A Study on Hyperbolic Generalized Guglielmo Numbers

Abstract. In this paper, we introduce the generalized hyperbolic Guglielmo numbers. We delve into
various specific instances, including hyperbolic triangular numbers, hyperbolic triangular-Lucas numbers,
hyperbolic oblong numbers, and hyperbolic pentagonal numbers. We present Binet’s formulas, generating
functions and summation formulas for these numbers. Furthermore, Catalan’s and Cassini’s identities and
matrices associated with these sequences will be provided deeply
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1. Introduction

It’s known that many author studied the generalized (r, s,t) sequence. One of these sequences is general-
ized Guglielmo numbers. Soykan, [42] defined generalized Guglielmo numbers. Before we present our original
study , we recall some proporities related to generalized Guglielmo numbers such as reccurance relations,
Binet’s formula, generating function .

A generalized Guglielmo sequence , with the initial values Wy, W1, Wy not all being zero, {W, },>0 =

{W,,(Wo, W1, W3)} >0 is defined by the third-order recurrence relations
Wy, =3Wyh_1 —3Wh_o+ W,_3; Wo, W1, Wy (n>2) (1.1)
Moreover, we define generalized Guglielmo sequence given to negative subscripts as follows,
W =3W_(n—1) = 3W_(n—2) + W_(,,_3)

for n =1,2,3,.... Thus, recurrence (1.1) is true for all integer n.
1
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In the Table 1 we give the first some generalized Guglielmo numbers with positive subscript and negative
subscript

Table 1. A few generalized Guglielmo numbers

n W W_,

0 Wo Wo

1 Wy 3Wo — 3W1 + Wy

2 Wa 6Wo — 8W, + 3W,
3 Wo — 3W1 4+ 3W, 10Wy — 15W; 4+ 6Ws
4 3Wo — 8W1 + 6W, 15Wy — 24W1 + 10W,

5 6Wy—15W; +10Wy  21Wy — 35W; 4 15W;

6 10Wo — 24W71 + 15Wy  28Wy — 48W1 4 21Ws
If we obtain,respectively, Wy = 0, W; = 1, Wy = 3 then{W,,} = {T,,} is called the Triangular sequence,

Wo =3, Wy =3, Wy = 3then {W,,} = {H,} is called the triangular-Lucas sequence, Wy = 0, W; = 2, Wy = 6
then {W,} = {O,} is called the oblong sequence and Wy = 0, W7 = 1, Wy = 5 then {W,,} = {p,} is called

the pentegonal sequance. Alternatively, triangular sequence {7}, },>0, triangular-Lucas sequence {H, },>0,

oblong sequence {O,, }»>0 and pentegonal sequence {py, }»>o are given by the third-order recurrence relations

as
T, =31, 4 — 3T, o+ Ty s, To=0T, =1.T, =3, (1.2)

H, =3H, 1 —3H, o+ H, 5 Hy=3H =3 Hy—=3 (1.3)

O, =30,-1—-30,-24+0,_3, 0Opg=0,0, =2,05 =6, (1.4)

Pn = 3Pn—1—3Pn—2+Pn-3, po=0,p1 =1,p2 =5. (1.5)

The sequences given above can be extended to negative subscripts by defining, respectively,

T = 3T (no1)— 3T (n-o) + T—(n_s),
H., = 3H_g_1)—3H_(n_o + H_n_s),
O_n = 30_(n—1) —30_(n—2) + O_(n_3),
D-n = 3D_(n-1) — 3P—(n-2) +P—(n-3)s

for n =1,2,3,... . As a consequence, recurrences (1.2)-(1.5) hold for all integer n.

We can list some important properties of generalized Guglielmo numbers that are needed.

e Binet formula of generalized Guglielmo sequence can be calculated using its characteristic equation
written as

=32 +3z—1=(z—1)>=0.

The roots of the characteristic equation are

a=f=7=



By using these roots and the recurrence relation, Binet formula are written below

W, = Ay + Agn + Agn? (1.6)
where
Ay = W, (1.7)
Ay = %(—Wg +4W; — 3Wy),
Ay = %(W2 —2Wy + Wp).

Then we present Binet formula of triangular, triangular-Lucas, oblong and pentagonal sequences,

respectively, given below

T - n(n—|—1)7
2
H, = 3,
O, = n(n+1),
1
Pn = §n(3n—1).

e The generating function for W, is

i Wah = Wo + (W — 3Wo)x + (Wy — 3Wy + 3Wo)x2. (1.8)

1—3z+ 322 — a3

n=0

e The Cassini identity for W, is
1
Wy i Wy — W2 = -3 (A+ Bn+Cn?) (1.9)

where

QWE + 6WE — 6WoW, — 2W Wy,
= 3W§ - 8W}{ — Wi 4+ 10WoWy — 4WoWoy + 6W, W,

= WEHAWE + W2 — dWoW, + 2Wo Wy — AW, W,

For more details, see [42].

Now, we are presenting information about specific number systems, including the hypercomplex system,
which encompasses complex numbers, hyperbolic numbers, and dual numbers. We note that hyperbolic
numbers will play a crucial role in our work. Moreover hyperbolic functions and numbers find applications
in various branches of engineering, such as electrical engineering (e.g., transmission lines), control systems
(e.g., system dynamics), signal processing (e.g., filter design), and diverse fields of engineering physics,
including special relativity, wave propagation, fluid dynamics, optics, and heat conduction. It’s important

to note that while hyperbolic numbers have interesting mathematical properties, their adoption in practical



applications depends on the specific problem at hand and whether they offer advantages over other number
systems in a given context.

Initially, we discuss hypercomplex number systems, which are extensions of real numbers, for more detail
see [31]. In addition that some commutative special cases of hypercomplex number systems include complex
numbers, hyperbolic numbers, and dual numbers. These systems are widely used in various branches of

mathematics and physics. We will now present these number systems sequentially, as outlined below.

e Complex numbers simplest form of hypercomplex numbers. Complex numbers defined as z = a+1ib,
where a and b real numbers and 4 imaginary unit that satisfy i> = —1. In addition that a and b

named, respectively, Re(z) and Im(z) Consequently, the definition of complex numbers given by,
C={z=a+ib:a,becR,i*=—-1}.

e Hyperbolic (double, split-complex) numbers, for more detail see [47], Split-complex numbers, com-
monly recognized as hyperbolic numbers, defined as h = a + jb where a and b real numbers and
j hyperbolic unit that satisfy j2 = 1. In addition that a and b named, respectively, Re(h) and
Hyp(h). Thus, the definition of hyperbolic numbers given by,

H={h=a+jb:a,beR,j>=1,j# 1},

e Dual numbers, see [23], defined as d = a + b where a and b real numbers and e dual unit that
satisfy €2 = 0. Furthermore, a and b called, respectively, Re(d) and Du(d). Thus, defination of dual

numbers given by,
D={d=a+¢cb:a,bcR,e?>=0,¢e#0}.

e A dual hyperbolic number, specifically within the hyperbolic number system, constitutes a distinct

type of hypercomplex number. A dual hyperbolic number is defined by,
q = (ao + ja1) +e(az + jaz) = ao + jar +€az +cjas
where ag, a1, a2,a3 € R and the set of all dual hyperbolic numbers are defined by
Hp = {ap + ja1 + eaz + €jas : ap,a1,a9,a3 € R, j2 =1,5 # +£1,6* =0, # 0}.

The {1,7,¢,¢5} is linear independent and Hyp = sp{l,j,e,£5} so that {1,4,¢,ej} is a basis of Hy. For
more detail see, [9]

The next properties are true for the base elements {1, j,&,£j} (commutative multiplications):

ej = Jje, e(ef)=(ej)e=0, j(ej) =(ej)i=¢

where ¢ satisfy the pure dual unit (2 = 0,e # 0), j satisfy the hyperbolic unit (j2 = 1), and &j satisfy the
dual hyperbolic unit ((j¢)? = 0).



In addition that the other number sytems are quarternions, octonions and sedenions given below, re-
spectively,

e Quaternion numbers, non-commutative examples of hypercomplex number systems, are a four-

dimensional extension of complex numbers. They are expressed as ag + ia; + jas + kas, where

ag, a1, 02,03 € R, and 4, j, and k are the quaternion units that satisfy specific multiplication rules.

