ON PROJECTION PROPERTIES OF
MONOTONE INTEGRABLE FUNCTIONS

Abstract

This research formulates an (i — 1,7) - dimensional structure of
,uf}ﬁ,l’l)-vector measure integrable functions for ¢ = 1,2, ...n. Fixed point
projection properties of a vector measure are appplied to determine the
measurability of sets in the domain of integrable functions. Measurable
sets of the form HiAZ(-T'lH) are partitioned into disjoint sets HiAf_l of finite
measure.The obtained results demonstrate utility of concepts of vector
measure duality, continuity from below of a measure and monotonicity of

a vector measure in integrating functions.
Keywords : Projection properties, Measure space, Integrable functions.
1 Introduction

This paper considers a sequence of monotone functions and integrability
concepts of integrable functions with respect to ;L'(}F,l’l)-vector measure.

The utility of concepts such as vector measure duality, continuity from
below and monotonicity of a vector measure are applied in constructing
) vect ble sets with t to the si ing pi=14) of

Mysp -vector measurable sets with respect to the sigma ring p 0

subsets of an n-dimensional spcace X™ where f is an integrable function



with respect to a measure =19 defined on p(—19.
This study involves partitioning of measurable sets into disjoint sets. The
research further apllies projection properties of vector measure duality
with values in a Hilbert space.

2 Preliminaries

Definition 1(p -Integrable Function) [[SillEIEN

Let (X x X, pti=19) ;=19 be a measure space where p(~1%) is a measure
defined on a sigma ring p~9 of subsets of X x X. Then for
;AL € pli=19) there exists a function f defined on X x X such that

pfﬁl’i)(ﬂi/lﬁ_l) € Z where Z is a Hilbert space and II;A¢_, is the

product of A; for i = 1,2,...n. The function f defined on X x X is said
to be p-integrable with respect to p=% if

i1, ;
< ,U|(f|p )(HiAi—1)> 2 >< 00

where 2’ is an element in Z’; the dual space of Z.

Definition 2 (Vector Measure ) | iNERNEN

Let (X x X, pt=19 4=19) be a measure space. If Lp(ut~)) is the
function space of p-integrable functions with respect to p(=9,

o Al € pt=1) ) f € Lp(ut=)) and pf}@l’l)(ﬂizlflﬁ_l) € Z where Z
is a Hilbert space, then the set function ,ufﬁ,l’i)

vector measure.

pUh) s Z s called a

Definition 3 (Norm of p -Integrable Functions )il

The set Lp(p~19) of p-integrable functions with respect to =% defines
an order continuous Hilbert function space whose norm is given by

I £ llp=sup(< g, (g AL), 2 >)1

where T, A?_| € pt=19) f € Lp(ut19) and 2/ € Z'.



Definition 4 (k;;1-Projection Product Measure) || il

Let ,u(” 2 represent the product measure p; 1 X p; X ;-1 defined on

a sigma ring ,05 1+ of subsets of an ¢ + 1-dimensional space for

i=1,2,..n. For a fixed positive integer k; 1, the set function p! , where
1=1,2,..n is called the projection product measure and is denoted by

4,041
Projr,, ()

Definition 5 (1~ ") ;,-Measurable Set )[|SED

Let (X x X, pt=19 ,=19) be a measure space. If I[;A! | is a
measurable set with respect to p(~% then

p (LAY ) = pi1(Air) X pa(A;) fori = 1,2, ..n

If f e Lp(ui ;) then for a fixed positive integer k; 1, the set II; A% | is
said to be (u'~1")|sp-measurable if

< ,u|(}|p“ (I;AY_|), 2 > is finite for i = 1,2,.
Definition 6 (k;;1-Projection of a Measurable Set )| iEEIEN

Let II,— 1A(Z 1) he a measurable set with respect to p~14 D  Then the

(4, H—l

kii1-projection II;— 1AZ L of I, A;” is denoted by

Proji,,, (= 1A(Z A+ ) where ki is a ﬁxed positive integer.



