On Hyperbolic Generalized Woodall Numbers

Abstract. In this study, we introduce the generalized hyperbolic Woodall numbers. As special cases,
we study with hyperbolic Woodall, hyperbolic modified Woodall, hyperbolic Cullen numbers and hyperbolic
modified Cullen numbers. We present Binet’s formulas, generating functions and the summation formulas
for these numbers. Besides, we give Catalan’s and Cassini’s identities and present matrices related to these
sequences.
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1. Introduction

In this section, we give some information which we need about the definition and properties of Woodall

numbers.

1.1. Woodall Numbers. The generalized Woodall sequence {W,, },,>0 = {W,,(Wo, W1, Wa, 5, —8,4) },,>0

is defined by the third-order recurrence relations
W, =5W,_1 — 8Wy,_o +4W,,_3 (1.1)

with the initial values Wy, Wy, Wa not all being zero. The sequence {W,,},>0 can be extended to negative

subscripts by defining

5 1
W_pn =2W_(n_1) — 1W7(n72) + wa(nf?))

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.

In the following theorem, we give Binet formula of generalized Woodall numbers.
1
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2 ORHAN EREN,YUKSEL SOYKAN
THEOREM 1. [58, Theorem 1.1] Binet formula of generalized Woodall numbers can be given as

Wn = (Al —|—A2n) x 2" +A5

where
A = =Wy +4W; — 3W,,
Wy — 3W1 4+ 2Wy
A2 = )
2
Az = Wy —4W; + 4Wy,
that is,

Wy — 3W; + 2Wy
2

Wy, = ((=Wa 4+ 4W; — 3Wy) + n) x 2" + (Wy — 4W; + 4Wy). (1.2)
Here, a, B and v are the roots of the cubic equation
2® =522 + 8z —4=(z—2)%(x—1)=0,
where a = =2, v=1.

Now, the first few generalized Woodall numbers with positive subscript and negative subscript are given

in the following Table 1.

Table 1. A few generalized Woodall numbers

n W W_,

0 Wy Wy

1 W, 1 (8Wo — 5W1 + Wh)

2 Wo 1 (11Wo — Wy + 2W5)
3 AW, — 8Wy +5Ws - (52Wo — 4TWy + 11W3)

4 20Wy —36W, + 1TWy & (57TWy — 54W; + 13W5)
5 68Wy — L16W, +49Ws & (240W, — 233W; + 57W2)

Now, we define four specific cases of the sequence {W,}.
The Woodall numbers {R,}, sometimes called Riesel numbers, and also called Cullen numbers of the
second kind, are numbers of the form

R,=nx2"—1.

The first few Woodall numbers are:
1,7,23,63,159, 383,895, 2047, 4607, 10239, 22527, 49151, 106495, 229375, 491519, 1048575, . . .

(sequence A003261 in the OEIS [47]). Woodall numbers were first studied by Allan J. C. Cunningham and H.
J. Woodall in [13] in 1917, inspired by James Cullen’s earlier study of the similarly-defined Cullen numbers.

The Cullen numbers {C,,} are numbers of the form

C,=nx2"+1.
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The first few Cullen numbers are:
1,3,9,25,65,161, 385,897, 2049, 4609, 10241, 22529, 49153, 106497, 229377, 491521, ...

(sequence A002064 in the OEIS). Woodall and Cullen sequences have been studied by many authors and more
detail can be found in the extensive literature dedicated to these sequences, see [5,6,13,24,26,29,32,37,38,39,40].
Note that {R,} and {C,} hold the following relations:

R, ARy 1 — ARp_o — 1,

C, = 4C,_1 —4C,_>+ 1.
Note also that the sequences {R,} and {C,} satisfy the following third order linear recurrences:
R, = bR, 1—8R, o+4R, s, Ry=—1,R =1 Ry=T,
C, = 5Ch1—-8C,_2+4C,_35, Cy=1,C1=3,Co=09.

If we set Go = 0, G1 = 1, G2 = 5 then {G,} is the well-known modified Woodall sequence, if we set

Hy =3, H =5, Hy =9 then {H,} is the well-known modified Cullen sequence. In other words, modified

Woodall sequence {G), }n>0 and modified Cullen sequence { H,, },,>¢ are defined by the third-order recurrence
relations

G, =5G,_1—8G,_2+4G,_35, Gy=0,G1=1,G2 =25, (1.3)

H,=5H, 1—8H, 2+4H,_ 35, Hy=3,H, =5,Hy =9, (1.4)

The sequences {Gp }n>0, {Hnn>0, {Rn}tn>0 and {C), }n>0 can be extended to negative subscripts by defining

5 1

Gon = 2G_(n_1)— ZGf(n72) + ZG,(n,g),
5 1

H_ , = 2H (_1)— ZHf(an) + ZHf(nffi)a
5 1

R, = 2R_(_1)— -R_(n_2)+ -R_(n_3),

4 4
) 1
Cfn = 20—(71,—1) - ZC—(7L—2) + EC—(n—B)v

for n =1,2,3, ... respectively. Therefore, recurrences (1.3) and (1.4) hold for all integer n.
Using the initial conditions in (1.2), Binet’s formula of modified Woodall, modified Cullen, Woodall and

Cullen sequences are

Gn = (n—1)2"+1,
H, = 2""141,
R, = nx2"-1,
C, = nx2"+1.

Now, we give the generating function and the Cassini identity for generalized Woodall numbers.
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The generating function for generalized Woodall numbers is

(1.5)

i g — Wot (Wi = 5Wo)a + (Wa — 5W + 8Wp)a?
— 1— 5z + 822 — 4a? '

The Cassini identity for generalized Woodall numbers is

Wy i Wy — W2 = iQ”(A + B2" + Cn).
A = AWZ +W2E — AWoWy + AW Wy — 5W W,
B = —AWZ —9W}E — W3 + 12W W, — AW Wa + 6W, Wa.
C = 8WZ+12W}E + WiE — 20W Wy + 6WoWa — TW, Wh.

For further information about generalized Woodall numbers, see [53].

Next, we give some information about special numbers. In 1989, I. Kantor is worked the hypercomplex
numbers systems, [31]. This numbers systems are extensions of real numbers. Some commutative some of
hypercomplex number systems are defined below.

Complex numbers are

C={z=a+ib:a,beR,i’>= -1},

hyperbolic (double, split-complex) numbers [48] are
H={h=a+jb:a,beR,j>=1,5#+1}

and dual numbers [20] are
D={d=a+¢cb:a,bcR,e®=0,¢#0}.

One of the non-commutative examples of hypercomplex number systems are quaternions, [28],
Hg = {q = ao + ia1 + jas + kas : ap,a1,a2,a3 € R, i* = j* = k* = ijk = -1},

octonions [3] and sedenions [51]. The algebras C (complex numbers), Hg (quaternions), O (octonions) and
S (sedenions) are real algebras obtained from the real numbers R by a doubling procedure called the Cayley-
Dickson Process. This doubling process can be extended beyond the sedenions to form what are known as
the 2™-ions (see for example [7], [30], [41]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [28] as an extension to
the complex numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848,
[12].

Now, we will give some information related to hyperbolic numbers. We present hyperbolic numbers as

follows:

H={h=a+jb:a,beR, j2=1, j#+1}.
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The base elements {1, j} of hyperbolic numbers satisfy the following properties (commutative multipli-

cations):

Lj=j, j*=jj=1

where j symbolizes the hyperbolic unit (52 = 1).

