A, and rD'u(t) = %uo(t) -H({t—T1)whenp=mne&cZs_,.

1
I'(v)

In accordance with Definition 1.1, when wo(t) = (t —7)*', we adopt

(t—7)vt
NG

for v € C\Z<«1 and T € R. Here gD, is used in place of usually used notation - Dz, in order to show
that the variable is t.

T(v—p)

rD?
K 0, v—p€ L,

H(it—71)=

—ry—p,-1
{ T H(t—1),  v—p€C\La, (1.4)

Remark 1.1. Let g, (t)=r,;;t" " H(t) for v € C. Then g, (t) = 0if v € Z<1, and Equation (1.4) shows

that if v ¢ Z<1, rRD?g.(t) = gu—,(t). As a consequence, we have rD!"g,(t) = g_n(t) = 0 for
n e Z>_1.
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In distribution theory [4, 9, 2, 10], we use distr[bution ﬁ[(t), which corresponds to function H(t),
differential operator D, and distribution 6(¢) = DH (t), which is called Dirac’s delta function.

1.1 Preliminaries on Nonstandard Analysis

In nonstandard analysis [1], where infinitesimal numbers appear. We denote the set of all infinitesimal
real numbers by R°. We also use R, = {¢ € R? | ¢ > 0}, which is such that if ¢ € RY, there exists
N € Zs satisfying e < &. We use R™, which has subsets R and R°. If z € R™ and z ¢ R, z is
expressed as z1 + e by z; € R and e € R°, where z; may be 0 € R. Equation x ~ y for z € R™* and
y € R™, is used, when =z — y € R°. We denote the set of all infinitesimal complex numbers by C°,
which is the set of complex numbers z which satisfy |Re z| + |Im z|€ R°. We use C™*, which has
subsets C and C°. If z € C™* and = ¢ C, zisexpressedas z1 + eby z1 € Cand e € C°, where z;
may be 0 € C.

In place of (1.4), we now use

1

mt”_”_HeH(t), (1.5)

1
Dg, e(t) = Dpitu_l+th = Gu_ptel(t) =
RDY gue(t) Rtf‘(y+e) (1) = gv—p+e(t)

forallp € Cand v € C, where e € R%,.

Lemma 1.1. Letp1 € C, p2 € C,v € C, ¢ € RY; and gu+e(t)=rqyt" < H(t). Then the index
law:

RDflRDfrngwLE(t) = RDflerQgVJré(t) = 9V*P1*P2+6(t)7 (1 -6)
always holds.

In the present study in nonstandard analysis, in place of H(t) and §(t) in distribution theory, H.(t)
and é.(t) are used, which are given by

1 d

Ho(t) = RDTH() = 910(8) = gyt B, 6lt) = G0, (1.7)

for e € R2,. We note that they tend to H (t) and 0, respectively, in the limit of ¢ — 0.

Lemma 1.2. In the notation in Remark 1.1, Hc(t) = gi+(t), 6c(t) = ge(t), and

RD{He(t) = rDigiie(t) = g1(t) = H(t), rDide(t) = rDige(t) = go(t) = 0. (1.8)

1.2 Summary of the Following Sections

In Section 2, a recipe of solution of Equation (1.1), in nonstandard analysis, is presented. We there
consider the solution of the following equation for a(t):

Prc(t, RDy)A(t) = (1), (1.9)
where e € R, and

ﬁn,e(thDt) = RDit_Epn(t7RDt)RDtE~ (110)
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In [6], Condition 2 on p. 383 is adopted, where the inhomogeneous terms f(t) and f(t) are assumed
to satisfy one of the following four conditions.

Condition 1.1. Lete ¢ RZ, and 8 € C.

(i) f(t) = fo(t)H(t) and f(t) = rD; f(t) + c.o(t), where fo(t) is locally integrable on R~ and
ce Is a constant.

(i) f(t) = rD;fs(t) and f(t) = rD; f5(t), where
Fo(t) = RDT f5(8) + cp,e0c(8),  fa(t) = fo0(t)H(D), (1.11)
f8,0(t) is locally integrable on R~¢, and cg,. is a constant.

(iiiy f(t) = rD? fs(t), where fs(t) = rD.H.(t) = 6.(t). When 8 € Z~_1, f(t) = 0, and when
B¢ Z>or, f(t) = rD T H().

