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Global Stability Analysis of a Fractional-Order
Ebola Epidemic Model with Control Strategies

Abstract

We proposed a fractional-order derivative model for Ebola virus disease (EVD) to assess
the effects of control strategies on the spread of the disease in the population. The proposed
model incorporates all relevant biological factors, health education campaigns, prevention
measures, and treatment as control strategies. We computed the basic reproduction number
Ro and qualitatively used it to assess the existence of the model states. In particular, we
noted that two equilibrium points exist, the disease-free and endemic equilibrium points
which are both globally stable whenever Ry < 1 and Ry > 1 respectively. We performed
sensitivity analysis on the key parameters that drive the EVD dynamics to determine
their relative importance in EVD transmission and prevalence. Model parameters were
estimated using the 2014 Ebola outbreak in Guinea. Further, numerical simulation results
are presented using fractional Adam-Bashforth-Moulton scheme to support the analytical
findings. From the numerical simulations, we have noted that as o decreases from unit, the
solution profiles of the model attain its stability much faster than at o = 1. Furthermore,
the results demonstrated that the aforementioned control strategies have the potential to

reduce the transmission of EVD in the population.

Keywords: Lyapunov; Control Strategies; Ebola model; Fractional-order derivatives;

Model stability; Data fitting; Model validation.
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1 Introduction

Ebola virus disease (EVD) is a disease caused by Ebola virus in humans and other non-human
primates like gorillas, chimpanzees and duikers. The virus originated in fruit bats and jumped
to humans through animals such as chimpanzees [1, 2]. The disease first appeared in 1976 in
two outbreaks, one in Sudan and the other in Democratic Republic of Congo (DRC). Since
then, the disease has continued to appear in Africa several times, for example, in Ivory Coast
and Gabon in 1994; in Uganda in 2000; in Guinea in 2014; and again in DRC in 2019.

The EVD outbreaks, particularly in Western part of Africa, continue to present substantial
challenges to health and health-care resources in the region and beyond. According to the
World Health organization (WHO), more than 11000 people died in the region between 2013
and 2016 due to the outbreak of EVD [3]. In particular, Sierra Leone alone recorded more
than 14,100 Ebola cases which resulted in over 3900 deaths, and more than 30000 individuals
were quarantined due to possible Ebola exposure [4].

Although several factors such as poor health facilities and highly populated urban areas
have been attributed to perpetuate EVD during an outbreak, funeral and burial practices
anchored in certain traditional and religious practices of the West African communities are
regarded as one of the leading factors that fuel the spread of EVD in the region [5, 6]. As most
communities in West Africa believe in life after death, funeral and burial practices are given a
lot of significance and perceived as crucial steps in transitioning from the world of the living
to the spiritual world [7]. Individuals from this region believe that the transition should be
facilitated by surviving relatives through funeral and burial rituals. Communities perceive that
if the deceased does not attain the elevated rank of ancestral spirit, their spirit may return
and punish the living relatives [6]. Hence, several unique funeral and burial practices that
more often involve excessive contact with a corpse are often performed to appease the dead. In
its global alert and response report of WHO concurred with this assertion by suggesting that
nearly 60% of all Ebola cases in Guinea between 2013 and 2014 were a result of traditional
burial practices [8]. Cognizant of this, it is essential to gain a better and more comprehensive
understanding of the impact of funeral and burial practices during EVD outbreaks to develop
feasible intervention and management strategies. Among the several tools and techniques that
can be used to explore this phenomenon is mathematical modeling.

Mathematical modelling, as a powerful tool in quantifying the complex and numerous

factors, has been widely developed to explore the transmission of EVD [9, 10, 11]. Mathematical
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modeling is described as the conversion of a real problem in a mathematical form. Modeling,
therefore, involves the formulation of the real-life situations or converting the problems in
mathematical explanations to a real or believable situation (see for example [12, 13].

Mathematical models with classical-order differential equations have especially received
great attention (see, [14, 15, 16, 17, 18, 19, 20, 21, 22]) and have widely been used in disease
modeling. However, recent studies suggest that models with integer-order derivatives do not
adequately capture hereditary properties, long-range interactions, and memory effects that
exist in biological systems which have many applications in the fields of science, compared to
fractional-order derivatives [23, 24, 25, 26, 27]. It is documented literature that models that
utilize fractional-order derivatives capture hereditary properties, memory effects, and enlarge
the region of stability [27]. Previous studies suggest that without memory effects evolution
and control of diseases in communities can not be considered [28]. In particular, whenever
the disease spreads in societies, humans gain experience which influence in control of spread
disease in the community [27, 29]. Additionally, cell membrane of living organisms contain
some fractional order-electrical conductance which are classified in groups of fractional order
models [23, 28].

Recently, Ivan et al. [30], Muhammad et al. [31], Dokuyucua and Dutta [32], Farman et
al.[33], Singh[34] and Pan et al. [35] used the fractional-order derivatives to study the effect
of memory on EVD dynamics. Dokuyucua and Dutta [32] utilised Caputo fractional-order
differential equations without singular kernel to explore the effects of memory on spread of
Ebola in Africa. Among several other outcomes, they found out that their model solution-
s were in agreement with reality. Muhammad et al. [31] proposed and studied a nonlinear
time-fractional mathematical model of the Ebola Virus to understand the outbreak of dis-
ease in the community. Their model analysis included both Caputo and Atangana Baleanu
fractional derivative operators to solve the solution of the system of fractional differential e-
quations. One of the key findings from their work was that fractional-order derivative showed
significant changes and memory effects compared to classical-order derivatives. Farman et
al. [33] studied a nonlinear fractional order Ebola virus mathematical model to explore the
effects control strategies on the spread of disease in the population. They used Laplace with
Adomian Decomposition to solved the fractional differential systems. Their results revealed
that, as the order of derivative decreased, the disease died out in the population. Area et al.
[30] used both classical and fractional order Ebola epidemic model to fit the real data of Ebola

cases reported in Guinea, Liberia and Sierra Leone. In numerical simulations, they found that
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the fractional-order model gave a better prediction of the disease compared to classical order
derivatives. Mathematical studies of fractional order differential equations in disease modeling
are also found in [28, 36, 37, 38, 39, 40, 41, 42] and the references therein.

Mathematical modelling, as a powerful tool in quantifying the complex and numerous
factors, has widely been developed to explore the transmission dynamics of EVD [9, 10, 11].
One of the emerging areas in biological research is to understand the role of memory effects on
the short and long-term dynamics of infectious diseases. Thus, in this study a mathematical
model for EVD based on Fractional Calculus is proposed and analyzed. Although this is not the
first study to incorporate Fractional Calculus in analyzing EVD transmission (see, for example
[30, 34, 43], the proposed model is unique from those in literature in that it also incorporates
the direct and indirect disease transmission rates, and effects of cultural beliefs and educational
campaigns on funeral and burial practices. Here, EVD transmission rate is being modeled by
the mass action incidence which is appropriate when the population is not too large [44]. One
of the most commonly performed funeral rituals, which significantly contributes to the spread
of Ebola, is the washing and cleaning of dead bodies. Another burial ritual involves relatives
of the deceased washing their hands in a common bowl after which they touch the face of
the deceased in what is perceived as a ‘love touch’ that cements unity between the living and
ancestral spirits [45]. We assume that the transmission rate of EVD is dependent on the size of
the population attending funerals and the burial practices which implies that the contact rate
is an increasing function of the population. The mass action incidence is density- dependent
since contact rate per infective is proportional to the density of infectious hosts.

Motivated by the above-mentioned works, we derive a fractional-order model for EVD
based on the Caputo derivative. The choice of Caputo derivative is also aided by the fact
that the Caputo derivative for a given function which is constant is zero. Thus, the Caputo
operator computes an ordinary differential equation, followed by a fractional integral to obtain
the desired order of fractional derivative [37, 46, 47]. Most importantly, the Caputo fractional
derivative allows the use of local initial conditions to be included in the derivation of the model
[29, 34, 47, 48].

