The Minimum Superior Dominating Energy of
Graphs

ABSTRACT

Kathiresan and Marimuthu were the pioneers of superior distance in graphs. The same
authors put forth the concept of superior domination in 2008. Superior distance is the
shortest walk between any two vertices including their respective neighbours. The minimum
superior dominating energy E,;(G) is defined by the sum of the eigenvalues and it is
obtained from the minimum superior dominating n X n matrix Ay (G) = (e;). The minimum
superior dominating energy for star and crown graphs are computed. Properties of
eigenvalues of minimum superior dominating matrix for star, cocktail party, complete and
crown graphs are discussed. Results related to upper and lower bounds of minimum
superior dominating energy for star, cocktail party, complete and crown graphs are stated
and proved.

Keywords: Minimum superior dominating set, Minimum superior dominating energy, Superior
distance, Superior neighbour, Superior dominating eigenvalues.

1. INTRODUCTION

Kathiresan and Marimuthu[1] were the pioneers of superior distance in graphs. Let D,,, =
N[u] U N[v]. A D, walk is defined as a u — v walk in Gthat contains every vertex of D,,,.
The superior distance d,(u, v) from u to v is the length of theshortest D,,, walk.The superior
neighbour of a vertex u is given by ey, (u) = min{d,(u,v) : v € V (G) — {u}}. A vertex
v(# u) is called a superior neighbourhood vertex of u if d;(u,v) =eg (u). The same
authors[2]“put forth the concept of superior domination in 2008. Superior distance is the
shortest walk between any two vertices including their respective neighbours”. Different
types of domination were also developed. A subset D of V is said to be a dominating set, if
every vertex not in D isadjacent to at least one vertex in D. IvanGutman[3] in 1978
introduced “energy of a graph. Inspired by Gutman many authors have explored different
types of energy in graph theory”. Kanna et al[4] found “the minimum dominating energy of a
graph”. Inspired by Kanna et al[4]“minimum superior dominating energy E,, (G) of graphs is
introduced in this paper, also E,, (G) of standard graphs, properties of E,,; (G) and bounds of
E,q (G) are studied”.

2. THE MINIMUM SUPERIOR DOMINATING ENERGY

In this section, minimum superior dominating matrix A (G) and minimum superior
dominating energy E,,; (G) are defined. The E,; (G) of some standard graphs are obtained.

Definition 2.1: For G = (V, E) the superior neighbourhood vertex set of a vertex u is given
by E;,(w) ={v /d,(u,v) = e, (u) Vu,v € V(G)}. Let D be a minimum superior dominating
set of G then the minimum superior dominating matrix of G is a n X n defined by A, (G) =
(ei;), where
1' lf v € Esn (U]) or U] € Esn (Ui);
(eij)= 1, ifi=jandv; €D,
X otherwise

(=}




Definition 2.2: The characteristic polynomial of Ay, (G) is £, (G, @) = detifA,; — al), where |
is the identity matrix.

Definition 2.3: The minimum superior dominating eigenvalues of G are the eigenvalues of
A, (G). Since A, (G) is symmetric and real, the eigenvalues are real. The eigenvalues are
arranged in non-increasing order a; = a, = -+ = a,,.

Definition 2.4: The minimum superior dominating energy E,,; (G) of G is defined by
Esq(G) = Xiey lail.

Remark 2.1: The trace of A, (G)= Superior Domination number.

Example 2.1: The R graph consists of 6 vertices and 6 edges given in Fig.1

v Uy
U3 U4
1:‘5 (4
Fig. 1.R Graph
Table 1.  Superior neighbour distance and superior neighbour vertex set of R graph
Vertex Superior neighbour distance Superior neighbour vertex set
d, (v) = minifid, (v, WVu € V(G)} Ey,(v) = (w/d (v, u) = e, (v)Vu € V(G)}

121 3 {UZ}

L) 3 {v1, vs}

V3 / {v1, v, V5, V6 }

Vs 3 {v2}

Vs 2 {ve}

Ve 2 {vs}

The minimum superior dominating sets of an R graph are D; = {v;,v3}, D, = {v,,v3} and
Dy = {v3,14}.

