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A New Type of Bivariate-Gamma Probability
Function

Abstract

This paper develops a new bivariate-gamma distribution (BGD) and explores its distributional
propeties such as marginal probability distributions, moments, product moment and covariance.
Keywords: Bivariate I'-distribution, marginal distribution, covariance.

1 Introduction

The bivariate gamma distribution is a powerful probability function that can be suitably applied
in epidemiology and medical fields [I], noise theory, modeling of rainfall at two nearby rain
gauges, rain-making experiments of two areas with strong correlation coefficient, the dependence
between annual stream-flow of rivers and a real precipitation [4], wind gust data [7], dependence
between rainfall and runoff [5], reliability theory, strength (fracture, fatigue) of different kind
of materials, renewal processes and stochastic routing problems [2], and in every skewed data
[8]. If (P,Q;)]i=1,2,---,n is a random sample from a bivariate normal distribution with 0

R 12
means, then the bivariate random variable (X,Y’), where X = =Y P? and Y = =) Q?, has
Ni=1 Ti=1

bivariate gamma distribution. This can be advantageously proved using characteristic_function,
O(X,Y) = [[ ) f(z,y)dxdy.

Definition 1.1 (Bivariate gamma distribution) A continuous bivariate random variable (P, Q)
15 said to have the bivariate gamma distribution if its joint probability density function is of the

form
1 p+q
(pq)?(afl) 6_—1—6] B (2\/9}?(]) iF0< pg<oo
f(p.g) = (e —1) L= (1)
(1=0)(a)(®) 2
0, otherwise.
where

1 k+2r
I (t) = 2
(0) ;T!F(k—f—r—i-l) (2)
is the modified Bessel function of the first kind of order k and 6 € [0,1) and o > 0 are parameters.
Ezplicitly, f(p,q) is given by
p+q
L RS () S
f(p.q) = 01T (av) =0k T (a+ k)(1 — g)at2k’
0; otherwise.

<
for 0 < p,qg < o0 (3)
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The main difficulty in dealing with bivariate gamma is that for many problems, no unique
bivariate gamma density function exists. The definition given above is due to Kibble as cited
in [9]. In the same period, Cherian developed a bivariate gamma distribution whose probability
density function is given by
_637@“) Omm{m} T’%fﬁ;fgzéq_;;)az e"dr; if0<p,qg<oo
f(p.q) ¢ B (4)
0 elsewhere,

where a1, as, ag € (0,00) are parameters. Mckay constructed alternative bivariate gamma
distribution whose probability density function is of the form

_0tB a—1(, _ \B-1,-0q. :
(g —p)PTte? i 0<p<qg<O
f(P; Q) {F( )T (5)

0; elsewhere

where 0, a, € (0,00) are constants. Equations (4) and (b)) are all cited in [9]. [3] have studied
a density function of the form,

BQ%H az?

f($, a, 57 57 a, 6) = O) x/8+m*1676162F1 ()\7 b7 c— T) [R + (IE), (6)

Vx

where 3 >0, m + 3> 0, § and « are positive numbers, and vy (0) is as defined below. The hi"
moment of this distribution is

vx(h)
“(h) = , 7
MX( ) Vx(()) ( )
where
B 7m"rh*bﬁ‘i’ﬁr(m“rh*bﬁ‘Fﬁ)F(Aib)a—b
E) B B . m+h )
i — x5 Fy (b,b—hcﬁ—i— bk b -4 152) +
m+th+
m r( mthtB\p( - mth—b8+B8\p(_ mt+h+B5—FA (a)_T
VX(h> =qaf +1F(C) ( 2 ) ( F(§"+hgc)ﬁ+(ﬁ)r()\)£(b) ) X2 F2 (K>> +
_'ﬂl+h+5fﬁ>\p(b_)\)p m+th+B-BAY, —A
s ¢ ( . =) F<”)F(C‘*)2F2 (A,—c+A+1;—b+>\+1,>\——m;h;g)

(8)
such that K = "™ 1, —c ™H 4 9, —p 4 Al 42—\ b 4 9.0 for h = 0,1,- -, when-
ever h+m+ £ > 0. A multivariate case of bivariate gamma distribution was developed by [2], [4].

From 1} results show that the marginal distributions of P and @, g(p) = alp >0

1
[(a)”
and g(q) = mqa_l; g > 0 are univariate gamma with parameter o (and # = 1). This study

o
modifies and reparameterizes Kibble bivariate gamma density function with the aim of making
0 € R (other than fixed value § = 1) in the marginal pdf’s and other accompanies probability
properties.

2 Preliminaries

The study states the following lemmas without proof since they have been proved in many
elementary Calculus textbooks.