In Section 2, we present the preliminaries on the Caputo fractional calculus. The proposed
model and analytical results are presented in Section 3. In Section 4, the numerical simulations
are done to verify the theoretical results presented in the study. Finally, a concluding remark

rounds up the paper.
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2 Preliminary Results

The basic idea of fractional order derivative was first initiated by Riemann and Liouville, and
another by Caputo which is based on the exponential kernel. The main advantage of Caputo
fractional order derivative over Riemann-Liouville fractional operator is that: Caputo fractional
order derivative provides standard initial conditions which have clear physical interpretation of
the problem. Besides, Caputo fractional order derivative is bounded, meaning that the deriva-
tive of any constant function is zero. Motivated by the benefits of Caputo fractional operator
over the other operators, the proposed model in this study is based on the Caputo fractional

derivatives which is an important tool for describing the memory and heredity properties.

2.1 Mathematical concepts of fractional order

In this section we start with mathematical concepts of of Caputo fractional order derivatives
which will be used in analysis of proposed Ebola model (see,[28, 49]). The details can be
obtained in Appendix A.

3 Description of Model and Analytical Results

Motivated by the works in [9, 10, 11, 30, 43, 34], we are concerned with the impact of ed-
ucational campaigns on funeral and burial practices. We subdivide the total population of
humans N (t) into categories of: susceptible population unaware of the disease fighting means
S(t), susceptible population aware of the disease fighting means F(t); infected individuals who
are displaying clinical signs of the disease and are infectious I(t), individuals who have recov-
ered from infection R(t), and the deceased population D(t). Let P(t) denote the pathogen
population in the environment.

The EVD transmission rate is modeled by the mass action incidence which is appropriate
when N (t) is not too large [44]. We assume that the transmission rate is dependent on the
size of the population which implies that the contact rate is an increasing function of the
population. The mass action incidence is density- dependent since the contact rate per infective
is proportional to the density of the infectious host.

The proposed fractional-order derivatives EVD model is given by:
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D S(t) = A= (Bul(t) + B2D(t) + AP(1))S(t) + ¢E(t) — (n+¢)S(1),
DRE@®) = $S(t) —~(Bil(t) + F2D(t) + AP() E(t) — (¢ + p)E(1),

DiI(t) = (BI(t) + B2D(t) + AP(1))(S(t) + vE(t)) — (n+ 0 + 6)I(t), )
DR R(t) = ol(t) — pR(t),

DiD(t) = (u+6)I(t) —eD(2),

Dg P(t) = pI(t)+0D(t) — (1 +n)P(1), )

where Df; denotes the Caputo-fractional calculus and o with 0 < a < 1 is the fractional order.
The model flow diagram is depicted in Figure 1.

Additional biological and epidemiological assumptions that govern the model (1) are::

(i) Model (1) exhibits some time dimension problems between left-and right-hand sides of
the equations. On the left, the dimension is (time)~“, whereas on the right-hand side
the dimension is (time)~!. To balance the model, the corrected system corresponding to
model (1) is as follows:

\

DRS(t) = A% — (BI(t) + BD(t) + X2P(1)S(t) + ¢*B(t) — (u* + v*)S(0),
DRE() = veS(t) — A (BI(E) + B3 D(E) + A P)E(t) — (6° + u®) E(t),
DRI() = (BYI() +BED(E) + N P(1))(S(t) + 1 E(t)) — (u +0® +6°)I(1),

D%R(t) = o%I(t) — p*R(1),
D(t) = (u*+d*)I(t) —e*D(2t),
Dy P(t) = pI(t)+6*D(t) — (7™ + n*)P(¢),

(2)

(ii) All new recruits are assumed to be susceptible and unaware of the disease and recruited
at the rate A. Natural mortality occurs at the rate u. Meanwhile, the susceptible
populations are educated at the rate 1 per-day and some educated populations can stop
following the preventive measures at the rate ¢. There is evidence in [50, 51] that Ebola
outbreak can last for more than two years which allows the demographic process to take
place. Therefore, we have included vital dynamics in our model since the 2014 Ebola

outbreak in Guinea.

(iii) Susceptible unaware individuals become aware of the infection through educational cam-
paigns at the rate . Due to memory fading and/or carelessness, susceptible aware

individuals become unaware individuals at the rate ¢:



166

168

169

170

171

172

173

174

175

176

178

179

180

181

182

184

185

(iv) Susceptible individuals are assumed to acquire the infection either directly (through con-
tact with either infectious individuals or deceased EVD patients) or, indirectly through
contaminated environment. Model parameters 31, 82 and A account for disease transmis-
sion when susceptible individuals come into contact with infectious individuals, deceased
patients and the environment respectively. Susceptible aware individuals are assumed
to have reduced chances of contracting the disease, modeled by 0 < v < 1, where ~ is
the disease modification factor that accounts for the impact of educational campaigns on

disease transmission.

(v) Infected individuals either recover from infection permanently (at the rate o) or, succumb
to disease-related death at the rate . The deceased individual are buried after ¢! days.
Infectious and deceased EVD patients contaminate the environment at the rates p and 6,
respectively. The population of pathogens in the environment decreases due to natural

decay (at the rate 7 ) or decontamination (at the rate 7).

nE

(B, + ByD + AP )yE

al R

Figure 1: Flow chart for Ebola virus disease

3.1 Non-negativity and boundedness of model solutions

Since model (2) investigate human population, it is important to demonstrate that all model
solutions are bounded and positive for all ¢ > 0. From the computations presented in Appendix

B we obtained the following results.

Theorem 3.1. Model (2) has unique and non-negative solutions which turn into region T'y as

t — oo, where 'y is defined by: T'y = < (S(t), E(t),1(t), R(t), D(t), P(t)) € RS; S(t) + E(t) +

I(t)+ R(t) + D(t) + P(t) =N = ~—,D = pP=

A2 ('uoa_i_(sa)Aa EapozAa_i_ga(ua_{_éa)Aa
Ma ) Maea ’ Maea (Ta + na)
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3.2 The Basic Reproduction Number

In this section, we study the basic reproduction number and the existence of a disease-free equi-
librium and an endemic equilibrium of the model (2). The model (2) always has a disease-free
AOC (63 (6
equilibrium €0 = (S°, E°, 19, D°, P, R°) = (S°, E°,0,0,0,0), with S° = (P2 +p)
P + 9% + %)

= . By means of the next gen-
P + 9% + 9 O+ o ) ¢
eration matrix (see, for example, van den Driessche and Watmough [18], one obtains the basic

,and SO + B0 =

reproduction number of the model (2) as follows:

(8947 E)BY | (S0 + 7 EO) (" +5°)8 (S0 7 B0 (u* + 6

Ry =
0 (Iua_'_o-a_‘_éa) GQ(MO‘—FO'O‘—F(SQ) ea(7a+na)(ua+aa+5a)

(SO +,yaEO)pa)\a
(7% +n)(p + 0 + 69)

3)

Biologically, the basic reproduction number Ry represents the average number of new or
secondary EVD infections caused by the introduction of an infectious individual into a to-
tally susceptible population. It follows that model (2) has a disease-free equilibrium point
E0 = (SO E°, 1°, D% P° R) which exists whenever Rg < 1 and it provides a criterion for the
extinction of the disease. In addition to the disease-free equilibrium £°, the model (2) has a
unique endemic equilibrium point £* = (S*, E*, I*, D*, P*, R*), which exists whenever Ry > 1,
the EVD infection persists, where:

Ay (BT + B3 D™ + X" P*) 4 (u” + ¢%)]

S* = ,
ning — P«

(4)

ning — P’

with 7y = [(B{+ 85 D*+ 7 P*) + (4 +4)] and np = [y (87" + B§ D" + X*P*) + (1 + ¢°)]

()

MOC + 50()[*

O(I*
o P

, R = —, and

I
port 0% (40 I”
(To+n%) (4%

EOL

P =

Substituting equation (6) into the third equation in (2), gives:

ﬂg(ua_i_(sa)l*(S* +,.)/aE*) +)\apal*(s*+,yaE*)

QE (G a prx
1 ( +7 )+ o (Ta +na)

+)\a9a(ﬂa +6o¢)[*(5* +,yaE*)

— (U + 0™ + 64)I* = 0. 7
EO‘(TO‘—F?]O‘) (/”L +o + ) ()



28 From (31), we have:

BRI (S* +9°E%) | B8 +0°)"(S* +9°E%) | ApI*(S* +7°E")
(Iua—FO'a—l-éa) Ea(ﬂa—l—aa—kéa) (Ta+77a)(,ua+0'a—|-5a)