1. Dl = {U1,173},

1110 00
100 10 0
101111

Aa@ =191 1 0 0 o0
00100 1
001010

The characteristic polynomial £, (G, @) = a® — 2a° — 6a* + 6a® + 8a? — 2a — 1.
Minimum superior dominating eigenvalues are a; = 3.0675,a, = 1.5033,a3 =~ 0.4512,a, =
—0.2751, a5 ~ —1,ag ~ —1.7469.
Minimum superior dominating energy E.; (G) = 8.044.
2. D; ={vy,v3},




011000
11010 0
1 0 1

Asd(c)=011(1)(1)(1)
00100 1
001010

The characteristic polynomial £, (G, a) = a® — 2a® — 6a* + 6a°® + 9a?.
Minimum superior dominating eigenvalues are a; = 3,a, = 1.7320,a3 = 0,a, = 0,a5 =
—1,a5 ~ —1.7320.
Minimum superior dominating energy E; (G) = 7.464.
3. D3y ={v3, v},

01 10 0O

1 0 010 0\

{1 0 1 1 1 1]
Asd(G)"o 1 110 0I
0 01 00 1/

0 01 010

The characteristic polynomial £,,(G,a) = a® — 2a® — 6a* + 6a® + 8a? — 2a — 1.

Minimum superior dominating eigenvalues are a; = 3.0675, @, = 1.5033, a3 =~ 0.4512,a, =
—0.2751, a5 ~ —1,a = —1.7469.

Minimum superior dominating energy E,;(G) = 8.044.

E.q (G) of D; and D5 is 8.044, but E,,; (G) of D, is 7.464. Therefore E,, (G) varies based on
the superior dominating set.

Remark 2.2: The minimum superior dominating energy Eg;(G) depends on the superior
dominating set.

Theorem 2.1: For a star graph S,, where n > 2 the minimum superior dominating energy of
N —1)2 —1)— —_1)2
star ]Esd (Sn) _ I_ll(n _ 2) + (n 1)+\/2(n 1)%+4 + (n—-1) \/z(n 1)%+4

Proof: Consider a star graph S,, with the vertex set V = {v;, v,, ..., v, }. The minimum superior
dominating setis D = {v;} where deg(v;) = A(S,) then
1 1 1 1

1 1
(1 o1 - 1 1 1\‘
1 10 1 11
A (Sp) = : :
1 11 01 1
1 11 - 10 1}
11 1 1 1 0/ 4un
Characteristic polynomial is £, (S,, @) = detiA . (S,) — al).
l1—-a 1 1 1 11
1 -a 1 1 11
1 1 -« 1 11
1 1 1 -a 1 1
1 1 1 1 —a 1
1 1 1 1 1 —a

The characteristic polynomial £,,(S,, @) = (@ + )" ?(a? — (n — Da — 1)
The minimum superior dominating eigenvalues are
a=—-1((n— 2) time),
o= (n—1)+/(n—1)2+4
—



o = (n—-1)—/(n—1)2+4

2
The minimum superior dominating energy of the star S, is given by

— —1)2 —_1)— —_1)2
]Esd(sn) _ |—1|(Tl—2)+ (n—1)+/(n—-1)*+4 + (n—1) \/z(n 1)%+4

2

Remark 2.3: The energy of cocktail party and complete graph is same as star graph.

Theorem 2.2: For a crown graph H,, where n > 8 the minimum superior dominating energy

GG +1| | |GG | | (0G| | |a5)-G+) |

2 2 2 2

of crown Ey (H,) =

Proof: Let H, be a crown graph with the vertex set V = {v;, v,, ..., v, }. The minimum superior
dominating setis D = {v;,vn_,} then
2

1 0 O 1 1 1
/0 0 0 1 1 1\
| 0 0 0 1 1 1 |
Ay (Hy) = | : : |
1 1 1 1 0 O
1 1 1 0 0 0/
1 11 0 0 0/ ,xn
Characteristic polynomial is £, (H,,, @) = detiA,, (H,) — al).
1—-a O 0 1 1 1
| 0 -a 0 1 1 1 |
0 0 -«a 1 1 1
1 1 1 1—-a 0 0
1 1 1 0 -a 0
1 1 1 0 0 -—a

The characteristic polynomial

Lo(Hy @) = a"* [a? = (g+ 1)a+ (g— 1)] [« + (g— 1)a- (g— 1)]

The minimum superior dominating eigenvalues are
a =0 ((n—4)time),

G+1)+G-1) "+

oo Bl
(1-3)+JG+) .y
L)

N

The minimum superior dominating energy of the crown H,, is given by

Gyl | (Gl |G |, [a)Ge) |

2 2 2 2

Esq (Hn) =



3. PROPERTIES OF MINIMUM SUPERIOR DOMINATING EIGENVALUES

In this section properties of eigenvalues of A, (G) for star, cocktail party, complete and
crown graphs are discussed. Bounds for minimum superior dominating energy E,; (G) of
some standard graphs are obtained.