3. Main Results

Proposition 1

Let (X x X, pt=19 4=19) be a measure space and (f,,)%, be a
monotonically decreasing sequence of p-integrable functions with respect
to pu=19) If f, | 0 for each n and ((x;_1, ;) : fi(zi_1,2;) # 0) for all
(i1, 1), then < pfp, ) (wicy, 20) * fulwicy, 2:) #0), 2 )W is

monotonically decreasing to zero for i =1,2,......n

Proof .
Let p’f’OjkiH (lelEngia—H)) = HizlEm'_li such that

Mic1 Enia’ = (X1, @2) ¢ ful@io1, 20) > €)

where € > 0 and f,,1 < f, for all n. It follows that
Him1Eni1' C ((mic1, )« fi(wig, zi) #0)

As a consequence of f,(x) | 0 and ((x;—1,x;) : fi(zi—1, ;) # 0), it follows
that ;=1 E,;_1* | 0 for all n (Lech [2])

Let Iy E' | = ((wim1, @) @ fr(®im1, 23) > fal@io1, 7).

If (zi-1,2:) € i EY |, then (fo N fi1)(@im1, @) = fa(@i1, 2;)
Therefore

(@ic1, i) © ful@ic, i) # 0) C ((wim1, 24) = fi(wieg, @) # 0)
For each set ((x;—1,x;) : fi(xi—1,x;) # 0), we have

X (@i 1,20): f1(zi1,0)20) fn = fu for 1 =1,2,..n

Applying the results on integrable functions (Sanchez [9] and okada [3])



and vector duality functions (Campo et. al. [1]), we obtain

< M|(;F7i)(($i—1,iﬂi) s fi(xio,x) #0), 2 S 1\p
=< Mf};lﬂ)((l‘i_l’xi) : f1($i—1>xi) 7£ 0) N (Hi=1Eni—1i)c> z' >)1\p

< (i By ), 2/ ) *
where (IT;=1 E,;_1")¢ represents the complement of IT;—; F,; 1° in the set
(i1, i)« fi(@iog, @) #0)

Given that fo(zi-1,2:) < eon (21, ;) : fi(zio1, ) # 0)\ Mizi Epia?),
it follows that

< Mf;ﬁl’i)((iﬂi—hél?i (@i, @) #0) N (i Enia')e, 2/ >)1W
< e < pI(@imr, ) ¢ i@, @) #0) 0 iz Bpia’)), 2/ >
< e < i ((mimr, @) ¢ filwin, @) #0),2" >

Let M = sup (| fu(xiz1,x;) | Y(zi—1, ;). Then
< (M By ), 2 =)W < M < gl (I By ), 2/ > for all n
Therefore, equation (*) becomes
<l (@icn, @) < @i, @) #0), 2/ >0

<e < pli D (z g, a0 filwioy, ) #0), 2 >

+ M < plt ) (s Epi 1), 2/ >

Since € is arbitrary and < ,u(i_l’i)(ﬂi:lEm_li), 2 >| 0 for each n, it
follows that

< Mf;ﬁl’i)((ifi—hiﬂi Cfi(mig,m) #£0), 2 >0 fori=1,2, .0



Proposition 2
Let (X x X, pt=19 4(=19) be a measure space, f and g be positive
p-integrable functions with respect to p*=5%,

If Hi:lEii_l = (l’i_l,l’i : g(l'i_1,l'i) Z f(l’i_l,l’i)), then

If le=<Ilg s

Proof
Let (f,)5, and (g,)52,; be monotonically increasing p-integrable

functions such that Xty Ai_ 9n T X1, 419 and XHi:lAﬁ,lfn T XHi:lAzi,lf
for each n and for every measurable set IT,_1 A% | of finite measure.

