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Abstract

In this paper, we introduce split quaternions with components including dual Jacobsthal and dual
Jacobsthal-Lucas number sequences. By using Binet’'s formulas of these type split quaternions
we give an explicit form of classic polar representations of them, after that we demonstrate a new
polar representation by using Cayley-Dikson’s notation of split quaternions which is based on two
complex numbers. Some fundamental properties and identities for these type of split quaternions
are studied. In further the current paper, it would be valuable to replicate similar approaches polar
representationin with dual Jacobsthal Split quaternions
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1 Introduction

Quaternions have found extensive applications in the field of 3D computer graphics, robotics, and
physics, particularly in the representation and computation of rotations and orientations [1]. They
offer a compact and efficient way to represent 3D rotations without suffering from gimbal lock, an
issue prevalent with Euler angles [2]. Moreover, quaternions are used in the analysis of spatial
rotations in physics and in the control mechanisms of spacecraft and robotic arms due to their ability
to interpolate rotations smoothly and efficiently [3].
Quaternions, extension of complex numbers was introduced by W. R. Hamilton as the following
quadruple

Q = y0 + i1 + y2i2 + V33
where v0,71,72,73 € R and i? = i3 = i2 = —1,i1i2 = —izi1 = 3. Any quaternion can be write
as Q = (yo + 71%1) + i2(y2 — v3%1), Where o + 7141 and 2 — ~3i1 are complex numbers, therefore
quaternions are one of the hyper complex numbers,[4-8].




J. Cokle defined the split quaternion as Q = &y + 8141 + 6242 + d3is With o, 81, 02,03 € R and
quatenionic units 41, i2, 73 satisfy

2 .
11 = —1

2= —i2 = —1, iip = —igi1 =3 (1.1)
and can be shown as Q = Sa+ Vs, Q with S = 0is a pure split quaternion, [9-13].
Let Qi = Sg, +Vg, and Qs = Sg, T Vg, be split quaternions, then addition and multiplication are
Qu+ Q2 = (S, +5g,) + (Vg, +Va,)
QlQQ = SQl SQz + <VQ1’VQ2> + SQ] VQl + SQ2 VQz + VQl X VQz
respectively, where (,) and x are inner and cross products in Minkowsky space E3. The conjugate
and norm of @ = 8o + 8141 + d2iz + dsis are respectively as Q = 6 — §1i1 — dais — dsis and

N(Q) = V1QQ| = /103 + 6 — 53 — 53] (1.2)

if N(Q) = 1, then @ is a unit split quaternion, for any split quaternion Q with N(Q) # 0, % is

a unit split quaternion. Let I, = 63 + 67 — 05 — 63, then Q is space-like, time-like and light-like

if I5 > 0, I5 < 0and I, = 0 respectively, the multiplicative inverse of Q is Q™' = N<%>2 and
there is no inverse for light-like split quaternion. The Cayley-Dickson’s form of a split quaternion Qis

Q = (0o + 6141) + (02 + d3i1)i2 which is based on two complex numbers.
Dual numbers, extension of real numbers, first were defined by W. K. Clifford in 1873 as:

D:{A:al +5a2|a1,a2€R,€7é0,82=0}

This new number system is commutative and associative algebra over real numbers wich has dimension
two. Kotelnikov initiated the study of the first applications of dual numbers. Eduard Study used these
numbers and associated vectors in line geometry and kinematics,[14,15].

According to the following operation

(a1 + eaz) + (b1 + eb2) = (a1 + b1) + (a2 + b2)

(a1 + eaz2) (b1 + b2) = a1b1 + £(a1b2 + a2b1)
algebra of dual numbers is a commutative ring, but not a field. The multiplicative inverse of A is

_ 1
A= = B £0

al ay

and there is no inverse for pure dual numbers and hence this algebra of numbers is not field over real
numbers. By using inverse of dual numbers we can define division operation of two dual numbers A,
and B; as A; By ' where B is not a pure dual number and B; # 0. Dual angle between lines d; and
d2 in R? is defined as ® = ¢ + ¢¢*, where ¢ is angle and ¢* is the shortest distance between these
lines. If f(xz + ex™) is a dual function, then by Taylor expansion we have

fle+ex™) = f(x) +ex” f'(2) (1.3)
where f’(z) is the first derivative of f(z), using Equality we can write
\/a1+8a2—\/a+82\/<72 (14)

