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FIXED POINTS OF KANNAN INTERPOLATIVE, RIECH INTERPOLATIVE,
AND RATIONAL CONTRACTIONS IN A-METRIC SPACES

ABSTRACT: In this paper, we introduce (A, @)-interpolative Kannan contraction,
(4 a, B)-interpolative Kannan contraction, (4, a, 8, y)-interpolative Riech contraction
and (1 a, B)-interpolative Dass-Gupta rational contraction. Also, we establish some
fixed-point theorems in complete A-metric spaces for interpolative contractions.
Additionally, these theorems expand and apply several intriguing findings from metric
fixed-point theory to an A-metric setting.
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1. Introduction and Preliminaries

Research on fixed point theory is an exciting area of study in both topology and analysis. A
significant conclusion known as the Banach contraction principle was presented by Banach [12]
in 1922, and its significance in metric fixed-point theory was examined. Let T be a self-map on a
nonempty set X and (X, d) be a complete metric space. If there exists a constant ¢ € [0, 1) such
that

d(Tw,Tu) < cd(w,w), forall w,u € X, 1)

then it possesses a unique fixed point in X. The Banach contraction principle was then widely

generalized in the literature (see [13-14]). Both pure and applied mathematics make extensive use
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of it. Kannan [2] defined a new variation of this theory in 1968 and eliminated the continuity

condition from it.

Theorem 1.1 (see [2]). Let (X,d) be a complete metric space and a self-map T: X — X be a

Kannan contraction mapping, i.e.,
d(Tw,Tw) <kld(w,Tw)+d(w,Tw], (2)
for all w,u € X, where k € [0,1/2). Then, T admits a unique fixed point in X.

In 1989, Bakhtin [9] introduced the concept of b-metric space which is generalization of renowned
Banach contraction mapping principle. Czerwik [10,11] extended the concept of b-metric space in
1993. Kannan fixed-point theorem is the first significant variant of the outstanding result of Banach
on the metric fixed-point theory [12]. In 2015, Abbas et al. [1] introduced the notion of A-metric

space.

Definition 1.2 (see [1]) Let X be a nonempty set. A mapping A: X™ — [0,+0) is called an A-

metric on X if and only if for all w;,a € X,i = 1,2,3,..n: the following conditions hold:

(Al). A(wq, Wy, W3, oo, Wy—q, Wy) = 0,
(A2). A(wq, Wy, W3, wvr, Wp_q1, wy) = 0ifandonly if w; = w, = -+ = W1 = Wy,
(A3). A(wq, wy, W3, o, Wy_q, Wy) < AWy, W1, W1, ..., (W) p_1, Q)
+A(w4, Wy, Wy, ..., (W2)p_1, Q)
+A(w3, w3, W3, o, (W3) 1, @) +
+A(Wn_1, W1, Opg ey (Wp1 )1, @)
+A(wy, Wy, Wy, won ., (W) 1, @) ]

The pair (X, A) is called an A-metric space.
The following is the intuitive geometric example for A-metric spaces.

Example 1.3 (see [1]) Let X = [1,+0) . Define A: X™ — [0,4+00) by
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n
A(wq, Wy, W3, ey Wy, Wy) = ZZ|a)i - a)j|

i=1 i<j
forall w; € X,i =1,2,..n.
Example 1.4 (see [1]) Let X = R . Define A: X™ — [0,4 ) by
A(wy, Wg, W3, v, Wp_q, Wy) = |21’2=n w;—(n— 1)a)1|
+HTi w0 — (n— 2)w,| + -
+|Z?=_T? w; — 30)n—3|
+| T w;— 20)n—2|
+lwn — w4
forall w; € X,i =1,2,..n.
Lemma 1.5 (see [1]) Let (X, A) be an A-metric space. Then for all w, u € X,
A(w, 0,0, ®, ..., (@)p—1, 1) = AW, W oy oo+, (W) —q, @)
Lemma 1.6 (see [1]) Let (X, A) be an A-metric space. Then for all w, u,z € X,
Alw,w,w, w, ..., (W)p_1,2z) < (n—DA(w, w, w, w, ..., (W)p_1, 1)
+A(z,2,2,2, ...,(Z) 1, L)
and
Alw,w,w, w, ..., (W)p_1,2z) < (n—DA(w, w, w, W, ..., (W)p_1, 1)
+AW o o thy -, W1, 2)

Lemma 1.7 (see [1]) Let (X, A) be an A-metric space. Then (X X X, D,) is an A-metric space on