Theorem 3.1: If D is the minimum superior dominating set and a4, a5, ..., a,, are the
eigenvalues of minimum superior dominating matrix A, (G) then
1. Foranygraph G, Y, a; =|D]|,
2. For a star graph S,, cocktail party and complete  graph,
L 10! |D|+Z 1|Esn(vz)|+(n_1)
3. Foracrown graph H,, ", a? = [D| + Y™, |Es, (v)].

1. The trace of A, (G) is the sum of eigenvalues of Ay, (G).
Yimga; = Xi—1e; = |D].

2. For a star graph S,, cocktail party and complete graph, the trace of [A(G)]? is
equal to the summatlon of the squares of eigenvalues of Axsd (G).

Za—ZZ ey Z(eu) £ ey Z(eu>2+22(eu

i=1j= i#j i<j

Doat =11+ Y IEu @)l +(=1) [Since,2 Y (e;)” —ZlEsncv)H(n—l)]

i=1 i=1 i<j
3. For a crown graph H,, the trace of [Ay,(H,)]? is equal to the summation of the
squares of eigenvalues of Ay, (H ).

Za _ZZ ey Z(e”) +Z e;j Z(eu)z"‘ZZ(eu

i=1j= i#j i<j

Zai =|D|+Z|Em<vi>| [Since,2 ) (ey)” —Zwsn(v)l]

i=1 i=1 i<j i=1

Theorem 3.2: For a star graph S,,, cocktail party and complete graph, if D be the minimum
superior dominating set and W = |det A, (G)] then

D1+ Y 1B @I+ (2 = 1) + 12— DW < By (6) < n(Zwsn @+ =1 + |D|>

i=1 i=1

Proof: By Cauchy schwarz inequality (X™, a;b;)? < (™, a>)(X, b?). Ifa; =1 and b; = a;

then
2

() =(2)(Z)

(Eqa(6))? < n(|D| + D 1B @] + (- 1))
i=1

= ]Esd(G) < Tl(lDl + ZlEsn(vi)l + (Tl - 1)>

i=1

Since the arithmetic mean is not smaller than geometric mean



_1 1 2 2
1 n(n-1) n FYCE) n by n by
o ltal= | [Jadgl|  =|[ T =|[ | = |[e
i i%f i=1 i=1 i=1
1 3 2
mzmﬁ la; | = |det Ay (G)|n = Wn
i

2
Zlail laj| = n(n — DWn

i#]

(Bu(6)’ = (Zl |al-|>2 = (Z |al-|>2 ) Il g

Now consider

i#j

(]Esd (G))Z = <|D| + ZlEsn (vi)l + (Tl - 1)) + n(n - 1)W%
i=1

Eq((6) > <|D| + ) @)l + 1)) + (= DWs

i=1

Theorem 3.3: For a crown graph H,,, if D be the minimum superior dominating set and
W =|det A, (H,) | then

DI+ Y 1B ()] + nn = DWr < By (H,) < [ (Zwsn(vm + |D|>
i=1 i=1

Proof: The proof is similar to Theorem 3.2.

Theorem 3.4: If @, (G) is the largest minimum superior dominating eigenvalue of A, (G)

then

IDI+Z7 1 |Esn ()| +(n—1)
n

1. For a star graph S,,, cocktail party and complete graph, a;(G) =

|D|+Z?=1|Esn Wl
n

2. For acrown graph H,, a;(H,) =

Proof:
1. In a star graph S,,, cocktail party and complete graph, let Y be a non-zero vector,

then by ref.[6], a; ( Ay, (6)) =1 %

a1 (Agy(6)) = v A\;?’g}) = 'DHZ?:”ESZ(V")H("_D where U is the unit matrix.
2. In a crown graph H,, let Y be a non-zero vector, then by ref.[6],
(g (H,)) =iy Vot

Y'Yy
al( Asd (Hn)) =

U Agg(H)U DI+ |Esy (v; . . .
Z‘%(U") =12 Zl—ill s @Dl \yhere U is the unit matrix.

4. CONCLUSION

In this paper minimum superior dominating energy of graph is introduced. The minimum
superior dominating energy for star and crown graphs are computed. The properties of
eigenvalues of A,;(G) for star, cocktail party, complete and crown graphs are



discussed.Results related to the upper and lower bound of the energy of standard graphs is
stated and proved.
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