Dual split quaternion Q is defined as

Q:A+Bi1+CiQ+Di3



where A, B, C, D are dual numbers and i1, iz, i3 follows rules in (1.1), Q can be write as Q = Q+¢Q",
where @, Q* are split quaternions and €2 = 0. Let Q; = Q1 + Q7 and Q2 = Q2 + Q3 be dual split
quaternions, then

Q1+ Q2 = (Q1 +Q2) +e(QF +Q3)
Q1Q2 = Q1Q2 +£(Q1Q5 + Q1 Q)
norm of Q is defined as N(Q) = VA2 + B2 — C? — D2, and dual split quaternion with N(Q) = 1'is
called unit dual split quaternion. Dual split quaternion Q = Q + Q™ is spacelike, timelike or lightlike if

and only Q is spacelike, timelike and lightlike, respectively. Suppose ® = ¢ + =¢* be dual angle then
the polar representation for spacelike Q is as

Q = N(Q)(sinh ® 4 v cosh ®) (1.9)
where v = % is a unit pure dual split quaternion, sinh® = g and cosh® =
7W. The polar representation for timelike Q with spacelike vector part is
Q = N(Q)(cosh @ + v sinh @) (1.6)
_ BiyCis+Diz . . . . D . _ /|B2—c2_p?
where v = \/ﬁ is a unit pure dual split quaternion, cosh ® = @ and sinh ® = R TTC
and the polar representation for timelike Q with timelike vector part is
Q=N(Q)(cos® + vsinP) (1.7)
_ BiyCig+Dig : . . D . _ \/IB2-C2-D2|
where v = \/ﬁ is a unit pure dual split quaternion, cos ® = @) and sin® = TR

[16,17]. Any dual split quaternion can be written in the form Q = Ae®*2, where A = Ay + A4, and
B=As + A3i1 with Ao, Al, AQ,Ag dual numbers, [18]
The Jacobsthal J,, and Jacobsthal-Lucas j,, number sequences are defined by
Jn: n71+2Jn727 Jo=O,J1:1,n22
jn = jn—l +2jn—27 j() - 27j1 = 17” 2 2

The characteristic equation of these number sequences is > —z — 2 = 0, withroots a = 2, 3 = —1
and corresponding Binet’s forms are

- w (1.8)
gn=2"+(-1)" (1.9)

_ For more details and relations about these number sequences, [19-22]. The nt" dual Jacobsthal
J, and Jacobsthal-Lucas j,, number sequences are defined by

Jn - Jn + EJn+1
j'n = ]n + Ejn+1

where J,, and jn are the n'" Jacobsthal and Jacobsthal-Lucas numbers, the Binet's formulas for J,,
and j,, are

= s (1.10)

Jn=2"a+(-1)"8 (1.11)



where

=14 2¢
=1

— &

™ 9

Both sequences have applications and appear in various contexts in mathematics, including combinatorial
identities, the study of geometric shapes, and connections to the Fibonacci and Lucas numbers. Their
properties have been studied in depth, revealing fascinating aspects such as their relationships with
binary representations and the golden ratio, though in a manner distinct from the Fibonacci and Lucas
numbers.

The study of these sequences not only contributes to the field of number theory but also enhances
our understanding of the elegant structures and patterns inherent in mathematics.

2 Main results

In this section we defined dual Jacobsthal and dual Jacobsthal-Lucas split quaternions, polar representations
and some properties of these split quaternions are discussed.

Definition 2.1. The dual Jacobsthal and dual Jacbosthal-Lucas split quaternions are defined as
Tn = Jn + jn+1i1 + jn+2i2 + jn+3i3 (2.1)

Tn = Jn A Jntrin + Jni2iz + Jutsis (2.2)
respectively, where J,, is n'" dual jacobsthal, j, is n*" dual jacobsthal-Lucas number and i1, iz, is
follow the rules in (1.1).