(iv) f(t) and f(t) are expressed as follows:

ch RD (5 ch

respectively, where ¢; € C are constants, 3, € C satisfy —Re 8i > —Re 1 € R, foralll € Z~.o,
anddz = If,Bl ¢ Z>71, anddl =0 If,Bl S Z>71.

tﬁlﬁl

Zdl rRDJTYH(E), (1.12)

In [7], Conditions 1.2 and 1.1 on p. 52, are adopted. It is

Condition 1.2. Lete € R, and 8 € C.

(i) f(t)=dc(t) and f(t) =0

(i) fa(t) = rD:H(t) = 6c(t), and f(t) = rD{ fs(t) = ge-s(t). When 8 ¢ Z_, f(t) =
rDPYYH(t), and when 8 € Z 1, f(t) = 0.

(iiiy f(t) and f(t) are expressed as follows:

ch RD Yoe( ch grie—p (t Zdl RD Loe( (1.13)

respectively, where ¢, € C are constants, 5, € C satisfy —Re 5 > —Re 1 € R, foralll € Zo,
anddl = Ifﬁl ¢ Z>71, anddl =0 Ifﬁl S Z>,1.

Remark 1.2. Lemma 1.2 shows that when Condition 1.2(i) is satisfied, RD,ff(t) = f(t), and f(t) =
rD; © f(t) does not always hold, and when Condition 1.2(ii) is satisfied, rDf fz(t) = 0.

In Sections 3 and 4, full expressions of the Green'’s functions and the solutions, are derived along the
recipe given in Section 2, for Kummer’s differential equation, and in Sections 5, the corresponding
results are given for the hypergeometric differential equation.

Section 6 is for Conclusion.
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2 Recipe of Solution of Differential Equation, in Nonstandard
Analysis

In obtaining a particular solution of Equation (1.1) for f(t) satisfying Condition 1.2(i), we use it defined
in the following definition.

Definition 2.1. Letp, (t, rD:) be given by Equation (1.10). Then fore € R, andt € R, the Green’s
function G(t, T) for Equation (1.1) satisfies

ﬁn,e(t, RDt)Ge(t, T) = 6e(t — T). (21)

Lemma 2.1. Let G.(t, ) be defined as in Definition 2.1, and Go(t, ) := rD{G.(t, 7). Then Go(t,T)
is a complementary solution of Equation (1.1) onRx., and r D; *p.(t, rRD:)Go(t,7) = 1 at any value
oft satisfyingt > .

Proof. These are confirmed by applying rD{ and rD; **¢ to Equation (2.1), by noting Lemma 1.2.
O

Theorem 2.1. Let Condition 1.2(i) be satisfied, G.(t,7) and Go(t, ) be given as in Lemma 2.1. Then
ue(t) given by

is the particular solution of Equation (1.9) for the term f(t) = 6.(t), and uo(t) given by
Uo (t) ==Go (tv 0)7 (2.3)

is a complementary solution of Equation (1.1).

Proof. By using Equations (2.2) and (2.1), we obtain
ﬁn,ﬁ(tu RDt)ﬂe(t) :ﬁ’ﬂyﬁ(m RDt)GE (tv 0) = 6€(t)7 (24)

which is a proof for i (t). O

3 Solution of Kummer’s Differential Equation, |

Kummer’s differential equation is described by
d? d
px (t, RDt)u(t) := [t@ +(e—bt) — ablu(t) = f(t), (3.1)

where a, b and ¢ are constants satifying a # 0 and b # 0.
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Lemma 3.1. When Condition 1.2(i) is satisfied, we construct the following transformation of Equation
(3.1) foru(t) = rD; “u(t) and f(t) = rD; “f(t):

Pre(t, RDe)u(t) := rDy “pr (t, RD:)rDya(t) = RD;‘[tdt2 (c— bt)% — ablr D{a(t)
2 ~
- [t% +e—e— bt)% (0 — OBa(t) = (). (3.2)

In obtaining this equation from Equation (3.1), we use the following lemma given in [7].

Lemma3.2. LetA\ € Ci,m € Z~_1 andp=m — \. Then
rD[tu(t)] =t - RD{u(t) + p- rRD{ ™ u(t), (3.3)
rD{[tu(t)] =¢* - rD{u(t) + 20t - D u(t) + p(p — 1) - RDE 2u(t). (3.4)
In accordance with Definition 2.1, we define the Green’s function Gk (¢, 7), which satisfies
Pr,e(t, RDt)Gr e (t, 7) = 6c(t — T), (3.5)
for 7 € R. The solutions of Equations (3.2) and (3.1) are then given with the aid of Theorem 2.1 and

the following lemma.

