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Resolution of the standard
telegraph equation by the
Laplace-Adomian method

Abstract

In this paper, we resarch the solution of the standard tele-
graph equation by the Laplace-Adomian method. The Laplace-
Adomian method is based on the combination of Laplace trans-
form and the Adomian decompositionnal method.
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1 Introduction

In this article, we study the general solution of the standard telegraph
equations by the method of Laplace-Adomian. The standard telegraph
equation is an important equation arises in the propagation of electri-
cal signals along a telegraph line, taking into consideration the induc-
tance, capacitance and conductance of the cable. However the method
of Laplace-Adomian is a numerical method based on the combination of
the Laplace Transform and Adomian decompositionnal method.

2 The numerical Laplace-Adomian method

The standard telegraph equation is a partial differential equation given
by :
ou?0z* = ad*udt® + BOudt + yu
where u = u(t, z) is the resistance, and a,b and ¢ are constants related
to the inductance, capacitance and conductance of the cable respectively.

Let us consider the following functional equation:
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ou*or? = «ad*udt? + Boudt + yu

u(t,0) = f(t)

oudx (t,0) = g (¢) (1)
u(0,z) = h(x)

oudt (0,x) = v(x)

Taking Lu = Ou?0x? and Ru = ad*udt® + BOudt + ~yu
We have :
Lu = Ru (2)

Where L is an invertible operator in the Adomian sense and R the
linear remainder.
Applying the laplace transform to the equation (2), we obtain :

o (Lu) =, (Ru) < p; (u) — pu(t,0) — dudz (,0) =, (Ru)  (3)

Pz (w) = pf () + g (t) +o (Ru) (4)

Using the decomposition series for the linear term (¢, x) gives

Prsox (Un) = pf () + g (t) +nz0 & (Ru) (5)

This yields the following Adomian algorithm:
P2 (uo) = pf (t) + g (1) (6)

P; (Uni1) =z (Run);n >0

Applying the laplace transform to the equation (2), we obtain :

{ uo (t,x) =, [1p* (pf (t) + g (1))] (7)

s () =5 (192, (Run)] i > 0
3 Algorithm of Laplace - ADM Convergence’s
Considering the equation (1)

ou0x® = «ad*udt? 4+ Boudt + yu
u(t,0) = f(t)
oudx (t,0) = g (¥)

u(0,z) = h(z)
oudt (0,z) = w(x)

With (¢, z) € Q where Q = [0; +-00[ X [a, ]

The application of the Laplace-ADM method gives
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{ uo (t, ) =7 [1p* (pf (1) + g (1))]
uns1 (7)) =2 [1p?, (Rup)]sn > 0

Let us suppose :
- (Hy)
f is continuous then there is a real M so that

|f (1) < M forallt € [0,T]
- (Hy)
g is continuous then there is a real M so that

lg (t)| < M’ forallt € [0,T]

However
R the linear remainder is continuous then there is a real o > 0 so
that

|| Rul| < a||ul]

Indeed, we have :
{ wl = [ 1f (p)+" g (02
lunl = |71t (Run—1)p]] 5 n>1
There is a real xy € R} so that Re (p) > zg, we deduce the following
System :

{IuO! < L @pll + 15 g (Op?]]
<

|| ;1 HRun—alQH ;n=>1
’Uo‘ S M—FMlb
= ~1 2
lun| < 2 e ([Rupa|)ag] 5 n > 1
lun| < 11‘(2);1 [x (|Ruﬂl_1m n>1
lug| < M+ M'b
=
ual < azd||ui_y|| in>1

Step by step, we deduce :
unl < (axd)" (M +M'b);n>1

N || < M+ Mb
w0 [un] < (M 4+ M'b)adal — o

Then the series ,>ou, is convergent, therefore this algorithm is con-
vergent.
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4 Applications

4.1 Example : wave equation of microstrip antenna

In this example, we study the standard linear telegraph equation pre-
sented in wave equation of microstrip antenna equation is given as

ou?0x? + 0*udt? + 20udt —u = 0
oudx (t,0) = e %
u(t,0) = e

Taking Lu = Ou?0x?, Ru = —0%*udt? — 20udt + 2u.

Where L is an invertible operator in the Adomian sense and R the
linear remainder.

