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A Study on Hyperbolic Generalized Guglielmo Numbers

Abstract. In this paper, we introduce the generalized hyperbolic Guglielmo numbers. We delve into
various specific instances, including hyperbolic triangular numbers, hyperbolic triangular-Lucas numbers,
hyperbolic oblong numbers, and hyperbolic pentagonal numbers. We present Binet’s formulas, generating
functions and summation formulas for these numbers. Furthermore, we provide Catalan’s and Cassini’s
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1. Introduction

It’s known that many author studied the generalized (r, s,t) sequence. One of these sequences is general-
ized Guglielmo numbers. Soykan, [19] defined generalized Guglielmo numbers. Before we present our original
study , we recall some proporities related to generalized Guglielmo numbers such as reccurance relations,
Binet’s formula, generating function .

A generalized Guglielmo sequence , with the initial values Wy, W1, Wy not all being zero, {W, },>0 =

{W,,(Wo, W1, W3)} >0 is defined by the third-order recurrence relations

(1.1) Wy, =3Wyh_1—3Wh_o+ W,_3; Wo, W1, Wy (n>2)

Moreover, we define generalized Guglielmo sequence given to negative subscripts as follows,
W =3W_(n—1) = 3W_(n—2) + W_(5,_3)

for n =1,2,3,.... Thus, recurrence (1.1) is true for all integer n.
1
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In the Table 1 we give the first some generalized Guglielmo numbers with positive subscript and negative
subscript

Table 1. A few generalized Guglielmo numbers

n W W_,

0 Wo Wo

1 Wy 3Wo — 3W1 + Wy

2 Wa 6Wo — 8W, + 3W,
3 Wo — 3W1 4+ 3W, 10Wy — 15W; 4+ 6Ws
4 3Wo — 8W1 + 6W, 15Wy — 24W1 + 10W,

5 6Wy—15W; +10Wy  21Wy — 35W; 4 15W;

6 10Wo — 24W71 + 15Wy  28Wy — 48W1 4 21Ws
If we obtain,respectively, Wy = 0, W; = 1, Wy = 3 then{W,,} = {T,,} is called the Triangular sequence,

Wo =3, Wy =3, Wy = 3then {W,,} = {H,} is called the triangular-Lucas sequence, Wy = 0, W; = 2, Wy = 6
then {W,} = {O,} is called the oblong sequence and Wy = 0, W7 = 1, Wy = 5 then {W,,} = {p,} is called

the pentegonal sequance. Alternatively, triangular sequence {7}, },>0, triangular-Lucas sequence {H, },>0,

oblong sequence {O,, }»>0 and pentegonal sequence {py, }»>o are given by the third-order recurrence relations

as

(1.2) T, = 3T, | — 3T, o+ T, 5. Top=0,T)=1T, =3,
(1.3) H, =3H, 1 —3H, o+ Hyp_3, Ho=3H, =3 Hy=3,
(1.4) On =30m_1 —30m_3+ On_yg, Op=0,0, =2,05 =6,
(1.5) Pn =3Pn—1—3Pn—2+Pn-3, pPo=0,p1=1p2=5.

The sequences given above can be extended to negative subscripts by defining, respectively,

T = 3T (no1)— 3T (no2) + T—(nos),
H_, = 3H_(4_1)—3H_(n_9)+H_(,_3),
O_n = 30_(n—1) —30_(n_2) + O_(n_3),
P—n = 3P _(n-1) = 3P—(n—2) T P—(n-3);
forn =1,2,3,... . As a consequence, recurrences (1.2)-(1.5) hold for all integer n.

We can list some important properties of generalized Guglielmo numbers that are needed.

e Binet formula of generalized Guglielmo sequence can be calculated using its characteristic equation

written as

2 =322 +3z—-1=(z—1)°=0.
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The roots of the characteristic equation are

a:/B:’y:l.

By using these roots and the recurrence relation, Binet formula are written below

(1.6) W, = A + Asn + Asn?
where
(1.7) Ay = W,
Ay = L(-TW 441, — 3WW),

1
Wa — 2W; + Wo).

A3:§(

Then we present Binet formula of triangular, triangular-Lucas, oblong and pentagonal sequences,

respectively, given below

n(n +1)
T, = 2
2
H, = 3,
O, = n(n+1),
= 1n (B3n—1)
Pn = B .
e The generating function for W, is
> n Wo+ (Wi —3Wo)z + (Wa — 3W5 + 3Wp)z?

1.8 Wya™ = .
(18) nZ:o * 1—3z+ 322 — a3

e The Cassini identity for W, is

(1.9) Wi Wy — W2 = —% (A+ Bn+Cn?)
where
A = 2WEZ +6WE - 6WoW, — 2W, Wh,
B = —3WZ —8W2—W3+10WoW; — 4WWs + 6W, W,

C = WZH+4AWE 4+ W3 — AWoW, + 2WoWy — AW, W,

e Suppose that fw, () = > W,z" is the ordinary generating function of the generalized Guglielmo

n=0
sequence {W,},>0. Then, > W,z" is given by
n=0
S g1 — Wot (Wa = 8Wo)o + (W — SW, + 3Wo)a
" 1 — 3z + 322 — 23 '

n=0
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For more details, see [19].

Now, we are presenting information about specific number systems, including the hypercomplex system,
which encompasses complex numbers, hyperbolic numbers, and dual numbers. We note that hyperbolic
numbers will play a crucial role in our work. Moreover hyperbolic functions and numbers find applications
in various branches of engineering, such as electrical engineering (e.g., transmission lines), control systems
(e.g., system dynamics), signal processing (e.g., filter design), and diverse fields of engineering physics,
including special relativity, wave propagation, fluid dynamics, optics, and heat conduction. It’s important
to note that while hyperbolic numbers have interesting mathematical properties, their adoption in practical
applications depends on the specific problem at hand and whether they offer advantages over other number
systems in a given context.