The multiplication of two hyperbolic numbers m = ag + ja; and n = by + jb; is

mn = agbg + a1b1 +j(a0b1 + albo).

Sum of two hyperbolic numbers m = ag + ja; and n = by + jb; is

m—l—n:a0+b0—|—j(a1—|—b1).

Now, we give details about hyperbolic and some information related to hyperbolic sequences from the

literature.

Richter, [44] worked On Hyperbolic Complex Numbers.

Giirses, Sentiirk and Yiice, [25] studied A Study on Dual-Generalized Complex and Hyperbolic-
Generalized Complex numbers.

Cockle [12] worked the Hyperbolic numbers with complex coefficients.

Aydin, [1] worked hyperbolic Fibonacci numbers given by
F,=F,+hFn1, (»=1)

where Fibonacci numbers, respectively, given by F,, = F,,_1 + F,,_s with the initial condition F; =
FQ = 1, (n Z 3)
Dikmen, [17] worked hyperbolic Jacobsthal numbers given by

~

Jn = Jn+hdps1, (B2 =1)

where Jacobsthal numbers, respectively, given by J, = J,_1 + 2J,_2, Jo =0, J; = 1.
Tas, [74] worked on hyperbolic Jacobsthal-Lucas sequence given by

HJ, = Jp+hdpir, (h? =1)

where Jacobsthal-Lucas numbers, respectively, given by J, 12 = Jy41 + 2J,, with the initial condi-
tion J() = 2, Jl =1.
Soykan and Tagdemir, [57] worked on hyperbolic generalized Jacobsthal numbers given by

Vo =Vy4hVpi, (B2=1)

where generalized Jacobsthal numbers are given by V,, = V;,_1 +2V,,_ o, Vy = a, V1 =b (n > 2)

with the initial values V{y, V41 not all being zero.
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e Digkaya, Menken, Catarino, [19] worked on hyperbolic Leonardo and hyperbolic Francois quater-

nions given by

H,Cn = ﬁneo + Ln+1€1 + £n+262 + £n+363,
HF, = Fpeo+ -7:n+161 + fn+262 + fn+363
where Francois and Leonardo numbers, respectively, given by F,, = F,_1 + Fn—_2 + 1, with the

initial condition Fy =2, F; =1 and L,,42 = L,4+1 + L, with the initial condition £y =1, £; = 1.
e Dikmen and Altinsoy, [18] worked on third order hyperbolic Jacobsthal numbers given by

jv(zg) = +th+17
i» o= W +hj£f£1

where Jacobsthal numbers, respectively, given by (3) J(3) + J(3)2 + 2J(3)3, Jé?’) =0, J(s)
I =158 = 50 50+ 252, 56 = 2,5 =1, 8 =5,

Next section, we present the hyperbolic generalized Woodall numbers and their generating functions and

Binet’s formulas.

2. Hyperbolic Generalized Woodall Numbers

In this section, we define hyperbolic generalized Woodall numbers and present generating functions and
Binet’s formulas for these numbers.
We now define hyperbolic generalized Woodall numbers over H. The nth hyperbolic generalized Woodall

number is

HWy =Wy + Wit (2.1)
with the initial values HWy, HWy, HWs. (2.1) can be written to negative subscripts by defining,
HW_, =W_, + iW_,41.

so identity (2.1) holds for all integers n.

The special cases of the nth dual hyperbolic generalized Woodall numbers are given as
HG, = Gn+jGnyi,
HH, = Hy+jHn,
HR, = R,+jRny1,
HC, = Cp+jChir.
Hence, for n > 0, the following identity is true.

HW,, = 5HW,_1 — 8HW,_s + AHW,,_s. (2.2)
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The sequence {HW,,},>0 can be extended to negative subscripts by defining
5) 1
HW_, = 72HW—(7L—1) - ZHW—(H—Z) + ZHW—(7L—3)'

for n = 1,2, 3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.
The few hyperbolic generalized Woodall numbers with positive subscript and negative subscript are

given in the following Table 2.

Table 2. A few hyperbolic generalized Woodall numbers.

n HW, HW_,
0 HWo HWo
1 HW, 1(8HWo — 5HW) + HWy)
2 HW, $(1IHW, — 9HW, + 2HW>)
3 AHWy — 8HWy + 5HW, 15 (B2HWy — ATHW + 11HW?)
4 20HWy — 36HWy + 1THW, 15 (5THW, — 54HW1 + 13HW>)
5 68HWy — 116HW: + 49HWs & (240H W, — 233HWy + 5THW?)
Note that

HWO - WO + jW17

HWy = Wi+ jWs,

HWy = Wa+ jWs = Wa + j(4W, — 8W + 5W).

For hyperbolic modified Woodall numbers (taking W,, = G,,, Go =0, G1 =1, G5 = 5), we get

HGoy = Go+3G1 =7,
HG, = G1+jGy =145y,
HGy = Gy +]G3 =5+17j

and for hyperbolic modified Cullen numbers (taking W,, = H,,, Hy =3, Hy =5, Hy = 9), we get

HHy = Ho+jH; =3+5j,
HH, = H;+jHy=5+09j,
HHy, = Hy+ jHs=9+17j

and for hyperbolic Woodall numbers (taking W,, = R,,, Ry = —1, Ry =1, Ry = 7), we get

HRO = Ro“t‘le:_l"'ja
HR1 = Ri+jRo=1+47j,

HRy = Ry+jRs=7+23j
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and for hyperbolic Cullen numbers (taking W,, = C,, Co =1, C1 = 3, Cy =9), we get

HCO = Co +j01:1+3j,
HC; = Ci1+jCy =349y,
HCy = (O +j03 =9+ 25]

A few hyperbolic modified Woodall numbers, hyperbolic modified Cullen numbers, hyperbolic Woodall
numbers and hyperbolic Cullen numbers with positive subscript and negative subscript are given in Table

3, Table 4, Table 5 and Table 6.

Table 3. Hyperbolic modified Woodall numbers Table 4. Hyperbolic modified Cullen numbers
n HG, HG_, n ‘HH,, ‘HH_,,

0 j j 0 3455 3+5)

1 1455 0 1 5495 2+3j

2 54175 : 2 9417 2+3j

30 17+495 s+ 3 174335 5+

4 49+1295 41 4 33+655 2432

5 120+3215 1841 5 65+1295 L4 95

Table 5. Hyperbolic Woodall numbers Table 6. Hyperbolic Cullen numbers
n  HR, HR_, n HC,, HC_,

0 147 ~1+j 0 1+3j 1+ 3j

1 147 -3 1 349 1+

2 T+23 -3-3; 2 94255 147
323463 -4 -3 3 254655 S+1j

4 63+1595 -5 -4 4 65+1615 2+1j

5 159+4383; —3I -2 5 16143855 2L+ 3

Now, we will state Binet’s formula for the hyperbolic generalized Woodall numbers and in the rest of

the paper, we fix the following notations:

a = 1+2j,
g = 2j
¥ = 147
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Note that we have the following identities:

= 5+44j,
~2
B8 = 4,
7 = 242,
aB = 4+ 2,
ay = 3+ 3j,
B o= 2+2j,
afy = 6+ 6j.

