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On Hyperbolic Generalized Woodall Numbers

Abstract. In this work, we introduce the generalized hyperbolic Woodall numbers. As special cases,
we study with hyperbolic Woodall, hyperbolic modified Woodall, hyperbolic Cullen numbers and hyperbolic
modified Cullen numbers. We present Binet’s formulas, generating functions and the summation formulas
for these numbers. Besides, we give Catalan’s and Cassini’s identities and present matrices related with

these sequences.

Keywords. Woodall numbers, Cullen numbers, hyperbolic numbers, hyperbolic Woodall numbers,

hyperbolic Cullen numbers.

2010 Mathematics Subject Classification. 11B39, 11B8&3.

1. Introduction

To start with, we give some information which we need about the definition and properties of Woodall

numbers.

1.1. Woodall Numbers. The generalized Woodall sequence {W,, },,>0 = {W,,(Wo, W1, Wa, 5, —8,4) },,>0

is defined by the third-order recurrence relations
W, =5W,_1 — 8Wy,_o +4W,,_3 (1.1)

with the initial values Wy, Wy, Wa not all being zero. The sequence {W,,},>0 can be extended to negative

subscripts by defining

5 1
W_pn =2W_(n_1) — 1W7(n72) + wa(nf‘S)

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.

In the following theorem, we give Binet formula of generalized Woodall numbers.
1
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THEOREM 1. [30, Theorem 1.1] Binet formula of generalized Woodall numbers can be given as

Wn = (Al —|—A2n) x 2" +A5

where
A = =Wy +4W; — 3W,,
Wy — 3W1 4+ 2Wy
A2 = )
2
Az = Wy —4W; + 4W,
that is,

Wy — 3W5 + 2Wy
2

Wy, = ((-Wa + 4W; — 3Wy) + n) x 2" + (Wy — 4W; + 4Wy). (1.2)
Here, a, B and v are the roots of the cubic equation
2® =522 + 8z —4=(z—2)°(x—1)=0,
where a = =2, v=1.

Then, the first few generalized Woodall numbers with positive subscript and negative subscript are given

in the following Table 1.

Table 1. A few generalized Woodall numbers

n W, W_,

0 Wo Wo

1 Wy 1 (8Wy — 5W1 + Wa)
2 Wo 1 (11Wo — 9W; + 2W5)

3 AW, — 8Wy +5Ws - (52Wo — 4TWy + 11W3)
4 20Wo —36W1 +17TWy 15 (57TWo — 54Wy + 13W5)
5 68Wo— L16Wy +49W, & (240W, — 233W1 + 57W5)

Now, we define four specific cases of the sequence {W,,}.
The Woodall numbers {R,}, sometimes called Riesel numbers, and also called Cullen numbers of the
second kind, are numbers of the form

R,=nx2"—1.

The first few Woodall numbers are:
1,7,23,63,159, 383,895, 2047, 4607, 10239, 22527, 49151, 106495, 229375, 491519, 1048575, . . .

(sequence A003261 in the OEIS [26]). Woodall numbers were first studied by Allan J. C. Cunningham and
H. J. Woodall in [7] in 1917, inspired by James Cullen’s earlier study of the similarly-defined Cullen numbers.

The Cullen numbers {C,} are numbers of the form

C,=nx2"+1.
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The first few Cullen numbers are:
1,3,9,25,65,161, 385,897, 2049, 4609, 10241, 22529, 49153, 106497, 229377, 491521, ...

(sequence A002064 in the OEIS). Woodall and Cullen sequences have been studied by many authors
and more detail can be found in the extensive literature dedicated to these sequences, see for example,

[3,4,7,13,12,16,19,20,21,22,23] and references therein. Note that { R, } and {C,,} hold the following relations:

R, ARy 1 — ARp_o — 1,

C, = 4C,_1 —4C,_>+ 1.
Note also that the sequences {R,} and {C,} satisfy the following third order linear recurrences:
R, = bR, —8R, o+4R, s, Ry=—1,R =1 Ry=T,
C, = 5Ch1—-8C,2+4C,_35, Cy=1,C1=3,Co=09.

If we set Go = 0, G1 = 1, G2 = 5 then {G,} is the well-known modified Woodall sequence, if we set

Hy =3, H =5, Hy =9 then {H,} is the well-known modified Cullen sequence. In other words, modified

Woodall sequence {G), }n>0 and modified Cullen sequence { Hy, },,>¢ are defined by the third-order recurrence
relations

G, =5G,_1—8G,_2+4G,,_3, Gy=0,G1=1,G2 =35, (1.3)

H,=5H, 1—-8H, 2+4H,_ 35, Hy=3,H, =5,Hy =9, (1.4)

The sequences {Gp }n>0, {Hntn>0, {Rn}tn>0 and {C), }n>0 can be extended to negative subscripts by defining

5 1

Gon = 2G_(n_1)— ZGf(n72) + ZG,(n,g),
5 1

H_ , = 2H (_1)— ZHf(an) + ZHf(nffi)a
5 1

R, = 2R_(n_1)— -R_(n_2)+ -R_(n_3),

4 4
) 1
Cfn = 20—(71,—1) - ZC—(7L—2) + EC—(n—B)v

for n =1,2,3, ... respectively. Therefore, recurrences (1.3) and (1.4) hold for all integer n.
Using the initial conditions in (1.2), Binet’s formula of modified Woodall, modified Cullen, Woodall and

Cullen sequences are

Gn = (n—1)2"+1,
H, = 2""141,
R, = nx2"-1,
C, = nx2"+1.

Now, we give the generating function and the Cassini identity for generalized Woodall numbers.
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The generating function for generalized Woodall numbers is

i i gn — Wot (Wi = 5Wo)a + (Wa — 5W; +8Wp)a?
o e 1—5x + 8z2 — 423 '

The Cassini identity for generalized Woodall numbers is

1
Wy i Wy — W2 = 12" (A+ B2" + Cn).
A = AWE+ W3 — AWoWy + AW Wy — 5W W,
B = —AW§ —9W} — W3 + 12WoWq — 4WoWa + 6W1 Ws.

C SWE + 12W32 + W2 — 20WoW, + 6Wo Wy — TW, Wo.

For further information about generalized Woodall numbers, see [30].
Now, in 1989, I. Kantor is worked the hypercomplex numbers systems, [18]. This numbers systems are
extensions of real numbers. Some commutative some of hypercomplex number systems are defined below.

Complex numbers are
C={z=a+ib:abe R’ =-1},

hyperbolic (double, split-complex) numbers [27] are
H={h=a+jb:a,beR,j*=1,5#+1}

and dual numbers [11] are
D={d=a+¢cb:a,bcR,e®>=0,¢#0}.