)\a@a(ua_i_(sa)f*(s*_i_,yaE*)
209 60‘(70‘4—770‘)(#“4-00‘4-50‘)

— 1) X(p* 4+ 0%+ 6% I =0.

o It follows that:

2

=

211 I*=0, or
212
213 (S +7"E ) = ( d )(M )7 (8)

r

o with r = e (7Y +n) + BIn* (u® + 6%) + A% p™ + YA\ (u™ 4 §¢). Substituting the value of

2

=

25 S* and E* into (32), yields:
216 g(I*) = A(I*)* + BI* 4 C, (9)

217 where:

(73 00[ Of_’_é(l 2
P n ( )

A = EQTQ+T]Q Ma+o_a_’_5a,ya)\2ax
( )( ) (Ta'i_’r/a) ea(7a+77a)

(1% 417" + 0 + 87 B (u” + 6°)?
60{

(T ) (4 0%+ 5B+

+2(7% + ) (u* + 0% + %) (U™ + )Y BL BT + 29 BIAY (u* + o + %) (p¥e* + 0% (u”

90( o 504
+0Y)) + 29*BINY (U + 0@ + ) (u® + 6% x <pa+(“€a+ )>,
M
B = o, « a a (e YR AN
Y +(1U’ +¢ +’717Z)) Ea(Ta+na)(Ma+O—a+5a):|

X (1 0% 4 8T [BTE (1 %) B (T + ) (1 4 0%) + A+ 07N (u + 5%,

C = ept (T +n") (" + 0% +6%)(u* + ¢ +¢%) [1 = Rol , where,

as M = AP (T +0%) + By (77 +0%) (1 + 6%) + A% p™ + 09N (1 + 6%)).

210 Using the fact that all parameters in the model (2) are positive for ¢ > 0, it follows from

20 Equation (9) that A > 0. Furthermore, C > 0 when Ry < 1. Therefore, the number of
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225

possible positive real roots of the polynomial (9) hinges on the signs of B and C. By applying
the Descartes rule of signs on the polynomial (9) g(I*) = 0, given in (9), we list the various

possibilities for the roots of g(I*) in Table 1:

Table 1: Number of various possibilities for the roots of g(I*) for Ry < 1 and Ry > 1.

Case | A | B Ro No. of sign changes | No. of various possibilities for the roots
1 + |+ |+ | Ro<1|O 0

2 +|+ |- | Ro>1 |1 1

3 + - |+ |Ro<1|2 0,2

4 +1- |- |Ro>1|1 1

Based on the various possibilities in Table 1, we have the following results:

Theorem 3.2. The model (2) admits that:

226 (1) a unique endemic equilibrium E* if Ro > 1 and Cases 2 and 4 are satisfied,

227 (i) more than one endemic equilibrium if Ro < 1 part of Case 3 holds,

208 (iii) no endemic equilibrium if Ry < 1, and Cases 1 and part of Case 3 are satisfied.

229

230

231

232

233

234

235

236

3.3 Global Stability

In this section, we are concerned with the global stability of the disease-free equilibrium £° =
(S° EY,0,0,0,0) and the endemic equilibrium £* = (S*, E*, I*, D*, P*, R*) of the model (2).
To investigate the global stability of the model steady states we will construct appropriate
Lyapunov functionals. Since the recovered/removed population does not contribute to the
generation of secondary infections one can ignore that fourth equation of model (2) when

examining the global stability and consider the following reduced system:

D S(t) = A —(BTI(t) + BsD(t) + A*P(t))S(t) + ¢ E(t) — m1S(t),

DRE() = ¢*S(t) —y*(BY1(t) + B D(t) + A*P)E(t) — maE(t),

DiI(t) = [(BYL(t) + B3 D(t) + A*P(t))S(t) +y*(BTL(t) + B3 D(t) + A*P)E(t)] (10)
—mgI(t),

DED(t) = myl(t) —e*D(t),

D P(t) = p*I(t) +0°D(t) — msP(t),

10



237

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

261

262

with my = (u*+9%), ma = (¢“+n*) , ms = (u*+0*+56%), mg = (u*+5%), and ms = (74+n%).
To investigate the global stability of the disease-free equilibrium point £° and the endemic
equilibrium £* of model (10), we utilize the Lyapunov function whose origin is ecology but
was extended to epidemiology models and then effectively applied to a variety of compartment
models (see for example [56] ).

We begin by introducing the following definition of positive definite function (see, [57]) that

we use to develop the Lyapunov’s function.

Definition 1. (Positive definite function [57/) Let V(t) : R® — R be a continuously

differentiable real valued function. Then V(t) is said to be positive definite function if:
1. V(%) =0, and:
2. V(t) >0 for all t # t°

Theorem 3.3. (Fractional La-Salle invariance principle [28, 49]). Let z* € T' C R"™ be
an equilibrium point for the non-autonomous fractional order system Di = f(t,x). Let L :

[0,00) x ' = R be a continuously differentiable function such that:
Mi(z) < L(t, 2(t)) < Ma(x)
and:
Dy L(t, (1)) < —Ms(x),

for all a € (0,1) and all x € T, where My(z), Ma(z) and Msz(x) are continuous positive

definite functions on I'. Then the equilibrium point x* is uniformly asymptotically stable.

Now using Theorem (3.3) we will show that the disease-free equilibrium £° and the endemic

equilibrium point £* of system (10) are globally asymptotically stable

Theorem 3.4. For o € (0,1], the disease-free equilibrium E° of system (10) is globally asymp-

totically stable whenever Ry < 1.

Proof. Consider the following appropriate Lyapunov function:

V(t) = (B? J OEma | 67X Tma | AT )I(t) + (3 + '9a)‘a>D(t) M P,

ms €*ms €“msms  Mmzms
Then the time fractional order derivative of V(t) along solutions of model (10):

ﬁ BSmy 0N my n A% p<

ms €*myg €*msms msms

DpV(t) = < ) X (ﬂf‘[(t) + B3 D(t) + )\O‘P(t)>

11



X (S(t) +’Y“E(t)> - ( TI(t) + B3 D(t) + )\O‘P(t)>
_ [(ﬁ% + /{%m‘* + HZAam“ A ) X (S(t) +7°‘E(t)> . 1]
ms €"Mms €“Msms msimnsg

X[B? (t) + B3 D(t) + A*P(t) |-

; 0 0 0 0 _ A%(PM+p+y2y) .
Since S° < S(t), E° < E(t), (S +7°E” = —Setaaten ) for t > 0 we have:

V(t) < [(55!+ﬁ§‘m4+ 0%\ ¥my 4 )\apa> y (Aa(¢a+#a+7a¢a)> _1]

Da
fo m3  €¥m3z  €@msms  Mmzms3 pE(p + ¢~ + )

X [Bi"f(t) + By D(t) + A P(1)

=

Therefore, Di V(t) < 0 holds if Rp < 1. Furthermore if Rg = 1, D V(t) = 0 if and only
if S(t) = S° E(t) = E° I(t) = D(t) = P(t) = 0. Thus, the largest compact invariant

BTI) + B D(t) + A" P(t) | (11)

set in Uy = {(S%, E°,0,0,0) € T': D V(t) =0} is a singleton set containing the disease-free
equilibrium £°. Therefore, by Theorem (3.3), we conclude that the disease-free equilibrium is

globally asymptotically stable in I'. O

Next, we investigate the global stability of the endemic equilibrium point £* of model (10)

when Ry > 1.

Theorem 3.5. For a € (0,1], whenever Ry > 1, then model (10) has a globally asymptotically

stable endemic equilibrium point £*.