From definition, the following recurrence relation can be prove easily
jn = jnfl + 2\777,727 n Z 2

and B _ B
Jn = jn—l + 2;_771—27 n 2 2

Theorem 2.1. The Binet’s formulas for dual Jacobsthal and dual Jacobsthal-Lucas split quaternions
are
MG — (—1)™ o)
T, = w (2.3)
T =2"a+ (-1)"B (2.4)
respectively, where
a = (14 2¢)(1 + 2iy + 4iz + 8is)

EZ (1—5)(1—i1+i2—i3)
Proof. The proof can be done directly by using Equalities (T-10),edT.11]2.7] (2.2). O

Proposition 2.1. The norm of dual Jacobsthal and dual Jacobsthal-Lucas split quaternions is

NG = 4 Lga - ) @ o+ Lz - )

N(Jn) =3 \/(22n+3 +3J3 — %) +e(2275 + 3J2 + jon — %)

where J,, and j, are n'" Jacobsthal and Jacobsthal-Lucas numbers, respectively.



Proof. From Equality (T-2), we have

\/lJ + n+1 n _j1’21+3|

and by using Equality (1.10), we obtain

R . R R My — (—1)" 2 2n+1a7 1 n+1 2
J2+JZ+IfJ3+2—JZ+3:(7* ; )é) +( il o

3

2"+2Q—(_1)n+2é 2 2n+3g_(_1)n+3é 2
B 3 B 3

= %(25 S22 (14 4e) + (—1)"2" T (1 +¢))

Finally by using Equality (1.8) and doing basic calculations, we get

1 1
N(Tn) = \/(22"+3 + 307 = 1) +e(2204° + jan + 5 (57 — 4))
On the other hand for N(7,,), by using Equality <| we have

Jot e = Jnez = Jhvs = (e + (-1)"8)" + (2" a+ (-1)" )’
(2n+2g+( 1)77,«&»2@) _ (2n+3g+ (_1)n+3é)2
=3(25-2"" (1 +4e) + (-1)" 12" (1 +¢))

And by doing some necessary calculations, we get

~ 1 4
N(F) =3 J (20049 4 3T — 2) + =225 + 372 + jan — 3)

O

Corollary 2.2. The dual Jacobsthal and dual Jacobsthal-Lucas split quaternions are spacelike split
quaternions with spacelike vector part.

Theorem 2.3. The classical polar representation of dual Jacobsthal split quaternion is
In = N(Jn)(sinh @ + v cosh @)

where
271+ 26) (in + 2ia + 4ig) + (—1)"(1 — £) (i — iz + ia)

3/ (J241 +22008) (24 + oz + 2259)

is a pure unit dual split quaternion and ® is a dual angle such that

- ‘n 2 22n+4 o n _ n
® = tanh™* ( J ) 1o Tntr + (=1 JnJonto

V2, 2208 T2+ 22m 8 (22044 4 252 — 1))

Proof. Since J, is a spacelike dual split quaternion, then by using Equality (1.5), the polar representation
is

In = N(J»)(sinh @ + v cosh @)



where
- jn+1i1 + jn+2i2 + jn+3i3
\/ a1ttt J

Jn
sinh & =
sin N(jn)
cosh ® — \/|j3+1 - j72L+2 - j72b+3‘

N(Tn)

therefore tanh ® = o —
\/ ‘]n+1+‘] NI

and by using Equality (1.70) we get

_ 2"MN(1 + 26) (i + 24z + 4is) — (—1)" (1 — &) (i1 — iz + i3)
\/(J2+1 + 22n+3) 4 E(J72H_1 + 22745 + Jony2)

and
Jn + EJn+1

VU240 +22089) 4 (U2, + 2255 o+ o)

Using Equality (1.4) and doing necessary calcualtions we will have

tanh ® =

JIn I €j7zJ721+1 + 22D — Ty Jange

/J2+1 4 92043 2(J2 4, + 22n+3)%

Finally by using Equality we obtain

® = tanh ™"