Lemma 2.1 From Calculus,
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The infinite series on RHS of (@ converges Yt € R. Differentiating both sides of (@ wrt t and
then multiplying the resulting expression by t gives

tel =Y i (10)
2!
=0

Differentiating (@ again and multiply the resulting expression by t to get

tl
tet 4 12 t—ZZQ (11)

3 The Developed Bivariate Gamma Distribution (BGD)

The study begins by letting p = 8 x and ¢ = 6 y with Jacobian of the transformation as

dp dp

_dz dy 0 0] _

I "
dr dy

Suppose there exists, a one to one transformation that maps set A ={(p,q) : 0 < p<oo, 0<
g < oo} onto B={(z,y):0< z<oo, 0<y<oo} Hence, from (3)), the joint pdf of X and
Y, say f(x,y)=f(p=0zx,q=0y)|J|,is

0

1 - (z+y) (3zy)otht

faw) = g m
YY) =93 0230 () i=ok! Do+ k) (1 — @)t

0; otherwise.

for 0 < z,y < o0 (13)

where 6 € (0,00) and a > 0 are real constants (parameters).
Theorem 3.1 The developed BGD in is a proper pdf.

Proof: This is to show that [[ f(x,y)dzdy = 1. Following from ,

0 (1) 033;.3/ a+k—1
/ / flz.y dxdy—/ / ga— 3F 61 e Zklr a+ k) _9)a+2kdydw

(
IR (63z)ork-1 S
= | gt otk 1= 1%V gy
/0 9a‘3F(a)6 9 ;klr(a+ )(1—9)a+2k/0 y-ooe mridyax
> 1 I (@Pa)eth1 L _ g\ otk
_ 0, .
/ 9a—3F(Oé)e 9 kZ:O kD (o 4 k)(1 — g)a+2k (o + k) 0 dx




UNDER PEER REVI EW

L gt \E 0%
x x
' il —el—10
Using ,kgok! (1_9) e ;
/ / f(z, y)dxdy—/ (o) 2o le %150
o Jo o
/ “le 2y
INE)
904

Theorem 3.2 The marginal distribution of X is univariate gamma with parameter o and 6.
That 1is,

= [ Hniy = st e ~ GAMia6). (14)

Proof: This requires integrating wrt y. That is,

B B ') 1 _L (243) 03Iy)04+k 1
- / f(x’y)dy_/o o) < KIT(a + k) gy

_ Z 1 6_%38 (03 )a+k ! /OO yOé-‘rk‘—le—%yd/y
— 030 (o) Kl (o + k) (1 — 0)at2k ],
o 1 e (03 )a+k 1 1—6 atk
— _— e 10" r k
2@ R R —geE g ) e
- i ! e*%“—eaﬁk gkt
2 T(a) (1= 0)F
0 o=l 0%\
M@ 7 ZE( 9)
k=0
0 a—1_—+L= e
— e 1-07¢1-0
INGY)

= 0—:170“ le=02 ~ GAM (z; ., 6)

Similarly, as shown below, the marginal distribution of Y is also univariate gamma.

1 __9 (93 )a+k 1 o0 o,
e atk—1,—725z
/f z,y)d e Ho— 3I‘<a)€ KID (a0 + k )(1_9)a+2k/0 T e 1-0%dy
N aThT a+tk
S L= Y (0Py) 1—6 T'(a+ k)
0o=3T () T (o 1 k) (1 — B)orek 7

k=0
0« 0, 0>
= ya—lefmyeﬁ
()
60!
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From the two marginals,

7 0“ T'(a+1) «
BE(X) = ey = —~———— = — 1
(X) /0 zfi(z / X T(a) 6ot 9 (15)
B 0 I'a+1) «
EY)= Yy le 0y = —_— = — 16
O T A et S
and
o, 0” o9 > graa+1) al? o«
_ 2 a—1_-0z . a—1_—60z — _ = -
Var(X)—/o x —F(a)x e "rdx [/0 x—r(a)x e "% } gar2 [9} B
(17)
o, 60 g > 0rala+1) a1? o«
Y) = 2 a—1_-0y o / a—1_—0y — R —
vart) = [t | [t <SR- [ -5
(18)
The joint expectation is
931, )a+k 1
19 (@+y) )
E(XY) // xyf(z,y dxdy—/ / Y paara 3F Y Z (0 £ 1) _9)a+2kd:vdy
93 )a+k 1 ] o o
= - T 0" dxd
/0 ) 3F Zkvr (a+k )(1—0)0“’“/0 o e
- 1 L, & (63y)o+h-1 1 g\ othtt
— e 1-9Y r k+1)| — d
/0 Yo () kz:%k!r(w Bl TR )( 0 ) Y