Initially, we discuss hypercomplex number systems, which are extensions of real numbers, for more detail
see [14]. In addition that some commutative special cases of hypercomplex number systems include complex
numbers, hyperbolic numbers, and dual numbers. These systems are widely used in various branches of

mathematics and physics. We will now present these number systems sequentially, as outlined below.

e Complex numbers simplest form of hypercomplex numbers. Complex numbers defined as z = a+1ib,
where a and b real numbers and 4 imaginary unit that satisfy i> = —1. In addition that a and b

named, respectively, Re(z) and Im(z) Consequently, the definition of complex numbers given by,
C={z=a+ib:a,becR,i*=—1}.

e Hyperbolic (double, split-complex) numbers, for more detail see [17], Split-complex numbers, com-
monly recognized as hyperbolic numbers, defined as h = a 4+ jb where a and b real numbers and
j hyperbolic unit that satisfy j2 = 1. In addition that @ and b named, respectively, Re(h) and
Hyp(h). Thus, the definition of hyperbolic numbers given by,

H={h=a+jb:a,bcR,j*=1,5#+1},

e Dual numbers, see [10], defined as d = a + b where a and b real numbers and e dual unit that
satisfy €2 = 0. Furthermore, a and b called, respectively, Re(d) and Du(d). Thus, defination of dual

numbers given by,

D={d=a+cb:a,beR,e?>=0,¢e#0}.

e A dual hyperbolic number, specifically within the hyperbolic number system, constitutes a distinct

type of hypercomplex number. A dual hyperbolic number is defined by,
q = (ao +ja1) +e(az + jasz) = ao + ja1 + €as + cjag
where ag, a1, a2,a3 € R and the set of all dual hyperbolic numbers are defined by

Hp = {ag + ja1 + cas + €jas : ag, a1, az2,a3 € R, j2 =1,j# j:1,52 =0,e #0}.
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The {1,j,e,e5} is linear independent and Hyp = sp{1,7,¢,e5} so that {1,4,¢,ej} is a basis of Hy. For
more detail see, [3]
The next properties are true for the base elements {1,j,e,¢j} (commutative multiplications):

le = glj=j 2 =ce=(je)* =0, j2=jj=1

ej = je elef) = (eh)e =0, jlef) = (ei)i=¢

where ¢ satisfy the pure dual unit (2 = 0,e # 0), j satisfy the hyperbolic unit (52 = 1), and &j satisfy the
dual hyperbolic unit ((j¢)? = 0).
In addition that the other number sytems are quarternions, octonions and sedenions given below, re-

spectively,

e Quaternion numbers, non-commutative examples of hypercomplex number systems, are a four-
dimensional extension of complex numbers. They are expressed as ag + ia1 + jas + kas, where
ag, a1, a2,a3 € R, and 4, j, and k are the quaternion units that satisfy specific multiplication rules.

For more detail see [12]. Quaternion numbers are defined by
Ho = {q = ao + ia1 + jas + kas : ag, a1, a2, a3 € R,i* = j° = k? = ijk = —1},

e Octonions is a set, every element of the set linear combinations of unit octonions {e; : i =

0,1.2,...,7}, doneted as Q. Octonions are defined by,

7
0= { E aie; : a; € R, ege; = e;eq = e, €ie; = —(5”‘60 + €ijkek }
=0

where e, = 1, §;; is Kroneker delta (equal to 1 if and only if ¢ = j), €;;, is anti-symetric tensor. For

more detail see [23], [24]

e Sedenions is a set, every element of the set linear combinations of unit sedenions {e; : i =

0,1.2,...,15}, denoted by S. It can be seen from here that ever sedenion can be written as

15
E i€
i=0

where a; is real number. For more detail see, [18], [24].

Next we give some proporties on two hyperbolic numbers, h; = a + jb and he = ¢ + jd, as
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hi+hy = (a+b)+jc+d),
hi.he = (ac+ bd)+ j(ad + be),
hi = a—jb
hi (ac—bd) +j(cb — ad)
ha 2 — d? ’
hiy = hoifonlyifa=candb=d,
(hi,he) = (ac+bd)+ j(bc+ ad),
|he] = |a? — 2|, called norm of hq,

if |a2 — b2| > 0, hp is named spacelike vector,
if ‘(12 — b2’ < 0, hp is named timelike vector,
if ‘a2 - b2| = 0, hy is named null(light-like) vector.

Note that{R?, H, (,)} is called Lorentz plane and denoted as R}. There is an isomorphism relationship
between the Lorentz plane and hyperbolic numbers. For more detail, see [24].

Hence the algebras C (complex numbers), Hg (quaternions), O (octonions) and S (sedenions) are real
algebras attained from the real numbers R by a doubling procedure known as the Cayley-Dickson Process.
This doubling process can be extended beyond the sedenions to form what are known as the 2"-ions (see for
example [4], [12], [13], [15], [11]).