For more detail see [29]. Quaternion numbers are defined by
Ho = {q = ag + ia1 + jas + kas : ag, a1, as,a3 € R,i* = j% = k? = ijk = —1},

e Octonions is a set, every element of the set linear combinations of unit octonions {e; : i =

0,1.2,...,7}, doneted as Q. Octonions are defined by,

7
0= { E a;€; 1 a; € R, €0€; = €i€0 = €4, €i€; = —(51‘]‘60 + EijkEk }
i=0

where e, = 1, 0;; is Kroneker delta (equal to 1 if and only if i = j), &;; is anti-symetric tensor. For

more detail see [37, 69]

e Sedenions is a set, every element of the set linear combinations of unit sedenions {e; : i =

0,1.2,...,15}, denoted by S. It can be seen from here that ever sedenion can be written as

15
E ai€;
i=0

where a; is real number. For more detail see, [41, 69].

Next we give some proporties on two hyperbolic numbers, h; = a + jb and hy = ¢ + jd, as

hi+hy = (a+b)+jlc+d),
hi.he = (ac+ bd)+ j(ad + be),
hi = a —jb
hi_ (ac—bd) +j(cb — ad)
hg B 02 — d2 ’
hiy = hgifonlyifa=candb=4d,
(h1,he) = (ac+bd)+ j(bc+ ad),

lhi]] = +/|a® —b?], called norm of hq,

if ‘aQ — b2| > 0, h; is named spacelike vector,
if ‘a2 — b2| < 0, h;y is named timelike vector,

if |[a®> = b*| = 0, hy is named null(light-like) vector.
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Note that{R?, H, (,)} is called Lorentz plane and denoted as R?. There is an isomorphism relationship
between the Lorentz plane and hyperbolic numbers. For more detail, see [69].

Hence the algebras C (complex numbers), Hg (quaternions), @ (octonions) and S (sedenions) are real
algebras attained from the real numbers R by a doubling procedure known as the Cayley-Dickson Process.
This doubling process can be extended beyond the sedenions to form what are known as the 2™-ions (see for
example [5, 29, 30, 36, 24].

Some authors have conducted studies about the dual, hyperbolic, dual hyperbolic and other special

numbers. Now we give some information published papers in litarature.

e Cockle [11] studied the hyperbolic numbers with complex coefficients.
e Eren and Soykan [22] studied the generalized Generalized Woodall Numbers.
e Cheng and Thompson [10] introduced dual numbers with complex coefficients.

e Akar, Yiice and Sahin [9] presented the dual hyperbolic numbers.
Next, we present some information on hyperbolic numbers presented in literature.

e Aydin [1] presented hyperbolic Fibonacci numbers given by

ﬁn :Fn+th+1a
where Fibonacci numbers are given by F,, 1o = F,,+1 + F},, with the initial conditation Fy =0, F} = 1.

e Soykan and Tagdemir [44] studied hyperbolic generalized Jacobsthal numbers given by

‘7n = Vn + hvn—i—l
where generalized Jacobsthal numbers are V,, ;o = V11 4+2V,, with the initial conditation Vy = a, V; = b.

e Tag [67] studied hyperbolic Jacobsthal-Lucas sequence written by

HJ, = Jy+hdppr
where Jacobsthal-Lucas numbers given by J,412 = Ju4+1 + 2.J,, with the inintial conditation Jy = 2,
Jp=1.
e Dikmen and Altinsoy, [15] studied On Third Order Hyperbolic Jacobsthal Numbers given by

= 3
TE = I+ ha
78 = 59+ hi

where Jacobsthal numbers, respectively, given by J5*) = J,(L?’,)l + J,',(LPL)Q + 2J7(i)3, JéS) =0, J1(3) =1,
3 (3 (3 (3 (3 (3 (3 (3
I =1, =50+, + 2305, 06 =2, 5 =1, 5 =5
Following this, we provide details on dual hyperbolic sequences as they are presented in literature.

e Soykan, Giimiig, Gocen [43] presented dual hyperbolic generalized Pell numbers given by
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‘771 =V, +jVn+1 + 5Vn+2 +j€vn+3

where generalized Pell numbers, with the initial values Vj, V4 not all being zero, are given by V,, =
2Vn_1 + Vn_g, VO = a, ‘/1 =b (n Z 2)

e Cihan, Azak, Giingor, Tosun, [8] studied dual hyperbolic Fibonacci and Lucas numbers given by,

respectively,
DHFn = Fn +an+1+€Fn+2 +j[—:Fn+3,
DHL, = Ln+jLnt1+elnto+jelnis
where Fibonacci and Lucas numbers, respectively, given by F, = F,_1 + F,_2, Fy = 0, F = 1,

Lpn=L, 1+ Ly o, Log=2,L1 =1.
e Soykan, Tagdemir and Okumus [44] studied dual hyperbolic generalized Jacopsthal numbers given
by

T = Jn + jIns1 + eJnso + jengs
where J,, = J—1 +2Jp_2, Jo =a, J1 =b.

e Bréd, Liana, Wioch [7] studied dual hyperbolic generalized balancing numbers as

DHB, = B, +jBn+1 + 5Bn+2 +j€Bn+3

where Bn = GBn,1 — ang, BO = O7 B1 =1.
Next section, we define the hyperbolic generalized Guglielmo numbers and some special properties,

generating function and Binet’s formula , of these numbers.

2. Hyperbolic Generalized Guglielmo Numbers and their Generating Functions and Binet’s

Formulas

In this section, we define hyperbolic generalized Guglielmo numbers then we present some special cases
generating functions and Binet’s formulas.
We now define hyperbolic generalized Guglielmo numbers over the set of H. The nth hyperbolic gener-

alized Guglielmo number is defined as follows
HW,, =W, + iWy+1 (2.1)

with the initial values HWy, HW7, HW5. The hyperbolic Guglielmo numbers ,which is defined above,

can be written to negative subscripts by defining,



HW—TL - W—n + jW—n—i-l (22)

so that (2.1) is true for all integers n.

Now we define some extraordinary cases of hyperbolic generalized Guglielmo numbers named the nth
hyperbolic triangular numbers, the nth hyperbolic triangular-Lucas numbers, the nth hyperbolic oblong
numbers and the nth hyperbolic pentegonal numbers and give them as, respectively,

hyperbolic triangular numbers HT,, = T}, + jT,,+1, with the initial values as

HTy, = To+ 51y,
HTY, = Ty + 5715,
HT, = Th+ 513,

hyperbolic triangular-Lucas numbers HH,, = H,, + jH, 1 with the initial values as

HHy = Hy+jH,
HHy, = H;+ jH>,
HHy, = Hy+ jHs,

hyperbolic oblong numbers HO,, = O,, + jO,,1+1 with the initial values as

HOy = Og+jOu,
HO; = 014350,
HO; = 03+ jOs,

hyperbolic pentegonal numbers Hp,, = p,, + jpn+1 with the initial values as

Hpy = po+jp1,
Hp, = pi+jp2,
Hps = po+jps,

for hyperbolic triangular numbers (taking W,, = T,,, Tp = 0, T3 = 1, T5 = 3) we obtain
HTy =
HT, = 1+3j

HT, = 3+6j,
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for hyperbolic triangular-Lucas numbers (taking W,, = H,,, Hy = 3, H; = 3, Hy = 3) we obtain

HHy, = 3+3j
HH, = 3+3j
HH, = 3+3j,

for hyperbolic oblong numbers (taking W,, = O,, Og = 0, O1 = 2, O3 = 6) we obtain

HOy = 2j,
HO, = 2+6j,
HO, = 6+ 12j,

and for hyperbolic pentegonal numbers (taking W,, = p,,, po =0, p1 = 1, p2 = 5) we obtain

HpO = j7
Hp; = 1457,
Hps = 5+ 12j.

So, using (2.1) the following identity can be expressed for every integers n > 0,
HW, =3HW,_1 —3HW,_o+ HW, _3. (2.3)
Hence for every integers n < 0 the sequence {HW,,},>¢ can be written as
HW_, =3HW_(,_1) —3HW_(_oy + HW_(;,_3),

for n =1,2,3,... by using (2.2).

Consequently, recurrence (2.3) are true for every integer n.