One of the non-commutative examples of hypercomplex number systems are quaternions, [15],
Ho = {q = ao + ia1 + jaz + kas : ag,a1,az,a3 € R, i* = j* = k? = ijk = —1},

octonions [2] and sedenions [28]. The algebras C (complex numbers), Hg (quaternions), O (octonions) and
S (sedenions) are real algebras obtained from the real numbers R by a doubling procedure called the Cayley-
Dickson Process. This doubling process can be extended beyond the sedenions to form what are known as
the 2™-ions (see for example [5], [17], [24]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [15] as an extension to
the complex numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848,
[6].

Now, we will give some information related to hyperbolic numbers. We given hyperbolic numbers above

as follows:

H={h=a+jb:a,beR, j2=1, j#+1}.
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The base elements {1, j} of hyperbolic numbers satisfy the following properties (commutative multipli-
cations):
Lj=j, j?=3jj=1
where j symbolizes the hyperbolic unit (52 = 1).

The multiplication of two hyperbolic numbers m = ag + ja; and n = by + jby is
mn = agbg + a1b1 + j(apby + a1bp).
Sum of hyperbolic numbers is defined as componentwise. To give an example for q and p:
m+n=ag+bo+j(ar +b1).

Now, we give details about hyperbolic and some information related to hyperbolic sequences from the

literature.

e Richter, [25] worked On Hyperbolic Complex Numbers.

e Giirses, Sentiirk and Yiice, [14] studied A Study on Dual-Generalized Complex and Hyperbolic-
Generalized Complex numbers.

e Cockle [6] worked the Hyperbolic numbers with complex coefficients.

e Aydin, [1] worked hyperbolic Fibonacci numbers given by
Fp,=F,+hF,1, (»=1)

where Fibonacci numbers, respectively, given by F,, = F,,_1 + F,,_s with the initial condition F; =
F2 = 1, (TL > 3)
e Dikmen, [8] worked hyperbolic Jacobsthal numbers given by

T =Jn+hdppr , (B2 =1)

where Jacobsthal numbers, respectively, given by J, = J,—1 + 2J,—2, Jo =0, J; = 1.
e Tag, [33] worked on hyperbolic Jacobsthal-Lucas sequence given by

HJp = Jn+ h']n-‘rla (h2 = 1)

where Jacobsthal-Lucas numbers, respectively, given by J,, 12 = Jy4+1 + 2J,, with the initial condi-
tion J() = 2, Jl =1.

e Soykan and Tagdemir, [32] worked a study on hyperbolic numbers with generalized Jacobsthal given
by

Vi =V +hVii1, (B2 =1)

where generalized Jacobsthal numbers are given by V,, = V;,_1 +2V,,_o, Vy = a, V1 =b (n > 2)

with the initial values V{y, V4 not all being zero.
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e Digkaya, Menken, Catarino, [10] worked on the hyperbolic Leonardo and hyperbolic Francois quater-

nions given by

HL, = Lpeo+ Lpy1e1+ Lyjoes + Lo13es,
HF, = Fn,eo+ f7l+161 + fn+262 + .7'—”_;,_363
where Francois and Leonardo numbers, respectively, given by F,, = F,_1 + Fn—_2 + 1, with the

initial condition Fy =2, F; =1 and L,,42 = L,4+1 + L, with the initial condition £y =1, £; = 1.
e Dikmen and Altinsoy, [9] worked on third order hyperbolic Jacobsthal numbers given by
j\,,(lg) - + hJ +17
W= jff”) + hj s
where Jacobsthal numbers, respectively, given by J(g) J(3)1 + J(3)2 + 2J(3)3, Jé?’) =0, J(s)
I =18 = 30 50+ 252, 56 = 2,57 =1, 8 =5,

Next section, we present the hyperbolic generalized Woodall numbers and their generating functions and

Binet’s formulas.

2. Hyperbolic Generalized Woodall Numbers

In this chapter, we define hyperbolic generalized Woodall numbers and present generating functions and
Binet’s formulas for them.
We now define hyperbolic generalized Woodall numbers over H. The nth hyperbolic generalized Woodall

number is
HW,, = Wy + jWhi1. (2.1)
with the initial values HWy, HW;, HW5. (2.1) can be written to negative subscripts by defining,

HW_, =W_, + jW771+1~

so identity (2.1) holds for all integers n.

For four special cases of the nth dual hyperbolic generalized Woodall numbers are given as

HG, = Gp+jGns,
HH, = Hy+jHp,
HR, = Ry+jRni1,
HC, = Cp+jChir.

It is clear that

HW, = 5HW,_1 — 8HW,_y + AHW,_3. (2.2)
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The sequence {HW,,},>0 can be extended to negative subscripts by defining
5) 1
HW_, = 72HW—(7L—1) - ZHW—(H—Z) + ZHW—(7L—3)'

for n = 1,2, 3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.
The initial several hyperbolic generalized Woodall numbers with positive subscript and negative subscript

are given in the following Table 2.

Table 2. A few hyperbolic generalized Woodall numbers.

n HW, HW_,
0 HWo HWo
1 HW, 1(8HWo — 5HW) + HWy)
2 HW, $(1IHW, — 9HW, + 2HW>)
3 AHWy — 8HWy + 5HW, 15 (B2HWy — ATHW + 11HW?)
4 20HWy — 36HWy + 1THW, 15 (5THW, — 54HW1 + 13HW>)
5 68HWy — 116HW + 49HWs & (240H W, — 233HWy + 5THW?)
Note that

HWO - WO + jW17

HWy = Wi+ jWs,

HWy = Wa+ jWs = Wa + j(4W, — 8W + 5W).

For hyperbolic modified Woodall numbers (taking W,, = G,,, Go =0, G1 =1, G5 = 5) we get

HGy = Go+3G1 =7,
HG, = G1+jGy =145y,
HGy = Gy +]G3 =5+17j

and for hyperbolic modified Cullen numbers (taking W,, = H,,, Hy =3, H; =5, Hy = 9) we get

HHy = Hoy+jH; =3+ 5j,
HH, = H;+jHy=5+09j,
HHy, = Hy+ jHs=9+17j

and for hyperbolic Woodall numbers (taking W,, = R,,, Ry = —1, Ry =1, Ry = 7) we get

HRO = Ro“t‘le:_l"'ja
HR1 = Ri+jRo=1+47j,

HRy = Ry+jRs=7+23j
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and for hyperbolic Cullen numbers (taking W,, = C,, Co =1, C1 = 3, Cy = 9) we get

HCO = Co +j01:1+3j,
HC; = Ci1+jCy =349y,
HCy = Oy +j03 =9+ 25]

A few hyperbolic modified Woodall numbers, hyperbolic modified Cullen numbers, hyperbolic Woodall
numbers and hyperbolic Cullen numbers with positive subscript and negative subscript are given in the

following Table 3, Table 4, Table 5 and Table 6.