Some authors have conducted studies about the dual, hyperbolic, dual hyperbolic and other special

numbers. Now we give some information published papers in litarature.

e Cockle [7] studied the hyperbolic numbers with complex coefficients.
e Eren and Soykan [9] studied the generalized Generalized Woodall Numbers.
e Cheng and Thompson [6] introduced dual numbers with complex coefficients.

e Akar, Yiice and Sahin [3] presented the dual hyperbolic numbers.
Next, we present some information on hyperbolic numbers presented in literature.

e Aydmn [1] presented hyperbolic Fibonacci numbers given by

ﬁn:Fn+th+17
where Fibonacci numbers are given by Fj, 42 = Fj, 11 + F,, with the initial conditation Fy =0, F; = 1.

e Soykan and Tagdemir [21] studied hyperbolic generalized Jacobsthal numbers given by

‘777, =V, + hVnJrl

where generalized Jacobsthal numbers are V;, 2 = V,, 11+ 2V,, with the initial conditation Vy = a, V1 = 0.
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e Tag [16] studied hyperbolic Jacobsthal-Lucas sequence written by

HJy = Jy+ hdpis

where Jacobsthal-Lucas numbers given by J,4+2 = J,4+1 + 2J, with the inintial conditation Jy = 2,

Ji =1

e Dikmen and Altinsoy, [8] studied On Third Order Hyperbolic Jacobsthal Numbers given by

= 3
J» = J® 48,
7@ = O 4 n®)

where Jacobsthal numbers, respectively, given by I = JS’,)I + J,(LgL)Q + 2J7(137)3, Jé3) =0, Jl(?’) =1,
3 (3 (3 .(3 (3) .3 (3 (3
I =150 =i 02+ 2505, 60 =2, 5 = 1,357 = 5.
Following this, we provide details on dual hyperbolic sequences as they are presented in literature.

e Soykan, Giimiig, Gocen [20] presented dual hyperbolic generalized Pell numbers given by

Vn - Vn +jVn+1 + <<5Vv’n+2 +j5Vn+3

where generalized Pell numbers, with the initial values V, Vi not all being zero, are given by V,, =

2Whe1 4+ Vo, Vo=a, Vi =b (n >2).

e Cihan, Azak, Giingor, Tosun, [2] studied dual hyperbolic Fibonacci and Lucas numbers given by,

respectively,
DHF, = F, +an+1 + 5Fn+2 +j5Fn+37
DHL, = L, +jLn+1 + ELnJrZ +j<€Ln+3
where Fibonacci and Lucas numbers, respectively, given by F,, = F,,_1 + F,,_o2, Fy = 0, F}; = 1,

L,=Ly 1+ Lpn2, Log=2,L; =1.

e Soykan, Tagdemir and Okumus [21] studied dual hyperbolic generalized Jacopsthal numbers given
by

~

In = Jn + JJng1 +€Jngo + jednys

where J,, = J,_1 +2J,_2, Jo =a, J1 =b.

e Brod, Liana, Wloch [5] studied dual hyperbolic generalized balancing numbers as
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DHBn = Bn + jBn+1 + EBn+2 + jEBn+3

where Bn = 6Bn,1 — Bn727 BO = 07 B]_ =1.
Next section, we define the hyperbolic generalized Guglielmo numbers and some special properties,

generating function and Binet’s formula , of these numbers.

2. Hyperbolic Generalized Guglielmo Numbers and their Generating Functions and Binet’s

Formulas

In this section, we define hyperbolic generalized Guglielmo numbers then we present some special cases
generating functions and Binet’s formulas.
We now define hyperbolic generalized Guglielmo numbers over the set of H. The nth hyperbolic gener-

alized Guglielmo number is defined as follows
(2.1) HW,, =W, + jWy1+1

with the initial values HWy, HW7, HW5. The hyperbolic Guglielmo numbers ,which is defined above,

can be written to negative subscripts by defining,

(2.2) HW_, = W_p, + jW_p 1

so that (2.1) is true for all integers n.

Now we define some extraordinary cases of hyperbolic generalized Guglielmo numbers named the nth
hyperbolic triangular numbers, the nth hyperbolic triangular-Lucas numbers, the nth hyperbolic oblong
numbers and the nth hyperbolic pentegonal numbers and give them as, respectively,

hyperbolic triangular numbers HT,, = T}, + jT,,+1, with the initial values as

HTy = To+ 5Ty,
HT\ = T+ jTy,
HT, = Ty+jTs,

hyperbolic triangular-Lucas numbers HH,, = H,, + jH, 1 with the initial values as

HHy, = Hy+jH,
HH, = H;+ jH>,
HH, = H,+ jH;,

hyperbolic oblong numbers HO,, = O,, + jO,+; with the initial values as
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HOy = Og+jOu,
HO; = 01+ j0,,
HO; = 03+ 503,

hyperbolic pentegonal numbers Hp,, = p,, + jpn+1 with the initial values as

Hpy = po+jp1,
Hp1 = p1+jpo,
Hpy, = po+jps,

For hyperbolic triangular numbers (taking W,, = T,,, To = 0, 11 = 1, T5 = 3) we obtain

HTy =
HT, = 1+43j
HT, = 3+6j,

for hyperbolic triangular-Lucas numbers (taking W,, = H,,, Hy = 3, H; = 3, Hy = 3) we obtain

HHy = 3+3j,
HH, = 3+3j,
HH, = 3+3j,

for hyperbolic oblong numbers (taking W,, = O,, Og = 0, O1 = 2, O3 = 6) we obtain

HO, = 2j,
HO, = 2+6j,
HO, = 6+ 127,

and for hyperbolic pentegonal numbers (taking W,, = p,, po =0, p1 = 1, p2 = 5) we obtain

HpO = jv
Hpy = 1+ 57,
Hps = 5+12j.

So, using (2.1) the following identity can be expressed for every integers n > 0,
(23) HW, =3HW,_1 —3HW,_o+ HW, _3.
Hence for every integers n < 0 the sequence {HW,,},>¢ can be written as

HW_, = 3HW_(n_1) — 3HW_(n_2) + HW_(n_g),
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for n =1,2,3,... by using (2.2).

Consequently, recurrence (2.3) are true for every integer n.

In the Table 2, taking with positive subscript and negative subscript, we present the first few hyperbolic
generalized Guglielmo numbers.