2.1. Binet’s Formula. Now, we present Binet’s formula in the following theorem.
THEOREM 2. (Binet’s Formula) For any integer n, the nth hyperbolic generalized Woodall number is
HW,, = (A1 + Ao + An@)2" + AsH. (2.3)
Proof. Using Binet’s formula given below
W, = (41 + Aan)2™ + As,
we obtain

HW, = Wp+iWai
= (A1 4+ Aon)2" + A + (A1 + Az(n + 1))2"F + A3)
= A;2" + Ayn2™ + As
Fj A7 4 A2 4 A2 4 A,
= A12"(1+2j) 4+ Aon2™ (1 +25) + A2"(25) + As(1 + j)
= A12"0 + Agn2"a + Ay2"B + A5
— (A0 + AsB + And)2" + AsH.
This proves (2.3). O

As special cases, for any integer n, the Binet’s Formula of nth hyperbolic modified Woodall number,
hyperbolic modified Cullen number, hyperbolic Woodall number and hyperbolic Cullen number are
o HG, = (—a+ [ +na)2" +7,
HG, =1+ (n—1)2" 4 j(1 + n2"*h).
e HH, = (2a)2" + 7,
HH, =14 2" 4+ j(14 2772).
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o HR, = (B +na)2" -7,
HR, = —1+n2" + j(—14 2"+ 4 p2ntl),

e HC, = (B +na)2" +7,
HC, = 1+n2" + j(1 + 271 4 p2ntl),

Next, we present generating function of the hyperbolic generalized Woodall numbers.

2.2. Generating Function.

THEOREM 3. The generating function for the hyperbolic generalized Woodall numbers is

0 _ _ 2
n=0

1—5x + 8x2 — 423

Proof. Let
g(z) = Z HW, z™
n=0

be generating function of the hyperbolic generalized Woodall numbers. Then, using the definition of the
hyperbolic generalized Woodall numbers, and substracting zg(x), x%g(z) and z3g(z) from g(x), we obtain

(note the shift in the index n in the third line)

(1 -5z + 8z —42®)g(z) = i HW,z™ — 5z i HW,z™ + 82 i HW,z™ — 43 i HW,z"
n=0 n=0 n=0 n=0
= f: HWoa™ =5 f: HW,z" 1 48 i HW,z"*? — 4 i HW, 2"
n=0 n=0 n=0 n=0

= ) HWna" =5 HW, 12" +8) HW, s2" -4 HW, sz"

n=0 n=1 n=2 n=3

= (HWy + HWiz + HWaa?) — 5(HWox + HWyz?) + SHWyz?

+ Y (HW, — 5HWy_y + 8HW,,_p — 4HW, _3)a"

n=3

= HWo+ (HWy — 5HWo)z + (HWy — 5HW, + 8HW,)z>.

Note that, we use the recurrence relation HW,, = 5HW,,_1 — 8HW,,_s + 4HW,,_3. Rearranging above

equation, we get

(.’b) - HW() + (HW1 — 5HWO).’L‘ + (HWQ — 5HW1 + 8HW0)$2
9\E = 1— 5z 4 8x2 — 423 '

The proof is finished. [
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As special cases, the generating functions for the hyperbolic modified Woodall, hyperbolic modified
Cullen, hyperbolic Woodall and hyperbolic Cullen numbers are

HGR2" = ,
7;0 v 1 —5x 4 822 — 4a3
iHHx” _ Bj+3+(—165 —10)x + (125 + 8) 2
— " N 1— 5z + 8x2 — 4x3 ’
iHR oo + 74 (2§ +6)z + (—4j — 6)a?
o " N 1— 5z + 822 — 43
and
> i+ 1+ (=65 —2 45 + 2)
ZHCnx7L:3.7+ T(=6j—2)z+(4j+2)x
o 1 — 5z + 82 — 4a3
respectively.

Now, we obtained the Binet formula using the generating function.

2.3. Obtaining Binet’s Formula From Generating Function. We obtain the Binet’s formula of

hyperbolic generalized Woodall number {HW,,} by the use of generating function for HW,,.

THEOREM 4. (The Binet’s formula of hyperbolic generalized Woodall numbers)

HW,, = (A1 + Ao + An@)2" + AsA. (2.5)
Proof. Let
i g = o+ (HW, — 5HWy)z + (HWy — 5HW, + SHW,)z?
=" N 1 — 5z + 822 — 43 '
Then, we write
HWO + (HWl — 5HWO).Z‘ + (HWQ — 5HW1 + SHWO)l‘Q o dl + d2 n d3 (2 6)
(1-a)(1-22) (1-z) (1-22) (1-22)* '
So
HWO + (HW1 - 5HWO)JJ + (HW2 - 5HW1 + 8HWO)LE2 = (dl + d2 + d3) + (—4d1 - 3d2 — d3)$
+(4dy + 2da)a.
We get
HWy = di+dy+ds,
HW, —5HW, = —4dy — 3ds — ds,

HWo — 5HW, + 8HW,y = 4dy + 2d».
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If we solve these simultanious equation,
di = 4HWy —4HW, + HW;,

da

11 3
—4AHW, + ?HWl — 5HW27
3 1
ds = HWy— §HW1 + iHWQ.

Thus (2.6) can be written as

> 1 1 1
HW,2" = d +d +d ,
nz:;) fi-a) (- 22) 3(233—1)2

= d Z " 4+ dy Z 2™ + ds Z 2"(n 4 1)a",
n=0 n=0 n=0
= Z(dl + do2™ + d32"(n + 1))$n,
n=0
= 11 3 n
= ) (4HWy — 4HWy + HW, + (—4HW, + 5 HW1 = 5HW2)2
n=0

3 1
+(HWO - 5HW1 + §HW2)2”(n + 1)).%‘”,
> 11 3
— Z(4HW0 — AHW, + HWy + (—4HW, + 5 HW: - 5HW2)2"
n=0
3 1 3 1
+H(HWo = SHWy + SHW:)2" + (HWo — SHW: + SHW,)2" )",
= 3 1
= ) (4HWy — 4HWy + HW, + (HW, — SHWi+ SHW)n2"
n=0
+(=3HWo + 4HW; — HW3)2™)z",
> 3 1
= Y ((~3HWo + 4HW) — HWy) + (HWy — SHW, + SHWa)n)2"

n=0

+AHWy — AHW, + HWo)z™.
This gives
HW, = (HA; + HAsn)2" + HA3
where
HA, = —=3HWy+4HW; — HW,,
HA, = HW,— gHWl + %HWQ,
HAs = 4HWy — 4HW, + HWs.

Note that the following equalities are true:

R N W —3W, +2W, .
Aja+ 4B = (—=Wa + AWy — 3Wo) (1 + 2§) + (—2 21 9)(25)

= =3Wy+4W; — W, +j(—4WO + 5Wy — W2)
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=R Wy — 3W1 + 2W, .
Aa = 2 21 (1 +2j)

3 1
Wo — §W1 + §W2 +j(2W0 —3Wy + Wg).

A3/’)7 =Wy —4W7 + 4Wy +j(W2 —4Wq + 4VV())

Therefore, we can write the following equalition:

HW,, = (A1 + Azl + Aoni@)2" + A7

The proof is finished. O]
Next, using Theorem 4, we present the Binet’s formulas of hyperbolic modified Woodall, hyperbolic

modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers.