Proof. Let us consider the following appropriate Lyapunov function:

wi = {sw-s - sm (S0 Lo - w (B0)]

n I(t)>}+[ SzD*( aI*+0aD*)+)\aP*0aD*] (S* +")/aE*)

et e
D(t) - D* — D*In + i
{ |

a[* + 69D
P(t) — P* — <P(t)>

X

X i

12



278 The time fractional order derivatives of W(t) are given by:

DEW(t) = (L—;Zﬂlﬁﬁ@)+<1—l§;)D%E@%+@n—é;)D%HQ
[ aD*(paI*+9aD*)+)\aP*6aD*] . ok D* o
: myI*[p*I* + 62 D*] S E)<1_’D@))DWLK“
AO{P*(S*—F")/QE*) P* o
279 + [,OO‘I*+90‘D*] (1_ P(t)>DtoP(t)' (13)

20 Substituting the appropriate derivatives according to equations (10), we have:

S*
S(t)

Dew(t) = {1— o H{wS () = (B71(8) + BS D(t) + A P)E(®) - (6 + u*)E(t)}

+{1—;§i}{¢05@)—¢aE@)—uaE—JWB?(ﬂE@)—wﬂﬁﬁDﬂ0£Xﬂ}

E(t)
+{1- f(;}{[ww) + B8 D(t) + X*P(1)S(t) + v (BR1(¢) + B3 D(t)
+AP)E(t)]

[ S‘D*(paI*+9aD*)+)\aP*0aD*] (S*—i-’}/aE*)
m4l*[pal*+9aD*]

(% o 6M)I(1) |+

1~ lf(;}{muaa)m)—eam)}ﬁa[f;f +;va5]'> {1-35)

<{°1(t) +6°D(t) = (= + ") P(D)}. (14)

283 At endemic equilibrium, we have:

Ae = BOI*S* 4 B9 DS+ \UPS* 4 pOS* + St — ¢ E*,
Yo S = GB* + p*E* + BT E(t) + 7° B3 D E* + 4 \*P*E*,
(U™ + 0% +8)* = BPI*S* + B9 D*S* + \*P*S* 4B I*E* + B3 D*E* 5)
YN PHE®,
c*D” = (u*+ 09I,
284 (7% + %) P* = pI* +0°D".

255 Using the above constants at endemic equilibrium, we have:

S@) s

S+ 5

S(t) E*
S* Et)

DEW() = (o 1S {2 b a3 -

S@) B

5+ E@)}+¢0E*{2__su) B S*.E@)}
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NPUST I g, ST () Pr P 1T S(Y)
(pO‘I*—i-QO‘D*){ CS(t)y I P(t) P I(t) S }

VAN P* E* p T* { S It) P* S() E* Pl I’ E(t)}
(pal*+9aD*) : : :

+A°‘P*S*0“D*{ 8 I D* D{) P P(t) I’ S(t)}
(,OO‘I*—FQO‘D*) : :

O\ P* E*0* D* { _8* I(t) D* D) P* S(t) E
(pal*+9aD*) '

Pt) I* E(t)
P I(t) E*

Visgern s 5

(S S®) E* I D* D) I' E®)
D {4 SO~ S E@® I DO D It) B D)

By the property that the arithmetic mean is greater than or equal to the geometric mean:

s s s B S BEW) sw B S B
S Tswy S B TSw B S s B T S® T B

s* It) D* D@ P* St E* P{) I* E(t)
SSo T T Do T D PW S E@  PI0) B

s, S(t) B 1) D* D) I" B

‘st BT Tt DT B

for all S(t) > 0, E(t) > 0, I(t) > 0, D(t) > 0 and P(t) > 0, because the arithmetic mean is
greater than or equal to the geometric mean. Hence W(t) < 0 and consequently, D W(t) < 0.
Moreover, the largest compact invariant set in Us = {(S*, E*, I*,D*,P*) e T': DgW(t) = O}
is a singleton set containing the endemic equilibrium £*, where S(t) = S*, E(t) = E*, I(t) = I*,
D(t) = D*, and P(t) = P*. Using Theorem (3.3), we conclude that the endemic equilibrium

point £* is globally asymptotically stable if Rg > 1. O
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4 Numerical Simulations and Discussions

In this section, we performed the numerical simulations of the model (2) to justify the analytical
results. Most of the parameter values which are not available in literature have been estimated
within the reasonable realistic situation, the cumulative number of EVD monthly cases from
March to August of the 2014 Ebola outbreak in Guinea was utilized (see [9]). We performed
the numerical simulations using fractional Adam-Bashforth-Moulton scheme [47] as illustrated
in equation (17):

For any differential equation:
Dy x(t) = g(t,x(t)), 0<t<T, (17)
with the following initial conditions:
2(0)=ab, i=0,1,2,3,..[a] — 1. (18)

Operating by the fractional integral operator on equation (17) we obtain the solution z(t) by
solving equation (19):

[a] -1

z(t) = > ":—f)t“r r(la)/o (t — 1) Lg(r, z(7))dr. (19)

i=0
Diethelm [58] used the predictor-corrector scheme based on the Adam-Bashforth-Moulton algo-
rithm to numerically solve equation (19). Setting h = %, tn =nh,andn=0,1,2,3,.N € Z*,
we discretized equation (19) as a fractional variant of the one step Adam-Bashforth-Moulton

scheme as shown in equation (20):

|a]—1 xi Bo n
_ 0,
zh(tni1) = ; o1 bt Ta+t2) Zo agn+19(tq: Tq)
+mg(tn+la xﬁ+1)7 (20)
ntt — (n —a)(n+ a)®, qg=0,
where: agni1 =< (n—q+2)%" +(n—q)* —2(n—-qg+1)*T,  1<qg<n,
1, qg=n-+1,

and the predicted value 2 (t,,41) is determined by:

laf=1 n
Tq . 1
xh(tn+l) — Z T?t%_g_l + m qu,n+lg(tq)xh(tq))’ (21)
i=0 q=0
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with:

e

by1 = —((n+1-q)" = (n—q)*. (22)
The error estimate is:
_ — P 2
s [o(t,) ~ antg)| = O(R?), (23)

with £ € N and p = min(2,1 + «).

4.1 Application of Adam-Bashforth-Moulton Scheme to the proposed mod-

el

Most of the fractional order derivatives a € (0, 1) that describe the real-world problems are
highly complicated and difficult to obtain its numerical approximations due to the existence of
their non-local in nature compared to the integer order derivatives. Adam-Bashforth-Moulton
scheme have been recognized as a powerful numerical scheme to solve nonlinear fractional order
problems due to its stability compared to other methods. Therefore, in this section we utilize
the Adam-Bashforth-Moulton scheme to numerically solve the nonlinear fractional model (2).
In the view to the generalized Adam-Bashforth-Moulton scheme, the proposed model (2) has

the following form:
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344

345

S(tn—f—l)

E(tn-H) =

I(tn—i—l )

R(tm—l)

D(thrl) =

P(tn—i-l )

= I+

= Ry+

— P0+

hOé

So + F(Ox + 2) (A - (5?Ip(tn+l) + BSDp(th) + )\aPp(tn+1))Sp(tn+1)
+o* Ep( n+1) mySP(t n+1))
a+2 Zaq nt (A = (BT (tg) + B3 D(tg) + X*P(ty))S (tg)

+o E(t ) m15( 0):
Tla+2) (VP (tng1) — ¥ (BT (tng1) + B3 DP (tns1)

+/\aPp( 1)) EP (tns1) — moEP (tn11))

n

Qg n+1 w S ’Ya(ﬁ?f(trﬂ + /BSD(tq)

D(a+2) ~
FACP(t, )2E(t J) — maE(ty)),
F(h) ([(BYIP(tnt1) + BSDP(tnr1) + A" PP (tn11))SP (tn 1)

Y (BEIP(tng1) + BSDP(tyi1) + APP (tn41)) EP (tns1)] — malP (tns1))

+F(Oil:2) qz% agn+1([(BTI(tg) + B3 D(tg) + X" P(tq))S(tq)

(BRI (tg) + By D(ty) + A*P(ty)) E(ty)] — m3l(ty))
P(oil gy (O () = R ()

+F(oiljr22aqn+1 o1(ty) — n“R(ty))

Dy + F( h+ 3 (maI?(tpi1) — € DP(tny1))
Oéj—Q ZO qn+1 m4I tq — € D(tq))
m(ﬂ IP(tns1) + 0°DP (tn41) — ms PP (tns1))
hOt

+mzaqn+1 p1(ty) +0°D(ty) — msP(tg)),
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46 where:

n

S(tus1) = So+ F*(La) ; buner (A" — (BRI (t) + BSD(t) + A"P(t,))S(t,)
OB (ty) —miS(ty)).