Table 2. Some hyperbolic generalized Guglielmo numbers
n HW, HW_,

0 HW, HWy

1 HW; 3HW, — 3HW, + HW;

2 HWy 6HWy — 8HW; 4+ 3HW>
3 HWy —3HW, + 3HW,; 10HWy — 16HW; + 6 HW,
4
5

3HW, — 8HW; + 6 HW, 15HWy — 24HW, + 10HW,
6HWy — 15HW, +10HW, 21HW,y — 35HW; + 15HW,

6 10HWy —24HW7 + 15HWy 28HWy — 48HW7 + 21HW,
Note that

HWO - W() +jW17
HW, = Wi+ W,
HWy = Wi+ jWs.

By taking with positive subscript and negative subscript, we present a few hyperbolic triangular numbers,
hyperbolic triangular-Lucas numbers, hyperbolic oblong numbers and hyperbolic pentegonal numbers in the
following Table 3, Table 4, Table 5 and Table 6.

Table 3. hyperbolic triangular numbers Table 4. hyperbolic triangular-Lucas numbers

n HT, HT., n HH, HH_,
0 j 0 3+3j

1 1435 0 1 34+3j 3+3j
2 346 1 2 3+3j 3+3j
3 6+10j 347 3 3+3j 3+3j
4 10+155 6+3j 4 343 3+3j
5 15421 10+ 6j 5 3+3j 3+3j

Table 5. hyperbolic oblong numbers = Table 6. hyperbolic pentegonal numbers
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n HO, HO_, n Hp, Hp_,
0 29 0 J
1 2465 1 1455 2
2 64125 2 2 b+125 T+42j
3 124205 6425 3 124225 15475
4 204305 12465 4 224355 26+ 15j
5 30+4257 204125 5 354515 404 267
Now, we will present Binet’s formula for HW,, and in the remainder of the study the following notations
are needed:
(2.4) a=1+4j,
(2.5) B=j

= 242
~2
8 = 1,
a8 = 147

THEOREM 1. (Binet’s Formula) For any integer n, the nth hyperbolic generalized Guglielmo number is
(2.6) HW,, = (418 + B(As + A3)) + (@A + 2BAs)n + aAsn®.
where &, B are given as (2.4)-(2.5).
Proof. Using Binet’s formula given below
W, = A + Asn + Asn®
where Ay, As, Ay are given as (1.7) and then we obtain following identity

HWTL = Wn +jWn+1a
= AT+ 4+5(As+A3)+ (1+5)A2+2jA35)n+ A3 (f+ 1) n?,

= (A8 + B(Ay + A3)) + (@A + 2BAs)n + aAsn®. O
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Specifically, for any integer n, the Binet’s Formula for the HT,,, HH,, HO, and Hp, numbers, respectively,

are as follows

(2.7) HT, = S(B+(a+20)n+an?)
(2.8) HH, = 3a,

(2.9) HO, = 4+ (a+28)n+an?
(2.10) Hp, = %(25 + (68 — a) n + 3an?).

The next step is to provide the generating function for the hyperbolic generalized Guglielmo numbers.

THEOREM 2. The generating function for the hyperbolic generalized Guglielmo numbers is

(2 11) f (x) _ HW0+(HW1*SHWO)JCJF(HWQ*3HW1+3HW0)1'2
. aw(T) = (1= 32+ 327 — %) )

Proof. Let

wa(l‘) = Z HWzx"
n=0

be generating function of the hyperbolic generalized Guglielmo numbers. Then, using the definition of the

hyperbolic generalized Guglielmo numbers, and substracting zg(z) and x?g(x) from g(x), we get

(1 -3z + 32> — 23 fuw(z) = i HWz" — 3x i HWa" + 32° i HWz" — 23 i HWz",
n=0 n=0 n=0 n=0
- i HWz™ —3 i HWaz"t +3 i HWaz"t? — i HWaz"™+3,
n=0 n=0 n=0 n=0
= iHWx” — 3iHWx” + 3iHWx” — iHW:U",
n=0 n=1 n=2 n=3

= (HWy+ HWyx + HWoa?) — 3(HWa + HWy2?) + 3HWya?

+> (HW, = 3HW, 1 +3HW,_5 — HW,_3)z",

n=3

= HWoy+ HWix + HWyaz? — 3BHWox — 3HWh 2% + 3HWyz?,

= HWy+ (HW; — 3HWy)x + (HWy — 3SHW, + 3HW,)a?.

As a result, using (2.3) and rearranging above equation, the proof of the theorem is completed. O



UNDER PEER REVI EW

Using above theorem we can write the the generating functions of the hyperbolic triangular, triangular-

Lucas, oblong and pentegonal numbers, respectively, as

- jt+z
Jrw, (@) = (1 -3z + 322 —23)’
P (3+3j) + (=6 — 65)z + (34 3j) 22
HH (1 -3z + 322 — a3) ’
2j + 2z
fuo, (@) = (1—3z+ 322 —a3)’
oo () = G4 (14 25)x + 222
Pn -

(1 -3z + 322 —23)’

3. Getting the Binet’s Formula from the generating function.

Our next step involves exploring Binet’s formula of hyperbolic generalized Guglielmo number { HW,,}

utilizing generating function frw, ().
THEOREM 3. (Binet formula of hyperbolic generalized Guglielmo numbers)
(3.1) HW, = (A1a + B(Az + As)) + (@A + 2843)n + aAgn?.