X X X, where D, is given by forall w;, u; € X,i,j = 1,2, ..., n:
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Da((w1, 1), (W3, 112), (W3, 143), .., (@Wn, i)
= A(wy, W3, W3, woe ., Wp) + Ay, Ho)y U3y wov s M)
Definition 1.8 (see [1]) Let (X, A) be an A-metric space. Then
1. Asequence {w;} is called convergent to w in (X, A) if

lim A(wg, wy, 0y, Wk, - (W) -1, w) = 0.
k—+o0

That is, for each € > 0, there exists n, € N such that for all k > n,, we have
A(wkr W, W, W, - (wk)n—ll w) <€

and we write lim w;, = w.
k—+o0

2. A sequence {w;} is called Cauchy in (X, A) if

lim A((l)k, Wy, W, wk,..(a)k)n_l, wm) =0.
k,m—+oo

That is, for each € > 0, there exists n, € N such that for all k, m > n,, we have
A(wk' Wy, Wk, W, - - (wk)n—lf wm) <€
3. (X, A) is said to be complete if every Cauchy sequence in (X, A) is a convergent.

Lemma 1.9 (see [1]) Let (X, A) be an A-metric space. If the sequence {w;} in X converges to w,

then w is unique.
Lemma 1.10 (see [1]) Every convergent sequence in A-metric space (X, A) is a Cauchy sequence.

In the present research paper, Kannan type, Riech type and rational type interpolative contraction
is defined and discussed in the framework of A-metric space. Further, some common fixed-point
results are proved using the notion of interpolation. Additionally, these theorems expand and apply

several intriguing findings from metric fixed-point theory to an A-metric setting.

2. Main Result
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We begin by defining the terms below.

Definition 2.1 Let (X, A) be an A- metric space. Let T: X — X be a self-map. We shall call
T a (4, a)-interpolative Kannan contraction, if there exist 2 € [0,1), « € (0,1) such that

a 1-a
A(Tw, Tw,...,Tw,Tu) < A(a), w,...,w,Tw) A(,u,,u,...,,u ,T,u) 3)
(n—1) times (n—1) times (n—1) times

for all w, u € X, with w # p.

Definition 2.2 Let (X, A) be an A- metric space. Let T: X — X be a self-map. We shall call
T a (4, a, B)-interpolative Kannan contraction, if there exist 1 € [0,1),a,8 € (0,1), a + B < 1

such that
a B
A<Tw,Ta),...,Tw,T,u> <A A(w,w,...,w,Tw) A(u,,u,...,y ,T,u) 4)
(n—1) times (n—1) times (n—1) times

forall w,u € X, with w # .

Definition 2.3 Let (X, A) be an A- metric space. Let T: X — X be a self-map. We shall call
T a (4, a, B, y)-interpolative Reich contraction, if there exist A € [0,1),a,8,y € (0,1), a + B +
y < 1 such that

A <Tw, Tw, ...,Tw,Tu) <
(n—1) times

B 14

A A<w,w,...,w,u> A(w,w,...,w,Tw) A(u,u,...,u,Tu) (5)
(n—1) times (n—1) times (n—1) times

forall w, u € X, with w # u.

Definition 2.4 Let (X, A) be an A- metric space. Then a self-map T: X — X is (4, a, B)-
interpolative Dass-Gupta rational contraction, if there exist A € [0,1),a,8 € (0,1), a+ < 1
such that

a

B
1+A< W,0,...,0 ,Tw> Al wu,.p Tu
(n—1) times (nmes (6)

A(Tw,Tw,...,Tw,Ty)S/l A(a),a),...,(u,y)
~—_— N~———
(n—1) times (n-1) times 1+A< w,w,...0 #)

—
(n—1) times
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forall w, u € X, with w # .

Our first main result as follows.

Theorem 2.5 Let (X,A) be a complete A-metric space. Let T: X — X be a (4, a)-
interpolative Kannan contraction. Then T has a unique fixed point.