In the Table 2, taking with positive subscript and negative subscript, we present the first few hyperbolic
generalized Guglielmo numbers.

Table 2. Some hyperbolic generalized Guglielmo numbers
n HW, HW_,

0 HW, HW,

1 HW; SHWy — 3HW, + HW;

2 HW, 6HWy — 8HW; 4+ 3HW>
3 HWy—3HW +3HW, 10HWy — 156HW; + 6 HW,
4
)
6

SHW, — 8HW; +6HW,; 15HWy — 24HW, + 10H W,
6HWy — 15HW, + 10HW,  21HW, — 35HW; + 156HW,
10HWy — 24HW, + 156HWy  28HWy — 48HW, + 21HW,




Note that

HW,
HW,

HW,

= Wy + Wi,

= Wl +jW27

= Wy+ jWs.

By taking with positive subscript and negative subscript, we present a few hyperbolic triangular numbers,

hyperbolic triangular-Lucas numbers, hyperbolic oblong numbers and hyperbolic pentegonal numbers in the

following Table 3, Table 4, Table 5 and Table 6.

Table 3. hyperbolic triangular numbers Table 4. hyperbolic triangular-Lucas numbers

n HT, HT.,
0 J

1 1+3j 0
2 3465 1
3 6+10j 347
4 104155 643
5 15421 10+ 6j

Table 5. hyperbolic oblong numbers

n

HOn Ho—n

B~ W N = O

)

2j

2+ 65

6+ 125 2

12420j 6425
204305 12+ 6
304425 20 + 125

n

HH, HH_,

0
1

2
3
4
)

3+ 3j

343 3+3j

3+3j 3+3j
3+3; 3+35
3+3; 3+3j
3+3; 3+3j

Table 6. hyperbolic pentegonal numbers

n  Hp, Hp_,
0 J

1 1455 2

2 54125 T+25
3 124225 15475
4 224355 26+ 15j
5 354517 40+ 265

Now, we will present Binet’s formula for HW,, and in the remainder of the study the following notations

are needed:

a=1+j,

)

=7J.

Observe that the following identities are obtained:

= 242,
pr— 17

= 147

(2.4)

(2.5)



THEOREM 1. (Binet’s Formula) For any integer n, the nth hyperbolic generalized Guglielmo number is

HW, = (A1a + B(As + A3)) + (@Ay + 2B843)n + aAsn®. (2.6)
where @, B are given as (2.4)-(2.5).
Proof. Using Binet’s formula given below
W, = A + Asn + Asn?
where Ap, As, Ay are given as (1.7) and then we obtain following identity

HWTL = Wn +,jWn+1a
= AT+ 4+5(As+A3)+ (1+5)A2+2jA35)n+ A3 (f+ 1) n?,

= (A1@+ B(As + As)) + (@Ay + 2BA3)n + aAszn®. O

Specifically, for any integer n, the Binet’s Formula of the HT,,, HH,,, HO,, and Hp, numbers are

HT, = %(5 + (a4 2B)n + an?), (2.7)
HH, = 3a, (2.8)
HO, = 4+ (a+28)n+an?, (2.9)
Hp, = %(25 + (68 — a)n + 3an?). (2.10)

respectively.

The next step is to provide the generating function for the hyperbolic generalized Guglielmo numbers.

THEOREM 2. The generating function for the hyperbolic generalized Guglielmo numbers is

HWO + (HWl - 3HWQ)£L’ + (HW2 - 3HW1 + 3HWO)ZL’2
Jrw (@) = (1 -3z + 322 —12?) ' (2.11)

Proof. Let

wa(JC) = Z HWzx"
n=0
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be generating function of the hyperbolic generalized Guglielmo numbers. Then, using the definition of the

hyperbolic generalized Guglielmo numbers, and substracting zg(z) and x?g(x) from g(x), we get

(1-3x+32" =) fuw(x) = Y HWa" -3z HWa"+32°Y HWa" -2 HWa",
n=0 n=0 n=0 n=0
= D> HWa"—3> HWa"' 43 HWz""? - HWa"*?,
n=0 n=0 n=0 n=0

= > HWa"—3> HWa"+3» HWa"—-» HWa",
n=0 n=1 n=2 n=3
= (HWy+ HWix + HWya?) — 3(HWx + HW2?) + 3HWyz?

+ > (HW, — 3HW,, 1 + 3HW,,_5 — HW,,_3)z",

n=3

= HWoy+ HWix + HWya? — 3BHWox — 3HWz? + 3HWyz?,
= HWo+ (HW, —3HWy)x + (HWy — 3HW, + 3HW,) x>
As a result, using (2.3) and rearranging above equation, the proof of the theorem is completed. O

Using above theorem we can write the the generating functions of the hyperbolic triangular, triangular-

Lucas, oblong and pentegonal numbers, respectively, as

_ Jj+z
frw, (@) = (1 -3z + 322 —23)’

 (3+34) 4+ (=6 —65)z + (3 + 3j) 2?
Fum,(x) = (1 — 3z + 322 — 23) ’
oo (z) = 2j + 2z

(1 -3z + 322 —23)’

J+ (1+2§)z + 222
= .0
Fap. (@) (1 =3z 4 322 — 23)

3. Getting the Binet’s Formula from the generating function.

Our next step involves exploring Binet’s formula of hyperbolic generalized Guglielmo number {HW,, }

utilizing generating function frw, (z).

THEOREM 3. (Binet formula of hyperbolic generalized Guglielmo numbers)

HW,, = (418 + B(Az + A3)) + (@A + 2BA5)n + @Azn®. (3.1)
Proof. We write
o0 _ _ 2
S HWa" = HWo + (HW: = 3HWo)z + (HW, = 3HW: + 3HWo)2” _ dv | dy  ds
n=0 (1 -3z + 322 —a3) (1-z) (1-2z? (-2

(3.2)



so that

> d; ds ds
HW,a" =
2 HWa" = St iy
o dl(l—l‘)2+d2(l—l‘)+d3
B (1-=)? '

Hence, we arrive at

HWy + (HWl — 3HWO)Z‘ + (HW2 —3HW; + 3HWQ)CL‘2 = (dl +do + d3) + (—2d1 — dg)l‘ + d1$2.

Equalizing the coefficients of the same degree terms of = in the above equation, we get

HWy = di+ds+ds,
HWy —3HW, = -—2d; —da,
HW, —3HW, +3HW, = d;.

Then, if we solve (3.3) then we can write

dy SHWy — 3HW, + HW;,

da SHW, —3HW, — 2HWS,

ds HWo — 2HW, + HWs.

Therefore (3.2) can be written as
- — - = n? 4 3n +2
S HW.a" = diY a"+dyY» (n+1)a"+ds —"
n=0 n=0 n=0 n=0
e 2
+3n+2
= Y (di+ds(n+1)+ dg%)x",

3
I
o

I
WK

3
I
o

1 1
(HWy + 5(—HW2 +4HW, — 3HWy)n + 5(HW2 — 2HW, + HWy)n?)z".

As a result, we get the following identity

where

HW,LZZl\l—F;l\gn—t—;gnQ

HW07

1
5(—HW2 +4HW; — 3HWO),

1 — _
5 (HWo = 2HW, + HWy).



Take note that the following equalities holds,

o~

A = HW, (3.4)
= HWo+jHW,
. 1 1
= (14+4)Ws +](§(—W2 +4Wy — 3Wh)) +J(§(W2 —2W1 + Wy))

= ad +B(A2 + Aj3),

o~

A, = %HLIW2 +AHW, — 3HW,) (3.5)
= %((—SWO + AWy — Wa) + j(=Wo + Wa)
= (L) (W + AW, — 3W))

+2)(5 (W5 — 23 + W0))

= (aAy + 2B4s),

1
Az = i(HWQ —2HW; + HVV()) (36)

1 .
= 5((W2 —2W7 + Wy) + j(Wa — 2W7 + W)

aAs.

Utilizing equations (3.4), (3.5) and (3.6) we obtain following equality.
HW, = (A1a + B(As 4 As)) + (@A + 2BA3)n + aAsn?. O

4. Some Identities

We now provide some special identities concerning the hyperbolic generalized Guglielmo sequence { HW,, }.

The following theorem gives the Simpson’s formula for the hyperbolic generalized Guglielmo numbers.