Lemma 3.3. Two complementary solutions of Equation (3.1), given by

Kq(t) = co bt) — o~ (@)ib" &
1(t)=1F1(a; ¢ bt) := K0 t, t>0, (3.6)
k=0 \k
1 1—c ad CL c+1 kb l—c+k
K: = -1 Fi(a — 1;2 —¢ E V4
Q(t) F(2fc)t 1 1(0, c+ 1 vat L 'F 7C+k) ) t>0a (3 )

exist, when ¢ ¢ Z<1 and ¢ ¢ 71, respectively. Here (a)y fork € Z~o and k = 0, denote (a)r, =

Flla+l) = F(F"(+’“) and (a)o = 1, respectively.

In the present paper, these equations are proved in Remark 3.1 and Lemma 3.4 given below.

Theorem 3.1. Let f(t) satisfy Condition 1.2(i), and K, (t) be given by (3.6). Thenii.(t) and G .(t,0),
given by

[ee]

5 _ 1 (a)kbk .
e(t) = Gree(t,0) = 7 ;) ERCETE: 1)tk+ H(t), (3.8)

are particular solutions of Equations (3.2) and (3.5) for - = 0, and uo(t) and Gk (t,0), given by

uo(t) = Gk ,0(t,0)=rD;Gk,(t,0) = Ki(t)H (), (3.9)

—1+c
are complementary solutions of Equation (3.1).

This result is derived with the aid of the complementary solutions given by Equations (3.6) and (3.7),
and hence by assuming ¢ ¢ Z<:.
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Remark 3.1. The derivation of Equation (3.8) with the aid of Frobenius method, is given in Section
3.1 of [6], and then the statement for Gk (¢, 0) is due to Lemma 2.1.

Lemma 3.4. Let K»(t) be given by (3.7). Then u.(t), given by
uc(t) = Ka(t)H(1), (3.10)

is a complementary solution of Equation (3.1).

Remark 3.2. We now give a derivation of Equation (3.10), by modifying the above mentioned proof
of Equation (3.8) given in [6]. We assume that the solution of Equation (3.1) is expressed by Equation
(52-c), which is obtained from Equation (52) in [6] by replacing @ by w. Then Equation (3.1) is
expressed by Equation (53-c), which is obtained from Equation (33) in [6] by replacing @ by u, €
by 0, and f by f. We then note that when f(t) = 0, Equation (53-c) is satisfied by Equation (55-c),
which is obtained from Equation (55) in [6] by replacing € by 0. By using these in Equation (52-c) and
putting u(t) = pou.(t), we obtain Equation (3.10).

4 Solution of Kummer’s Differential Equation, I

Lemma 4.1. When Condition 1.2(ii) is satisfied, we construct the following transformed differential
equations of Equations (3.1) and (3.2), for w(t) = rD; "u(t) and @(t) = rD; "u(t), respectively,
with the aid of Lemma 3.2:

pr.s(t, RD)w(t) == rD; i (t, RD:) R D} w(t)

d? d
= [tEJr(C—ﬁ—bt)@ = (a = B)bJw(t) =0, (4.1)
Prc,re(t, RD)W(t) == rD; "pic.c(t, RD:) RD} 0(t)
d? d .
= [tz +(c = B—c—bi) 7 —(a— B~ bl(t) = 5e(0). 4.2)

Remark 4.1. In this section, we consider Equations (4.1) and (4.2) in place of Equations (3.1) and
(3.2), respectively, and hence the equations in this section are obtained from the corresponding
equations in Section 3, by replacing ¢ by ¢ — 3, a by a — 8, f by fs, f by fs, u by w, and @ by
w. They will be given without derivation.