Table 3. Hyperbolic modified Woodall numbers Table 4. Hyperbolic modified Cullen numbers
n HG, HG_, n ‘HH, ‘HH_,,

0 j j 0 3455 3+5)

1 1455 0 1 5495 2+3j

2 5417j : 2 9417 2+3j

30 17+495 s+ 3 174335 5+

4 49+1295 41 4 33+655 24325

5 120+3215 1841 5 65+1295 L4 95

Table 5. Hyperbolic Woodall numbers Table 6. Hyperbolic Cullen numbers
n  HR, HR_, n HC,, HC_,

0 1+ ~1+j 0 1+3j 1+ 3j

1 147 -3 1 349 1+

2 T+23 -3-3; 2 94255 147
323463 -4 -3 3 254655 S+1j

4 63+1595 -5 -4 4 65+1615 2+1j

5 159+4383; -3 -2 5 16143855 2L+ 3

Now, we will state Binet’s formula for the hyperbolic generalized Woodall numbers and in the rest of

the paper, we fix the following notations:

a = 1+2j,
B = 2j
¥ = 147
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Note that we have the following identities:

a’> = 5+4j,
~2
= 47

7 = 242,
ap = 4+2j,
a7 = 3+3j,
/o= 2+2j,
afy = 6+ 6j.

2.1. Binet’s Formula. Now, we present Binet’s formula in the following theorem.

THEOREM 2. (Binet’s Formula) For any integer n, the nth hyperbolic generalized Woodall number is
HW,, = (410 + Ao + And)2" + As7. (2.3)
Proof. Using Binet’s formula
Wy, = (41 + A2n)2™ 4 A3
of the generalized Woodall numbers, we obtain
HW,, = Wp+ iWhn
= (A1 + An)2™ + Az + j((A1 + Az(n + 1))2" T + A3)
= A12" 4+ An2™ + A3
+5 A2 4 A2 4 A2 4 A,
= 21+ 2)) + A2 (1+2j) + A02"(25) + Ag(1 + )
= A12"a+ An2"a + Ax2"B + AsF
= (M@ + Agf + Ana)2" + A3
This proves (2.3). O

As special cases, for any integer n, the Binet’s Formula of nth hyperbolic modified Woodall number,
hyperbolic modified Cullen number, hyperbolic Woodall number and hyperbolic Cullen number are

o HG, = (—a+ [ +na)2" +7,
HG, =1+ (n—1)2" + j(1 + n27+1).

e HH, = (2a)2"™ +7,
HH, =1+ 2" 4+ j(1+27"2).

o HR, = (B +nd)2" —7,
HR,, = —1+n2" + j(—1 427+ 4 p2ntl),
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o HC, = (B + nd)2" +7,

HC, =1+ n2" + j(1 4 2" 4 p2ntt),

Next, we present generating function.

2.2. Generating Function.

THEOREM 3. The generating function for the hyperbolic generalized Woodall numbers is

i HW, z™
n=0

Proof. Let

 HWy + (HWy — 5HW)z + (HW, — SHW, + 8HW)z?

1— 52+ 8x2 — 423

g(x) = i HW, z"
n=0

be generating function of the hyperbolic generalized Woodall numbers. Then, using the definition of the

hyperbolic generalized Woodall numbers, and substracting xg(x), 2%g(z) and z3g(z) from g(x), we obtain

(note the shift in the index n in the third line)

(1 — 5z + 822 — 4a®)g(x)

i HW,, 2" — bz i HW,,z™ + 822 i HW, 2™ — 42> i HW,z"

n=0 n=0 n=0 n=0
S HWa" =53 HWua™t 48> HW,a"t? -4y HW,a"
n=0 n=0 n=0 n=0

S HW,a" =5 HWu 12" +8Y HW, oz — 4> HW,_za"

n=0 n=1 n=2 n=3

(HWy + HWhz + HWax?) — 5(HWox + HW12?) + SHWyz?

+ > (W, = 5HW,_y + 8HW,, g — AHW, _3)2"

n=3

HWO + (HWl — 5HWO).13 + (HWQ — 5HW1 + 8HWQ)$2

Note that we used the recurrence relation HW,, = 5HW,,_1 — 8HW,_o + 4HW,,_35. Rearranging above

equation, we get

o HWO + (HWl — 5HWO)£L' + (HWQ - 5HW1 + 8HWO)$2

9(x)
The proof is finished. O]

1 — 5z + 8x2 — 423

As special cases, the generating functions for the hyperbolic modified Woodall, hyperbolic modified

Cullen, hyperbolic Woodall and hyperbolic Cullen numbers are

;HGT@ 1 —5x+8x2 — 43’

> j —165 — 1 125 2
ZHan" _ 5j + 3+ (—16y 0)2x+(3j+8)x7
o 1 —b5x+8z? —4x

1 — 5z + 8x2 — 43

> —14+j+(2j+6 —4j — 6)a>
S MR = +7+2j+6)z+ (45— 6)z
n=0
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and

35+ 1+ (65 —2 45 + 2) 2
S MO, = J+ 1+ (=65 )§+(§+ )z
= 1—5z+8z% — 4z

respectively.

Now let’s show that we obtained the Binet formula using the generating function.

2.3. Obtaining Binet’s Formula From Generating Function. We obtain Binet’s formula of hy-

perbolic generalized Woodall number {HW,, } by the use of generating function for HW,,.
THEOREM 4. (Binet’s formula of hyperbolic generalized Woodall numbers)
HW, = (A1 + AsB + And)2" + Asd. (2.5)

Proof. Let

i 2w g — o+ (HW, — 5HWo)z + (HWy — 5HW, + SHW,)2?
oy m 1— 5z + 8x2 — 423 ’

Then we write

HWo + (HWh — 5HWy)z + (HWo — 5HW; + 8HWy)z? dy do ds
5 = + + o (2.6)
(I—2)(1—22) (I-z) (1-22) (1-2x)
So
HWo + (HWy — 5HWy)x + (HWa — 5HW, + 8HWo)z® = (dy +da + d3) + (—4dy — 3dy — d3)x
+(4dy + 2dp)2”.
We get
HWy = dy +day+ds,
HWl - 5HVV() = —4d1 - 3d2 — d3,

HWo — 5HW, +8HWy = 4dy + 2ds.