Proof. Let w, € X be initial point. Define a sequence {w,} as w,+; = Tw,, V n € N. Obviously,
if 3n, € N forwhich w, 41 = wp,, thenTw,, = wy,,, and the proof is finished. Thus, we suppose

that w,,,; # w, foreachn € N. Thus, by (3), we have

A <wn, Wy eeny Wy a)n+1> =A (Ta)n_l,Ta)n_l, ...,Ta)n_l,Ta)n>
N ———

(n-1) times (n-1) times

a 1-a

<Al A <wn_1, Wn—1, ...,a)n_l,Ta)n_1> A <a)n, Wy, oeey Wiy Tcun>

—_——
(n—1) times (n-1) times

1-a
=Al 4 <wn_1, Wyt o) WOp—1, a)n> A <wn, Wy, oeey Wiy a)n+1>
(n—1) times (n—1) times
The last inequality gives
a a
A <wn, Wiy wery Wy a)n+1> <Al A (a)n_l, Wpeqy o) Wp—1, wn) @)
(n—1) times (n—1) times

Since a < 1, we have

1
A <wn, Wiy wery Wy wn+1> < AaA (wn_l, Wy ey W1, wn>
P ——

(n—1) times (n—1) times

< 1A (a)n_l, Wy—1y o) Wp—q ) wn>

(n—1) times

and then
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Al wp, Wy, oo, Wy, Wpyq | S AA| Wpq, Wp—q, ooy Wpq, Wy
~————

(n—1) times (n—1) times

2
< A1°A Wyp_2,Wp_2, .., Wp_2,Wn_1

(n—1) times

IA

°* S A‘I’IA (1)0, (1)0, ...,(l)o,(l)l
~———

(n—1) times

For all n,m € N and n < m, we have

Al Wy, Wy oo, W, Oy | < (M — DA Wy, Wy v, Wy, Wpgq
N N e

(n-1) times (n—1) times

+A| W, Oy ey Oy, Opgq
~—_ —

(n—1) times

=(n-1A <wn, Wiy ooy Wy, Wpygq

(n—1) times

+A Wyt Wpy1y ey Wyt wm)
(n—1) times

<(n—-DA[| w,, 0y, .., Oy, Wppq
[ —

(n—1) times

+(Tl - 1)A Wni1) Ontts o Onyt1r Dny2

(n—1) times

+A| W, Oy ey O, Dpan
—_——

(n—1) times

<(n—1DA| wy, Wy, ooy Wy, Wpgq
P ——

(n—1) times

(8)
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+(n - 1)A (wn+1' Wnt1s ) Dnt1 ) Wny2

(n—1) times

+A (a)n+21 Wpt2, ey Wpy2, Wy
(n—1) times

<(n-1A (wn, Wiy weey Wy, Wy 1
—_

(n—1) times

+(Tl - 1)A ((‘)n+1' Wnt1y oy Wnt1 ) Wny2

(n—1) times

+(Tl - 1)14 ((Um_z, Wim—2, vy Wm—2,Wm_1

(n—1) times

+A (a)m_l, Wm—1s o Wm_1, Om

(n—1) times

<S(m—-DA"+ A"+ + Am‘Z]A<

m-—2
+AM"2A (a)o, Wo, -, Wy , w1>
N—— ———

(n—1) times

S(m—-DA"+ A 4 A2 4 ---]A(

Sm—DA"+ A" 4 A2 4 ---]A(

ln
< (n - 1) EA ((1)0, Wy, ..., Wo, (1)1)

(n—1) times

Letting n, m — oo, we obtain

(n—1) times

~————
(n—1) times

~———
(n—1) times

)

)
)
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lim A (wn, Wn, ...,a)n,a)m> =0 9)
— 00 N —————
um (n—1) times

Thus, the sequence {w,, } is Cauchy in the complete A-metric space (X, d.). So, there is some w* €
X. So that

lim A (a)n, Wn, ...,wn,w*> =0; (10)
—00 . a——
" (n-1) times

that is, w,, — w* asn — oo. Now, we will prove that w* is a fixed point of F. By (3) and condition
(A3), we get

A <w*, w*, ., 0%, Tw*) <(n-1A <w*, w*, ., 0%, wn+1> +A (Tw*, Tw®, .. Tw", wn+1>

(n-1) times (n—1) times (n-1) times

=(n-1A <w*, w*, .., 0%, a)n+1> +A (Tw*, Tw*, ..., Tw*, Ta)n)

(n—1) times (n—1) times

<(n—-1)A (a)*, w*, .., 0%, wn+1>

(n—1) times

a 1-«a
+ A1 <w*,a)*, ...,w*,Tw*) (wn, Wy, ...,wn,Twn>
SN— ~———— —_—
(n-1) times (n—1) times
<(n-1A <w*, w*, .., 0%, wn+1)
(n—1) times
a 1-a
+ 1 (a)*,a)*, ...,w*,Tw*) (a)n, Wy, ...,wn,wn+1>
(n-1) times (n-1) times
(11)
Taking the limit as n — oo , we obtain that
A (w*,w*, ...,w*,Tw*) =0 (12)
(n—1) times
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This yields that w* = Tw*. Now, we prove the uniqueness of w*. Let u* be another fixed point of
T in X, then Tu* = u*. Now, by (3), we have

A <a)*, w*,, .., u*) =A (Tw*, Tw" .., Tw", T,u*)
(n—-1) times (n—1) times

a 1-a

<Al A (a)*, w”, ...,w*,Tw*) A (,u*,u*, ...,,u*,Tu*) =0
(n—1) times (n—1) times

(13)

This yields that w* = u*. It completes the proof.