JIn Te Jnd2i + 221" — Ty Jange

® = tanh ™ *

O
Corollary 2.4. The classical polar representation of dual Jacobsthal-Lucas split quaternions is
Tn = N(jn)(sinh ® + D cosh 'iD)
where
5 2" (1 4 2¢) (i1 + 2ia + 443) — (—=1)"(1 — &) (i1 — iz + i3)
3\/22n+3 JT?+1) +E(22n+5 +J2n+2 + (JnJrl )2)
is a pure unit dual split quaternion and & is a dual angle such that
R ‘n ” -2 _ . 22n+4 —1)" — 'n "
& — tanh ! J 4o dning1 =3 (=1)" = jnJ2n+2
Vitaroom | i e (e 1003 - B)
Proof. The Proof is similar to Theorem (2.3). O

Proposition 2.2. Let P = Aix + Bis = (A + Bi1)iz be an arbitrary dual split quaternion, if P is
spacelike then its exponential form is

A
— cosh | Pliz +

P .
e =sinh |P|+
1P|

B . . .
ﬁ cosh |P|’Lg = o + 212 + 313



and if P is timelike, then

A B
CP = COSh ‘P' =+ ﬁ sinh |P‘7/2 + ﬁ sinh |P‘13 = Bo + ﬁg’ig + ,63i3

That is, it is a dual split quaternions which does not contain i,’s term.

Proof. Suppose p is a spacelike unit dual split quaternion, that is N () = 1, then from Equality
we have
e"® = sinh 6 + pcosh @

if we rewrite P = |P|5;, then by taking 1 = (5, and 6 = | P| we get the result, we can prove similarly

for timelike P by using Equality (T.6). O

Now we give the new polar representations for dual Jacobsthal and dual Jacobsthal-Lucas split
quaternions by using Cayley-Dikson’s form for split quatenions.

Theorem 2.5. Every dual Jacobsthal split quaterninon 7, = Jy + Jui1i1 + Jni2is + Juysis can be
given in the form 7, = Ac®2, where A and B are dual Jacobsthal complex numbers, that is

A= Jn + jn+1’i1
IR+ T2
B = tanh— Ji+ J721+1 (jnjn+2 + jn+1jn+3) + (jnjn+3 — jn+1jn+2)i1

N VR I2 )2+ 02

Proof. Suppose that A = a + bi; and €2 = ag + aniz + azis, then
T = Ae®? = qao + bagiy + (acz — bag)iz + (a3 + baz)is

if ap = 0, then we can select a = 1 and b =0, we will get A = 1. For ap # 0, we construct a complex
number ¢ = aap + bagiys = J, 4+ Jni1i1 and then A = % by using Equality the explicit form
of Ais
2"(1 4 2e)(1 4 261) + (—1)"T (1 — ) (1 — 1)

VIE +220F2 4 (jF + 9an + 227H1)

A=

Since A is a unit dual complex number then A™! = A = % where A is conjugate of A

and
(Jy%L + Jerl) + (Jan+2 + Jn+1Jn+3)i2 + (Jan+3 - Jn+lJn+2)i3

VIR + T2

Big) _ 72 72 72 72
|€ | - \/Jn+2 + Jn+3 - ‘]’ﬂ - J7L+1

Pz K7 =

The norm of ¢®2 is

oBio
572

Since is a unit spacelike dual split quaternion, then its classical polar form is



where & = ¢ + £¢* is dual angle, then we can write
. NO R
sinh® = = An ntl =
VA2 + 2 — T2 - 02,

Jare+ Jnss

cosh & =

\/j72L+2 + j2+3 - j’I2L - jrzH»l
(jnjn+2 + jn+1jn+3)i2 + (jnjn+3 - jn+1jn+2)i3
\/(jv% + j2+1)(j5+2 + jr2L+3)

=

which gives
A JE+ J?
tanh & = Aifl
J2 o+ J2
Finally from Bi» = ® we get the result and by using (T.10) the explicit form of B can be write
easily. O

Corollary 2.6. Every dual Jacobsthal-Lucas split quaterninon J,, = jn + jnt1i1 + jntaiz + jnsis
can be given in the form 7, = Ae®*2, where A and B are dual Jacobsthal-Lucas complex numbers,
that is
A _ jn + jnj»lil
52 52 A oA ~ ~ A oA A A .
B — tanh [ _V In FInt1 \ (Gnjngz + Jnt1dne3) + (nints — Jnsiint2)in

Ve + P2 V02 472000242 +5210)