P(tis1) = Pot s z:bq,nﬂ (°S(t) — 1 (81(t,) + B5D(t,)
+/\aP(tq))Z7_(tq) —maB(ty)),

R ZO bt ((521(t3) + B3 Dtg) + XP(1)S(t,)
Y2 (BRI(ty) + B3 D(ty) + A°P(t,) E(ty)] — mal(t,)

he &
RP(tni1) = Ro+ =Y bant1(0"I(ty) — n“Rlty))
I(a) =

Dp(tn+1) = Dg+ I‘}za) Z bq7n+1 (m4I(tq) — EaD(tq))
q=0

PP(tpy1) = Po+ F}éZ) Z bgnt1(p*1(tg) + 0°D(tg) — msP(tq)).
q=0

347

us In simulating the model (2) we assume the initial condition that S(0) = 10000, FE(0) =
w290, I(0)=10, R(0)=50, D(0)=0 and P(0)=0.
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Table 2: Parameters and values

Symbol  Definition Range/ Value Units Source

) Disease death rate 0.4-0.9 day™' [50, 59, 60]

n Environmental decontamination rate 0.06 day~! fitted

b1 Transmission rate of infectious humans variable day=! [59, 61, 62]

B Transmission rate of deceased humans  variable day™'  [60, 62]

A Transmission rate of Ebola virus variable day~t fitted

T Pathogen decay rate (0, 00) day=1 [63, 64]

p Shading rate of infectious humans 0.0004 day™' fitted
Shading rate of deceased humans 0.004 day~! fitted

€ Burial rate of deceased humans (0,1) day=!  [62, 65]

L Natural death rate (0,1) day™'  [66]

[0 Lost of education rate 0.025 day~! fitted

vy Modification factor 0.7 - fitted

A Recruitment rate variable day~' fitted

P Education rate 0.31 day~! fitted

o Recovery rate of humans (0,1) day=' [59, 61, 62]

4.2 Sensitivity Analysis

In this section, we perform the sensitivity analysis of the model (2). The threshold quantity Rg
known as basic reproduction number is an important parameter to determine the persistence
and extinction of EVD in the population. Parameter values of the Ebola model in Equation
(2) taken from literature as presented in Table 2 and while some are estimated, therefore,
sensitivity analysis will be useful on identifying parameters with greatest influence to change

the magnitude of threshold quantity Ry.

Definition 2. (See, [67]) The normalized sensitivity index of Ro which depends on differen-

tiability of parameter w is defined as equation (26):

ORg w

PpRo — i 26
=R (26)

where w is the generic parameter of system (2).
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Table 3: Sensitivity index of the model (2)

Parameter B B2 A ¢
Index +0.4154 | +0.371 | +0.2125 | 40.0106
Parameter o 0 p 0
Index -0.0107 | -0.2939 | +0.0023 | 4+0.2102
Parameter P W ol
Index -0.0154 | -0.1054 | —0.1579
Parameter T n €
Index -0.008 0 -0.5823
06
04+
¢ 02}
c
6
o 0
Q
14
i

027

047

-0.6“‘
5132)(]‘)1,/)#’)’0(5/)07'7]6

Model Parameters

Figure 2: Sensitivity index of the model (2)

We observed that model parameters such as 1, 82, A, ¢, p, and 6, have a positive influence
on the magnitude of Ry, that is, whenever they are increased, the magnitude of R increases.
In Figure 2 it can be observed that an increase in the values of 51, B2, A, ¢, p, and 6 by
10% increases the magnitude of Rg by 4.154%, 3.721%, 2.125%, 0.106%, 0.023%, and 2.102%,
respectively. While model parameters with negative index values have a negative influence on
the magnitude of Ry an increase in the values of ¥, u, v, o, §, 7 and € by 10% decreases the
magnitude of Rg by 0.154%, 1.054%, 1.579%, 0.107%, 2.939%, 0.08%, and 5.823%, respectively.
These results suggest that the burial rate of deceased humans e, has the highest negative

influence on the magnitude of Rg. In addition, an increase in the indirect transmission rate of
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Ebola virus A, increases the magnitude of Rg.
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Figure 3: Numerical results of model (2) showing effects of varying (a) burial rate of deceased
humans ¢, on Ry (b) pathogen decay rate of Ebola virus 7, on Ry (c¢) transmission rate from
infectious human /31, on Ry (d) transmission rate of deceased humans 2, on Ry (e) transmission

rate of Ebola virus A, on R (f) shading rate of deceased humans 6, on Ry.

We simulated model (2) to evaluate the effects of (a) burial rate of deceased humans ¢, on
Ro, at different values of €, (b) pathogen decay rate of Ebola virus 7, on Ry, at different

values of 7, (¢) transmission rate from infectious human 1, on Ry, at different values of (;

21



375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

(d) transmission rate of deceased humans f2, on Ry, at different values of f2, (e) transmission
rate of Ebola virus A, on Ry, at different values of A (f) shading rate of deceased humans 6,
on Ry, at different values of #. The other parameters are fixed in all cases as in Table 3.

The numerical results in Figure 3 (a) show burial rate of deceased humans €, on R. We noted
that increasing the burial rate on the deceased humans reduces the size of Rg. Additionally,
whenever € is greater than 0.02, the EVD dies in the community. In Figure 3 (b), we assess
the effect of pathogen decay rate of Ebola virus 7, on Rg. We noted that whenever 7 > 0.01,
the disease dies in the population. The numerical results in Figure 3 (c) show transmission
rate from infectious 51, on Rg. We noted that increasing the transmission rate from infectious
human increases the magnitude of Ry. In particular, whenever 3y is greater than 0.025, the
disease persists in the community. In Figure 3 (d), we investigated the influence of transmission
rate of deceased humans (2, on Rg. We observed that whenever 85 > 0.02, the disease persists
in the population. The numerical results in Figure 3 (e) show transmission rate of Ebola virus
A, on Rg. We observed that increasing the transmission rate of Ebola virus increases the size
of Rg. In particular, whenever A is greater than 0.1, the disease persists in the community. In
Figure 3 (f), we investigated the influence of shading rate of deceased humans 6, on Ry. We

noted that whenever 6 > 0.03, the disease persists in the community.

;
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Figure 4: Numerical results of model (2) showing contour graph of R as the function of pre-
vention measures and educational campaigns. We simulated the model (2) at e = 0.074, ¢ =

0.0004, S =1x1078 and By =9.7 x 1076.

Figure 4 shows the contour graph of R as the function of educational campaigns and prevention
measures. We simulated the model (2) at ¢ = 0.074, ¢ = 0.0004, B; = 1 x 1078, and
B2 = 9.7 x 1075, The results showed that as the rate of prevention measures and educational

campaigns increases, the value of Ry decreases. This shows that both prevention measures
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and educational campaigns have the potential to reduce the spread of EVD in the community.
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Figure 5: Numerical results of model (2) showing contour graph of Ry as the function of

1

0.8
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0.2

prevention measures and treatment of infected individuals. We simulated the model (2) at

e=0.08, 1% =0.025, B1=1x10"% and By =9.7 x 1076.

Figure 5 shows the contour graph of Rg as the function of prevention measures and recovery rate
due to the treatment of infected individuals . We simulated the model (2) at e = 0.08, ¢ =
0.025, B1=1x10"%, and By = 9.7 x 1076, We observe that increasing the rate of prevention
measures and recovery rate due to the treatment of infected individuals lead to decreased
magnitude of Rg. This demonstrates the effect of prevention measures and treatment of

infected individuals in reducing the transmission of Ebola in the population.

2
15
15
m@
1 1
0.5
1 05
1
05 05
g 0 o (0

Figure 6: Mesh plot of Ry as the function of educational campaigns and recovery rate due
to the treatment of infected individuals. We simulated the model (2) at e = 0.094, ¢ =
0.071, B1=1x10"% and B = 9.7 x 1076,
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Figure 6 shows the mesh plot of R as the function of educational campaigns and recovery rate
due to the treatment of infected individuals . We simulated the model (2) at e = 0.094, ¢ =
0.071, B1=1x10"%, and By = 9.7x1075. It was noted that increasing the rate of educational
campaigns and recovery rate due to the treatment of infected individuals lead to decreased
magnitude of Rg. This demonstrates the effect of educational campaigns and treatment of

infected individuals reduce the transmission of Ebola in the population.