THEOREM 4. (Simpson’s formula for hyperbolic generalized Guglielmo numbers) For all integers n we

have,
HW, o HW,.1 HW, HW, HW,; HW,
HW,.1 HW, HW, | |=| HW, HW, HW_; |. (4.1)
HW, HW,_1 HW,_, HW, HW_, HW_,

Proof. For the proof, we use mathematical induction on n > 0. For n = 0 identity (4.1) is true. Now we

assume that (4.1) is true for n = k. Hence, the identity given below can be written
HWyio HWipw  HWR aw, HW, HW,

HW}C+1 HWk HWk,1 = HW1 HWO HW,1
HW, HWjy_1 HWjy_o HWo, HW_, HW_,
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For n =k + 1, we obtain

HWyi3 HWgiio HWiq 3HWj o —3HWj 1 + HWy, HWyyo HWpiiy
HWyio HWey HWi | = | 3HWisr — 3HW, + HWy 1 HWiry  HW,
HWiyw HW, HWi, 3HW, —3HW, 1+ HW,_o HW, HWjy_4
HWyyo HWiio HWiy HWyyr HWiio HWigy
= 3| HWepn HWin HW. |—3| HW. HWen HW
HW; HW,  HWj_4 HWy, 1+ HW, HWj 4

HWk HWk+2 HWk+1
+ HWk_l HWk+1 HWk
Hkaz HWk Hkal

HWyyo HWipn  HW
= | HWiqn HW,,  HWji_4
HW,,  HWjy_1 HWjy_o
For the case n < 0 the proof has been seen similarly. Thus, the proof is completed. [

From Theorem 4.1 we get following corollary.

COROLLARY 5.
HTn+2 HTn+1 HT,

(@): | HT,,1 HT, HT,, |=-4(+1).
HT, HT,., HT, s

HH,,, HH,., HH,

(b): | HH,,1 HH, HH, , |=0.
HH, HH,_1 HH, ,

HO,. s HOn.1 HO,
(¢): | HOpy1  HO, HO, i |=-32(j+1).
HO, HO,.1 0O,
Hpntyo Hpnir  Hps
(A): | Hpoyr  Hpn  Hpnoa | = —108(j +1).
Hp, Hp,_1 Hp,_o

Next, the Catalan’s identity of hyperbolic generalized Guglielmo numbers is given.
THEOREM 6. (Catalan’s identity) For all integers n and m, the following identity holds

HW g HW,, _py— HW? = —2m?(Q(A% — 24, A3+ Ay Az +2n Az A3) — A2(a—2na+m*a—2n°a—2)). (4.2)
Proof. Using the Binet Formula given below

HW, = (A18 + B(Ag + As)) + (@A + 2BA3)n + aAsn>.
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The proof is completed. [J
As special cases of the above theorem, we give Catalan’s identity of HT,,, HH,,, HO,, and Hp,.

We present Catalan’s identity of hyperbolic triangular numbers.

COROLLARY 7. (Catalan’s identity for the hyperbolic triangular numbers) For all integers n and m, the

following identity holds:
1
HT,ymHT,_,, — HT? = 5m2(—a — 4na +m2a — 2n*a — 2).

Proof. Taking HW,, = HT,, in Theorem 6 we get the result that we have been seeking. [

We give Catalan’s identity of hyperbolic triangular-Lucas numbers.

COROLLARY 8. (Catalan’s identity for the hyperbolic Lucas-triangular numbers) For all integers n and
m, the following identity holds:
HH, mHH, ., — HH? =0.

Proof. Taking HW,, = HH,, in Theorem 6 we get the result that we have been seeking. [J
We give Catalan’s identity of hyperbolic oblong numbers.

COROLLARY 9. (Catalan’s identity for the hyperbolic oblong numbers) For all integers n and m, the

following identity holds:
HOypiyHOp—yy — HOZ = 2m® (—a — 4na + m*a — 2n°a — 2) .

Proof. Taking HW,, = HO,, in Theorem 6 we get the result that we have been seeking. [
We give Catalan’s identity of hyperbolic pentegonal numbers.

COROLLARY 10. (Catalan’s identity for the hyperbolic pentegonal numbers) For all integers n and m,

the following identity holds:
1
HpyimHpp—m — Hp?. = §m2 (11@ — 12na + 9m®a — 18n°a — 18) .

Proof. Taking HW,, = Hp,, in Theorem 6 we get the result that we have been seeking. []
If we take m = 1 in Catalan’s identity, we get the Cassini’s identity for the hyperbolic generalized

Guglielmo numbers as follows.

COROLLARY 11. (Cassini’s identity for the hyperbolic generalized Guglielmo numbers) For all integers

n, the following identities holds.

(a): HT,,,1HT, 1 — HT? = —an® — 2an — 1.

(b): HHy,yy HH,_ — HH? = 0.

(¢): HO, 1 HO, 1 — HO? = —4 (nQa + 2na + 1) .
(d): Hpny1Hp,_1 — Hp? = —9an? — 6an + 10a — 9.
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THEOREM 12. Let n and m be integers, T, is triangular numbers, the following identity is true:
HW, i = Tine1 HW o + (T3 — 3Tim—2) HWyp1 + T o HW,,. (4.3)
Proof. For n,m > 0 the identity (12) can be proved by mathematical induction on m. If m =0 we get
HW,, =T _1HW, 1o+ (T—5 —3T_2)HWy41 + T_2oHW,

which is true by seeing that T_; = 0,7 5 = 1,T_35 = 3. We assume that the identity given holds for m = k.
Form =k + 1, we get

HWiity4n = 3HWipp —3HWipp—1 + HWpig o
= 3(Tp-1HWpio + (Th—3 — 3Tk—2) HWpi1 + T2 HW,,)
—3(Ty—oHWyio + (Th—a4 — 3T—3)HWy i1 + Ti_sHW,,)
+(Ti—3HWyio+ (Th—5 — 3Tj—a) HWypq + T s HW,)
= (BTk-1 —3Th—2+Ti—3)HWyio+ ((8Tk-3 — 3Tk—a + T—5)
—3(8T—2 — 3Tk—3 + Th—4))HWyy1 + (3Tk—2 — 3Tk—3 + Ti—a) HW,,
= TeHW,io+ (Tx—2 —3Tp—1)HWyi1 + T HW,
= Tit1)—1HWigo + (Tes1)—3 — 3T(hr1)—2) HWip1 + Tpg1y—2 HW,,.
Consequently, by mathematical induction on m, this proves (12). For the other case, the proof can be done
similarly. [J
5. Linear Sums
In this section, we give the summation formulas of the hyperbolic generalized Guglielmo numbers with
positive and negatif subscripts.
PROPOSITION 13. For the generalized Guglielmo numbers, we have the following formulas:
(@): Y oWk =2 (n+1) ((2n® — 2n) Wa — 2 (202 — 5n) Wy + (202 — 8n + 12) W) .
(b): >p o Wit = 15 (n+ 1) ((2n% + 4n) Wa — 2 (2n% + n — 6) Wy + (2n2 — 2n) Wy) .
Proof. For the proof, see Soykan [42]. O

PROPOSITION 14. For the generalized Guglielmo numbers, we have the following formulas:

(@): Yp_oWar = 15 (n+ 1) ((8n? — 2n) W — 2 (8n? — 8n) Wy + (8n? — 14n + 12) Wy).
(b): >p_o Wakt1 = 75 (n+1) (W2 (8n2 + 10n) — 2W; (8n? + 4n — 6) + Wy (8n? — 2n)).
(€): oo Waksa = 5 (n+1) ((8n% + 22n + 12) Wo — 2 (8n% 4 16n) Wy + (8n2 + 10n) Wy).

Proof. For the proof, see Soykan [42]. O

PROPOSITION 15. For the generalized Guglielmo numbers, we have the following formulas:



(@): Y p o Wop = 15 (n+ 1) ((2n2 + 4n) Wy — 2 (2n% + Tn) Wi + (2n% + 10n + 12) Wy).
(b): >r_oWeois1 =75 (n+1)((2n* — 2n) Wy — 2 (2n® +n — 6) Wy + (2n? + 4n) Wy).
Proof. For the proof, see Soykan [42]. O

PROPOSITION 16. For the generalized Guglielmo numbers, we have the following formulas:

(a): Dop o Weor = 15 (n+ 1) ((8n + 10n) W2 — 2 (8n? + 16n) Wi + (8n? + 22n + 12) Wy).