Lemma 4.2. Lemma 3.3 and Remark 4.1 show that two complementary solutions of Equation (4.1),
which are given by

> (CL ,3 kbk
Kpa(t)=1Fi(a— B;c—Bibt) = » He— 5 t>0, (4.3)
k=0
! 1-ctB
K, R G Fy(a— 1:2 — .
572(1:) F( —C-‘rﬂ)t 1 1(0' c+ 1 C+ﬂ7bt)
o~ (a—cH Dib" i cpan -B
t =rD, "K>(t)H (t t 4.4
E:Ok'FQ—C-F,B-f—k’) R 2() ()7 >0, ( )

exist, when c — 8 ¢ Z 1 and when ¢ — 3 ¢ Z~1, respectively.
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Corresponding to Equation (3.5), we define the Green’s function Gk g,.(t, 7), which satisfies
ﬁK,6+6(t7 RDt)GK,B,e(t7 T) - 56 (t - T)7 (45)

for - € R. The solutions of Equations (4.2), (4.1), (3.2) and (3.1) are then given with the aid of
Theorem 3.1 and Lemma 3.4.

Remark 4.2. Equation (4.5) is obtained from Equation (3.5), by replacing cby ¢ — 3, a by a — 3, and
Gj(,e by GK,BVE'

In the present section, formulas are derived with the aid of two complementary solutions given by
(4.3) and (4.4), and hence they hold when ¢ — 3 ¢ Z 1.

Lemma 4.3. Let Kg,1(t) be given by Equation (4.3). Then Lemma 3.1, Remark 4.1 and Lemmas 4.2
and 2.1 show that Gk ,.(t,0) and Gk 3,0(t,0), given by

1
mKﬁ,l(t)H(t), (4.6)

are a particular solution of Equation (4.5) for - = 0, and a complementary solution of Equation (4.1),
respectively.

Wp,e(t) = Gr,p,e(t,0) = RD; “Gr,p,0(t,0), wp,o(t) =Gr,po(t,0) =

With the aid of Remark 4.2, we have the following lemma for Gx g, (¢, 7) for 7 > 0.

Lemma 4.4. The lemma, which is obtained from Lemma 3.1 by replacing K, by K 1, Lemma 3.3 by
Lemma 4.2, K, by Kpso, Gk.e by GK,ﬁ,e, and GK70 by GK,ﬁ,o, holds.

Theorem 4.1. Let Condition 1.2(ii) be satisfied, and Gk g..(t,0) and Gk.o(t,0) be given in Equations
(4.6) and (3.9), respectively. Then Lemmas 4.2 and 3.1 show that

() Ge—p(t) = RD] g (1), given by

i b e
Gep(t) = rD} G (t,0) = 1+c_52 T kﬂ)kﬁ+1+e) B, (47)

is a particular solution of Equation (3.2),

(i) ifB=n€Zs_1,u_n(t) = rRDi{tc_n(t), expressed by

U—n(t)zz - iafn)kb 1 (1)

+c—n)ks1 (E—n)!

(e} a—n n+lbn+l 1
H(t - .0), -
ZZ:; 1+C*nﬂ+]+1llt (t) = CrGk0(t,0) (4.8)

is a complementary solution of Equation (3.1), where C,, = —*=")x —b" = Heltlen =D,
and

(i) if B ¢ Zs_1, u_p(t), given by u_s(t) = rDfii_p(t) = rD!Gxp0(t,0) with the aid of
Equation (4.7), is a particular solution of Equation (3.1).

Theorem 4.1 shows that if f(t) = rD?6.(t), the particular solution of Equation (3.2) is given by
Equation (4.7). As a consequence, we have the following theorem.
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Theorem 4.2. Let f(t) and f(t) satisfy Condition 1.2(iii), so that they are given by Equation (1.13),

and
1 > (a — B)xb" k—B+e
D' G, o(t,0) = B (1), 4.9
RL¢ K,ﬂh( ) _1+C_Bl;)(C_ﬁl)kr(k_ﬁl+1+€) () ( )
Then s (t) and uy(t), given by
ﬂ‘f(t) = ch . RDtmGKﬁl,e(mO% Uf(t) = Zdl . RDEZGKﬁL,O(tv 0)7 (410)
=1 =1

are particular solutions of Equations (3.2) and (3.1), respectively. Condition ¢ — 8 ¢ Z<1 in Lemma
4.2 requires the condition ¢ — 8, ¢ Z<1 for alll € Z~o, in the present case.

Lemma 4.5. Lemma 3.4 and Remark 4.1 show that w.(t), given by
we(t) := Kp2()H(t) = rDy “K2()H (1), (4.11)

is a complementary solution of Equation (4.1), and Lemma 4.1 shows that u.(t) = rD{w.(t) is a
complementary solution of Equation (3.1), which is given in Lemma 3.4.