(i_lvi)
lgn P

Let < p (IT;—1 A%_,), 2/ >"\»< M for each n and M > 0.
If (T— AL )N (w1, @) = ho(miog, ;) #0)
= iz A1) N ((wim1, 22) = (fa N gn) (@i, 33) # 0), then
(=1 AL ) N (-1, 5) : h(wi1,25) # 0) is a subset of
(i1 Afy) OV (i1, 20) @ gn(@ior, @) # 0)
Therefore
< plp (M AL, 2/ >10< M
If (2;_1,2;) € ;=1 E!_|,then
(f N g)(@i-1, i) = f(@i-1, i)
It follows that
;1 Al N (x € X : hy(x) # 0) is monotonically increasing to
(iza A_y) O ((wim1, i) = (f N g)(@im1, 1) # 0)

= (M= Aj_ ) N (i1, @) = f(@im1,2) #0)



Therefore
< pipp M Mim ALy, 2 >1 = LUB < pfy Y (I Ay), 2/ >
i—1,3 i i—1,3 i

< LUB <y (Mg AL, 2 >0 =< (I AL, 2 >0
Taking the supremum on both sides of the inequality, (Sanchez [9]) we
obtain
I f 1<l gl
Proposition 3
Let (X x X, pt=19) 4=19) be a measure space and (f,)2°, be a sequence
of positive bounded p-integrable functions with respect to p~1% such
that f, 1 f for each n. If ILE! | = ((w;—1,7:) : f((zi_1,7:)) > €), then

< pYNIE ), 2/ > is bounded.

Proof
Since f,, T f for each n (by hypothesis), it follows that f = LUBf, and

f= (.fn)?zozl

Let Ilim1 By 1® = (w1, ;) © fu(xio1, 2;) > €) such that

< ;L'(;;ﬁ’i)(HiEm_li), 2 >N < M for all n and M > 0

It follows that IT;—y F,; 1% T II,=1E!_, for each n

Since f,(z;_1,x;) > € for each (x;_1,x;), it follows that

€ < pl (s Epit), 2/ ><< uf;;ﬁ’i)(ﬂi:lEm_li),z’ SN < M
Let (IT;=1 Fy;—1%)22, be a sequence of mutually disjoint sets such that
i B = Uy ey Friy

On application of the results in (Rodriguez [8] and Otanga [7]) and



by finiteness of a vector measure (Otanga [4] and Yaogan [10]), we
obtain

< pTYNILL BN ), 2 >= 502 < p(im Frioa?), 2/ >
= LUB, Y0, < pl=b) (Mg Friy?), 2 >
= LUB, < p = 9(Up_, Tie Fria?), 2/ >
= LUB, < p" ") (e Epii?), 2 > < M
Proposition 4
Let (X x X, pt=19) 1=19) be a measure space, f be a p-integrable
function with respect to =19 and (ILi=; E,;—1%)2, be a sequence
of measurable sets such that
i1 Epi 1t = ((xi_1, m5) 2| f(wi1, ;) |[> 1\ n) for each n.
IfI,_1F,;_'is a ,ufﬁ,l’i) - null set for each n, then
< P (250, 24) - f(2) #0),2" >=0

Proof

Consider the measurable sets ((z;_1, ;) : f(xi—1,2;) # 0) and
Wiz i = ((wic1, ) 1| f(wim, i) [> 1\ n)

such that ((z;_1, ;) : f(wi_1,x;) #0) = LUB, ;=1 Epi1°

It follows that

e Epica® T (zic1, 25) = f@ima, i) #0)

Let Gy, NGy, = 0 for k; # k; where k;, k; = 1,2, ... and
(i1, i)« f(wimr, i) #0) = URey Timi Grit*

By the property of countable additivity of a vector measure (Otanga

et. al. [5]), we obtain



< p (i, @) - f(rioa, 23) #0),2 >
=2 < M(i_l’i)(ﬂi:1Gki—1i), 2 >
= LUB, Y0, < pl= ) (Iim1 Gri ), 2" >
= LUB,, < p" YU, e Griot?), 2/ >
= LUB, < p" ") (Iim1 Eni_t?), 2 >