Proof. We write

(3.2)
bl n HW,y + (HWl — 3HWO).T + (HW2 —3HW; + 3HWO)$2 dq do ds
> HWa" = 2 _ 3 = + 3T 3
o (1 -3z + 322 —a3) 1—-2z) (-2 (1—2x)
so that

e dq do ds

HWn no_
2 HWas (-o) -2 (-ap

d1(1 — 1’)2 + dQ(l — $) +d3
1-ap '

Hence, we arrive at

HWy + (HW1 - 3HWO)£L’ + (HW2 —3HW, + 3HW0):E2 = (dl + do + dg) + (*le — dg)ﬂ? + d1I2.
Equalizing the coefficients of the same degree terms of = in the above equation, we get

(3.3) HW,

dy + do + dg,
HW; —3HWy, = —2d;y —do,

HWy —3HW, +3HW, = di.
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Then, if we solve (3.3) then we can write

dy = 3HW,—3HW;+ HW>,
dy = bHW; —3HWy—2HW,,
d3 = HWy,—2HW; + HW,.
Therefore (3.2) can be written as
ZHan = dlzx —I—dQZ(n—Fl)m —|—d32f:z:,
n=0 n=0 n=0 n=0
> n?>+3n+2

= Z(ch +do(n+1)+ds

n=0

)

= 1 1
— Z(HWO + 5(—HW2 +4HW, — 3HWy)n + 5(HW2 — 2HW, + HWy)n?)a™.

n=0

As a result, we get the following identity
HW, = Ay + Ayn + Asn®

where

Ay = HW,,

— 1

Ay = 5(—HW2 +4HW, — 3HWO),
- 1 - _

Ag = S(HWz = 20Wy + HWy).

Take note that the following equalities holds,

—

(3.4) A = HW,
— HWy+ jHW,
) 1 1
= (1 +J)W0+J(§(*W2+4W1*3W0))+J(§(W2*2W1+W0))

= QA+ B(As + Ay),

—

(3.5) & = %(—HWQ AW, — SHW,)
= S ((BWo + AWy — W2) 4 (W + TW2)
= (L) (Wa 4, - 3W))
+2j(%(W2 — W, 4+ W)

= (aA; + 2B4s),
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— 1
(3.6) By = S(HW, = 2HW, + HWY)
1 )
= 5((W2*2W1 + Wo) + j(Wa — 2W; + W)
= aAs.

Utilizing equations (3.4), (3.5) and (3.6) we obtain following equality.
HW,, = (A1a + B(As + As)) + (@Ay + 28A3)n + adsn®. O
4. Some Identities

We now provide some special identities concerning the hyperbolic generalized Guglielmo sequence { HW,, }.

The following theorem gives the Simpson’s formula for the hyperbolic generalized Guglielmo numbers.

THEOREM 4. (Simpson’s formula for hyperbolic generalized Guglielmo numbers) For all integers n we

have,
HWyio HW,.1 HW, HW, HW, HW,
(41) HWn+1 HWn HWn_l = HW1 HWO HW_1
aw, HW,_1 HW,_» HWy, HW_; HW_o

Proof. For the proof first, we assume that n > 0 and then we able to use mathematical induction on n.
For n = 0 identity (4.1) is true. Now we assume that (4.1) is true for n = k. Hence, the identity given below

can be written

HWiyo HWip HW, HW, HW, HW,
HWk+1 HWk HWk_l = HW1 HWO HW_1
HW,, HW,_1 HWj_ o HWy HW_{ HW_,o

For n = k 4 1, we obtain

HWiss HWiis HWii 3HWys — 3HWy 1 + HWy HWips HWiis
HWiyo HWiy  HWy = 3HWy 1 —3HW, + HWy_y HWyyy  HWy
HWiyy HW,  HWi_y SHW), —3HWy_1 + HWy_o HWy,  HWj_4
HWiio HWyipo HWiyy HWiiw HWyyo HWigy
= 3| HWy., HWi HW, |—3| HW, HW.. HW,
HW; HW, HWj_4 HWy_. HW, HWj_4

HW, HWyio HWiiy
+| HWy . HWi HW,
HWy_o HW, HWy_,
HWyiyo HWiy  HW
= HWiyy HW, HWi_
HWy,  HWji_1 HWy_o



UNDER PEER REVI EW

For the other case n < 0 the proof has been seen similarly. Thus, the proof is completed. [

From Theorem 4.1 we get following corollary.

COROLLARY 5.
HT7L+2 HTn+1 HTn

(a): | HT,,, HT, HT,, |=-4(j+1).

HT, HT,_, HT,_,

HH,., HH,., HH,

(b): | HH,,, HH, HH,_, |=0.

HH, HH,_, HH,_,

HO,i» HO,y HO,

(¢): | HOpy1 HO,, HO,_ | |=-32(j+1).
HO, HO,-1 O,_2

Hpn+2 Hpn—i—l Hp,
(d): Hpn+1 Hp, Hp,_, | = _108(.7 + 1)'
Hpn Hpnfl Hpn72

Next, the Catalan’s identity of hyperbolic generalized Guglielmo numbers is given.
THEOREM 6. (Catalan’s identity) For all integers n and m, the following identity holds
(4.2) HWpym HW,_py— HW?2 = —2m?(Q(A3 —2A; A3+ Ay A3 +2nAs Az) — AZ(a—2na+m2a—2n*a—2)).

Proof. Using the Binet Formula given below
HW,, = (A1@ + B(As + A3)) + (@A + 28A5)n + aAzn?.

The proof is completed. [J
As special cases of the above theorem, we give Catalan’s identity of HT,,, HH,,, HO,, and Hp,,.

We present Catalan’s identity of hyperbolic triangular numbers.
COROLLARY 7. (Catalan’s identity for the hyperbolic triangular numbers) For all integers n and m, the
following identity holds:
2 1 2 ~ ~ 2~ 2~
HTyymHT,—, — HT; = om (—a —4na+ ma — 2n°a — 2).

Proof. Taking HW,, = HT,, in Theorem 6 we get the result we have been seeking. [J

We give Catalan’s identity of hyperbolic triangular-Lucas numbers.