(b): 3o Weoopir = 15 (n+ 1) ((8n2 — 2n) Wa — 2 (8n% + 4n — 6) Wi + (8n? + 10n) Wy).

(©): Y poWookio =15 (n+1) ((8n? — 14n + 12) Wy — 2 (8n* — 8n) W1 + (8n? — 2n) W) .
Proof. For the proof, see Soykan [42]. O

Now, we will give the formulas of the sum of hyperbolic generalized Guglielmo numbers.
THEOREM 17. Forn > 0, hyperbolic generalized Guglielmo numbers have the following formulas:

(a): Yr o Wi = Hn+1)((=n+jn®+2in+n?)Wa + (65 4 5n — 2jn? — jn — 2n*)W; + (—4n + jn? —
Jn +n? +6)Wp).
(b): 7 Way = F(n+ 1) ((—n+4jn® +5jn+4n*)Ws + (65 + 8n — 8jn? — 4jn — 8n?)W1 + (= Tn +
4jn? — jn +4n? + 6)Wy).
(c): S0 Wapia = +(n+1)((65 4 5n+4jn® + 11jn+ 4n?)Ws + (6 — 8jn? — 16jn — 8n? — 4n)W; +
(—n + 4512 + 5jn + 4n?)Wy).
Proof.

(a): Note that using (2.1), we get
n n n
STHW=> Wi+ Wip
k=0 k=0 k=0
and using Proposition 13 the proof completed.

(b): Note that using (2.1), we get
ZHWQk = ZWQk; +jZW2k+1
k=0 k=0 k=0
and using Proposition 14 the proof completed.
(c): Note that using (2.1), we get

Z HWagq1 = Z Wakt1 + 7 Z Wak+2
k=0 k=0

k=0
and using Proposition 14 the proof completed. [

As a special case of the theorem (17, a) we present following corollary.

COROLLARY 18.
@): S o Te=1(n+1)(6j+ (55 +2Qn+ (j + 1)n?).
(b): Y0 Hy=(3j+3) (n+1).



(€): S5O = L(n+1)(125 + (10j + 4)n + (25 + 2)n?).
(d): Yop_obr =g (n+1)(6j+9jn+ (3j +3)n?).

As a special case of the Theorem 17 (b), we present following corollary.

COROLLARY 19.
(@) i Tor = L (n+1) (6§ + (5+ 115)n + (4 + 45)n?).
(b): Y7 Hop = (3j+3)(n+1).
(€): Sp_o 0o = L (n+1) (125 + (10 4+ 22j)n + (8 + 85)n?).
(d): Yp_o Dok = & (n+1) (6§ + (3 + 2Lj)n + (12 + 125)n?).

As a special case of the Theorem 17 (c), we present following corollary.

COROLLARY 20.

(a): Sr_o Torr1 = & (n 4+ 1) ((6+185) + (11 + 175)n + (4 + 45)n?).

(b): 37 0ﬁ2k+1 3j+3)(n+1).

(€): Sp_oOori1 = & (n+1) ((12 4 365) + (22 + 345)n + (8 + 85)n?).
1
6

(d): >p_oPokt1 = g (n+1)((6+307) + (21 + 395)n + (12 + 125)n?).

—~

Now, we present the formula that yield the summation formulas of the generalized Guglielmo numbers

with negative subscripts.
THEOREM 21. Forn > 1, hyperbolic generalized Guglielmo numbers have the following formulas:

(a): Y0 W = F(n+1)((2n+jn? — jn+n®)Wa + (6§ — Tn — 2jn? — jn — 2n*)W; + (5n + jn’ +
2jn +n? + 6)Wy).
(b): S Wogp = F(n+1)((5n + 4jn® — jn + 4n*)Ws + (65 — 16n — 8jn* — 4jn — 8n* )Wy +
(11n + 45n? + 5jn + 4n? + 6)Wp).
(e): Yorp W_opi1 = F(+1)((6§ — n+ 4jn? — Tjn + 4n*)Ws + (—4n — 8jn? + 8jn — 8n? + 6)
Wi+ (5n + 4jn? — jn + 4n?)Wy).
Proof.

(a): Note that using (2.1), we get
SLUSES SUSEES S
k=0 k=0 k=0

and using Proposition 15 the proof completed.

(b): Note that using (2.1), we get

Z HW_g, = Z W_or +J Z W_ok+1
k=0 k=0 k=0

and using Proposition 16 the proof completed.



(c): Note that using (2.1), we get using Proposition (16), we get

Z HW _op41 = Z W_og+1+J Z W_sk42
k=0 k=0 k=0

and using Proposition 16 the proof completed. [J

As a special case of the Theorem 21 (a), we get the following corollary.

COROLLARY 22.
(@) S o Tk =L (n+1)(65+ (=1 —4j)n+ (1 + 5)n?).
(b): > ko H ,=03j+3)(n+1).
(©): ShoO k=& (n+1) (125 + (-2 — 8)n + (2 + 2j)n?).
(d): Yok =3 (n+1)(2j+ (1—2f)n+ (1+j)n?).

As a special case of the Theorem 21 (b), we obtain the following corollary.

COROLLARY 23.
(@) YheoToon = § (n+1) (6] + (-
(b): Y8 H o =(3j+3)(n+1).
(€): Yo Oor =L (n+1) (6 + (—1 — 7j)n + (4 + 4j)n?).
(d): Yop_gP-ak = ¢ (n+1)((65) + (9 — 9j)n + (12 + 12j)n?).

1= 7j)n+ (4 +45)n?).

As a special case of the Theorem 21 (c), we obtain the following corollary.

COROLLARY 24.
(a): i o Toorgr = & (n+1) ((6+18§) + (=7 — 135)n + (4 + 4j)n?).
(b): ) o Hookp1 = (35 +3) (n+1).
(€): Sp_O—opi1 =1 (n+1)((6+18)) + (=7 — 135)n + (4 + 45)n?).
(d): Sp_oP2ki1 = & (n+1)((6+307) + (=9 — 275)n + (12 + 125)n?).

We will now provide a different theorem given above that allows us to calculate the finite sum of Gaussian

numbers.

THEOREM 25. For every integer n, hyperbolic generalized Guglielmo numbers have the following formula

n

S THW, = (416 + B(Az + As))(n + 1) + (G Az + 2B A3)
k=0

n(n+1) n(n+1)2n+1)

+ ads 5 .

Proof. The proof can be done easily by using identity (2.6).
Next we can get the following corollary by using (25).

COROLLARY 26.

(a): Sp_o HT, = 3(B(n + 1) + (o + 28) 2kl 4 onintl@ntl)y




(b): Y _o HH,, = 3a(n +1).
(€): S p_oHO, = B(n+1)+ (a+28) n(n2+1) i an(n+1)6(2n+1)_
() o Hpn = $(28(n +1) + (68 — ) "5 4 3qlstjensn))

6. Matrices linked to Hyperbolic Generalized Guglielmo Numbers
In this part of our study we give some identities on some matrices linked to hyperbolic Guglielmo

numbers.
By using the {7},} which is defined by the third-order recurrence relation as follows

T, =3Th—1—3Th—2+Th_3

with the initial conditions Ty = 0, 17 = 1, T = 3 we present the square matrix A of order 3 as

3 =3 1
A= 1 0 0
0 1 0

such that det A = 1. Then, we give the following Lemma.

LEMMA 27. For all integers n the following identity is true

n

HW, 3 -3 1 HW,
HW,.. =] 1 0 o0 HW,
HW, 0 1 0 HW,

Proof. First, for the proof we assume that n > 0. Lemma 27 can be given by mathematical induction

onn. If n =0 we get

0
HWsy 3 =3 1 HW,
HW, |=1 1 0 0 HW;
HW, 0 1 0 HW,

which is true. We assume that the identity given holds for n = k. Thus the following identity is true.

HWio 3 -3 1 HW,
HWir =] 1 0 o0 oW,
HW, 0 1 0 HW,
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For n =k + 1, we get

k+1
3 =3 1 HW,
1 0 0 HW,
0 1 0 HW,

Consequently, by mathematical induction on
can be done similarly.