Theorem 2.6 Let (X,A) be a complete A-metric space. Let T:X — X be a (4, a,B)-
interpolative Kannan contraction. Then T has a unique fixed point.

Proof Following the steps of proof of Theorem 2.5, we construct the sequence {w,} by iterating
Wn+1 = Tw,, VN EN,

where w, € X is arbitrary starting point. Then, by (4), we have

A <wn, Wy eeny Wy a)n+1> =A (Twn_l,Twn_l, ...,Ta)n_l,Twn>
| ——

(n—-1) times (n—1) times

a B
<Al A <wn_1, W1y ey W1 Twn_l) A (a)n, Wiy oy Wy Twn>
—_———

(n—1) times (n—1) times
a B
=11 A (a)n_l, Wp—1y o) Wp—q, a)n> A <wn, Wiy vy Wiy wn+1>
R —
(n—1) times (n—1) times

Since a < 1 — B, the last inequality gives

1-B8 a

A <wn, Wy, ey Wiy wn+1> <Al A (wn_l, Wpn_1y o Wp_q, wn>
P ——

(n—1) times (n—-1) times
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1-B
<Al A (wn_l, Wp_1y er Wp_1, wn> (14)
(n-1) times
1
Al wy, Wy, oo, Wy, Wpyq | S AV BA| W1, Wpqy ey W1, Wy
P ———
(n—-1) times (n—1) times
< 1A (a)n_l, W1y ) Wp_q, a)n>
(n-1) times
and then
A (a)n, Wy ey Wy s wn+1> < 1A <wn_1, Wpe1y ey Wp_q, wn)
~_ —
(n—1) times (n—1) times
< 2?4 <wn_2, Wy weey Wp_3 a)n_1>
(n—1) times
S S ATLA <(l)0, (1)0,...,(1)0,(1)1> (15)
N~——— —_————
(n—1) times

As already elaborated in the proof of Theorem 2.5, the classical procedure leads to the existence
of a fixed-point w* € X. Now, we prove the uniqueness of w*. Let u* be another fixed point of T

in X, then Tu* = u*. Now, by (4), we have

A <w*, w*,, ...,w*,y*) =A (Ta)*, Tw*, ..., Tw", T,u*)
~—_—_—
(n—1) times (n—1) times
a B
< A(w*,w*, ...,w*,Tw*) A(u*,u*,...,u*,Tu*) =0

(n—1) times (n—1) times

(16)

This yields that w* = u*. This completes the proof.
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Theorem 2.7 Let (X,A)be a complete A-metric space. Let T:X — X be a (4, a,B,y)-

interpolative Reich contraction. Then T has a unique fixed point.

Proof Following the steps of proof of Theorem 2.5, we construct the sequence {w,} by iterating
Wnt1 = Tw,, Vn €N,

where w, € X is arbitrary starting point. Then, by (5), we have

A <wn, Wy oeey Wi a)n+1> =A (Twn_l, Twy_1, ., Twy_1, Twn)
P S —

(n—1) times (n—1) times

a B 14
<14 (a)n_l, Wpe1y ey Wpeq a)n> A (wn_l, Wpe1y ey Wp_1, Ta)n_1> A (a)n, Wy ey Wy s Ta)n>
v ow R
(n—1) times (n—1) times (n—1) times
a B 14
<14 (a)n_l, Wpe1y ey Wpeq a)n) A (wn_l, Wpe1y ey Wp_1, a)n> A ((un, Wy ey Wy a)n+1>
(n-1) times (n-1) times (n—1) times

Since a + f < 1 —y, the last inequality gives

1-y a+f

A (a)n, Wy weey Wy wn+1> <Al A (a)n_l, Wy ooey Wp—1, a)n>
N— e
(n—1) times

(n—1) times

1-y

<Al A (a)n_l, Wy ooey Wp—1, a)n) (18)

(n—1) times

1
A (a)n, Wy, ey Wy s wn+1) < A1vA (wn_l, Wne1y o) W1, a)n)
R ——

(n—1) times (n—1) times

<A (a)n_l, Wp—1y o) Wp—q wn>

(n—1) times

and then
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A (wn, Wy, ey Wy a)n+1> < 1A (a)n_l, W1y ) Wp—1, a)n>
~————
(n—1) times (n—1) times