3. Some Identities For Hyperbolic Generalized Woodall Numbers

We now present a few special identities for the hyperbolic generalized Woodall sequence {HW,,}. The

following theorem presents the Simpson’s identity for the hyperbolic generalized Woodall numbers.

THEOREM 5. (Simpson’s formula for hyperbolic generalized Woodall sequence)For all integers n we have
HW, HWy HW; HW,
HWn_l = 4" HWl HWO HW_l

HWn+2 HWnJrl

HWoir  HW,
HWn HWn_l HWn—Q HWO HW_1 HW_Q

Proof. For the proof we use mathematical induction. For n = 0 identity is true. First, we proof the

identity for n > 0. Now, we obtain the identity is true for n = k. Hence, we write the following identity

HWitro HWipr  HW, HWy  HW,  HW,
HWisr HWe HWe_y | =45 HW,  HW, HW_,
HW,  HWio1 HWi_s HWo HW_, HW_,
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Forn=Fk+ 1, we get

HWiss HWise HWin SHWiso — 8HWip1 + AHW,  HWige HWi
HWirs HWisr HWe | = | 5HWipt — SHW, +4H W1 HWipr  HWi
HWir1  HWE HWi_ SHW), — 8HWi_1 +4HWi_o  HWy  HWi_;

HWiyo HWiyo HWiyg HWiy1 HWiyo

= 5| HWiern HWena HWe |—8| HW. HWii

HW), HW, HWi_ HWi_1  HW;

HWi  HWiyo HWiia
+4| HWip_1 HWii1  HW,
HWy_a HW,  HWi_1

HWiiro HWiin  HW, HWy  HW,
= 4| HWyipw HWE HWiy | =4 HW HW,
HW,  HWio1 HWi_s HWo HW_,

The other case can be done similarly. Thus, the proof is finished. [

From prewious theorem, we get following corollary.

HWi 11
HW,,
HWy—1

COROLLARY 6. (Simpson’s formula for hyperbolic generalized Woodall sequence’s special cases)

HGrio HGri1 HGy

(@): | HGjp1  HGr  HGu_q | =—4""1(9+9)).

HGr HGr—1 HGhr_s

HHyy2o HHpy1  HHg

(b): | HHpy1 HH, HHy_1 |=0.

HH, HHi_1 HHp_s

HRg+2 HRry1  HRy

(€): | HRyy1 HRr HRe1 |=4""19+9)).
HR, HRy_1 HRy_o
HCrio HCri1  HCy

(d): | HCys1 HC,  HCu_q | =—4""1(9+9)).

HC,  HCr_1 HCh_s

THEOREM 7. (Catalan’s identity) For all integers n. and m, the following identity holds

HW s MWy — HW2 = 207 (=270 m2 G A3 + Ay Ag(~2 1B + B + 2237 — may + ndd —

2mHnad + 22mmad + 22Mnad) + Ay As(aF — 2mTLad + 22MGR)).

Proof. Using the Binet’s formula HW,, = (4;a+ AsB+ Aon)2™ 4+ A3y, we get the required identity. O
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As special cases of the above theorem, we give Catalan’s identity of hyperbolic modified Woodall, hy-

perbolic modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers. Firstly, we present Catalan’s
identity of hyperbolic Woodall numbers.

COROLLARY 8. (Catalan’s identity for the hyperbolic modified Woodall numbers) For all integers n and
m, the following identity holds

HGrymHGym — HG? = —2""™(@7 — B + 22™a9 — 2235 — 2™+ 1ay 4+ 2+ 33
+may — nay + omtn 252 22Mmany — 22Mnaq + 2™ nay).
Proof. Take W,, = GG,, in Theorem 7. [J

Secondly, we give Catalan’s identity of hyperbolic modified Cullen numbers.

COROLLARY 9. (Catalan’s identity for the hyperbolic modified Cullen numbers) For all integers n and
m, the following identity holds

HHpymHHy oy — HH? = 2""™(207 + 2 x 2°™a7 — 2 x 2™ 1147).
Proof. Take W,, = H,, in Theorem 7. [J

Thirdly, we give Catalan’s identity of hyperbolic Woodall numbers.

COROLLARY 10. (Catalan’s identity for the hyperbolic Woodall numbers) For all integers n and m, the
following identity holds

HRpimHRy—m —HR2 = —2""™(B5 + 2235 — 2T 35 — mad + nad + 2" m?a>
+22Mmad 4 22" nay — 2m T nad).
Proof. Take W,, = R,, in Theorem 7. [J

Fourthly, we give Catalan’s identity of hyperbolic Cullen numbers.

COROLLARY 11. (Catalan’s identity for the hyperbolic Cullen numbers) For all integers n and m, the
following identity holds

HCpsmHCpm — HCE = 2"™(B7 + 2237 — 2" 135 — maA + na — 2™ "m?a”
+22MmaA + 22Mnay — 2™ nay).

Proof. Take W,, = C,, in Theorem 7. (I

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the hyperbolic generalized
Woodall sequence.

COROLLARY 12. (Cassini’s identity) For all integers n, the following identity holds

HWp a H W1 — HW2 = 27" (A3A3(367 + B7 + nad) — 2" 1 A26° + A1 A3a7).
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As special cases of Cassini’s identity, we give Cassini’s identity of hyperbolic modified Woodall, hyperbolic
modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers. Firstly, we present Cassini’s identity
of hyperbolic modified Woodall numbers.

Firstly, we give Cassini’s identity of hyperbolic modified Woodall numbers.

COROLLARY 13. (Cassini’s identity of hyperbolic modified Woodall numbers) For all integers n, the

following identity holds
HGni1HGp 1 — HG? = 271267 + B7 — 2"T'&° + nad).
Secondly, we give Cassini’s identity of hyperbolic modified Cullen numbers.

COROLLARY 14. (Cassini’s identity of hyperbolic modified Cullen numbers) For all integers n, the fol-

lowing identity holds
HH, 1 HH, | — HH? = 2"a7.
Fourth, we give Cassini’s identity of hyperbolic Woodall numbers.

COROLLARY 15. (Cassini’s identity of hyperbolic Woodall numbers) For all integers n, the following
identity holds

HRyp 1 HRp—1 — HR2 = —2""1(3a7 + B3 + 2"7'a% + ndd).
Third, we give Cassini’s identity of hyperbolic Cullen numbers.