Proof. The proof can be done similar to Theorem (2.5). O

Example 2.7. Find the new polar representation for 71 = (1+¢)+ (1+3¢)i1 + (3+5¢)iz+ (5+11e)is.
We have [J, = Ae®2, where

A:g((l—e)—i—(l—ke)il)
and
1 a1 V1T —35V2 13 52,
Bfﬁtanh (\/T77+€177> ((4+T7€)+(1 176) 1)

Theorem 2.8 (Catalan’s identities). For positive integers n and r withn > r > 1, we have

1 —Traon—r . . . . r . . .
TntrIn—r = Tn = g(=1)"7"2" (1 +€) (Gr(1 = 131 + iz — 13ia) +2(=1)" (=1 + 11 + Biz + Tis))
TnirTn—r — T2 =3(=1)"""2" " J(1 4 ) (r(—1 4 13i1 — iz + 13i3) — 2(—1)" (=1 + i1 4 biz + Ti3))

where J,, and j,, are n'" jacobsthal and Jacobsthal-Lucas numbers.



Proof. By using (2.3), we get

nsrTnr = T2 = 2 (2" a— (-1)"75) £ (2" "~ (~1)"7p)

-5 (@a—(-1)"8) 5 ("a— (-1)"5)

- %2”(71)" (@B (127 (=1)7") + Ba (1-27"(=1)"))

= 22" (1" ((-1)"*'aB + 27 Ba)

_ %Qn—r(_l)n—r(]r ((_1)r§g _ 27‘&‘2)

from using

af = (1+¢e)(~1+ 131 — iz + 13i3) (2.5)
Ba = (14¢e)(—1— 114y + 1Lip + i3) (2.6)

we get the result. Similarly, the proof for Jacobsthal-Lucas can be done.
Corollary 2.9 (Cassini’s identities). For positive integer n, the following identities hold
Tni1Tn-1 — T2 = (=1)"2" " (1 + €) (=1 + 5iy + i + 9i3)
Tni1Tu1 — T2 =9(=1)" 12" "1 (1 + &) (=1 + 5i1 + 3iz + 9i3)
Proof. The proof can be done by taking » = 1 in Theorem[2.8 O

Theorem 2.10 (d’'Ocagne’s identities). For positive integers n and m with n > m we have

1+4+¢
jm+1«:7n - jmjn+l =

Tmi1TIn — TmIni1 = 3(1+&) (2™ (=1)" (=1 + 1361 — ia + 13i3) — 2" (=1)™ (=1 — 114, + 11ia + i3))

(2"(=1)™(—1 — 11i1 + 11ip +43) — 2™ (—1)" (=1 + 13i1 — iz + 13i3))

Proof. By using Equality we have

jm+1s.7n - »77”\7”+1 = 1 (2m+lg_ (_1)m+1§) % (2ng - (_1)71@)
( md _ (_1)mé) % (2n+lg_ (_1)n+lﬁ)

= 5 (-aB 2™ (1) — Ba (—1)" 12"+ aB (—1)"12" + fa 2 (-1)")

= 5 (Ba 2" (-1)" — ap 2"(-1)")

Finally by using Equalities and the result is clear. The proof for Jacobthal-Lucas can be
done similarly by using Equalities (2.4), and (2.6). O

— Wl

3 CONCLUSIONS

In this paper, we define dual Jacobstahl and dual Jacobsthal-Lucas split quaternions. The polar
representations of these split quaternions have been obtained similar to the real quaternions. For
this, the modulus and argument have been calculated from an arbitrary split quaternion.

Our work opens up a plethora of avenues for future research. One particularly promising direction is
the application of these concepts to dual split quaternions, incorporating the sequences of Jacobsthal
and Jacobsthal-Lucas numbers. This approach is not just a mere extension of our current framework



but also a potential pathway to uncover new relationships and properties within the realm of quaternionic
analysis. In conclusion, our study not only adds a new chapter to the field of quaternionic analysis but
also sets the stage for a deeper and more comprehensive exploration of mathematical structures that
intertwine number sequences with quaternionic frameworks. As we continue to unravel the mysteries
of these fascinating mathematical entities, we anticipate that our work will inspire further research
and collaboration in this dynamic and ever-evolving field.
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