Note that

3 -3 1 3 -3 1 HW,
= 1 0 O 1 0 O W,
0 1 0 0 1 0 HW,
3 -3 1 HWi o
= 1 0 0 HWi1
0O 1 0 HW;

3HWy 4o —3HWy 1 + HWy

= HWiy2
HWi
HWiys
= HWiy2
HWy 4

n, the proof is completed. Note that the case n < 0 the proof

Tn+1 _3Tn + Tn—l Tn
A" = Tn _3Tn71 + Tn72 Tnfl
Tnfl _STn72 + Tn73 Tn72

For the proof see [?7?].

THEOREM 28. If we define the matrices

Nuw

Enw

then the following identity is true:

Nygw and Egw as follow

HW,
HwW;
HWy

HW,
HW,
HW_,

HW,
HW_,
HW_,

HWn+2
HWn+1
aHw,

HWnJrl
HW,
HWn—l

aw,
Hanl
HWn—2

A"Npgw = Egw.



Proof. For the proof, we can use the following identities

ARNHW =

where

aiy
a12
a3
a21
a22
a23
a3
a32

a33

Tn+ 1

Tnfl

=31, +T,_1 T, HW, HW;
T, 3T 1+ T T,h_1 HW, HW,
—3Tn_o+Th_3 Th_o HW, HW_;

ailp a2 ais
a21 Qg2 423

asz1 asz as3

HWoT,i1 + HW: (Ty_1 — 3T,) + HWoT,,
HWiTys1 + HWy (Ty_y — 3T,) + HW_1T),,
HWoTyi1 + HW_1 (T_1 — 3T}) + HW_oT,,,
HWoT, + HWy (Tp_s — 3T_1) + HWoTy_1,
HW\T, + HWq (Ty—s — 3T_1) + HW_1Ty_1,
HWoT, + HW_1 (Ty—g — 3Tp_1) + HW_oT,_1,
HWoT,_y + HW (Ty_z — 3Tp_2) + HWoT,_o,

HWAT, 1+ HWy (T3 — 3T —2) + HW_1T), o,

HWoT 1+ HW_y (T—3 — 3Tph—2) + HW_ 3T, _».

Using the Theorem 12 the proof is done. [J

From Theorem 28, we have the following corollary.

COROLLARY 29.

(a): Let the matrices Nyt and Egr are defined as following

HT, HT HT
Nyt = HT\ HI1y, HT , )
HT, HT_, HT
HTni2» HT,11 HT,
Egr=| ®T,,, HT, HT, . |,
HT, HT, ., HT, »

so that the identity given below is true for A", Ngyr, Fyr

A"Nyr = Eur,

HWy
HW_,
HW_,

)



(b): Let the matrices Ngo and Ego are defined as following

H0n+2
H0n+1
HOn

Ergo =

HO,
HOy
HO_4

HOn—H
HO,
HOnfl

HOq
HO_,;
HO_4

HO,
HOn—l
HOn72

so that the identity given below is true for A™, Nyo, Fxo

A"Npgo = Epno.

(c): Let the matrices Ngg and Egpg are defined as following

HH,
HH,
HH,

Npmg =

HHn+2
HHn+1
HH,

Epypg =

HH,
HH,
HH_,

HHnJrl
HH,
HHTL—l

HH,
HH_,
HH_,

HH,
Hanl
HHn—Q

so that the identity given below is true for A™, Ngyy, Egg

(d): Let the matrices Nup and Eg, are defined as following

Hps
Hp,
Hpog

Nirp =

HanrZ
EHP = Hanrl

Hp,

Hanrl
Hpn

Hpn—l

Hpp
Hpnfl
Hpn—Q

so that the identity given below is true for A", Nup, Enp

A"Ny, = Egp.

)

)

i



7. Conclusion

In the literature, there have been so many studies of the sequences of numbers and the sequences of
numbers were widely used in many research areas, such as physics, engineering, architecture, nature and
art. In this study we introduce hyperbolic generalized Guglielmo sequence and focused on four special cases
such as hyperbolic triangular numbers, hyperbolic Lucas-triangular numbers, hyperbolic oblong numbers

and hyperbolic pentegonal numbers.

e In section 1, we present some important information related to generalized Guglielmo numbers such
as reccurance relation, Binet’s formula, generating function and Cassani’s formula. Moreover we
give some information about hyperbolic numbers and some examples studied in the literature.

e In section 2, we define hyperbolic generalized Guglielmo numbers and four special cases such as
hyperbolic triangular numbers, hyperbolic Lucas-triangular numbers, hyperbolic oblong numbers
and hyperbolic pentegonal numbers. In addition, we introduce Binet’s formula and generating
function of hyperbolic generalized Guglielmo numbers and four special cases.

e In section 3, we define some identeties raleted to hyperbolic generalized Guglielmo sequence such
as hyperbolic triangular numbers, hyperbolic Lucas-triangular numbers, hyperbolic oblong num-
bers and hyperbolic pentegonal numbers. e.g Simpson’s formula, Catalan’s identity and Cassani’s
identity.

e In section 4, we define linear sum formulas related to hyperbolic generalized Guglielmo sequence
and four special cases such as hyperbolic triangular numbers, hyperbolic Lucas-triangular numbers,
hyperbolic oblong numbers and hyperbolic pentegonal numbers.

e In section 5, we define matrix formulation and some special theorem using matrix theory linked to

hyperbolic generalized Guglielmo sequence.

Linear recurrence relations (sequences) have many applications. Next, we list applications of sequences
which are linear recurrence relations.

First, we present some applications of second order sequences.

e For the applications of Gaussian Fibonacci and Gaussian Lucas numbers to Pauli Fibonacci and
Pauli Lucas quaternions, see [2].

e For the application of Pell Numbers to the solutions of three-dimensional difference equation sys-
tems, see [4].

e For the application of Jacobsthal numbers to special matrices, see [75].

e For the application of generalized k-order Fibonacci numbers to hybrid quaternions, see [28].

e For the applications of Fibonacci and Lucas numbers to Split Complex Bi-Periodic numbers, see
[71].

e For the applications of generalized bivariate Fibonacci and Lucas polynomials to matrix polynomi-

als, see [72].
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e For the applications of generalized Fibonacci numbers to binomial sums, see [39].

e For the application of generalized Jacobsthal numbers to hyperbolic numbers, see [45].

e For the application of generalized Fibonacci numbers to dual hyperbolic numbers, see [?7].

e For the application of Laplace transform and various matrix operations to the characteristic poly-
nomial of the Fibonacci numbers, see [18].

e For the application of Generalized Fibonacci Matrices to Cryptography, see [40].

e For the application of higher order Jacobsthal numbers to quaternions, see [38].

e For the application of Fibonacci and Lucas Identities to Toeplitz-Hessenberg matrices, see [26].

e For the applications of Fibonacci numbers to lacunary statistical convergence, see [3].

e For the applications of Fibonacci numbers to lacunary statistical convergence in intuitionistic fuzzy
normed linear spaces, see [32].

e For the applications of Fibonacci numbers to ideal convergence on intuitionistic fuzzy normed linear
spaces, see [33].

e For the applications of k-Fibonacci and k—Lucas numbers to spinors, see [35].

e For the application of dual-generalized complex Fibonacci and Lucas numbers to Quaternions, see
[66].

e For the application of special cases of Horadam numbers to Neutrosophic analysis see [27].

e For the application of Hyperbolic Fibonacci numbers to Quaternions, see [17].
We now present some applications of third order sequences.

e For the applications of third order Jacobsthal numbers and Tribonacci numbers to quaternions, see
[13] and [12], respectively.

e For the application of Tribonacci numbers to special matrices, see [73].

e For the applications of Gaussian generalizeg Guglielmo numbers, see [74]

e For the applications of Padovan numbers and Tribonacci numbers to coding theory, see [48] and
[6], respectively.

e For the application of Pell-Padovan numbers to groups, see [19].

e For the application of adjusted Jacobsthal-Padovan numbers to the exact solutions of some differ-
ence equations, see [25].

e For the application of Gaussian Tribonacci numbers to various graphs, see [65].

e For the application of third-order Jacobsthal numbers to hyperbolic numbers, see [20].

e For the application of Narayan numbers to finite groups see [34].

e For the application of generalized third-order Jacobsthal sequence to binomial transform, see [49].

e For the application of generalized Generalized Padovan numbers to Binomial Transform, see [50].

e For the application of generalized Tribonacci numbers to Gaussian numbers, see [51].

e For the application of generalized Tribonacci numbers to Sedenions, see [52].