COROLLARY 8. (Catalan’s identity for the hyperbolic Lucas-triangular numbers) For all integers n and

m, the following identity holds:
HH, mHH, ., — HH? =0.
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Proof. Taking HW,, = HH,, in Theorem 6 we get the result we have been seekingt. [J
We give Catalan’s identity of hyperbolic oblong numbers.

COROLLARY 9. (Catalan’s identity for the hyperbolic oblong numbers) For all integers m and m, the

following identity holds:

HOwy i HOyp py — HO? = 2m? (—a —4na +m?a — 2n’%a — 2) .

Proof. Taking HW,, = HO,, in Theorem 6 we get the result we have been seeking. [

We give Catalan’s identity of hyperbolic pentegonal numbers.

COROLLARY 10. (Catalan’s identity for the hyperbolic pentegonal numbers) For all integers n and m,
the following identity holds:

1 ~ A ~ ~
HppimnHpn—m — prI = §m2 (11a — 12na + 9m?a — 18n%a — 18) .
Proof. Taking HW,, = Hp,, in Theorem 6 we get the result we have been seeking. [
If we take m = 1 in Catalan’s identity, we get the Cassini’s identity for the hyperbolic generalized

Guglielmo numbers as follows.

COROLLARY 11. (Cassini’s identity for the hyperbolic generalized Guglielmo numbers) For all integers

n, the following identities holds.
(a): HT,,,1HT,, 1 — HT? = —an® — 2an — 1.
(b): HH, . HH, 1 — HH?2 = 0.
(C): H0n+1HOn_1 — HOTZL =—4 (n2@ + 2na + 1) .

(d): Hpny1Hpn—1 — Hp? = —9an? — 6an + 10a — 9.

THEOREM 12. Let n and m be integers, T,, is triangular numbers, the following identity is true:

(43) HW i =T 1 HWy g0 + (Tm,3 — 3Tm,2)HWn+1 + T HW,,.

Proof. For n,m > 0 the identity (12) can be proved by mathematical induction on m. If m =0 we get

HW, =T \HWyio+ (T3 — 3T 2)HWyy1 + T_oHW,,
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which is true by seeing that 71 = 0,7 5 = 1,7_3 = 3. We assume that the identity given holds for m = k.
For m =k + 1, we get

HWigiiyyn = 3HWiyr —3HWi k1 + HWypp o
= 3(Th—1HWyyo + (Th—3 — 3Tp—2) HWyp1 + T2 HW,,)
—3(Ty—oHW, i+ (Tgh—a — 3T—3)HWy i1 + Ti_sHW,,)
+(T—3HWyyo + (Th—5 — 3Tp—a) HWy 1 + Ti s HW,,)
= (BTk-1 —3Th—o+Ti—3)HWpio+ ((8Tk—3 — 3Tk—a+ T—5)
—3(3Tk—2 — 3Tk—3+ Th—a)) HW, 1 + (3Tg—o — 3Tj—3 + T—a) HW,,
= T HWyio+ (Th—2 — 3Tk—1)HWypi1 + T 1 HW,
= Tis1)-1HWyio + (Tig1)—3 — 3T(hs1)—2) HWig1 + Tigy1y)—2 HW,,.
Consequently, by mathematical induction on m, this proves (12). For the other case, the proof can be done
similarly. [J
5. Linear Sums

In this section, we give the summation formulas of the hyperbolic generalized Guglielmo numbers with
positive and negatif subscripts.
PROPOSITION 13. For the generalized Guglielmo numbers, we have the following formulas:
(a): ZZ:O Wy = % (n+1) ((2712 — Zn) Wy —2 (2n2 — 5n) Wi + (2n2 —8n + 12) Wo) .
(b): S o Wit = 15 (n+1) ((2n2 +4n) Wy — 2 (2n® + n — 6) Wi + (2n2 — 2n) Wy) .

Proof. For the proof, see Soykan [19]. O
PROPOSITION 14. For the generalized Guglielmo numbers, we have the following formulas:

(@): Yp_oWar = 15 (n+ 1) ((8n2 — 2n) W — 2 (8n? — 8n) Wy + (8n? — 1dn + 12) Wy).

(b): > p_o Wakt1 = 75 (n+1) (W2 (8n2 + 10n) — 2W; (8n? + 4n — 6) + Wy (8n? — 2n)).

(€): Y p_oWakso = 15 (n+ 1) ((8n? + 22n + 12) Wy — 2 (8n? 4 16n) Wi + (8n? + 10n) Wy).
Proof. For the proof, see Soykan [19]. O

PROPOSITION 15. For the generalized Guglielmo numbers, we have the following formulas:

(@): Y o Wop = 35 (n+ 1) ((2n2 + 4n) Wa — 2 (202 + Tn) Wi + (202 + 10n + 12) Wy).
(b): > p_oWeokt1 =35 (n+1)((2n* — 2n) Wa — 2 (2n® +n — 6) Wi + (202 + 4n) Wy).

Proof. For the proof, see Soykan [19]. O

PROPOSITION 16. For the generalized Guglielmo numbers, we have the following formulas:
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(@): Dop_oWeor = 15 (n+ 1) ((8n + 10n) W2 — 2 (8n? + 16n) W1 + (8n? + 22n + 12) Wy).

(b): > p_o Weozkt1 = 15 (n+ 1) ((8n? — 2n) Wa — 2 (8n® 4 4n — 6) W1 + (8n? + 10n) Wy).