If we solve these simultanious equation,

dy AHWy — 4HW, + HWa,
11 3
dg = —4HWO + ?le — QHW%

3 1
d3 = HWy— 5HW1 + iHWQ
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Thus (2.6) can be written as

> 1 1 1
HW,2" = d +d +d ,
nz::O fi—w) "1 - 20) 3(2x—1)2

o0 o0 o0
= d Zx” + da Z 2"x™ + ds Z 2"(n + 1)z",
n=0

n=0 n=0

= Z(dl + do2™ + d32"(n + 1))%‘”,
n=0
>, 11 3 n
= ) (AHWy — 4HWy + HW, + (—4HW, + 5 HW1 = 5HW2)2
n=0

3 1
HHWo = SHW: + SHW,)2"(n + 1))a",
Nt 11 3 "
= ) (4HWy — 4HW + HW, + (—4HW, + 5 HW1 = 5HW2)2
n=0
3 1 3 1
+(HWy — SHWA + §HW2)2” + (HWo — SHW + 5HWQ)Q"n)x",
= 3 1 ,
— Z(4HWO — AHW, + HWy + (KW, — S HW1 + §HW2)n2”
n=0
+(—3HWO + AHW, — HWQ)Q”)ZE“,
> 3 1
= Z((—?)HWO +AHW, — HW3) + (KW, — 5HW1 + 5HW2)”)2”

n=0

+AHWy — AHW, + HWs)z™.
This gives
HW,, = (HA1 + HAn)2" + HA3

where

HA, = =3HWy+4HW; — HW>,
3 1

HAy; = HWy— §HW1 + iHWQ,

HA3; = 4HWy— 4HW, + HWs.

Note that the following equalities are true:

Wy — 3W; 4 2W,
2

= 3Wy+4W; — W, +](—4W0 + 5W; — Wg)

Aja+AB = (—Wa+4W; — 3Wo)(1 + 25) + (

)(27)

Wy — 3W1 4+ 2W,
2

3 1
= Wy— §W1 + §W2 +j(2W0 —3W7 + Wg).

Astr (14 2j)

Asy = Wo — AWy + AWy + §(Wo — AWy + 4W).
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Therefore, we can write the following equalition:
HW,, = (A1a + A + An@)2" + AsH.

The proof is finished. O
Next, using Theorem 4, we present the Binet’s formulas of hyperbolic modified Woodall, hyperbolic
modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers.

3. Some Identities For Hyperbolic Generalized Woodall Numbers

We now present a few special identities for the hyperbolic generalized Woodall sequence {HW,,}. The

following theorem presents the Simpson’s identity for the hyperbolic generalized Woodall numbers.

THEOREM 5. (Simpson’s formula for hyperbolic generalized Woodall sequence)For all integers n we have

HWhpyo HWu41 HW, HWy  HWy HW,
HWnJrl HWn Hanl = 4" HWl HWO HW,1
HW,,  HW,_1 HW,_2 HWy HW_1 HW_4

Proof. For the proof we use mathematical induction. For n = 0 identity is true. Now we obtain is true

for n = k. Hence we write the following identity

HWiro HWip1  HW HWy  HW, HW,
HWipr  HW,  HWi_y | =4 HW HW,  HW_,
HWy,  HWi—1 HWi_o HWy HW_; HW_s
For n =k + 1, we get
HWiss HWire HWin SHWieis — SHWis1 + AHWy  HWiyo HWiir
HWiyo HWiy1  HW = SHWip1 — 8HW, + 4HWi_1 HWiy1  HW
HWir1  HWE HWi_ SHW), — 8HWi_1 +4HWji—o  HWy,  HWi_
HWiy2 HWiio HWii HWit1 HWiia HWiyg
= 5| HWiy1 HWiy1 HWE. |—8| HW, HWi1 HW
HWY, HW,  HWi_1 HWi—1  HW,  HWi_

HW,  HWiio HWip
+4 | HWi—1 HWigr  HW
HW,_o HW, HW 1

HWk+2 HWk-H HWk HWQ HWl HWO
= 4| HWi1 HWe HWiey | =4 HWy HW, HW_,
HW,  HWi1 HWi_o HWo HW_, HW_,

Thus, the proof is finished. [J

From prewious theorem, we get following corollary.
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COROLLARY 6. (Simpson’s formula for hyperbolic generalized Woodall sequence’s special cases)

HGri2 HGry1  HGE
(@): | HGry1 HGr  HGr_1 | =—4""1(9+9j).
HGr HGr-1 HGE_2

HHyo HHp HH,

(b): | HHy 1 HH, HHp_, |=0.

HH, HHr—1 HHp_-
HRi+2 HRr+1  HRE
(¢): | HRyy1 HRr  HRe—1 | =4""1(9+9)).

HR, HRix—1 HRi_»
HCisr2 HCusr HO,
(d): | HCy11  HC,  HCp—1 | = =419+ 97).
HC, HCr—1 HCi—o

THEOREM 7. (Catalan’s identity) For all integers n and m, the following identity holds
HW g Wy — HW2 = 277 (=247 m2G% A3 + Ay A3(—2"+1 37 + 7 + 22™B7 — maA + nad —
2mHInay + 22mmad + 22" nad) + A1 Az(aF — 2m A + 22maR)).

Proof. Using the Binet’s formula HW,, = (4;a+ AQB + Aona)2™ 4 Asy, we get the required identity. O

As special cases of the above theorem, we give Catalan’s identity of hyperbolic modified Woodall, hy-
perbolic modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers. Firstly, we present Catalan’s
identity of hyperbolic Woodall numbers.

COROLLARY 8. (Catalan’s identity for the hyperbolic modified Woodall numbers) For all integers n and

m, the following identity holds
HGem MG — HG,, = —2"7"(@7 — By + 22"a7 — 22737 — 26y + 2771 37
+may — nay + omtn 252 22Mman — 22Mnaq + 2™ nay).

Proof. Take W,, = G,, in Theorem 7. [

Secondly, we give Catalan’s identity of hyperbolic modified Cullen numbers.

COROLLARY 9. (Catalan’s identity for the hyperbolic modified Cullen numbers) For all integers n and

m, the following identity holds
HHpymHHyy oy — HH? = 2""™(207 + 2 x 22™a7 — 2 x 2™ 11a7).