0 9a+2k 1

- = >zk,
9a+2k1

— @ N -5y a+kd 1
F(a)/o ; Ma—g1¢ Y YT

e~ Ty (o + k)dy

oo ©© k9a+2k—1 e
/0 k(1 — 0)F1° Ty iy

a0t e N1 0%y (1—6)§? /°° o 0 m k
/Oye ' ) YT ey i

1—0 904—1 0 9a+1 o0
E(XY) = u/ yre dy + / y*He 0vdy
0 I'(a) Jo

I'(a)
Ca(l=-0)*""T(a+1) 6T T(a+2) (19)
() fotl Do) Oot2?
_a*(1-0)  ala+1)
ST T
By definition, Cov(X,Y) = E(XY) — E(X)E(Y). Hence,
o= SO0

Theorem 3.3 Let the random variable (X,Y) ~ K(«,0), where 0 < a < 0o and 0 < 6 < 1.
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Then
By = U0y, (21)
Bxpy) = D gy (22)
Var(y/z) = U= - O) 196% + a(1 - 0)] (23)
Var(X/y) — Y - ) Tag%y + a(1 ) (24)

Proof: First, the conditional probability density function Y given X = z, is given by

o f( 7y) 1 —L (z+y) gdxy)a+k ! F<a)
f(y/x) - f (JJ) 90‘ 3I‘ - Zklf‘ a + k 1 _ 9)a+2kz X o yo—leg—fbz

0 93a+3k 3—a+3— al,a—&—k: l—a+1 0
_ e—mx—ﬁ—ez ya+k716—ﬂy

£ RN (o + k) (1 — 0)a+2

02 co eoc—l—?)k k
= _76
Z Oé + k _ 9)a+2ky

a+k716—%y

Then, the conditional mean is

0a+3k k
oa+k—1

P =) = /0 v /)y = /0 e Z (a+ R (1= 0 ey

9a+3k k 0 ok P vg
— o e
Z < KID(a + k)(1 — 0)7+% / v Y
0o+ yk Fla+k+1)

Z k:'F(a + k)(1 — 0)at2k (5 96)a+k+1

oo —
92k 1.Tk

=e 107 Z_; m(a + k)

1—0 _ 2 =1 [ 0% \"
=—G e ZH(l—Q) (a+ k)

2
o1 (Pr\* = 1 0%z \*
From (Iél), ]CZZOE (ﬁ) = k;:o = (1 —xé’) =e 1 =0 _ Therefore, the conditional
mean, £(Y|X = z), is finally presented as

EY|X =z)=

. 5 2 2 2 —
109619033{ o2, 07 o }:M+9x, (25)
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In the same manner,

9a+3k k

2 N <y _ - atk-1,—1%;

0a+3k k es] o
R+ k)(1 - )7 J,

Qot3k gk I(a+k+2)

Z kz'F(a + k) (1 — @)at2k (%)a+k+2

Qot3k gk (a+k)(a+k+ DD (a+k)(1 —g)etrtt
< T (0 + k) (1 — )2 +2F foti-+?

=¢e s

2 szz k
=e 107 Z —(a+k)(a+k+1)

which gives

) k
2 - o (1 _6)2 —%z l QQ'T
E(Y?| X =) = e ;k! ) (@t R)la+1)+
_ -9y "i L (O k[ (@+1) + (20 + Dk + K] -
=g ¢ 251 \1=0 ala a
92 <k ( 0% < k2 (0% \" &
F d — d 1-46
rom and (|11 kﬂk‘ — > 27 (1_9) an Z (1_9) are e ,
6z 6z
T 061 - — 0 - + <1 _x@) el — 0 respectively. Hence, (26)) gives
o (1-0)? o, 2, 0%z e Pz \ 2, 0%z
(Y?| X =x) pe ala+1)e +(2a+1)1_9 + T—¢)¢ + 0

(1—6)2 02x 0% 02z \*
7 a(a+1)+(2a+1)1_9+1_9+ 10
ala+1)(1—6)>2
_ o 9)2( ) +2(a+1)(1 — )z + 0*2*
(27)
The conditional variance of Y given X = x is
Var(Y|z) = E(Y}) X =2) — [E(Y| X = z)?
~ala+1)(1-6)? 2 o [a(l—0) ?
= e +2(a+1)(1 —0)x+ 072 — T—i—ﬁx s
a(l —6)?
- % +21— )2
1—-46
_ | 7 ) [26°z 4+ a(1—0)] .

The developed density function is symmetric, that is, f(x,y) = f(y,x). As aresult, F(X|y)
and Var(X|y) can be obtained by interchanging = with y in and (28), respectively. So,

Bxpy) = D gy (20)
Var(X/y) = %[292%(1—9)} (30)

7
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This completes the proof.