COROLLARY 16. (Cassini’s identity of hyperbolic Cullen numbers) For all integers n, the following iden-

tity holds

HCp 1 HC—1 — HC? = 2"~ 1(367 + B3 — 2"T1a% + ndd).
THEOREM 17. For all integers m, n, G,, is woodall numbers, the following identity is true:
HWn—i—’m - HW7LGm+1 + HWn—l(_8Gm + 4Gm—1) + 4HWn—2G'rn-

Proof. The identity (17) can be proved by mathematical induction on m. First of all, we assume that

m>0andn >0.If m=0 we get

HW,, = HW,G1 + HWn_1(—8G0 + 4G_1) + AHW,,_2Gy
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which is true by seeing that G_; = 0, G_ = i, G_3 = % We assume that the identity given holds for
m=k. Form=Fk+1, we get
HWaisty4n = SHWipr — 8HWyyp—1 +4HW, g2
= HS(HW,Grs1 + HW,_1(—8Gy + 4G_1) + 4HW,,_2G)
—8(HW, G + HW,,—1(—8Gk_1 + 4Gk—2) + 4HW,_2Gk_1)
+A(HW,Gr—1 + HW, 1 (—8Gj—2 + 4Gy —3) + 4HW,, oG —2)
= HW,(5Gk41 — 8G +4G_1) + HW,_1(—8(5G — 8G -1 +4Gi—2)
+4(5Gk—1 — 8Gj—2 + 4G _3)) + AHW,,_2(5G), — 8G—1 + 4G —2)
= HW,Gria + HW,_1(—8Gky1 + 4Gy) + 4HW,, oG i1
= HW,G(et1)41 + HWo 1 (=8G (kt1) + 4G (jy1)—1) + 4HW,y oG gy

Consequently, by mathematical induction on m, this proves (17). Similarly, we can show for the other cases.

So the proof is finished. [J

4. Linear Sums For Hyperbolic Generalized Woodall Numbers

In this section, we give the summation formulas of the hyperbolic generalized Woodall numbers with
positive and negatif subscripts. Now, we present the summation formulas of the generalized Woodall num-

bers.
PROPOSITION 18. For the generalized Woodall numbers, we have the following formulas:

o Yo Wi =iWs(2n—2"+1(n—1)+2"*2(n—2)+6) — W1 (8n— 2" (3n—5)+2"+2(3n —8) +22) +
Wo(4n — 271 (n — 2) 4+ 272 (n — 3) +9).

o > o Wig1 = sWa(2n+2"3(n—1) — 2" 2n 4 8) — LW, (8n — 2"72(3n — 2) + 2" +3(3n — 5) 4+ 30) +
Wo(4n — 272 (n — 1) + 273 (n — 2) + 12).

o Yo Wiia = 2Wo(2n — 23 (n + 1) + 2740 + 10) + Wo(4n + 274 (n — 1) — 2"3n + 16) —
W1 (8n — 273 (3n + 1) + 27 T4 (3n — 2) + 40).

o > o Wigs = Wo(4n— 2" (n+ 1)+ 2" 5n 4 20) — sW1 (8n+2"5(3n +1) — 2" T4 (3n 4 4) 4+ 48) +
Wi (2n — 24 (n + 2) + 275 (n + 1) 4 10).

Proof. For the proof, see Soykan [52]. O
PROPOSITION 19. For the generalized Woodall numbers, we have the following formulas:

o Yo War = §Wo(36n—22"2(2n—1)+22"T4(2n—3)+53) — {5 W1 (72n—22"2 (6n—2) + 22"+ (6n—
8) +120) + W5 (18n + 22"T4(2n — 2) — 2 x 2272 4 32).
o > o Waks1 = 55 Wa(18n — 22773(2n + 1) + 22775(2n — 1) + 40) — £ W1(72n — 22"T3(6n + 1) +

22145 (6n — 5) + 150) + Wo(36n + 2°7¥5(2n — 2) — 2 x 22"+5n + 64).
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o > Wakya = §Wo(36n — 22"T4(2n + 1) + 22"%6(2n — 1) 4+ 80) — LWy (72n — 22" (6n + 4) +
2246 (6n — 2) 4 192) + FcWa(18n — 22774 (2n + 2) + 2 x 227T0n 4 50).

o Yo Wopgs = xWa ((18n — 220520 + 3) 4+ 22747 (20 4 1) + B8) — £ Wi (720 + 227 (6n + 1) —
227F5(6n + 7) 4 240) 4+ $Wo(36n — 227520 + 2) 4+ 2 x 227+ 7n 4 100).

o Yo Wopra = 5 Wa(18n — 22746(2n + 4) + 227+8(2n + 2) + 50) + £ Wo(36n — 22746(2n + 3) +
220820 + 1) 4 116) — g Wi (72n + 22778 (6n + 4) — 22" %5(6n + 10) + 264).

Proof. For the proof, see Soykan [52]. O
ProPOSITION 20. For the generalized Woodall numbers, we have the following formulas:

o > Wy :4Wo(n+2n%(n+4)—ﬁ(n—l—?))—1)+2W1(2n%(3n+8)—2n—2n%(3n+11)+%)—|—
2Wa(dn+ 52+ (n+3) — 5= (n+2) — 1).

o > oW1 =2Wa(dn+ h(n+2) — s (n+1) — 3) +4Wo(n+ 5 (n+3) — 57 (n+2) — 2) +
2W1 (5o (3n + 5) — 2n — 5= (3n + 8) + 6).

o Yo Weoppo =2Wa(in+21"(n+ 1) — E2n — ) +4Wo(n — £ (n+ 1) + 217" (n + 2) — 3) —
2W1(2n+2'""(3n+5) — £ (3n+2) — 8).

o o Weokys =2Wa(in+22mn—21""(n—1)+ )+ 2W, (2" "(3n—1) —2n — 2> " (3n+2) + 6) +
AWo(n —21""n + 227" (n + 1) — 3).

Proof. For the proof, see Soykan [52]. O
PROPOSITION 21. For the generalized Woodall numbers, we have the following formulas:

o Djmo Wezk = W1(22n+4(6n+8) SN — oz (604 14) +3) + 2 Wo (In+ s (2n+5) — gripr (2n+
3) =)+ EWa(dn+ = (2n 4+ 4) — W(zwrg) - 1)

o S o Weopi1 = SWi(gmbes (60 + 5) — 91 — sober (61 + 11) + 6) + LCWo(In + srber (20 + 4) —
W%(Qn—l-?) - *) 8W2( n+ 22,L+1 (2n+3) — 227}” (2n+1) — %1)

o Yo Woakya = SWa(3n— gtz (2n+2)— L) — B Wo (gmrz (2n+1) — In— 55 (2n+3)+ 1)+ 3
Wi (gt (61 + 2) — $n — 54 (6n + 8) + 12).

o Yhoo Woakts = §Walgmer (60— 1) = §n—21727(6n+5)+ )+ §Wa(§n— goir (20— 1) +2172" (204
1)+ 2) + BWo(§n+2'7"(2n + 2) — Qmm I,

o Yoo Woakra = §Wa(§n+2x 227" — o (20— 2) + B1) + FWo(§n+ 222" (20 +1) — = (20 —
1)+ 2) — SWi(§n+2272"(6n + 2) — 5= (6n — 4) + 31).

Proof. For the proof, see Soykan [52]. O

Now, we present the formulas which give the summation of the hyperbolic generalized Woodall numbers.

THEOREM 22. Forn > 0, hyperbolic generalized Woodall numbers have the following formulas:
(a): Yop_ o HWy = (3+n—3x2"+2"n+4j+jn—2"T2j 42" jn)Wo4 (=11 —4n+11x 2" —3 x 2"n—
155 —4jn 42745 — 3 x 271 in )Wy + (9 +4n — 23 427+ n 1 125 4+ 45n — 3 x 2725 4+ 27250 W,.
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(b): Yoo HWay, = (3 +n— 52204 4 2220020 4 5 4 jn — 5227425 4 222003 jn) Wy 4 (=4 —dn +

%22n+2 _92n+2,, %]4_ %2271,—}-2]' —4jn—22"+3jn)W1 + (%3 _ %2271-{-2 +An+ %22n+3n+ %j _ é22n+6
j+4jn + 322 i)W,

(©): Yopoo HWapg1 = (31— 222 2 4n4 5220304 20§ 29200 ot jn4 2020 i) Wy 4 (— 22 4 22202 —

dn — 223 4 192455 _ 325 gjn — 220ty + (8 — 122746 4 g 4 1220ty 4 805 Bo2ndd

J+4jn + 5225 in)W.