Applying the laplace transform to the equation (2), we obtain :

x (Lu) =; (Ru) (8)
P2 (u) — pu(t,0) — Qudz (t,0) =, (—0*udt® — 20udt + u) 9)

(p® —1), (u) = pe * + e +, (—0°udt® — 20udt) (10)

Using the decomposition series for the linear term wu(t, x) gives

(p2 — 1)@036 (uy) = pe ™ + e 4,50 4 (—82un8t2 — 28un0t) (11)

We deduce the following Laplace-Adomian algorithm

(2 = 1), (w) = pe= + =

LG D (ruyin 2o -

We obtain
{ u (t,0) =, [1(p* — 1) (pe™ + ™)

e (f,2) = (102 — 1), (Ru)] in > 0
Determlnate un( x), for n>0
uo(t,w) =, [1 ( D (p+1)e™?]
= up(f,z) =" [1 ( — e
= ug(t,x) = a2t
ui(t, @) = Ly 1 (¥" = DL (R(up))]

= ul(t .Z') ﬁ [1(]72 — 1) (_4e$—2t + 4em—2t)]
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= ui(t,z) =0
us(t,z) = L, [1(p? — 1)L¢ (R(w1))]
= uy(t,x) =0

In recursive way, we deduce

up, (t,x) = 0foralln > 1

Then
2t

u(t, ) =p>o un(t,z) = "~
The exact solution of model is
u(t,x) =" 2
4.2 Example : wave equation of microstrip an-
tenna

In this example, we study the standard linear telegraph equation is given

as
ou?0x? = Q%udt? + 40udt + 4u
ouot (0,x) = =2
u (0, ) = l+e*

Taking Lu = Ou?0t?, Ru = 0*udz? — 40udt — 4u.

Where L is an invertible operator in the Adomian sense and R the
linear remainder.

Applying the laplace transform to the equation (2), we obtain :

¢ (Lu) = (Ru) < p; (u)—pu (0, 2)—0udz (0, z) = (0°udz® — 40udt — 4u)
(13)
P2 (u) =p (1+€*) — 2+, (0*udz” — 40udt — 4u) (14)
Using the decomposition series for the linear term u(t, z) gives
pizow (uy) = p — 2+ pe** +n>0 z (82un8x2 — 40u,,0t — 4u) (15)

We deduce the following Laplace-Adomian algorithm
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2 _ _ 2x
{ gg(uo)—p 2+ pe (16)

We obtain

{ ug (t,z) =71 [1p* (p — 2 + pe*®)]
Uny1 (t, 1) =71 [1p°, (Rup)]3m > 0

Determinate up(t,z), for n >0

uo(t, r) =, [119 (p — 2+ pe)]
= up(t,z) =, ' [1p (1 + %) — 2p?|
:>u0(t,a:)—€ —2t+1

ur(t, @) = [1p?, (R(uo))]

= w(t, ) =" [1p? [ (8t + 4)]]

= uy(t,x) =; " (8p* + 4p®) = 833! + 42!

= uy(t, ) = (2t)°3! + (2t)%2!

us(t, ) =" [1p? (R(w1))]

= u2(t,x) P2 [ (=16t — 2412 — 3233))]]

= uy(t,x) = (—161p* — 481p° — 321p°)

= uy(t, x) = —2(2t)*3! — 3(2t)"4! — (2t)°5!

uy(t, z) =; ' [1p%; (R(uz))]

= ug(t,x) =, [1p? [; (26¢22! + 2833! + 10 x 2°t44! + 2775))]]
= ug(t,r) =, (261p° + 281p5 + 5 x 261p7 4 271p%)
= ug(t, z) = 4(20)*4! + 8(2t)°5! + 5(2t)°6! + (2t)"7!

R(us))]

ua(t, @) =, [1p? (
|: pQ [ ( 315t7 112t6 96t5 _ @tél _ @t?)

= uy(t, ac) - e 3 s
= uy(t,v) = - [1p? [ (=2%33! — 5 x 28144) — 0 x 2535) = 7 % 281561 — 29¢77)]]
= uy(t,x) =7 (=281p° — 5 x 281p" — 9 x 281p® — 7 x 281p° — 2°1p'Y)

= uy(t, x) = —8(2t)°5! — 20(2t)°6! — 18(2t)"7! — 7(2t)%8! — (2t)79!
Step by step, we deduce
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nzoun (t, [L‘) = 62z +n20 (—Qt)kn'

Then

u(t, ) =p>0 un(t,z) = e 4 72

The exact solution of model is
u(t,r) = e** +e

5 Conclusion

Laplace’s Adomian numerical method allowed us to solve some linear
partial differential equations by modelling the standard telegraph equa-
tion. It is therefore a very powerful numerical analysis tool to solve
this type of problem, this method accelerates convergence to the solu-
tion . Our study was limited to the linear models of telegraph non-
homogeneous reaction, a study of these models in non-homogeneous
cases would be an important contribution to the understanding of these
models.
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