Proof. Take W,, = H,, in Theorem 7. [
Thirdly, we give Catalan’s identity of hyperbolic Woodall numbers.
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COROLLARY 10. (Catalan’s identity for the hyperbolic Woodall numbers) For all integers n and m, the

following identity holds
HR"L"F'"LHRH—'HL - HR?L = _27L7m(B:Y\ + 22mB;>7 - 2m+1/ﬁ\§ - ma:? =+ na? + 2m+nm2a2
+227rtma;y\ + 22rnna,y 27n+1na,y)

Proof. Take W,, = R,, in Theorem 7. [J
Fourthly, we give Catalan’s identity of hyperbolic Cullen numbers.

COROLLARY 11. (Catalan’s identity for the hyperbolic Cullen numbers) For all integers n and m, the

following identity holds
HCp i H i — HC2 = 2"7™(BF + 2235 — 2" 35 — mad + nad — 2" m?a”
+22MmaA 4 22Mnay — 2™ nay).
Proof. Take W,, = C,, in Theorem 7. (I

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the hyperbolic generalized

Woodall sequence.

COROLLARY 12. (Cassini’s identity) For all integers n, the following identity holds
HW HW1 — HW2 = 271 (A,A3(369 + B + nad) — 21 AZa° + A1 A5a7).

As special cases of Cassini’s identity, we give Cassini’s identity of hyperbolic modified Woodall, hyperbolic
modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers. Firstly, we present Cassini’s identity
of hyperbolic modified Woodall numbers.

COROLLARY 13. (Cassini’s identity of hyperbolic modified Woodall numbers) For all integers n, the

following identity holds
HGp 1 HG 1 — HGZ = 271267 + B3 — 2"1a° + nad).

Secondly, we give Cassini’s identity of hyperbolic modified Cullen numbers.

COROLLARY 14. (Cassini’s identity of hyperbolic modified Cullen numbers) For all integers n, the fol-
lowing identity holds

HHH+1HH7L_1 HH2 = 2"017

Fourth, we give Cassini’s identity of hyperbolic Woodall numbers.

COROLLARY 15. (Cassini’s identity of hyperbolic Woodall numbers) For all integers n, the following

identity holds
HRyi1HRu_ 1 — HR2 = —2""1(367 + B3 + 2"11&% + nay).

Third, we give Cassini’s identity of hyperbolic Cullen numbers.
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COROLLARY 16. (Cassini’s identity of hyperbolic Cullen numbers) For all integers n, the following iden-
tity holds
HCp 1 HC, 1 — HC2 = 271367 + B9 — 2"1a% + na).

THEOREM 17. For all integers m, n, G, is woodall numbers, the following identity is true:
HWpim = HW, G + HWy o1 (=8G o + 4G—1) + 4HW,,_2Goy.

Proof. The identity (17) can be proved by mathematical induction on m. First of all, we assume that

m>0and n>0.If m =0 we get
HW,, = HW,,G1 + HW,,_1(—8Go + 4G_1) + 4HW,,_2G

which is true by seeing that G_; = 0, G_5 = i, G_3 = % We assume that the identity given holds for
m=k. Form=k+ 1, we get
HWit1y4n = SHWiip —8HWy k1 +4HWy k2
= S(HW,Grs1 + HW,—1(—8Gy + 4G_1) + 4HW,,_2G})
—8(HW,,G), + HWp,—1(—8G—1 + 4G —2) + 4HW,,_2Gk_1)
+A(HW,Gr—1 + HWyo1 (—8Gi—2 + 4Gi_3) + 4HW,,_2Gj—2)
= HW,(5Gk41 — 8Gy +4Gk_1) + HW,_1(—8(5G) — 8G—1 +4Gi—2)
+4(5Gk—1 — 8Gj—2 + 4G _3)) + 4HW,,_2(5G, — 8Gr—1 + 4G _2)
= HW,Git2 + HWy1(—8Gry1 + 4Gy) + 4HW,, oGl i1
= HW,G(ry41 + HWo1(=8G g1y + 4G (joy1)—1) + 4HW, oG g 41).

Consequently, by mathematical induction on m, this proves (17). Similarly, we can show for the other cases.

O

4. Linear Sums For Hyperbolic Generalized Woodall Numbers

In this section, we give the summation formulas of the hyperbolic generalized Woodall numbers with
positive and negatif subscripts. Now, we present the summation formulas of the generalized Woodall num-

bers.
PROPOSITION 18. For the generalized Woodall numbers, we have the following formulas:

o S0 Wi = A Wa(2n— 27+ (n— 1)+ 272 (n—2) +6) — 33 (8n— 271 (30— 5) + 272 (3n—8) +22) +
Wo(4n — 2" (n — 2) 4+ 2"F2(n — 3) +9).

o S Wit = SWa(2n+27+3(n— 1) — 27+2n 4 8) — LIy (8n — 27+2(3n — 2) + 273 (30— 5) + 30) +
Wo(dn — 202 (n — 1) + 27+3(n — 2) + 12).
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o > o Wige = $Wa(2n — 23 (n 4+ 1) + 2"Tn + 10) + Wo(4n + 2" (n — 1) — 2"T3n + 16) —
W1(8n — 2"T3(3n + 1) + 2774 (3n — 2) + 40).

o > o Wigs = Wo(dn — 2" (n+ 1)+ 2750 420) — 2W (8n+2"5(3n + 1) — 2" T4 (3n 4 4) 4+ 48) +
W, (2n — 2" (n + 2) + 275 (n 4+ 1) 4 10).

Proof. For the proof, see Soykan [29]. O
PROPOSITION 19. For the generalized Woodall numbers, we have the following formulas:

o Yo War = §Wo(36n—22"2(2n—1) 42214 (20— 3) +53) — {5 W1 (72n—22"2 (6n—2) + 22"+ (6n—
8) + 120) + £ Wa(18n + 22"T4(2n — 2) — 2 x 2272 4+ 32).

o > o Wakg1 = 55 Wa(18n — 22773(2n + 1) + 227752 — 1) + 40) — £ Wi(72n — 22"T3(6n + 1) +
2275 (6n — 5) 4 150) + §Wo(36n + 2275 (2n — 2) — 2 x 22 F3n + 64).

o Yo Wakgo = $Wo(36n — 227+4(2n + 1) + 227+6(2n — 1) + 80) — LWy (72n — 224 (6n + 4) +
226 (6n — 2) 4 192) + £ W (18n — 227+ (2n + 2) + 2 x 227+6p 4 50).

o Yo Worrs = = Wa ((18n — 227+5(2n 4 3) + 2277 (2n + 1) 4 58) — LW (72n + 22"+ 7(6n + 1) —
227F5(6n + 7) 4 240) + $Wo(36n — 227520 + 2) + 2 x 227+ 7R 4 100).

o Yo Wokga = £ Wa(18n — 22746(2n + 4) + 227+8(2n + 2) + 50) + £ Wo(36n — 22"6(2n + 3) +
2204820 + 1) 4 116) — c Wi (72n + 2278(6n + 4) — 22"%5(6n + 10) + 264).