Proof. Proof can be obtained by using Proposition 21.

(a): We can derive the following using the formulas in Proposition 18.

ZHWk = ZWk +jZWk+1~
k=0 k=0 k=0

n

> HWg
k=0
1 1
— §VV2(2n — 2" (n — 1) + 2" % (n — 2) +6) — §W1(8n — 2" (3p — 5)
+2"2(3n — 8) + 22) + Wy(4n — 2" (n — 2) + 2" 2 (n — 3) +9)
1 1
—|—j(§W2(2n 4273 (n — 1) — 2" 4 8) — 5W1(8n —2"2(3n — 2)
+2"73(3n — 5) 4+ 30) + Wo(4n — 2"+ 2 (n — 1) + 2"3(n — 2) + 12)).
> HW
k=0

= (B4+n—3x2"4+2"n 445+ jn —2"T%j + 27T i)W,
(=11 —4n + 11 x 2" — 3 x 2"n — 155 — 4jn + 2" — 3 x 2" L jn)W;

+(9 +4n — 273 27Ty 4125 + 4jn — 3 x 27T25 4 272 i)W,

The proof is finished. O

(b): We can derive the following using the formulas in Proposition 19.

S HWop =Y Wor+35 Y Wa1.
k=0 k=0 k=0

n

> HWay
E=0

1 1
= 5Wo(36n - 22172 (2n — 1) 4 2274 (20 — 3) + 53) — gW(72n - 2212 (6n, — 2)
1
+2214 (60 — 8) + 120) + g Wa(18n+ 2214 (20 — 2) — 2 x 2272 4+ 32)
1 f 1 ,
+j(EW2(18n — 2273 (20 1) + 2275 (2n — 1) + 40) — EW1(72n — 2273 (6n + 1)

1
+2*"5(6n — 5) + 150) + o Wo(36n + 227520 — 2) — 2 x 22" 4 64)).
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n

> HWay
k=0
16 1 1 20 5 1
— (g +n— §22n-‘,—4 + §2Zn+2n T j] + jn — §22n+2j + §2Zn+3jn)W2
20 5) 25, 7 . ) .
_"_(_? —4n + g221’7,"1‘2 _ 22n+2n _ ?J + 32271-5-2] _ 4]n _ 22n+3]n)Wl
53 11 1 64 . 1 : ) 1 .
(j _ 522n+2 +dn + g22n+3n + jj _ 522n+6j +4jn+ 522n+4‘7n)WO.

The proof is completed. [

(c): We can derive the following using the formulas in Proposition 21.

n n n
> HWorpr =Y Waep1 +5 Y Wara.
k=0 k=0 k=0

> HWagta
k=0

1 1
- 17814/2(1871 — 2271320 4 1) 4 22715 (2n — 1) 4 40) — EW1(72n — 223 (6n + 1)
1
42275 (6n, — 5) 4 150) + §WO(36n 422715 (2n, — 2) — 2 x 22" T3 4 64)
1 1
+j(§WO(36n — 2214 (2n 4+ 1) + 22776(2n, — 1) + 80) — EVV1(72n — 2274 (60, + 4)

1
+22"H0(6n — 2) +192) + T Wa(18n — 2274 (20 + 2) +2 x 2" + 50)).

Xn: HWak41
k=0
= (% - 322"” +n+ §22"+3n + %‘r’j - %22"“.7’ +jn + %22"+4jn)W2
+(_? + §2Q’n+2 —Ap — 223y 4 %22n+5j _ %j — 4jn — 22"+4jn)W1
+(% - %22’”6 +dn + %22"*% + %j - 322”43' +djn + %22"+5jn)Wo.

The proof is finished. [

As a first special case of the above theorem, we have the following summation formulas for hyperbolic

Woodall numbers:

COROLLARY 23. For n > 0, hyperbolic modified Woodall numbers have the following properties:
(a): Yo HGE =4+n+2"Tn — 272 4 j(5 — 5 x 2"2 4 274 2742,
(b): Yop_oHGok = 22 +n + 22202 4 392042 _ Bog2nd . (35 _ 292nt2 4 4 292nH3p),

(C): ZZ:O HG2k+1 _ % 4+ %22n+3n _ %22n+2 +](%9 . 822n+4 + %22n+5 +n4+ %22n+4n).

As a second special case of the above theorem, we have the following summation formulas for hyperbolic

modified Cullen numbers:

COROLLARY 24. For n > 0, hyperbolic modified Cullen numbers have the following properties:
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(a): " HHy = —14+n—6x2"n—3x2"+3 4+ 3x2mHn 428 27 4+ j(—3 — 18 x 2"F2 4.5 x 27+ 4
n—6x 2"y 4 3 x 27+2p).

(b): ZZ:O HHZk — %+n722n+3n+22n+3n+%22n+2722n+4+]‘(7%+%22n+27%22n+6+n722n+4n+
22n+4n).

(C): ZZ:O HH2k+1 — _% +n—2x 22n+3n + 22n+4n + %227%&-2 _ %22n+6 +_7(_% _ %22n+4 + %22n+5

+n— 22n+5n + 22n+5n).

As a third special case of the above theorem, we have the following summation formulas for hyperbolic

Woodall numbers:

COROLLARY 25. For n > 0, hyperbolic Woodall numbers have the following properties:
(a): Yp_gHRry=1—n+4x2"n+2"+3 —2n+ln 10 x 27 4 j(1 — 24 4204 — 27 F3p — 22y,
(b): Yop_oHRyp = —§ —n+ 32202n — 1220H3py 4 292n+2 _ Tontd 4 j(L —p — Ll92n+2 4 Lo2nt6
+ %22’”371 — %22”+4n).
(c): Sy HRopsr = % 4 §2Q”+3n _ %22”+4n _ %22%2 + %2271-&-6 —|—j(—$ + %22n+5 -~ %22n+4 _

n+ %22""’471 — 32215,

As a fourth special case of the above theorem, we have the following summation formulas for hyperbolic

Cullen numbers:

COROLLARY 26. For n > 0, hyperbolic Cullen numbers have the following properties.
a): Y HC, =3+n—2"3 420 F1ln 46 x 2" + (3 +n + 2" 2n).
k=0
(b): Y o HCoy = &L +n+ 122n+3p — 292042 4 5(19 4y 4 1920H3 4 Lo2nbdp)
(€): Y p o HCopt1 = 2 4 n 4 §22nFn 4 L2208 4 (4T 4 32204 4 4 1220F5p),

We now introduce the formulas that allow us to find the sum of hyperbolic generalized Woodall numbers

with negative subscripts in the following theorem.