2
< A1°A (a)n_z, Wp—2, v, Wp_2, (I)n_1>

(n—1) times

<---<A"A ((U(), (‘)0;---'(‘)0!(‘)1> (19)

(n—1) times

A fixed-point w* € X is produced by the classical process, as was previously explained in the proof
of Theorem 2.5. We now demonstrate w*’s uniqueness. If u* be another fixed point of T in X, then

Tu* = u*. As of (5), we now have

A (a)*, w*,, ., 0", u*) =A (Tw*, Tw*, .., Tw", T,u*)
(n—-1) times (n—1) times

a B 14
<a A<w*,w*,,...,w*,,u*> A(w*,w*,...,w*,Tw*) A(u*,,u*,...,u*,Tu*) =0
(n—1) times (n—1) times (n—1) times

(20)

This yields that w* = u*. This completes the proof.

Theorem 2.8 Let (X, A) be a complete A-metric space. Let T: X — X be a (4, a, B)-interpolative

Dass-Gupta rational contraction. Then T has a unique fixed point.

Proof Following the steps of proof of Theorem 2.5, we construct the sequence {w,} by iterating
Wn+1 = Tw,, VN €N,

where w, € X is arbitrary starting point. Then, by (6), we have
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A ((un, Wy ey W wn+1> =A (Ta)n_l, Twn_q, -, TwWp_1, Ta)n>
—_—

(n—1) times (n—1) times

a

B
A (a)n, Wy ey Wy s Ta)n>
(n-1) times

1+A4 (a)n_l, Wpe1y ooy W1, T(un_1>

(n—1) times
<Al A (wn_l,wn_l, ey Wp_1, wn>
n-1) times
(n-1) 1+A4 ((un_l, Wn_1, ...,(un_l,a)n>
(n-1) times
B
al |1+ A (wn_l, Wp—1) ey Wp_q, wn> A (wn, Wy, ey Wy, wn+1>
v n
(n—1) times (n—1) times
<Al A (a)n_l,wn_l, v, Wn_1, wn>
n—1) times
(n-1) 1+A4 (cun_l, Wp1y o) Wp_1, wn>
(n—1) times
a B
=114 (a)n_l, Wn_1, ...,a)n_l,a)n> A (cun, Wy veey Wy wn+1>
Jvw e n
(n—1) times (n-1) times

Since a + B < 1, the last inequality gives

1-B a
Al Wy, Wy, o, Wy, Wpgq <A Al wp—1, Wn_q) ey Wp—q, Wy
(n—1) times (n—1) times
1-p
<A A| wp_1, Wn—1, ) Wp—1, Wy (21)

(n—1) times

1
Al Wy, Wy ovny Wy, Wpgq | S ABA| W1, W1y veey W1, Wy
R ——

(n—1) times (n—1) times

S AA| Wp_q1, Wpeq, ooy Wp—q, Wy

(n—1) times

and then

Al Wy, Wy evn, Wy, Wy | S AA| Wpq, Wy—q, ooy W1, Wy
~_—

(n—1) times (n—1) times
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2
< A%A (a)n_z, Wp—2, ey Wp—2, wn_1>

(n—1) times

< - < AMA ((U(), (‘)0;---'(‘)0!(‘)1> (22)

(n—1) times

As already elaborated in the proof of Theorem 2.5, the classical procedure leads to the existence
of a fixed-point w* € X. Now, we prove the uniqueness of w*. Let u* be another fixed point of T
in X, then Tu* = u*. Now, by (6), we have

A (a)*, w”,, ...,w*,,u*) =A <Ta)*, Tw*, ..., Tw", Tu*)
(n—1) times (n—1) times

B
@ 1+A<w*,w*,...,w*,Tw*> A<u*,u*,...,u*,Tﬂ*>
(n—1) times (n—1) times
<Al A (a)*,a)*,, e, 0" ,u*)
L e—

(n—1) times 1+A<w*,w*,,...,w*,/,¢*>
(n—1) times

-0 (23)

This yields that w* = u*. This completes the proof.
4. Conclusion

In this paper, using the new framework of A-metric spaces, we introduced the concept of (4, a)-
interpolative Kannan contraction, (A «, 8)-interpolative Kannan contraction and (4,«,8,v)-
interpolative Riech contraction and (A «, )-interpolative Dass-Gupta rational contraction and

proved the existence of fixed points for self-mapping.
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