Proof. For the proof, see Soykan [29]. O

PROPOSITION 20. For the generalized Woodall numbers, we have the following formulas:

2Wa(3n+ sarr(n+3) — gz (n +2) —

o > o Weopy1 =2Wa(dn+ £ (n+2) — 52
2W1 (527 (3n +5) — 2n — 5= (3n + 8) + 6).

o > oWy = 2Wa(3n+ 21" (n+ 1) — on — 3) + 4Wo(n — = (n + 1) + 217" (n 4+ 2) — 3) —
2W1(2n + 217" (3n + 5) — 5 (3n 4+ 2) — 8).

o > o Wepys =2Wa(dn+22"n—2"""(n—1)+ 1)+ 2W; (2" "(3n—1) —2n— 227" (3n+2) + 6) +
AWo(n — 217" + 227" (n + 1) — 3).

o Y o Woip = 4Wh(n+ 5 (n+4) — 5z (n+3) — 1) +2W1 (52 (3n+8) —2n— 5+ (3n+11)+ 1) +
1).
1

(n+1)—3)+4Wo(n+ 3= (n+3) — 52+ (n+2) — 2) +

Proof. For the proof, see Soykan [29]. O
PROPOSITION 21. For the generalized Woodall numbers, we have the following formulas:

o Yo Weog = SWi(gomrr (6n48) — In— oy (61 + 14) +3) + 22 Wy (In+ 55iz (2n+5) — goarr (204
3) = 5) + §Wa(3n+ pim (20 +4) — pi= (204 2) - T).

o > o Woskt1 = SWi(gmrs(6n + 5) — 3n — gz (6n + 11) + 6) + LWo(§n + 557 (2n + 4) —
s (2n+2) = D)+ 3Wa(dn+ i (2n 4 3) — s (2n + 1) — ).
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o Yio Woakio = §Wa(§n—pient gz (2n42) = 1) = $ Wolgrm (2n+1) = fn— g (2n43)+ ) +§
o Yo Weoskgs = sWi(gmer (6n—1)— 2n—2""2"(6n+5)+ 3 )+ SWa(§n— gmr (2n—1)+2' 72" (2n+

1)+ 2) + 8wy (§n+ 217220 +2) — 22"“71 .

o i Woskia = gWa(gn+2x2272"n — oz (20— 2) + 20) + G Wo(qn + 227220+ 1) — g2 (2n —
1)+ 2) — 8w (In+ 22727 (6n + 2) — 55 (6n — 4) + 21).
Proof. For the proof, see Soykan [29]. O

Now, we present the formulas which give the summation of the hyperbolic generalized Woodall numbers.

THEOREM 22. Forn > 0, hyperbolic generalized Woodall numbers have the following formulas:
(a): Yop o HWy = (3+n—3x2"+2"n+4j+jn—2"T2j 42" jn)Wo4 (—11—4n+11x 2" —3 x 2"n—
155 —4jn 42"+ — 3 x 201 in) Wy + (9 4+ 4n — 273 427+l 4 125 4+ 45n — 3 x 2725 + 2”+2jn)WO.

(b): Yo HWap = (38 +n— 32204 4 19202 4 204 jp — 3220425 4 192083 i Wy + (— 2

—4n+
592n+2 _ 2n+2
59 2

25]+ 722n+2j 4]n 22n+3 )W +(53 1122n+2_~_4n+§22n+3n+§j_%2271-&-6
J+4jn + 322 i)W,

(C): ZZ:O HW2k+1 —_ (29707%2277,+2+n+%22n+3n+%j 122n+4j+]n+ 22”+4jn)W2+( 22n+2
4n — 22n+3n + %22n+5j _ %] _ 4]TL _ 22n+4jn)Wl 4 (% 122n+6 +4n+ L 22n+4n 4 80 522n+4
J+ 4jn + 3225 in) W,
Proof. Proof can be obtained by using Proposition 21.

(a): We can derive the following using the formulas in Proposition 18.

ZHWk = ZWk —|—jZWk+1~
k=0 k=0 k=0

> HW
k=0
1 1
= 5I/[/2(2n — 2" (n — 1) + 2" % (n — 2) +6) — 5Wl(gn — 2" (3n — 5)
+2"%2(3n — 8) + 22) + Wy(4n — 2" (n — 2) + 2" 2(n — 3) 4+ 9)
1 1
+i(5Wa(2n + 2" (n — 1) —2"?n + 8) — S Wi (8n — 2" 2(3n - 2)
+2"3(3n — 5) + 30) + Wo(dn — 2" 2 (n — 1) + 2" (n — 2) + 12)).
> HWy
k=0

= (3+n—3x2"+2"n+4j +jn —2"12j + 2" i)Wy
+( 11—4n+11X2”—3x2"n—15]—4jn+2n+4 3x2n+1 )Wl
+(9+ dn — 29 42" 0 1125+ djin — 3 x 2775 + 2" jin) W,

The proof is finished. [
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(b): We can derive the following using the formulas in Proposition 19.
> HWop =Y Wor+35 Y Wags1.
k=0 k=0 k=0
> HWay
k=0
1 1
= 5Wo(36n - 2212 (2n — 1) 4 2274 (2n — 3) + 53) — gWi(72n - 2212 (6n — 2)
1
+22174(6n — 8) + 120) + ﬁW2(18n + 22T (2 — 2) — 2 x 2272 4+ 32)
1 . 5 1
+j(1—8W2(18n — 223 (20 4 1) + 2275 (20 — 1) + 40) — 1—8W1(72n — 22736 + 1)

1 q
+22"5(6n — 5) + 150) + SWo(36m + 2277 (2n — 2) — 2 x 27" + 64)).

n

> HWay
k=0
16 1 1 20 ) 1
_ (5 +n— §22n+4 + §Z2n+2n + 517 + jn — §22n+2j + g22’n+3jn)[/{/'2
20 5 2. 7 , . .
+(7§ _ 471 + g22’1’77‘1’2 _ 22n+2n _ 3] + §22n+2] _ 4]n _ 22Tl+3]n)Wl
53 11 1 - 64. 1 . . 1 .
+(§ — 322"+2 +4n + 522”+‘3n + 9J - 522”“’_7 +4jn + 522”+43n)W0.