THEOREM 27. Forn > 0, hyperbolic generalized Woodall numbers have the following formulas:
(@): Sp o HW_ = (-2+ & =3j+n+ i+ sogmn+jn+ sin)Wot (T— o5 +12j —4dn — 215 —
g — djn — )W+ (=4 + 2 —8j +4dn + £ j + shn + djn + 2 jn)W.
(6): S MIV-at = (g~ - b+ e+ o)W (3 e+
An— 55 ) — grn—4n— g n) Wi+ (= § + 535 — 5 A0+ gi5m i + ggm - 4in+ 55w in) Wo.
(0): koo HWoskr1 = (=5 +i5gm — 5 +nt grgmd + g nHin+ gz i) Wot (53 — 5550+ 5 —

An— g2y j = gran—4jn— ginjn) Wit (= 4 gom — 5 J Hn+gigm i+ grgmmnHin et g in) Wo.

Proof. It can be obtained by using Proposition 20.

(a): We can derive the following using the formulas in Proposition 20.

DOHWo = W45y Woppr.
k=0 k=0 k=0
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ZHW,k = AWo(n+ ——Mn+4) — —=(n+3)—1) + 2W;( (Bn+8)—2n— ——Bn+11) + Z)

2 +1 2n+2 277,+2 2 +1

1
+2W2(fn 2n+1(n+3) 2n+2(n—&—2)—1)

(2W2( n+ i(n+2) n+1)— g) + 4Wo(n + 2—(n+3) 2n1+1(n+2) —2)

on 2n+1 (

+2W1(2n+1(3n+5)—2n——(3n+8)+6))
i:’HW = (- 2—&-3—3 —&—TH—i + ! N+ n-l—in)W
2 -k = on J 2n.7 9 % 9n J an
7 11 3
(7*27+12j*4n*27j*m 74‘]n72—n]n)W1

) 8 2
+(— 4+2——8j+4n+2fj+2—nn+4jn+ﬁjn)w

This proves (a). We can be prove (b) and (c) similarly way using Proposition 21. OJ
As a first special case of the above theorem, we have the following summation formulas for hyperbolic

modified Woodall numbers:

COROLLARY 28. Forn > 0, hyperbolic modified Woodall numbers have the following properties:
(@): koo MGk = =3+ n+ 52 +j(-3+n+ 255,
(b): Y h gHG o = -4 4+ F480 4 (-1 4 p 4 10E20)
(e): Y i o HG apt1 = fg +n+ 15;2121” Jrj(% + 4 25;22247?).

As a second special case of the above theorem, we have the following summation formulas for hyperbolic

modified Cullen numbers:

COROLLARY 29. For n > 0, hyperbolic modified Cullen numbers have the following properties:
(a): Sp o HH ) =5+n— 5 +5(9— 5 +n).
(b): Yok HH 2p = 5 +n — 5555 + (5 — 355w + 1)
(©): Yo HH opp1 =22 +n— 55m + (2 — 355 +n).

As a third special case of the above theorem, we have the following summation formulas for hyperbolic

Woodall numbers:

COROLLARY 30. For n > 0, hyperbolic Woodall numbers have the following properties:

(a): Yp_oHR_p=-3—n+ 3" 4 j(-1—n+ 222
(b): Zk‘:O HR_o = *1?; -—n+ 98;2622 +j(*l -—n+ 15;21227?)

(€): Sy o HR gryr = —§ —m+ 212 4 (30 g Si20m)

As a fourth special case of the above theorem, we have the following summation formulas for hyperbolic

Cullen numbers:
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COROLLARY 31. Forn > 0, hyperbolic Cullen numbers have the following properties:

(a): Sp o HC p = —1+n+ L2 + (1 + 2522 4 n).
(b): Yoo HC or = g +n+ gt +j (5 + 5528 +n).

(€): Sy MO o = 5+t Y20 (% + 32388 40,

5. Matrices related with Hyperbolic Generalized Woodall Numbers

In this section, we present matrices related with hyperbolic generalized Woodall numbers.

Now, {G,,} defined by the third-order recurrence relation as follows

G, = 5G,,_1 — 8G,_o + 4G,,_3 with the initial conditions Go =0, G; =1, G5 = 5.

We present the square matrix A of order 3 as

5 —8 4
A=11 0 0
0 1 0

such that det A = 1. Then, we give the following Lemma.

LEMMA 32. For all integers n the following identity is true.

n

HWo 5 -8 4 HW,
HWner | =] 1 0 0 HW,
HW,, 0 1 0 HW,

Proof. First, we suppose that n > 0. Lemma (32) can be given by mathematical induction on n. If
n =0 we get

0

HW, 5 -8 4 HW,
HWl = 1 0 0 HWl
HWy 0 1 0 HWy

k
HWito 5 -8 4 HW,

HWia | =11 0 o0 HW,
HW), 0 1 0 HW,
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Forn=Fk+ 1, we get

k+1 k
5 —8 4 HWs 5 —8 4 5 —8 4 HW,
1 0 O HW; = 1 0 O 1 0 O HW;
0 1 0 HW, 0O 1 0 0 1 0 HW,
5 —8 4 HWi4o
= 1 0 0 HWi11
0O 1 0 HW

5HWk+2 — 8HWia1 + AHW,

= HWi 2
HWit1
HWiys
= HWi g2
HWit1

If we suppose that n < 0 the proof can be done similarly. Consequently, by mathematical induction on n,
the proof is completed. [

Note that
Gn+1 —-8G,, +4G,,—1 4G,

A" = Gn _8Gn—1 + 4Gn—2 4Gn—1
Gn—l *8Gn—2 + 4Gn—3 4Gn—2
For the proof see [56].

THEOREM 33. If we define the matrices Nyw and Epnw as follow,

HWy HW,  HW, HWiniro HWpi1 HW,
NHW = HW1 HWO HW71 P E’HW = HWn+1 HWn Hanl
HWy HW_1 HW_4 HW, HW,_1 HW,_o

then the following identity is true:

A"Nyw = Enw .

Proof. We can use the following identities for the proof.

Gn+1 —-8G,, +4G,,—1 4G,, HWy  HW; HW,
A"Nyw = Gn, —8Gn_1+4G,_o 4G, HW,  HW, HW_; |,
Gp_1 —8G,_o+4G,—3 4G, _o HWy HW_1 HW_o
bir b2 b3
= bar  baz  bog

b31  bzz  ba3
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where

bir = HW3Gp41 + HW (—8G, + 4G, 1) + HW4G,,,

bio = HW1Gpi1 + HWo (—8G, +4G,—1) + HW_14G,,

bis = HWGpi1 + HW_1 (—=8G, +4Gp_1) + HW_24G,,,

bay = HWLG, +HW; (—8G, + 4G, 1) + HWpdGyp—1,

byo = HW1G, +HWy(—8G, +4G,_1) + HW_14Gp_1,

bas = HWoG, +HW_1 (—8G,, + 4G, —1) + HW_24G,,_1,

b3y = HWG,—1 + HW1 (—8G, +4G,—1) + HWodG,,—2,

bsa = HW1Gp_1+ HWy (—8G, +4G,_1) + HW_14G,, o,

bss = HWGpo1+HW_1 (—8G,, + 4G, 1) + HW_24G,,_2,
Using the Theorem (17) the proof is done. O

From Theorem (33), we can write the following corollary.

COROLLARY 34. We have the following identity.