4.3 Parameter Estimation

In this section, we numerically solve the proposed model (2) and estimate the parameters 7,
A, p, 0, ¢, 7y, A, ¢ that minimize the deviation of real data from the prediction model (2) using
the least squares (RMSE) and Nelder mead algorithm techniques, and while the rest are fitted.
The real data of Ebola cases used are reported in [9]. Despite the challenges in model fitting
and parameter estimations, model fitting and parameter estimation in fractional order models
is an integral part in the disease modeling. The present data were reported in Guinea from
22 March to 16 August 2014, and the cumulative new infections predicted by the model (2) is

obtained using the equation (27):
Dy Ct) = (BUI(1) + B2 D(t) + A“P(0))(S(t) + 7 E(1)) (27)

Further, we use the following function to compute the best fitting:

™8
F:Riyapo0ma0) = Rorpoomae) (28)
where 1, A, p, 0, ¢,7v, A, 1) are variables such that:
(1) For a given (n, A\, p, 0, ¢,v, A, 1), solve numerically the model differential equations (2) to
obtain a solution f’z(t) = (5’ JE, IR, P, D) which is an approximation of the reported
Ebola cases Y (t).

(2) Set typ = 1 (the model fitting starts in March 22) and for t = 2,3, ..., 53, corresponding to
the number of weeks where data are available, obtain the computed numerical solution

for i, (t); that is., (1), 1(2), 1(3),....., I(53).

(3) Compute the (RMSE) of the difference between I(1),j,(2), ...., I5(53) and observed cases.
This function F yields the RMSE where

RMSE = % > (I(k) = 1(k))?, (29)
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(4) By using Nelder-Mead algorithm determine a global minimum for the RMSE .

The function F takes values in R® and yields a positive real number, the RMSE that measures
the closeness of the model predictions to the observed data. Using the formula in equation (29),
the RM SE was found to be 0.1353. This shows that the proposed model had 13.53% deviations
from observed values. It concluded that the model was approximately 86.47% efficient. On
performing the fitting process, we assume the following initial conditions S(0) = 1000, E(0) =
290, I(0) =10, R(0) =50, D(0) = 0, and P(0) = 0 and the model parameters in Table (2).

x10%

Fractional order model at oo = 0.83
Integer order model at o =1
® Real data

-
(6]

e
o

Commulative detected cases

0 10 20 30 40 50 60
Time (Days)

Figure 7: The model (2) fitted to Ebola cases reported in Guinea from 22 March to 16 August
2014 at o = 0.83.

Figure 7 shows the cumulative detected cases of Ebola in Guinea. We used the monthly report
of Ebola cases reported in [9] to fit the model (2) at a = 0.83. The results demonstrated
that the model (2) fits well the monthly Ebola cases reported in Guinea from 22 March to 16
August 2014 .
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Figure 8: Numerical results of model 2 (a) shows the real data fitted at different order of

derivatives (b) plots of order derivatives against the sum of square error cumulative (SSEC)

The numerical results in Figure 8 (a) shows the real data fitted with the fractional model at the
order of derivatives a = 0.81, 0.82, 0.83, 0.84, 0.85. We noted that the model had better fit at
a = 0.83. Figure (b), we plotted the variation of order of derivative against the sum of square
error cumulative (SSEC). Overall, the model had minimum sum of square error cumulative at

a = 0.83 which agree with results in Figure (b). Thus, the model had better fits at o = 0.83.

4.4 Numerical Results

Next, we simulate the model (2), we varied different model parameters and the order « of the
caputo operator in order to explain the role of various parameters and memory index on the
disease transmission patterns and control to support the analytical results. We first simulate
the model at Ry > 1, followed by simulation at Ry < 1 to show the dynamics of the disease in

the population.
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Figure 9: Simulation of the model (2) showing the convergence of infected individuals at the

endemic equilibria point.

Figure 9 is a simulation of the model (2) to demonstrate the solution profile of individuals at
the endemic equilibrium point. To explore the effects of different derivative orders, «, on the
dynamics of the disease, we simulated the model at Ry = 1.7520, with the parameter values
in Table 2 for « = 0.5, a = 0.7, « = 0.9, and @« = 1. As we can note, with baseline
values in Table 2, the disease will persist. Firstly, the results show that the variables for

infected epidemiological compartments I(t), D(t), and P(¢) in Figure 9 (b), 9 (c), and 9 (d)
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respectively, will increase the infection gradually and after about 300 days, the infection settle
and attain stability at the endemic equilibrium at I(¢) ~ 1200, D(t) ~ 1050, and P(t) ~ 49.
A Similar pattern are observed for the compartment R(¢) in Figure (9)(e). In addition, the
variables for susceptible epidemiological compartments S(¢), and E(t) in Figure (9)(a), and
(9)(f) respectively, show that susceptibility will decrease gradually and after about 300 days,
the susceptibility settle and attain stability at the endemic equilibrium at S(¢) ~ 600, and
E(t) =~ 290. One can observe that as the value of the fractional-order o approaches unity,
the time taken by model variables to converge to their respective unique endemic equilibrium
point increases. These results agree with the analytical analysis of global stability for endemic
equilibrium point in Theorem 3.4. It was further noted that at the fractional-order derivatives

«, the human population attain its stability faster than at the classical integer.
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Figure 10: Simulation of the model (2) to show the convergence of infected humans and dead
bodies at the disease free equilibrium point. We simulate the model (2) at Ry = 0.6916 with
B1=1x1078, By =9.7x 1075, ¢ = 0.85, ¢» = 0.71. At different values of fractional-order
derivatives, the number of infected individuals generated over the period of 150 days converge

to the disease free equilibrium point.

Figure (10) shows the simulation of the model (2) to demonstrate the convergence of infected
human population to the disease-free equilibrium point. To examine the effects of different
derivative orders, «, on the dynamics of the disease, we simulated the model at Ry = 0.6916,
with B = 1 x 1078, s = 9.7 x 107, ¢ = 0.85, ¢ = 0.71 and the remainder retained the
baseline values in Table 2 for « = 0.5, a=0.7, a=0.9, and a = 1. As we can note, with
baseline values in Table 2, the disease will die. We can note that, the variables for infected epi-
demiological compartments I(¢), and D(¢) in Figure 10 (a), and 10 (b), respectively, show that

the infection will decrease gradually and after about 100 days, the infection settle and attain
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stability at the disease-free equilibrium at I(¢) = 0, and D(¢) = 0. Furthermore, as the value of
the fractional-order oo approaches unity, the time taken by the model variables to converge to
their respective unique disease-free equilibrium point increases. The results demonstrate that
in a long-range interaction of people in the population, all infected individuals converge to one
point which is the disease-free equilibrium point. This agrees with the analytical results on
the existence of global stability for disease-free equilibrium point for the model (2) in Theorem
3.5. Also we have noted that as the fractional-order derivatives « decrease from integer and
infected humans attain stability much faster than at o = 1. This shows the importance of

using fractional-order derivatives in modeling biological systems.

5 Concluding Remarks

In this article, a Caputo derivative model for EVD with intervention strategies is proposed
and analyzed. A Majority of mathematical models for EVD in literature are based on integer-
ordinary differential equations, and much has not been done to investigate the role of memory
effects on EVD dynamics. Thus, the main aim of this study was to develop a more realistic
EVD model that incorporate memory effects. The formulated model subdivides the total
human population based on epidemiological status as susceptible population unaware of the
disease fighting, susceptible population aware of disease fighting; infected individuals who are
clinically displaying signs of the disease and are infectious, individuals who have recovered
from infection, and deceased population. The studied model has an additional compartment
that captures the concentration of pathogens in the environment. We perform the sensitivity
analysis to demonstrate the influence of each parameter on the magnitude of threshold quantity
Ro. The results show that that model parameters such as 51, 52, A, ¢, p, and 6, have a positive
correlation with the magnitude of Ry, that is, whenever they are increased, the magnitude
of Ry increases. Furthermore, an increase in the values of f1, B2, A, ¢, p, and 0 by 10%
will increase the magnitude of Ry by 4.154%, 3.721%, 2.125%, 0.106%, 0.023%, and 2.102%,
respectively. While model parameters with negative index values have a negative correlation
with the magnitude of R, we observed that an increase in the values of ¢, u, v, o, §, 7 and
€ by 10% decreases the magnitude of Rg by 0.154%, 1.054%, 1.579%, 0.107%, 2.939%, 0.08%,
and 5.823%, respectively. These results suggest that the burial rate of deceased humans €, has
the highest negative influence on the magnitude of Rg. In addition, an increase in the indirect

transmission rate of Ebola virus A, will increase the magnitude of Rg.