The proof is completed. [J

(c): We can derive the following using the formulas in Proposition 21.

Z HWopy1 = Z Wakq1 +J Z Wokyo.
k=0 k=0

k=0

> HWagta
k=0

1 1
= 17314/2(15371 — 2271320 1) 4 22715 (2n — 1) 4 40) — EW1(72n — 223 (6n + 1)
1
+22"5(6n, — 5) 4 150) + §WO(36n 422715 (2n, — 2) — 2 x 22" T3 4+ 64)
1 1
+j(§WO(36n — 224 (9 4+ 1) + 22"15(2n — 1) + 80) — 1—8W1(72n — 2274 (6n + 4)

1
+22"40(6n — 2) +192) + T Wa(18n — 2274 (20 4 2) +2 x 2" + 50)).

> HWariy
k=0
20 5 1 25 1 1
_ (j _ §2271,-‘,—2 +n+ 52271—&-3”_‘_ 3] _ §22"+4j + jn + §227l-$-4.7'7,l)V[/'2
25 7 1. 32
_’_(_? + §2Q7L+2 —4n — 22n+3n + 522n+5j _ ?-7 _ 4jn _ 22n+4jn)Wl
64 1 1 80. 5 ) . 1 .
_'_(3 _ §22n+6 + 4n, + g22”1-&-4”/ + 5] _ 52271-&-4] + 4]77, + 522n+53n)WO'

The proof is finished. [
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As a first special case of the above theorem, we have the following summation formulas for hyperbolic

Woodall numbers:

COROLLARY 23. For n > 0, hyperbolic modified Woodall numbers have the following properties:
(@): Yoo HGr =4+n+2"Tn —2mF2 4 (5 — 5 x 272 4 p 4 274 4 902y,
(b): Yop_oHGap = 2 +n+ 227720 4 392042 _ S92n+d 4 (25 _ 29202 4 gy 4 202013y,

(C): ZZ:U HG2k+l _ % L4+ %22n+3n _ %22n+2 _’_](% _ 8227;-&-4 + %22n+5 L4+ %227;-&-4”).

As a second special case of the above theorem, we have the following summation formulas for hyperbolic

modified Cullen numbers:

COROLLARY 24. For n > 0, hyperbolic modified Cullen numbers have the following properties:
(a): Y p_gHHr=—-14n—6x2"n—3x2"T3 +3x 2" ln + 28 x 2" 4 j(—3 - 18 x 2" T2 4 5 x 2nF4 4
n—6x 2"y 4+ 3 x 27 2p).
(b): ZZ:O HHQk — %+n—22”+3n+22”+3n+%22”"'2—22"+4+j(—%+%22’L+2—%227L+6+n—22”+4n+
22n+4n)'
(C): ZZ:O HH2k+1 _ 7% +Tn—2x 22n+3n + 22n+4n + %22n+2 _ %22n+6 +](*% _ %22n+4 + 222n+5

+n— 22n+5n + 22n+5n).

As a third special case of the above theorem, we have the following summation formulas for hyperbolic

Woodall numbers:

COROLLARY 25. Forn > 0, hyperbolic Woodall numbers have the following properties:
(a): Y p_gHRy =1—n+4x2n+2n3 —2ntly —10x 2" 4 j(1 —2n 420+ — 4 2n+3p —ont2p),
(b): Y i_oHRox = —§ —n+ 52°" 2 — 322048y 4 2g2nt2 _ I9dntd 4 (L —p — 192042 4 2920 H6
+ %22”"’371 — %22”+4n).
(€): 3o HRopp1 = & —m+ 222n+3p — LoZntdy _ Uo2nd2 4 1o2nd6 4 j(_ L1y 1oZnds _ 292ntd _

n -+ %22n+4n _ %22n+5n).

As a fourth special case of the above theorem, we have the following summation formulas for hyperbolic

Cullen numbers:

COROLLARY 26. For n > 0, hyperbolic Cullen numbers have the following properties.
(@): Y p_oHCK =3+n—2"3 42" n 46 x 2" 4+ j(3 4+ n+ 2" 2n).
(b): Thog MO = § 0 20500 = 22 () 4 oty o),
(€): Yop_oHCoki1 = 4 +n+ 5220 Hn 4 22083 4 (4T 4 5227+ 4 4 12200y,

We now introduce the formulas that allow us to find the sum of hyperbolic generalized Woodall numbers

with negative subscripts in the following theorem.
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THEOREM 27. Forn > 0, hyperbolic generalized Woodall numbers have the following formulas:
(a): 2270 HW_p = (=24 5 = 3j+n+ o+ gugen+in+ g jn)Wao + (7 — 55 +12j —4n — 35j —
Tg — Ajn — 2 in)Wh + (=4 + 2 — 8 +4An + 55 j + Fen + 4jn + 2jin)Wo.
(b): S g HW o = (— 2+ 520 f%j+n+ﬁj+ﬁn+jn+ﬁjn)wg+(§— s+ B —
An— 5555 — 22%”_4‘7”_ B d)Wi+(= 5+ gxgae — 5 HAN+ 555 + g5zt it g in) Wo.
(€): Yor_o HW_apt1 = (=5 + g5z — 5J T+ gaam i + gz Nt in+ gamm i) Wo+ (5 — 55am + 50 —
An—520mj — s n—4in— g ) Wi+(= 5+ 555m — Gt An+ g3 + grgmn+Ajnet 535w n) Wo.

Proof. It can be obtained by using Proposition 20.

(a): We can derive the following using the formulas in Proposition 20.

STHW =Y Wop+i Y Wi
k=0 k=0 k=0

1 1 7
STHW., = 4W(n+ g () = S (0 43) = 1) 4 2Wi(55 (Bn 4 8) = 20 — s (B4 11) + )
k=0

1
+2W2(§n 2n+1(n+3) 2n+2(n—&—2)—1)

: 1 3 1
+j(2W2(7n+2—(n+2) 2nH(nJrl)—§)+4W0( 2n(n+3) 2n+1(n+2)—2)
+2Wi (57 (B0 +5) — 20 — —(3n +8) +6)).

En:HW = (2—%—3—3 +n+i+ ! +n+in)W
— —k - omn J 271‘7 2 x 2N J 271‘7
7 11 3 3
- 12 —dn— — —4jn — —
(7= 55 +12) —dn — o2j — o——on —djn — o jn)Wh

5 , g8 . 1 , 2.
+(—4+2—n—8] +4n + 27]+2—nn+4jn+273n)W0.