(a): If we define Ny and Epe as follows,

HG: HG:1  HGy HGry2 HGry1  HG,
Nwe =1 HG1 HGy, HG_1 |, Enc=| HG,4+1 HG, HG,-1 |
HGy HG-1 HG_» HG, HG,-1 HGH—2
then we get
A"Nyg = Eng.

(b): If we define Ny and Expg as follows,

HH, HH, HH, HHy,io HH,.. HH,
Nyw=| HH, HHy HH_, |, Ewnu=| HH,.1 HH, HH,_, |-
HHy HH_, HH_, HH, HH, , HH, -

then we get

A"Nypg = Eyn.

(c): If we define Nyg and Exg as follows,

HR: HRy HRp HR,+2 HR,y1 HR,
NHR = HR1 HR() HRfl y EHR = HRn+1 HRn HRnfl )
HRy HR-1 HR_o HR, HR,-1 HR,_o

then we get

A"Nypr = Exr.
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(d): If we define Ny and Epc as follows,

HCy HC,  HC HChso HCnp1 HCh
NHC = HC1 HCO Hc_l ) EHC = ch+1 HCn ch—l )
HC() Hc—l HC—2 ch ch,—l HC71,—2

then we get

6. Conclusion

In the literature, there have been so many studies of the sequences of numbers and the sequences of
numbers were widely used in many research areas, such as physics, engineering, architecture, nature and art.
In this study we introduce hyperbolic generalized Woodall sequence and focused on four special cases such
as hyperbolic modified Woodall numbers, hyperbolic modified Cullen numbers, hyperbolic Woodall numbers
and hyperbolic Cullen numbers.

B In section 1, we present some important information related to generalized Woodall numbers such
as reccurance relation, Binet’s formula and generating function. Moreover we give some information about
hyperbolic numbers and some examples studied in the literature.

B In section 2, we define hyperbolic generalized Woodall numbers and four special cases such as hy-
perbolic modified Woodall numbers, hyperbolic modified Cullen numbers, hyperbolic Woodall numbers and
hyperbolic Cullen numbers. In addition, we introduce Binet’s formula and generating function of hyperbolic
generalized Woodall numbers and four special cases.

B In section 3, we define some identeties raleted to hyperbolic generalized Woodall sequence such as
hyperbolic modified Woodall numbers, hyperbolic modified Cullen numbers, hyperbolic Woodall numbers
and hyperbolic Cullen numbers. e.g Simpson’s formula, Catalan’s identity and Cassani’s identity.

B In section 4, we define linear sum formulas related to hyperbolic generalized Woodall sequence and
four special cases hyperbolic modified Woodall numbers, hyperbolic modified Cullen numbers, hyperbolic
Woodall numbers and hyperbolic Cullen numbers.

B In section 5, we define matrix formulation to hyperbolic generalized Woodall sequence.

Linear recurrence relations (sequences) have many applications. Next, we list applications of sequences
which are linear recurrence relations.

First, we present some applications of second order sequences.

e For the applications of Gaussian Fibonacci and Gaussian Lucas numbers to Pauli Fibonacci and
Pauli Lucas quaternions, see [2].

e For the application of Pell Numbers to the solutions of three-dimensional difference equation sys-
tems, see [9].

e For the application of Jacobsthal numbers to special matrices, see [77].

e For the application of generalized k-order Fibonacci numbers to hybrid quaternions, see [27].
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e For the applications of Fibonacci and Lucas numbers to Split Complex Bi-Periodic numbers, see
[78].

e For the applications of generalized bivariate Fibonacci and Lucas polynomials to matrix polynomi-
als, see [79].

e For the applications of generalized Fibonacci numbers to binomial sums, see [75].

e For the application of generalized Jacobsthal numbers to hyperbolic numbers, see [57].

e For the application of generalized Fibonacci numbers to dual hyperbolic numbers, see [58].

e For the application of Laplace transform and various matrix operations to the characteristic poly-
nomial of the Fibonacci numbers, see [16].

e For the application of Generalized Fibonacci Matrices to Cryptography, see [43].

e For the application of higher order Jacobsthal numbers to quaternions, see [42].

e For the application of Fibonacci and Lucas Identities to Toeplitz-Hessenberg matrices, see [21].

e For the applications of Fibonacci numbers to lacunary statistical convergence, see [8].

e For the applications of Fibonacci numbers to lacunary statistical convergence in intuitionistic fuzzy
normed linear spaces, see [33].

e For the applications of Fibonacci numbers to ideal convergence on intuitionistic fuzzy normed linear
spaces, see [34].

e For the applications of k-Fibonacci and k—Lucas numbers to spinors, see [35].

e For the application of dual-generalized complex Fibonacci and Lucas numbers to Quaternions, see
[73].

e For the application of special cases of Horadam numbers to Neutrosophic analysis see [23].

e For the application of Hyperbolic Fibonacci numbers to Quaternions, see [14].
We now present some applications of third order sequences.

e For the applications of third order Jacobsthal numbers and Tribonacci numbers to quaternions, see
[11] and [10], respectively.

e For the application of Tribonacci numbers to special matrices, see [80].

e For the applications of Padovan numbers and Tribonacci numbers to coding theory, see [45] and
[4], respectively.

e For the application of Pell-Padovan numbers to groups, see [15].

e For the application of adjusted Jacobsthal-Padovan numbers to the exact solutions of some differ-
ence equations, see [22].

e For the application of Gaussian Tribonacci numbers to various graphs, see [72].

e For the application of third-order Jacobsthal numbers to hyperbolic numbers, see [18].

e For the application of Narayan numbers to finite groups see [36].

e For the application of generalized Guglielmo numbers to Gaussian numbers, see [54].
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e For the application of generalized Woodall numbers to Gaussian numbers, see [55].

e For the application of generalized third-order Jacobsthal sequence to binomial transform, see [59].
e For the application of generalized Generalized Padovan numbers to Binomial Transform, see [60].
e For the application of generalized Tribonacci numbers to Gaussian numbers, see [61].

e For the application of generalized Tribonacci numbers to Sedenions, see [62].

e For the application of Tribonacci and Tribonacci-Lucas numbers to matrices, see [63].

e For the application of generalized Tribonacci numbers to circulant matrix, see [64].

e For the application of Tribonacci and Tribonacci-Lucas numbers to hybrinomials, see [76].

e For the application of hyperbolic Leonardo and hyperbolic Francois numbers to quaternions, see

[19].
Next, we now list some applications of fourth order sequences.

e For the application of Tetranacci and Tetranacci-Lucas numbers to quaternions, see [65].
e For the application of generalized Tetranacci numbers to Gaussian numbers, see [66].
e For the application of Tetranacci and Tetranacci-Lucas numbers to matrices, see [67].

e For the application of generalized Tetranacci numbers to binomial transform, see [68].
We now present some applications of fifth order sequences.

e For the application of Pentanacci numbers to matrices, see [46].
e For the application of generalized Pentanacci numbers to quaternions, see [49].
e For the application of generalized Pentanacci numbers to binomial transform, see [50].

We now present some applications of second order sequences of polynomials.

For the application of generalized Fibonacci Polynomials to the summation formulas, see [70].
e For some applications of generalized Fibonacci Polynomials, see [71].
We now present some applications of third order sequences of polynomials.

e For some applications of generalized Tribonacci Polynomials, see [69].
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