Theory establishes that the univariate exponential distribution is a special case of the univariate
gamma distribution. Similarly, the bivariate exponential distribution is a special case of bivari-
ate gamma distribution [6]. Taking the index parameter to be unity in the developed bivariate
gamma density function presented in ([13]), we obtain its corresponding bivariate exponential
distribution as

2 — 125 (z+y) = (03zy)* .
fla,y) = Gre Y e na-gpes for0< @y < oo, (31)

0 otherwise.

where 6 € (0,00) is a parameter. In addition, each of the properties of bivariate gamma dis-
tribution is same with bivariate exponential distribution with o« = 1. The equivalent bivariate
exponential probability density function corresponding to bivariate gamma distribution of Kibble
1S

—(E) Sy Opt
f(p,q) = ¢ (1 g)kz:okll“(k+l)(19)2'“+1’ i0 <p,q<oo (32)

0; otherwise

where 6 € (0,1) is a parameter. The bivariate exponential distribution corresponding to the
Cherian bivariate distribution is

emin{pat 1] e=(P+0); if 0 < p,q < 0
f(p,q) = [_ ) (33)
0; elsewhere
Gumble, cited in [9], constructed a bivariate exponential density function of the form
1+60p)(14+60q) — 0] e Ptatfrd. if ) < p g < oo
f(p,q) = [(' ) )¢ : (34)
0; otherwise

and 6 > 0 is a parameter. Marshall and Olkin, as cited in [9], introduced alternative bivariate
exponential distribution as

(35)

1 — el@+Mp — e=(B+Ma 4 c—(ap+Batymax{pad). if p ¢ > 0
f(p,q) = i
0: otherwise

where «, 5, > 0 are unknown but fixed parameters. satisfies the memoryless property.

Conclusion

This study developed a new probability function, namely, modified bivariate gamma probability
distribution function. The main properties (the marginal densities, moments, product moment
and covariance) of the developed probability function are derived. The re-parameterized dis-
tribution has the advantage of robustness, simple implementation and opportunity of varying
values of 6 for mixed outcome data.



UNDER PEER REVI EW

References

1]

Barker, J. K. (2008). Applications of the bivariate gamma distribution in nutritional epi-
demiology and medical physics. VCU Scholars Compass, Virginia Commonwealth Univer-
Sty

Diawara, N. (2008). Multivariate gamma distribution based on linear relationship. Journal
of Applied Statistical Science, 17(4), 1-11.

Kalla, S.L., Al-Saqabi, B.N. and Khajah, H.G. (2001). A unified form of gamma-type
distributions. Applied Mathematics and Computing, 118: 175-187, DOI:10.1016/S0096-
3003(99)00213-1,

Kotz, S., Balakrishnan, N. and Johnson, N. L. (2000). Continuous multivariate distributions
(2nd edition). Models & Applications, 1(2) New York: John Wiley, ISBN:978-0-471-18387-7.

Nadarajah, S. and A.K. Gupta, A. K. (2006). Some bivariate gamma distributions. Applied
Mathematics Letters, 19(2006), 767-774, DOI:10.1016/j.aml.2005.10.007.

Nadarajah, S. (2007). The bivariate gamma exponential distribution with application
to drought data. Journal of Applied Mathematics and Computing, 24(1-2), 221-230,
DOI:10.1007/BF02832312.

Nadarajah, S. (2009). A bivariate distribution with gamma and beta marginals
with application to drought data. Journal of Applied Statistics, 36(3), 277-301,
DOI:10.1080/02664760802443996.

Sen, S., Lamichhane, R. and Diawara, N. (2014). A bivariate distribution with conditional
gamma and its multivariate form. Journal of Modern Applied Statistical Methods, 13(2),
169-184, ISSN 1538-9472, DOI: 10.22237 /jmasm /1414814880

Wackerly, D. D., Mendenhall, W. and Scheaffer, R. L. (2011). Mathematical statistics with
applications (7th edition). Brooks/Cole Cengage Learning, [ISBN-13: 978-0-495-11081-1.


https://scholarscompass.vcu.edu/etd/1623
https://scholarscompass.vcu.edu/etd/1623
https://www.sciencedirect.com/science/article/abs/pii/S0096300399002131
https://www.sciencedirect.com/science/article/abs/pii/S0096300399002131
https://www.wiley.com/en-us/Continuous+Multivariate+Distributions,+Volume+1:+Models+and+Applications,+2nd+Edition-p-9780471183877
https://core.ac.uk/download/pdf/82429262.pdf
https://journals.sagepub.com/doi/10.1177/0008068320070103
https://www.tandfonline.com/doi/abs/10.1080/02664760802443996?journalCode=cjas20
http://digitalcommons.wayne.edu/jmasm/vol13/iss2/9
https://book4you.org/book/1301047/8f74ce

	Introduction
	Preliminaries
	The Developed Bivariate Gamma Distribution (BGD)