5 Solution of the Hypergeometric Differential Equation

As stated in Introduction, solutions of the hypergeometric differential equation, are given in [7] without
the Green'’s function. We now give them in terms of the Green’s function.

The hypergeometric differential equation is described by

pu(t, RDe)u(t)=[t(1 — t)% +(c—(a+b+ l)t)% — ablu(t) = f(b), (5.1)

where a, b and c are constants satifying a # 0 and b # 0.

Lemma 5.1. Letc ¢ Z.1. Then there exist two complementary solutions of Equation (5.1), which are

given by
o (@)k(B)k
1(t) =2F1(a,byc;t) kZ:O Mo, L 0 (5.2)
J— 1 1—c . — e
Hg(t)—F(Q_c)t sFi(l+a—c¢,14b—c2—c¢t), t>0. (5.3)
In [7], with the aid of formulas (3.3) and (3.4) for p = —¢, we obtain the following transformed

differential equation of Equation (5.1), which is satisfied by @(t) = rD; “u(t) and f(t) = rD; “f(t):

Pa.e(t, RDe)u(t) = Dy “pr(t, RD) RDy(t)

— oD [t(1 — t)% +(e—(a+bet l)t)% — ablrDSa(t)
[0~ 1)y 4 (e — e~ (at b+ 1—20)0) & — (a— )b~ Jalt) = (). (5.4
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Theorem 5.1. Let H1(t) and H2(t) be given by Equations (5.2) and (5.3), respectively. Then

(i) when 3 e C and f(t) = gc_3(t), Gic_p(t), given by

— Bk (b — Bk P (1), (5.5)

~ _ B _ 1 > (CL
fe-at) = DG 100) = 75 2 o Bkt e +1)

is a particular solution of Equation (5.4),
(i) ifB=n€Z>_1,u_n(t) = rRDilc—n(t), expressed by

un()=2 iﬁ?ﬁ%fj'ﬁ ( . IS

k=n
.- (a — n)”‘H(b — n)n+l 1 1
= ~t'H(t) = CGu,(t,0), 56
; (—14+c—n)nyipa U ®) #.0(t,0) (5.6)
is a complementary solution of Equation (5.1), where C,, = ((a_fliln_(z;;),; _ E((Z)—ng)bgzsixf(lci!

and

(III) Ifﬁ ¢ L~ _1, u,,(—}(t), given by U,B(t) = RD;ﬂE,ﬁ(t) = RD?GHigﬁo(t,O) with the aid of
Equation (5.5), is a particular solution of Equation (5.1).

Theorem 5.2. Let f(t) and f(t) satisfy Condition 1.2(iii), so that they are given by Equation (1.13),
and

oo

B — 1 (a—B)r(b— Bk k—B+e
RD G p1,e(0) = —l+c—5 kz:o (c=B)Kl'(k = B +1+6)t H(®). (5-7)

Then iy (t) and us(t), given by

ip(t) =Y e mD]'Grp e(t,0), up(t) = di- RD]'Gu g 0(t0), (5.8)

1=1 =1
are particular solutions of Equations (5.4) and (5.1), respectively. The condition, which corresponds
to Condition ¢ — B ¢ Z<1 in Lemma 4.2, requires the condition c — B, ¢ Z<: for alll € Z~o, in the
present case.
Lemma 5.2. Let H»(t) be given by (5.3) Then u.(t), given by
ue(t) = Ha(t)H (1), (5.9)

is a complementary solution of Equation (5.1).

6 Conclusion

In the preceding paper [7], we consider the problem of solving the equation which has a special
class of inhomogeneous part, and we adopt a recipe without the Green’s functuion, which is applied
to the hypergeometric differential equation, the differential equations treated in [5] and the Hermite
differential equation.

10
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In the present paper, we solve the problem considered in [7], but now the results are expressed in
terms of the Green'’s function. It is applied to Kummer’s and the hypergeometric differential equation.

In Section 3, the results for Kummer’s differential equation, in which Condition 1.2(i) is satisfied, are
given in Theorem 3.1 and Lemma 3.4.

In Section 4, the results for Kummer’s differential equation, in which Condition 1.2(ii) is satisfied, are
given in Theorem 4.1 and Lemma 4.5, and the results, in which Condition 1.2(iii) is satisfied, are given
in Theorem 4.2.

In Section 5, the corresponding results for the hypergeometric differential equation, are given in
Theorems 5.1 and 5.2 and Lemma 5.2.
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