(€): Sr_oWeookgo = & (n+1) ((8n* — 14n + 12) Wo — 2 (8n% — 8n) Wi + (8n% — 2n) Wy) .
Proof. For the proof, see Soykan [19]. O

Now, we will give the formulas of the sum of hyperbolic generalized Guglielmo numbers.
THEOREM 17. Forn > 0, hyperbolic generalized Guglielmo numbers have the following formulas:

(a): Yr_o Wy = Fn+1)((—n+jn?+2jn+n? )Wy + (65 + 5n — 2jn* — jn — 2n® )Wy + (—4n + jn® —
Jn+n? 4 6)Wp).
(b): Y7, Wop, = L ¢ (n+1)((—n+4jn® +5jn +4n®)Ws + (65 + 8n — 8jn? — 4jn — 8n?)W1 + (—=Tn+
4jn? — jn +4n? + 6)Wy).
(€): Yp o Warsr = L (n+1) (65 + 5n + 450> + 11jn + 4n®)Wa + (6 — 8jn2 — 16jn — 8n® — 4n) W, +
(—n + 4jn? + 5jn + 4n?)Wy).
Proof.

(a): Note that using (2.1), we get

n n n
YOUUES TS S
k=0 k=0 k=0
and using Proposition 13 the proof completed.

(b): Note that using (2.1), we get
E:HWQIc = Zng +jZW2k+1
k=0 k=0 k=0
and using Proposition 14 the proof completed.
(c): Note that using (2.1), we get

S HWoppr =Y Waps1+5 Y Wakgo
k=0 k=0

k=0
and using Proposition 14 the proof completed. [

As a special case of the theorem (17, a) we present following corollary.

COROLLARY 18.
(): Sp_oTh = (n+1) (65 + (55 +2n+ (j + 1)n?).
(b): Yr_ o Hr=(3j+3)(n+1).
(€): Xp_o Ok = L(n+1)(125 + (10j + 4)n + (2 + 2)n?).
(d): Yp_ oDk =g (n+1) (65 +9jn+ (35 + 3)n?).

As a special case of the Theorem 17 (b), we present following corollary.

COROLLARY 19.
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(a): Yp o Tox = L (n+1) (65 + (5+ 115)n + (4 + 4j)n?).
(b): Sh_g Hox = (3j +3) (n+1).

(€): Sp_o 0o = L (n+1) (125 + (10 + 22j)n + (8 + 85)n?).
(d): o Do = £ (n 4+ 1) (65 + (3 + 21j)n + (12 + 125)n2).

As a special case of the Theorem 17 (c), we present following corollary.

COROLLARY 20.
(@) Yro Torsr = L (n+1) ((6 4+ 18§) + (11 + 175)n + (4 + 45)n?).
(b): g Hanpr = (3j +3) (n+1).
() 27— Oopr1 = L (n+1) (12 + 365) + (22 + 345)n + (8 + 85)n?).
(d): Xp_oDak+1 =g (n+1)((64307) + (21 4 395)n + (12 + 125)n?).

Now, we present the formula that yield the summation formulas of the generalized Guglielmo numbers

with negative subscripts.
THEOREM 21. Forn > 1, hyperbolic generalized Guglielmo numbers have the following formulas:

(a): Yo Wop = 2 (n+1) ((2n+ jin® — jn+n2)Wa + (6§ — Tn — 2jn — jn — 2n2) Wi + (5n + jn® +
2jn +n? 4 6)Wp).
(b): Xp o Weoop = L(n+1)((5n + 4jn2 — jn + 4n2)Ws + (65 — 16n — 8jn® — 4jn — 8n2)W; +
(11n + 4jn? + 5jn + 4n? + 6)Wy).
(€): Y p o Wookp1 = & (n+1)((6§ — 1+ 4jn? — Tjn + 4n®)Wa + (—4n — 8jn® + 8jn — 8n2 + 6)
W1 + (5n + 4jn? — jn + 4n2)Wp).
Proof.

(a): Note that using (2.1), we get

n n n
ZHW_k. = ZW_"’ +jZW—k-+1
pry k=0 k=0

and using Proposition 15 the proof completed.

(b): Note that using (2.1), we get

Z HW_g, = Z W_op +j Z W k11
k=0 k=0 k=0

and using Proposition 16 the proof completed.
(c): Note that using (2.1), we get using Proposition (16), we get

Z HW _opq1 = Z W_ok41+7J Z W_ok42
k=0 k=0 k=0

and using Proposition 16 the proof completed. [

As a special case of the Theorem 21 (a), we get the following corollary.
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COROLLARY 22.
(@): Vi oTor = (n+1) (65 + (—1 — 45)n + (1 + j)n?).
(b): YF H o =(Bj+3)(n+1).
(€): Yo O =L (n+1) (125 + (=2 — 8j)n + (2 + 25)n?).
(d): Yohpr=35m+1) (25 + (1 —=2))n+ (1+j)n?).

As a special case of the Theorem 21 (b), we obtain the following corollary.

COROLLARY 23.
(a): Yp_oTook = % (n+1) (65 + (-
(b): Y7 H op=Bj+3)(n+1).
(©): YigOop =% (n+1) (6] + (=1 — 7j)n + (4 + 4j)n?).
(d): Sp_ P2k = & (n+1)((65) + (9 — 95)n + (12 + 12j)n?).

1—T7j)n+ (4+ 4j5)n?).

As a special case of the Theorem 21 (c), we obtain the following corollary.

COROLLARY 24.
(@) YhoToorgr = & (n+1) ((6 4 18) + (=7 — 135)n + (4 + 45)n?).
(b): > ko H gy = (Bj+3)(n+1).
(€): Sp_oO—opi1 = (n+1)((6+18)) + (=7 — 135)n + (4 + 45)n?).
(d): Yp_gP—2k+1 = ¢ (n+ 1) ((6 +305) + (=9 — 27j)n + (12 + 125)n?).

We will now provide a different theorem given above that allows us to calculate the finite sum of Gaussian

numbers.