29


PARIDE
Highlight


509

510

511

512

513

514

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

The analytical results obtained in this study demonstrate that the fractional-order model

has a globally asymptotically stable disease-free equilibrium whenever Ry < 1. However, if
Ro > 1, the fractional-order model has an endemic equilibrium which is globally asymptotically
stable.
Subsequently, we fitted the model parameters with the Ebola cases reported in Guinea from
22 March to 16 August 2014 at o = 0.82,0.83,0.84 and 0.85. From our numerical results,
the model fits well with cases reported and health education campaigns, prevention measures
and treatments have the potential to minimize the spread of Ebola in the population. As the
memory effect o decreases from unity, the solution profiles of the model (2) attain stability
much faster than at & = 1. In addition, the different values of the fractional-order have no effect
on the stability of the model (2) but influence the time taken for stability to be attained. These
results demonstrate the importance of fractional-order over the classical integer in modeling
biological systems.

As the modelling of EVD is not sufficiently developed, this work offers many opportunities
in improvements for future research where the model can be extended to incorporate a patch
structure to account for the circulation of the disease in many countries as it is the case in
Western Africa. In addition we expect to improve this study in the future by developing EVD
model(s) with a time delay that will enable the comparison of the Caputo derivative and time

delay approach
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Appendix A: Mathematical concepts of fractional order

Consider the following differential equation of any dynamical system:

df (t)
T~ s (30)

where § is any constant or parameter. In order to capture the influence of memory effects, we

rewrite the differential equation (30) in terms of dependent integral as follows:

D=5 [ k- (31)

In this case, k(t — &) plays the role of the time dependent kernel and is equivalent to a delta
d(t — &) in a classical Markov process. This type of kernel provides the existence of important
features which exist in real problems. Now let us consider the following power-law correlation
function for k(t — &):

BE—§) = o (6= 6 (32)

MNa-1)

where I'(a) denotes the Gamma function and 0 < o < 1. In this case, the choice of coefficient
I'(ow — 2) and the exponent o — 1 allow to write the differential equation (30) to the form of
fractional order derivative in Caputo sense. Substituting this kernel in (30) the right hand side
of function leads to the fractional integral of order (a — 1) on the interval [b, ], denoted by
v Dy, (a=1), Applying a fractional Caputo derivative of order (o — 1) in (30) and using the fact
that both Caputo fractional derivative and fractional integral are inverse operators, one gets

the following fractional differential equation:
Dy f(t) = g f(t)dt (33)
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where Df! f(t) denotes the Caputo fractional derivative of order a € (0,1), defined for an

arbitrary function f(t) as:

D0~ =y |, o

Thus, the function (34) defines the fractional order derivatives in Caputo sense.

Remarks : Note that, In order to avoid flaws regarding the time dimension, we introduce the «
in parameter § (right-hand side) of the differential equation (33) so that the dimension of the

parameter 3 become (time)~® which agree with the left-hand side of the differential equation.
Definition 3. For the differential equation described in (30)

(i) The trivial solution is said to be stable if, for every tg € R and every € > 0, there exists

d = d(to, €) such that ||z(to)|| < 6 = [|z(t)|] < € for all t > ty.

(ii) The trivial solution is said to be symptomatically stable if it is stable and, for any ty € R

and any € > 0, there exists 0, = 04(to, €) > 0 such that ||z(t)|| < dq — limy_yeo ||z(t)]| =0

(iii) The trivial solution is said to be uniformly stable if it is stable and § = 6(e) > 0 can be

chosen independently of tg.

(iv) The trivial solution is uniformly symptomatically stable if it is uniformly stable and there

exists §, independently of to, such that if ||x(t)|| < dq, then lim;_,o ||z(t)|| = 0.

(11i) The trivial solution is said to be uniformly stable if it is stable and § = §(e) > 0 can be

chosen independently of tg.
(v) The trivial solution is globally symptomatically stable if it is symptomatically stable and
dq can be any arbitrarily large finite number.
Appendix B: Non-negativity and boundedness of model solutions

In this section, we present the existence, uniqueness, positivity and boundedness of the solu-
tions of model (2). We commence our discussion by demonstrating existence and uniqueness
of solutions. Our approach is based on the fixed-point theory. Let B be a Banach space of

real-valued continuous functions defined on an interval Z with the associated norm:
1S, E,I,R,D,P|| =[S+ [E|+ 1] + [ RI + [[D] + | P]] (35)

where [IS| = sup{|S(t)| : ¢ € Z, B = suwp{|E()] : ¢ € T, |I]| = sup{|I(})] : t € T,
IR| = sup{[R(®)| : t € Z, [D|| = sup{|D(®)] : t € T, |P|| = sup{|P(®)] : t € T, and
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T

B=E(I)xET)xET)xEIZ)xEX)xEX) xET), with £(Z) denoting the Banach space
of real-valued continuous functions on Z and the associated sup norm. The model system (2)

can be rewritten in the the following form:

DSt = Gi(t,S),
DEE(t) = Ga(t,E),
DgI(t) = Gs(t 1), 36)
DiR(t) = Ga(t,R),
DED(t) = Gs(t,D),
DiP(t) = Ge(t, P),

By applying the Caputo fractional integral operator, system (36), reduces to the following

integral equation of Volterra type with Caputo fractional integral of order 0 < o < 1,

S()=8(0) = w5 ot =G, S)dx, |

E(t)—E(0) = 55 Jot =) Ga(x, E)dx,

I -10) = g Jolt = x)* ' Galx, Dy, -
R(t) = RO0) = g Jo(t = x)* " Galx, Ddx,

D(t)=D(0) = 55 Jo(t—)"Gs(x, D)dy,

P(t) = P(0) =l Jo(t =)' Go(x, P)dx, |

What follows, we prove that the kernels G;, i = 1, 2, 3,4, 5, 6 fulfill the Lipschitz condition and
contraction under some assumptions. In the following theorem, we have demonstrated for G

and one can easily verify for the remainder.
Theorem 5.1. Let us consider the following inequality
0< (,311614—52]?24-)\/{34-#4—1/1) <1

The kernel G satisfies the Lipschitz condition as well as contraction if the above inequality is

satisfied.

Proof. For S and S; we proceed as below.

1G1(t,8) = Gi(t, S| = || = ((Bik1 + Baka + Meg + p +4)))(S(t) — Si(t))
= (+PNS = Sill + Al + 2D+ AP)[I(S = Sl (38)
Since I(t), D(t) and P(t) are bounded functions, i.e, ||I|| < k1|, ||D|| < k2 and ||P|| < k3, by

the property of norm functions, the above inequality (38) can be written as

1G1(t,5) = Gi(t, S)l| < ml[S(E) =SB, (39)
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77s  where mp
779
condition for the other kernels are
1G2(t, E) — Ga(t, Er )|
1G3(t, I) — Gs(t, Ih) ||
|Ga(t; R) = Ga(t, Ra)|
1G5 (t, D) — Gs(t, D1)|
1Ge(t, P) — Ge(t, P1)||

780

781

782

783 Recursively, the expression in (37)

~50) =

NE)

L)~ 10) = i
Jo
D(0) = ﬁfo
PO) = iy fitt—

75 The difference between successive terms of system (36) in recursive form is given below:

Ru(t) = R(0) = i

784

¢1n - —Sn 1(t)

S ()

b3n = I
- fot
Gan = Rn(t) - Rn—l(t)
= g o
5 = Dn(t) - Dn—l(t)
= oy Jolt~
Pen = Pn(t) - Pn—l(t)
= i Jolt -
5(0), Eo(t

()

t_

t_

7s7  with the initial conditions Sy(t) =

7ss  and Py(t) =

[0 = [ISn(t) = Snr(B)]]

-EO0) = 5k

IN A

IN

IN

ot —
0

o~ o

(
(
(t -
(-
(

t—

Gl (X7 Sn 1)