This proves (a). We can be prove (b) and (c) similarly way using Proposition 21. O

As a first special case of the above theorem, we have the following summation formulas for hyperbolic

modified Woodall numbers:

COROLLARY 28. Forn > 0, hyperbolic modified Woodall numbers have the following properties:
(@) koo MGk = =3+ n+ 52 + (-3 +n+ 255,
(b): Yoo HG ok = 71—91 +n+ él;ggg +j(*g + 4 15;21227171).
(e): > o HG akt1 = —% +n+ 196;2122;l +j(% + 4 290;22245).

As a second special case of the above theorem, we have the following summation formulas for hyperbolic

modified Cullen numbers:

COROLLARY 29. For n > 0, hyperbolic modified Cullen numbers have the following properties:
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(a): S HH p=5+n— 2 +4(9— & +n).
(0 Shg Ml = 40 s 58 — e )

(c): ZZ:O HH 211 = %9 +n— 3;% +j(% _ ?’X% +n).

As a third special case of the above theorem, we have the following summation formulas for hyperbolic

Woodall numbers:

COROLLARY 30. Forn > 0, hyperbolic Woodall numbers have the following properties:

(a): > oHR_r=-3—-n+ 2;'7" +i(-1—-n+ 2‘53")
(b): Sp_ g HR_op = - —n+ B0 4 j(—1 —pn 4 10820

(€): Sp_oHR_gpy1 = —3 —n+ 1220 4 (55 4 BE20n)

As a fourth special case of the above theorem, we have the following summation formulas for hyperbolic

Cullen numbers:

COROLLARY 31. Forn > 0, hyperbolic Cullen numbers have the following properties:

(@): Yop o HCO_p = —1+n+ 32 +5(1+ 222 4 n).
(09 oM = § s S8 5O+ )

(€): Sp_oHC opr = T +n+ 10820 4 (T8 4 5200 4 ),

5. Matrices related with Hyperbolic Generalized Woodall Numbers

In this section, we present matrices related with hyperbolic generalized Woodall numbers.

Now, {G,,} defined by the third-order recurrence relation as follows
G, =5Gn_1 — 8Gy_3 + 4G,,_3 with the initial conditions G =0, G; =1, G5 = 5.

We present the square matrix A of order 3 as

5 —8 4
A=11 0 0
0 1 0

such that det A = 1. Then, we give the following Lemma.

LEMMA 32. For all integers n the following identity is true.

n

HWi o 5 -8 4 HW,
HWn—‘,—l = 1 0 0 HWl
HW, 0 1 0 HW,
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Proof. First, we suppose that n > 0. Lemma (32) can be given by mathematical induction on n. If

n =0 we get
0

HWs 5 —8 4 HWs
HWl = 1 0 0 HWl
HW, 0O 1 0 HW,

k

HWi o 5 -8 4 HW,
HWirer |=]1 1 0 0 HW;
HW;, 0 1 0 HW,
Forn =k + 1, we get
k+1 k
5 —8 4 HW, 5 —8 4 5 -8 4 HW;
1 0 0 HW; = 1 0 0 1 0 0 HW,
0 1 0 HWy 0o 1 0 0 1 0 HW,
5 -8 4 HWito
= 1 0 0 HWit1
0o 1 0 HW;,

SHWiio — 8HWiy1 + 4HW

= HWii2
HWiia1
HWiys
= HWiq2
HWii

If we suppose that n < 0 the proof can be done similarly. Consequently, by mathematical induction on n,
the proof is completed. O
Note that
Gpn+1  —8Gn +4G,—1 4G,
A" = G, —-8G,_1+4G,—o 4G,
Gp-1 —8Gp_o+4G,_3 4G, _»
For the proof see [31].

THEOREM 33. If we define the matrices Nyyw and Exw as follow,

HWy  HW1  HW, HWitio HWppr  HW,
Nuw = | HW1 HWy, HW_y |, Eruw =| HW,s1 HW, HW,_;
HWy HW_1 HW_, HW,, HW,—1 HWp_2
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then the following identity is true:

A" Nyw = Exw .

Proof. We can use the following identities for the proof.

Gpy1  —8G,+4G, 4G, HWy  HW, HW,
A"Nyw = G, —8G,_1+4G,_ s 4G, HW,  HW, HW_;
Gp_1 —8Gp_o+4G,_3 4G, _o HWy HW_1 HW_o

bir b2 b3

= bo1 by bos

b31 b3z bs3

where

bii = HWaGny1 + HWi (—8Gy + 4Gy_1) + HWodG,

bis = HW1Gni1 + HWo (—8Gy + 4Gp_1) + HW_14G,,
bis = HWoGni1+HW_1(—8Gy +4Gh_1) + HW_24G,,
by = HWaGr + HWy (—8Gy + 4Gy_1) + HWodGh_1,

by = HWIGn +HWo (—8G,, + 4Gp_1) + HW_14G,_1,
bys = HWoGn +HW_1 (—8Gy + 4Gy_1) + HW_24Gy_1,
by = HWaGno1 +HW; (—8Gy + 4Gy_1) + HWodGy_oa,
by = HWiGn_1+HWy (—8G, + 4Gy 1) + HW_14Gy_s,

bss = HWLG,_1 +HW_4 (—SGn + 4Gn_1) + HW _94G,,_o,

Using the Theorem (17) the proof is done. O

From Theorem (33), we can write the following corollary.

COROLLARY 34. We have the following identity.

(a): If we define Ny and Epg as follows,

HG2 HG1 HGy HGri2 HGry1 HG,
NHG = HG1 HGO HGfl ) EHG = HGn+1 HGn Hanl )
HGy HG-1 HG_- HG, HG,—1 HG,—2

then we get

A"Nyg = Eng.
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(8]
[9]

(10]

[11

(b): If we define Ny and Enpg as follows,

‘HH, HH; ‘HH, HHy,+2 HHp4+1 ‘HH,,
NHH = HH1 HHO HH_1 5 EHH = HHn-i—l HHn HHn_l 5
HHy HH_1 HH_» HH, HH,_1 HH, 2

then we get

(c): If we define Nyg and Exg as follows,

HR: HRy HRp HR,+2 HR,y1 HR,
NHR = HR1 HR() HRfl y EHR = HRn+1 HRn HRn,1 y
HRy HR_-1 HR_o HR, HR,-1 HR,_o

then we get

(d): If we define Nyc and Eyc as follows,

HC; HC,  HCy HChy+2 HChy1  HC,
Nyoc=| HC; HCy HC_y | Enc=| HChy1 HC, HCL 1 |-
HCy HC-1 HC_, HC, HC—1 HCh_o
then we get
A"Nyco = Enc.
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