Since 1\ n <| f(z;_1,2;) | on ;=1 By 1 and Ili—1 B, 1" is a

,ufﬁ,l’i) - null set for each n (by hypothesis), then

I\ < pl= I ([limy By '), 2 > < < pl=9] f Pz Eni o), 2/ >1P= 0

Therefore < p0=1) (2,1, 2;) : f(z) #0),2 >=0
Proposition 5

Let (X x X, pt=19) 4=19) be a measure space, f be a p-integrable

function with respect to =9 and ((@;_1, ;) : f(2zi_1,2;) # 0) be a

ujﬁl’i) - null set, then f = 0 on the complement of set

(Tic1, i) f(wioa, 25) #0)

Proof
Let Tlima G}y = ((wi1, i) = f(@io1, 25) #0),

B! = (w1, ) ¢ f(zio1,7;) > 0 and

I F = (w1, ) ¢ f(zi_1,2;) < 0) be measurable sets with respect
to pt=19). Since ((w;_1,2;) : flai1,x;) #0) is a ,uf}ﬁ,l’i) - null set

(by hypothesis), then < pf}@l’i)(ﬂizlGﬁ_l), 2/ >1\W= (. Since f(z) > 0 for

each (z;_1,z;) € ;=1 E! |, then < ufﬁl’i)(ﬂizlEiZ’_l), 2 >1\P= () and

f(xi_1,2;) <0 for each (w;_1,x;) € ;=1 F} | implies



that < gy, (Mg Fy), 2 >1=0 .

It follows that

i1 Gy = (zim1, m1) ¢ f(mim1,20) > 0) U ((wim1, 20) ¢ f (231, 73) < 0) s

a ,ufjcp,l’i) - null set

Therefore
f =0 on the complement of IT;1G¢ | = ((w;_1, ;) : f(wi_1,2;) # 0)

Let (f,)5, be a sequence of monotonically increasing p-integrable

functions such that < uf;;ﬁ,’i)(ﬂizlEf_l), 2/ >\ is bounded for each n.

Let II;—1 F,;_1* be monotonically increasing to II,—; ! , where
,u(i_l’i) (HizlEni_li) < 0 fOI‘ all n and Hi:lEii_l = ﬂzozlﬂizlEni_li.
If HizlEni_li = ((l’i_l,l’i) : fn(l’i_l,l’i) > M) for M > 0, then
I El | isa < pt59(), 2 > g - null set

Proof
Since < uf};ﬁ,’l)(ﬂi:lEiZ’_l), 2/ >"\? is bounded for each n, then

< plEE (L B, 2 51 < B for > 0.

From the hypothesis, M < f,,(z;_1, ;) on ;= E,; 1%. Therefore,

M < 0D (i Epiy), 2 > < < il 5 (i Brit?), 2/ >

Since IT;—1 E,,;_1" is monotonically increasing to IT;—; E!_,, it follows that
iz1 Epi1* 7 =1 E!_; (Otanga and Oduor [6])

Therefore,

M < p= (T By 1Y), 2 > < < M|(;;|£’i)(ﬂi=1Em—1i)> 2 >1e < g for

8> 0.

10



LUB < p ')z By 1Y), 2/ >=< (1L BY), 2 >.
Subsequently,

< ,U(i_l’i)(ﬂizlEni—li)a Z><p

From HizlEii_l = ﬂflel_[i:lEm_li, we have 11— E,;_i* | HizlEii_l.
This implies that Il;—1 E! | C =1 E,; 1 fori=1,2,..n

Hence,

<P Lim By ), 2 > < B\ M

Taking M — oo, we obtain

< p=YI(IL B ), 2 >=0

4 Conclusion

The results obtained in this paper demonstrate utility of concepts

of vector measure duality, continuity from below of a measure and
monotonicity of a vector measure in integrating functions in Lp(pu(~19)
for 0 < p < o0
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