THEOREM 25. For every integer n, hyperbolic generalized Guglielmo numbers have the following formula

" HW, = (4@ + B(As + Ag))(n + 1) + (@As +2845) "0 | 54,7

k=0

n+1)(2n+1)
6

Proof. The proof can be done easily by using identity (2.6).
Next we can get the following corollary by using (25).

COROLLARY 26. (a): Yp_o HTy = S(B(n + 1) + (o + 28) 2t @ nintl@ntl)y
(b): Y0 HH, = 3a(n+1).
(€): Yo HO, = B(n+1) + (o + 28) M) 4 o nlntl)@ntl),
(d): ZZ:O Hp, = %(Qﬂ(n +1)+ (68— ) n(n2+1) + 3an(n+1)6(2n+1)).

6. Matrices linked to Hyperbolic Generalized Guglielmo Numbers

In this part of our study we give some identities on some matrices linked to hyperbolic Guglielmmo

numbers.
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By using the {T},} which is defined by the third-order recurrence relation as follows

T, =301 —3Th 2+ Tn73

with the initial conditions Ty = 0, T7 = 1, T = 3 we present the square matrix A of order 3 as

3 =3 1
A= 1 0 0
0 1 0

such that det A = 1. Then, we give the following Lemma.

LEMMA 27. For all integers n the following identity is true

n

HW,.» 3 -3 1 HW,
HW,.: [=]1 0 o0 HW;
HW, 0 1 0 HW,

Proof. First, for the proof we assume that n > 0. Lemma 27 can be given by mathematical induction

on n. If n =0 we get

0

HW, 3 -3 1 HW,
HW, =1 0 O HW;
HW, 0 1 0 HW,

which is true. We assume that the identity given holds for n = k. Thus the following identity is true.

HWio 3 -3 1 HW,
HWir =] 1 0 o0 oW,
HW, 0 1 0 HW,
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For n =k + 1, we get

k+1 k
3 -3 1 HW, 3 -3 1 3 -3 1 HW,
1 0 0 HV, | = |1 0 o0 1 0 0 HW,
0 1 0 HW, 0 1 0 0 1 0 HW,
3 -3 1 HWiyo
=11 0 o0 HWiin
0 1 0 HW,

3HWy 4o —3HWy 1 + HWy

= HWiy2
HWia
HWiys
= HWiy2
HWia

Consequently, by mathematical induction on n, the proof is completed. Note that the case n < 0 the proof
can be done similarly.

Note that

Tn+1 _3Tn + Tn—l Tn
A" = RL _3Tn71 + Tn72 Tnfl
Tnfl _3Tn72 + Tn73 Tn72

For the proof see [22].

THEOREM 28. If we define the matrices Ngw and Egw as follow

HWy, HW; HW,
NHW = HW1 HWO HW,1 y
HWy, HW_; HW_,

HWyio HWyon HW,
Egyw = | BW,., HW, HW,_,
HWn HWn—l HWn—2

then the following identity is true:
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Proof. For the proof, we can use the following identities

AnNHW =

where

aiy
a12
a3
a21
a22
a23
a3
a32

a33

Tn+ 1

Tnfl

=31, +T,_1 T, HW, HW;
T, 3T 1+ T T,h_1 HW;, HW,
—3Tn_o+Th_3 Th_o HW, HW_;

ailp a2 ais
a21 Qg2 423

asz1 asz as3

GHWoTypir + HWy (Ty_y — 3T,) + HWo T,
HWiTys1 + HWy (Ty_y — 3T,) + HW_1T),,
HWoTyi1 + HW_1 (T_1 — 3T}) + HW_oT,,,
HWoT, + HWy (Tp_s — 3T_1) + HWoTy_1,
HW\T, + HWq (Ty—s — 3T_1) + HW_1Ty_1,
HWoT, + HW_1 (Ty—g — 3Tp_1) + HW_oT,_1,
HWoT,_y + HW (Ty_z — 3Tp_2) + HWoT,_o,

HWAT, 1+ HWy (T3 — 3T —2) + HW_1T), o,

HWoT 1+ HW_y (T—3 — 3Tph—2) + HW_ 3T, _».

Using the Theorem 12 the proof is done. [J

From Theorem 28, we have the following corollary.

COROLLARY 29.

(a): Let the matrices Nyt and Egr are defined as following

HT, HT HT
Nyt = HT\ HI1y, HT , )
HT, HT_, HT
HTni2» HT,11 HT,
Egr=| ®T,,, HT, HT, . |,
HT, HT, ., HT, »

so that the identity given below is true for A", Ngyr, Fyr

A"Nyr = Eur,

HWy
HW_,
HW_,

)
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(b): Let the matrices Ngo and Ego are defined as following

H0n+2
H0n+1
HOn

Ergo =

HO,
HOy
HO_4

HOn—H
HO,
HOnfl

HOq
HO_,;
HO_4

HO,
HOn—l
HOn72

so that the identity given below is true for A™, Nyo, Fxo

A"Npgo = Epno.

(c): Let the matrices Ngg and Egpg are defined as following

HH,
HH,
HH,

Npmg =

HHn+2
HHn+1
HH,

Epypg =

HH,
HH,
HH_,

HHnJrl
HH,
HHTL—l

HH,
HH_,
HH_,

HHy,
Hanl
HH’VL—Q

so that the identity given below is true for A™, Ngyy, Egg

(d): Let the matrices Nup and Eg, are defined as following

Hps
Hp,
Hpog

Nirp =

HanrZ
EHP = Hanrl

Hp,

Hanrl
Hpn

Hpn—l

Hpp
Hpnfl
Hpn—Q

so that the identity given below is true for A", Nup, Enp

A"Ny, = Egp.

)

)

)

i
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