For the application of Tribonacci and Tribonacci-Lucas numbers to matrices, see [53].

For the application of generalized Tribonacci numbers to circulant matrix, see [61].

e For the application of Tribonacci and Tribonacci-Lucas numbers to hybrinomials, see [68].

For the application of hyperbolic Leonardo and hyperbolic Francois numbers to quaternions, see

[21].

Next, we now list some applications of fourth order sequences.

For the application of Tetranacci and Tetranacci-Lucas numbers to quaternions, see [54].

For the application of generalized Tetranacci numbers to Gaussian numbers, see [55].

For the application of Tetranacci and Tetranacci-Lucas numbers to matrices, see [56].

e For the application of generalized Tetranacci numbers to binomial transform, see [57].
We now present some applications of fifth order sequences.

e For the application of Pentanacci numbers to matrices, see [58].

e For the application of generalized Pentanacci numbers to quaternions, see [59].

For the application of generalized Pentanacci numbers to binomial transform, see [60].

We now present some applications of second order sequences of polynomials.

For the application of generalized Fibonacci Polynomials to the summation formulas, see [63].
e For some applications of generalized Fibonacci Polynomials, see [64].
We now present some applications of third order sequences of polynomials.

e For some applications of generalized Tribonacci Polynomials, see [62].

References

Aydn, F. T., Hyperbolic Fibonacci Sequence, Universal Journal of Mathematics and Applications, 2 (2), 59-64, 2019.
Azak, A.Z., Pauli Gaussian Fibonacci and Pauli Gaussian Lucas Quaternions. Mathematics, 2022, 10, 4655.
https://doi.org/10.3390/math10244655.

Bilgin, N.G., Fibonacci Lacunary Statistical Convergence of Order « in IFNLS, International Journal of Advances in
Applied Mathematics and Mechanics, 8(4), 28-36, 2021.

Biiyiik, H., Tagkara, N., On The Solutions of Three-Dimensional Difference Equation Systems Via Pell Numbers, European
Journal of Science and Technology, Special Issue 34, 433-440, 2022.

Biss, D.K., Dugger, D., Isaksen, D.C., Large annihilators in Cayley-Dickson algebras, Communication in Algebra, 36 (2),
632-664, 2008.

Basu, M., Das, M., Tribonacci Matrices and a New Coding Theory, Discrete Mathematics, Algorithms and Applications,
6 (1), 1450008, (17 pages), 2014.

Bréd, D., Liana, A., Wloch, 1., Two Generalizations of Dual-Hyperbolic Balancing Numbers, Symmetry, 12(11), 1866,
2020.

Cihan, A., A. Z. Azak, M. A. Giingér, M. Tosun, A Study on Dual Hyperbolic Fibonacci and Lucas Numbers, An. St.
Univ. Ovidius Constanta, 27(1), 35-48, 2019.

Akar, M., Yiice, S., Sahin, $., On the Dual Hyperbolic Numbers and the Complex Hyperbolic Numbers, Journal of
Computer Science & Computational Mathematics, 8(1), 1-6, 2018.


bahadır
Vurgu


(21]

22]

Cheng, H. H., Thompson, S., Dual Polynomials and Complex Dual Numbers for Analysis of Spatial Mechanisms, Proc. of
ASME 24th Biennial Mechanisms Conference, Irvine, CA, August, 19-22, 1996.

Cockle, J., On a New Imaginary in Algebra, Philosophical magazine, London-Dublin-Edinburgh, 3(34), 37-47, 1849.
Cerda-Morales, G., On a Generalization of Tribonacci Quaternions, Mediterranean Journal of Mathematics 14:239, 1-12,
2017.

Cerda-Morales, G., Identities for Third Order Jacobsthal Quaternions, Advances in Applied Clifford Algebras 27(2), 1043
1053, 2017.

C. Hooley, Applications of the sieve methods to the theory of numbers, Cambridge University Press, Cambridge, 1976.
Dikmen, C. M., Altinsoy, M., On Third Order Hyperbolic Jacobsthal Numbers, Konuralp Journal of Mathematics, 10 (1),
118-126, 2022.

Dikmen, C. M., Hyperbolic Jacobsthal Numbers, Asian Research Journal of Mathematics, 15(4), 1-9, 2019.

Dagdemir, A., On Recursive Hyperbolic Fibonacci Quaternions, Communications in Advanced Mathematical Sciences,
4(4), 198-207, 2021. DOI1:10.33434 /cams.997824.

Deveci, O., Shannon, A.G., On Recurrence Results From Matrix Transforms, Notes on Number Theory and Discrete
Mathematics, 28(4), 589-592, 2022. DOI: 10.7546 /nntdm.2022.28.4.589-592.

Deveci, O., Shannon, A.G., Pell-Padovan-Circulant Sequences and Their Applications, Notes on Number Theory and
Discrete Mathematics, 23(3), 100-114, 2017.

Dikmen, C.M., Altinsoy, M.,On Third Order Hyperbolic Jacobsthal Numbers, Konuralp Journal of Mathematics, 10(1),
118-126, 2022.

Digkaya, O., Menken, H., Catarino, P.M.M.C., On the Hyperbolic Leonardo and Hyperbolic Francois Quaternions, Journal
of New Theory, 42, 74-85, 2023.

Eren, O., Soykan, Y., Gaussian Generalized Woodall Numbers, Archives of Current Research International, 23, 8, 48-68,
2023.

Fjelstad, P., Gal, S.G., n-dimensional Hyperbolic Complex Numbers, Advances in Applied Clifford Algebras, 8(1), 47-68,
1998.

Gocen, M., Soykan, Y., Horadam 2F-Tons, Konuralp Journal of Mathematics, 7(2), 492-501, 2019.

Gocen, M., The Exact Solutions of Some Difference Equations Associated with Adjusted Jacobsthal-Padovan Numbers,
Kirklareli University Journal of Engineering and Science 8(1), 1-14, 2022. DOI: 10.34186/klujes.1078836.

Goy, T.,Shattuck, M., Fibonacci and Lucas Identities from Toeplitz-Hessenberg Matrices, Appl. Appl. Math, 14(2), 699—
715, 2019.

Gokbag, H., Topal, S., Smarandache, F., Neutrosophic Number Sequences: An Introductory Study, International Journal
of Neutrosophic Science (IJNS), 20(01), 27-48, 2023. https://doi.org/10.54216/IJNS.200103.

Giil, K., Generalized k-Order Fibonacci Hybrid Quaternions, Erzincan University Journal of Science and Technology, 15(2),
670-683, 2022. DOI: 10.18185/erzifbed.1132164.

Hamilton, W.R., Elements of Quaternions, Chelsea Publishing Company, New York , 1969.

Imaeda, K., Imaeda, M., Sedenions: algebra and analysis, Applied Mathematics and Computation, 115, 77-88, 2000.
Kantor, I., Solodovnikov, A., Hypercomplex Numbers, Springer-Verlag, New York, 1989.

Kisi, O., Tuzcuoglu, I., Fibonacci Lacunary Statistical Convergence in Intuitionistic Fuzzy Normed Linear Spaces, Journal
of Progressive Research in Mathematics 16(3), 3001-3007, 2020.

Kisi, O., Debnathb, P., Fibonacci Ideal Convergence on Intuitionistic Fuzzy Normed Linear Spaces, Fuzzy Information and
Engineering, 1-13, 2022. https://doi.org/10.1080/16168658.2022.2160226.

Kuloglu, B., Ozkan, E., Shannon, A.G., The Narayana Sequence in Finite Groups, Fibonacci Quarterly. 60(5), 212-221,
2022.



[51]

[52]

(53]

[54]

Kumari, M., Prasad, K., Frontczak, R., On the k-Fibonacci and k—Lucas Spinors, Notes on Number Theory and Discrete
Mathematics, 29(2), 322-335, 2023. DOI: 10.7546 /nntdm.2023.29.2.322-335.

Moreno, G., The zero divisors of the Cayley-Dickson algebras over the real numbers, Bol. Soc. Mat. Mexicana 3(4), 13-28,
1998.