GQ(X? )_

“HGs(x, In-1) —

G4<X7R )_

GS(X’ )_

X)* N Ge(x, Pa-1) —

)

Py. Taking the norm of the first equation of (42

40

IN

= E(0), Ip(t) = I, Ry(t) =

n2||E(t) —
3l 1(t) —
mal|R(t) —
151D (t) —
n6|| P(t) —

Ev (0],
L),

By ()]l

D@,
a@l, )

can be written as

Jolt -

X)*1G1(x, Sn—1)dx;,

a— 1G2X

(

( n—1)dX;
*LG3(x, In-1)dx,

(

(

(X

X

><

X)*1Ga(x, Rn—1)dx,

) G5(x, Dn—1)dx,

a— 1G6

)
)
)
)
)
X) Pp-1)dy,

N

G1(x, Sn—2))dx,
Ga(x, En—2))dx,
G3(x; In—2))dx,

Ga(x; Rn—2))dx,

G5(X7 Dn—z))dX)

GG(Xa n— 2))dX>

), we obtain

R(0), Do(t) =

= P1k1 + Boko + Aks + o+ 1. Hence for GG the Lipschitz condition is obtained and
if an additionally 0 < B1k; + Bako + Aks + p + ¥ < 1, we obtain a contraction. The Lipschitz

(40)

(41)

(42)

D(0)



- ||F(1a> / (t = 0" (G1(x: Su1) — G (s Sns))dx|

0
1 ¢ 1
< — ) 1) = _ ,
< Foagl [ =07 G i) = Gl S| (13)
700 Applying the Lipschitz condition (39) one gets
1 ! a—1
o [Sn(t) = Sn-1 ()] < 1“(04)771/0 (t—=x)* " [[Sn—1 — Sn—2[ldx. (44)

792 Thus, we have

lom(®) < F(la)m /0 (t = )" g1a(t)ldx. (45)

704 Similarly, for the remainder of the equations in system (2) we have

[ < g Jilt = )% ban(®)ldx.
I6an (] < riyms Jo(t = )% dan(t) .
[ < sy Jalt = 0" ban(®)ldx, (46)
[sn () < g it =02 dsn(®)ldx.
lo6n () <ty it — 07 o (®)ldx,
w6 From (46) one can write
Sult) = Tiioul),  Ealt) =X oult), () = S ésilt), .
Ro(t) = Xiyou(t),  Dalt) =Xy dsilt),  Palt) = Ty dailt),

796 Now, we claim the following result which guaranteed the uniqueness of solution of model (2).

799 Theorem 5.2. The proposed fractional epidemic model (2) has a unique solution fort € [0,T]

soo if the following inequality holds

1 .
N Tt <l = L2t (48)

sz Proof. Earlier we have shown that the kernels conditions given in Egs. (39) and (40) holds.
so3 Thus by considering the Eqs. (46) and (48), and by applying the recursive technique we

s« obtained the succeeding results as below:

n

o ()] < ||So()||[ b ] » ldan (B < IEo()Ill ; bo‘m] :

[@3n ()] < [[Lo(2)]] lr(la)ban3] ,

A

l6a®Il < 1Ro(®)] [F(la)ba ] , ||¢5n(t)||§||D0()||[ L ] ,

1()&],

41

[den ()] < [l Po(®)]]

805




806

807

808

809

810

811

812

813

814

815

816

817

818

819

820

821

822

823

824

Therefore, the above mentioned sequences exist and satisfy ||¢1,(¢)|| — 0, ||¢2.(t)]] — O,
|p3n (D)]] = 0, ||@an(t)|| = O, |[@sn(t)]| = 0, and ||pe,(t)|] — 0. Furthermore, from Eq. (49) and

employing the triangle inequality for any k, we one gets

ntk Tf“ B T{z+k+1 )
)
[Snex® = Su®)l < 3 T = 2—=—F—
j=n+1
ntk T+t — T2n+k+1
J
|Enin() = Bl < D T = 2—f—
j=n+1
n+k 1 k+1
J 3 3
k@) =IO < D T§ = = —p—
j=n+1 (50)
ntk Tl _ pptkt
J
| R = Ba®ll < 3 T = =——7——
j=n-+1
n—+k ' T5n+1 o T5n+k+1
1Dnsi(®) = Du®) < 3 T = F—p—
j=n+1
n+k ) g+l _ kel
] _ —6 6
1Pavi®) = Pal)ll < D T = =g
Jj=n+1

where T; = ﬁqu < 1 by hypothesis. Therefore, S,, E,, I, R,, D, and P, are regardedas

Cauchy sequences in the Banach space B(J). Hence they are uniformly convergent as described
in [52]. Applying the limit theory on Eq. (41) when n — oo affirms that the limit of these
sequences is the unique solution of system (2). Ultimately, the existence of a unique solution

for system (2) has been achieved. O

We now demonstrate the positivity of solutions for all ¢t > 0. To prove positivity and bounded-

ness of solutions, we need the following Generalized Mean Value Theorem in [?] and corollary.

Lemma 1. Suppose that f(x) € Cla,b] and Df f(x) € Cla,b], for 0 < o <1, then we have

]' (6% (6%
f(@) =f(a)+@(l7tof)(€)($—a) (51)

with a < &x, Va € (a,b] and T'(+) is the gamma function.

Corollary 1. Suppose that f(x) € Cla,b] and Dg, f(x) € C(a,b], for0 < a < 1. If Dg f(z) > 0,
Vz € (a,b), then f(x) is non-decreasing for each x € [a,b]. If D f(x) < 0, Vx € (a,b), then

f(z) is non-increasing for each x € [a,b].

We now prove that the non-negative orthant ]Ri is positively invariant region. To do this,

we need to show that on each hyperplane bounding the non-negative orthant, the vector field
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825

826

827

828

829

830

831

832

833

834

835

836

837

838

839

840

841

842

843

844

845

846

847

848

849

850

points to RY. From model (2), one gets:

DES(t)s—g = A*>0, (52)
DEE®M)|pm0 = $OS(t) >0, (53)
DiI(t)|i=0 = (B11(t) + B5D(t) + A*P(1))(S(t) +v*E(t)) = 0, (54)
DER(t)|peo = o®I(t) >0, (55)
D D(t)|lp=0 = (" +36%)I(t) 20, (56)
DEP(#)|peo = p"I(t)+0D(t) >0, (57)

Thus, by Corollary 1, the solution of model (2) are always positive for ¢ > 0. We now demon-
strate that all solutions of model (2) are bounded above for all ¢ > 0. To do this, we need the

following Lemma 2 and Lemma 3.

Lemma 2. (sce [53]). Leta >0, n—1< a <n—N. Suppose that f(t), f'(t),..., f*V(t) are
continuous on [tg,00) and the erponential order and that Df f(t) is piecewise continuous on
[to,00). Then

n—1

L{D f(0)} = s*F(s) = > s f W (2y) (58)

k=0

where F(s) = L{f(t)}.
Lemma 3. (see [54]). Let C be the complex plane. For any o >0 5 >0, and A € C"*", we
have

£{tf8_1Ea,5(At°‘)} = sa_ﬂ(sa — A)_l,

for Rs > HAHé, where Rs represents the real part of the complex number s, and E, g is the

Mittag-Leffler function [55].

Since all solutions of model system (2) have been shown to be positively invariant and have a
lower bound zero (52)-(57), we now proceed to demonstrate that these solutions are bounded

above. By summing all equations of system (2) one gets:

DyN(t) = A —p“N(t)—€e*D(t) — (7% +n)P(t)
< A% — poN(). (59)

Taking the Laplace transform of (59) leads to:

«

SLIN(D) "N O) < 5~ p LN (1)), (60)
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851

852

853

854

855

856

Combining like terms and arranging leads to

LIN(t) < A® + N(0)

Applying the inverse Laplace transform leads to

N(t) < .c—l{Aa N }+£‘1{N(0)

< AN B (—pt®) + N(0)Eo (—pt®)

v

A
— 1t Eq a1 (—pt®) + N(0) Ea,1 (—pt®)

a

IN

IN

C
St ©

(61)

Aa
max {MO" N(0) } (L tEq a1 (—pt*) + Eq 1 (—pt®))

(62)

where C' = max {22, N (0)} Thus, N(t) is bounded from above. This completes the proof of

Theorem (3.1).
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