J. Baez, The octonions, Bull. Amer. Math. Soc. 39(2), 145-205, 2002.

Ozkan, E., Uysal, M., On Quaternions with Higher Order Jacobsthal Numbers Components, Gazi University Journal of
Science, 36(1), 336-347, 2023. DOI: 10.35378/gujs. 1002454.

Ulutasg, Y.T., Toy, D., Some Equalities and Binomial Sums about the Generalized Fibonacci Number u,,, Notes on Number
Theory and Discrete Mathematics, 28(2), 252-260, 2022. DOI: 10.7546 /nntdm.2022.28.2.252-260.

Prasad, K., Mahato, H., Cryptography Using Generalized Fibonacci Matrices with Affine-Hill Cipher, Journal of Discrete
Mathematical Sciences & Cryptography, 25(8-A), 2341-2352, 2022. DOI : 10.1080,/09720529.2020.1838744.

Soykan,Y., Tribonacci and Tribonacci-Lucas Sedenions. Mathematics 7(1), 74, 2019.

Soykan,Y., Generalized Guglieclmo Numbers: An Investigation of Properties of Triangular, Oblong and Pentagonal Numbers
via Their Third Order Linear Recurrence Relations, Earthline Journal of Mathematical Sciences, 9(1), 1-39, 2022.
Soykan, Y., Giimiig, M., Gécen, M., A study on dual hyperbolic generalized Pell numbers, Malaya Journal Of Matematik,
09(03), 99-116, 2021.

Soykan, Y., Tagdemir, E., Okumus, I., On dual hyperbolic numbers with generalized Jacobsthal numbers components,
Indian J Pure Appl Math, 54, 824-840, 2023.

Soykan, Y., Tagdemir, E., A Study On Hyperbolic Numbers With Generalized Jacobsthal Numbers
Components, International Journal of Nonlinear Analysis and Applications, 13(2), 1965-1981, 2022.
http://dx.doi.org/10.22075 /ijnaa.2021.22113.2328.

Soykan, Y., Tagdemir, E., A study on hyperbolic numbers with generalized Jacobsthal numbers components, Int. J.
Nonlinear Anal. Appl., 2, 1965-1981, 2022.

Sobezyk, G., The Hyperbolic Number Plane, The College Mathematics Journal, 26(4), 268-280, 1995.

Shtayat, J., Al-Kateeb, A., An Encoding-Decoding algorithm based on Padovan numbers, arXiv:1907.02007, 2019.
Soykan, Y., Tagdemir, E., Gécen, M., Binomial Transform of the Generalized Third-Order Jacobsthal Sequence, Asian-
European Journal of Mathematics, 15(12), 2022. https://doi.org/10.1142/S1793557122502242.

Soykan, Y., Tagdemir, E., Okumus, 1., A Study on Binomial Transform of the Generalized Padovan Sequence, Journal of
Science and Arts, 22(1), 63-90, 2022. https://doi.org/10.46939/J.Sci.Arts-22.1-a06.

Soykan, Y., Tagdemir, E., Okumus, I., Gécen, M., Gaussian Generalized Tribonacci Numbers, Journal of Progressive
Research in Mathematics(JPRM), 14 (2), 2373-2387, 2018.

Soykan, Y., Okumus, I., Tasdemir, E., On Generalized Tribonacci Sedenions, Sarajevo Journal of Mathematics, 16(1),
103-122, 2020. ISSN 2233-1964, DOI: 10.5644/SJM.16.01.08.

Soykan, Y., Matrix Sequences of Tribonacci and Tribonacci-Lucas Numbers, Communications in Mathematics and Appli-
cations, 11(2), 281-295, 2020. DOI: 10.26713/cma.v11i2.1102.

Soykan Y, Tetranacci and Tetranacci-Lucas Quaternions, Asian Research Journal of Mathematics, 15(1): 1-24, 2019;
Article no.ARJOM.50749.

Soykan, Y., Gaussian Generalized Tetranacci Numbers, Journal of Advances in Mathematics and Computer Science, 31(3):
1-21, Article no.JAMCS.48063, 2019.

Soykan, Y., Matrix Sequences of Tetranacci and Tetranacci-Lucas Numbers, Int. J. Adv. Appl. Math. and Mech. 7(2),
57-69, 2019, (ISSN: 2347-2529).

Soykan, Y., On Binomial Transform of the Generalized Tetranacci Sequence, International Journal of Advances in Applied

Mathematics and Mechanics, 9(2), 8-27, 2021.



[58] Sivakumar, B., James, V., A Notes on Matrix Sequence of Pentanacci Numbers and Pentanacci Cubes, Communications
in Mathematics and Applications, 13(2), 603611, 2022. DOI: 10.26713/cma.v13i2.1725.

[59] Soykan, Y., Ozmen, N., Gécen, M., On Generalized Pentanacci Quaternions, Thilisi Mathematical Journal, 13(4), 169-181,
2020.

[60] Soykan, Y., Binomial Transform of the Generalized Pentanacci Sequence, Asian Research Journal of Current Science, 3(1),
209-231, 2021.

[61] Soykan, Y. Explicit Euclidean Norm, Eigenvalues, Spectral Norm and Determinant of Circulant Matrix
with the Generalized Tribonacci Numbers, Earthline Journal of Mathematical Sciences, 6(1), 131-151, 2021.
https://doi.org/10.34198 /ejms.6121.131151.

[62] Soykan, Y., Generalized Tribonacci Polynomials, Earthline Journal of Mathematical Sciences, 13(1), 1-120, 2023.
https://doi.org/10.34198/ejms.13123.1120.

[63] Soykan, Y., A Study on Generalized Fibonacci Polynomials: Sum Formulas, International Journal of Advances in Applied
Mathematics and Mechanics, 10(1), 39-118, 2022. (ISSN: 2347-2529).

[64] Soykan, Y., On Generalized Fibonacci Polynomials: Horadam Polynomials, Earthline Journal of Mathematical Sciences,
11(1), 23-114, 2023. E-ISSN: 2581-8147. https://doi.org/10.34198 /ejms.11123.23114.

[65] Sunitha, K., Sheriba. M., Gaussian Tribonacci R-Graceful Labeling of Some Tree Related Graphs, Ratio Mathematica, 44,
188-196, 2022.

[66] Sentiirk, G.Y., Giirses, N., Yiice, S., Construction of Dual-Generalized Complex Fibonacci and Lucas Quaternions,
Carpathian Math. Publ. 2022, 14 (2), 406-418, 2022. d0i:10.15330/cmp.14.2.406-418.

[67] Tas, S., On Hyperbolic Jacobsthal-Lucas Sequence, Fundamental Journal of Mathematics and Applications, ,5(1), 16-20,
2022.52v3, MathNT, 2021.

[68] Tagyurdu, Y., Polat, Y.E., Tribonacci and Tribonacci-Lucas Hybrinomials, Journal of Mathematics Research; 13(5), 2021.

[69] Yiice, S., Sayilar ve Cebir, Ankara, June 2020.

[70] Y. Bilu, D. Marques, A. Togbe, Generalized Cullen numbers in linear recurrence sequences, Journal of Number Theory,
202, 412-425, 2019.

[71] Yimaz, N., Split Complex Bi-Periodic Fibonacci and Lucas Numbers, Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
71(1), 153-164, 2022. DOI:10.31801/cfsuasmas.704435.

[72] Yilmaz, N., The Generalized Bivariate Fibonacci and Lucas Matrix Polynomials, Mathematica Montisnigri, Vol LIII, 33-44,
2022. DOI: 10.20948 /mathmontis-2022-53-5.

=
=

Yilmaz, N., Taskara, N., Tribonacci and Tribonacci-Lucas Numbers via the Determinants of Special Matrices, Applied
Mathematical Sciences, 8(39), 1947-1955, 2014.
(74

Yilmaz, B., Soykan, Y., Gaussian generalized Guglielmo Numbers, Asian Journal of Advanced Research and Reports,
17(12), 1-18, 2023.
(75

Vasanthi, S., Sivakumar, B., Jacobsthal Matrices and their Properties. Indian Journal of Science and Technology 15(5):

207-215, 2022, https://doi.org/10.17485/IJST /v15i5.1948.



