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ON PROJECTION PROPERTIES OF
MONOTONE INTEGRABLE FUNCTIONS

Abstract

This research formulates an (i — 1,7) - dimensional structure of
uf;‘_pl’i)—vector measure integrable functions for ¢ = 1,2, ...n. Fixed point
projection properties of a vector measure are appplied to determine the
measurability of sets in the domain of integrable functions. Measurable
sets of the form HiAz(i’if’l) are partitioned into disjoint sets IT; A®_, of finite
measure.The obtained results demonstrate utility of concepts of vector
measure duality, continuity from below of a measure and monotonicity of

a vector measure in integrating functions.
Keywords : Projection properties, Measure space, Integrable functions.
1 Introduction

This paper considers a sequence of monotone functions and integrability
concepts of integrable functions with respect to ul(}ﬁl’l)—vector measure.
The utility of concepts such as vector measure duality, continuity from
below and monotonicity of a vector measure are applied in constructing
pf}?’l)—vector measurable sets with respect to the sigma ring p(~1% of
subsets of an n-dimensional spcace X™ where f is an integrable function
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with respect to a measure =5 defined on pt—1).
2 Research Methodology

This study involves partitioning of measurable sets into disjoint sets. The
research further apllies projection properties of vector measure duality
with values in a Hilbert space.

3 Basic concepts

Definition 1(p -Integrable function)

Let (X x X, pti=59) 40=19) be a measure space where (1) is a measure
defined on a sigma ring pt~1% of subsets of X x X. Then for

I1; A 1 € pli=19 there exists a function f defined on X x X such that

uf}‘pl (1, Al_)) € Z where Z is a Hilbert space and IL;A!_, is the
product of A; for i = 1,2, ...n. The function f defined on X x X is said
to be p-integrable with respect to p(~19 if

(i—1,7)

< (I A;_,), 2" >< o0

where 2’ is an element in Z’, the dual space of Z.
Definition 2 (Vector measure)

Let (X x X, pt=49) 1(=19) be a measure space. If Lp(pu~19) is the
function space of p-integrable functions with respect to pl=14),
I AL, € pti=b)) f € Lp(p~19) and “\}IPU (M= AL ) e Z where 7

is a Hilbert space, then the set function ufﬂp R pl=1) 5 7 is called a

vector measure.

Definition 3 (Norm of p -integrable functions)

i—1,)

The set Lp(p~19) of p-integrable functions with respect to defines
an order continuous Hilbert function space whose norm is given by

i—1,0 i
| f llp=sup(< ,u\(f|p )<Hi=1Ai71)7 2 >)hw

where I1;- AL, € pl=1 f € Lp(u19) and 2’ € 7.
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Definition 4 (k;1-Projection product measure)

Let ,u( i) represent the product measure p; 1 X p; X p;4+1 defined on

a sigma ring pz( 1“ of subsets of an 7 + 1-dimensional space for

i=1,2,..n. For a fixed positive integer k;,1, the set function ui , where
1 =1,2,..n is called the projection product measure and is denoted by

i,0+1
Proj, (™)

Definition 5 (u'~'") ;p-Measurable set)

Let (X x X, pti=19) ,0=19) be a measure space. If II;A! | is a
measurable set with respect to p~19 then

/L(i_l’i)(HiA’éil) = Mi*l(Aifl) X /f%(Az) for i = 1,2, ..

If f € Lp(u ;) then for a fixed positive integer k; 1, the set TI; A% ; is
said to be (u'~")fp-measurable if

< /~L|(]Zc|p1 (ILAl_L), 2 > is finite for i = 1,2, ..n
Definition 6 (k;1-Projection of a measurable set)

Let II,_ 1A(Z 1) he a measurable set with respect to pl=Lui+) - Then the

(4, z+1

ki1-projection Il AL | of TI;—y A;"” is denoted by

Proji,,, (L= IA(Z hLl)) where k;;1 is a ﬁxed positive integer.
Proposition 1

Let (X x X, pi=14) 4(=19) be a measure space and (f,)>°, be a
monotonically decreasing sequence of p-integrable functions with respect
to u=49) If f, | 0 for each n and ((z;_1, ;) : fi(zi_1, ;) # 0) for all

(wim1,20), then < (5, (wima,20) + fulwioy, i) #0), 2 >)'\ is
monotonically decreasing to zero for i = 1,2, .....,n

Proof
Let p?”Oij1 (Hl 1E'n(Z H_l)) = HizlEni_li such that

L1 By’ = (Tim1, @) fol@icr, 25)) > €)
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where € > 0 and f,, 11 < f, for all n. It follows that

e Epioa® C (i1, 20) : fr(@wioy, ;) #0)

As a consequence of f,(z) | 0 and ((x;_1,2;) : fi(zi—1,2;) # 0), it follows
that Il;—y E,;_1* | 0 for all n (Lech [2])

Let I E' | = ((wim1, %) ¢ fi(@icy, 1) > falzioy, 1)

If (-1, 2;) € ILy EY |, then (f, N f1)(@iz1, @) = fo(@io1, @)

Therefore

(i1, 26) ¢ fal@iy, m5) #0) C ((wim1, 23) * fr(@ioy, 25) # 0)

For each set ((x;—1,2;) @ fi(zi—1, ;) # 0), we have
X((miors0s): 1 (i sei)20) fn = fn for 1 =1,2,..n

Applying the results on integrable functions (Sanchez [9] and okada [3])
and vector duality functions (Campo et. al. [1]), we obtain

< N|(}|p1 Z)((Iz‘ L) 1 fi(win, ) #0), 2/ >
=< H’|(}|pl Z)((xi_l’ :Bl) : f1($7;_1,9§'i) 7é 0) N (HiZIEni—li)cv Z/ >)1\p

+ <l (Wi By ), 2 )1 (*)
where (IT;—1 E,;_1")¢ represents the complement of II;—; F,,;_1° in the set
(wic1, i) : fi(@icy, 2i) #0)

Given that fn(xi_l,xi) S € on ((xi_l,xi) . f1($i_1, (L’z) 7A 0) \HizlEni_li),
it follows that

< ﬂ|(}|p1 N(@icr, i fi@imr, ) # 0) 0 (i Epyt?)e, 2/ )1V

<e< M(i_l’i)(((%—l, xz) : f1(Iz’—1,$i) # O) N (Hi:lEm'—li)c)a 2>
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< e < pig ((Tim1, i) ¢ fr(@imn, @) #0),2" >
Let M = sup (| fa(xi—1,x;) | V(zi—1,2;). Then
< Nl(}ﬁlyi)(ﬂizlEm,li),z’ >V < M < p)(Tlimy Eyy_y?), 2/ > for all n
Therefore, equation (*) becomes
<l N (@ima,30) + fulwimy, m) #0), 2 >
<e<p Ny, a e fi(wig,z) #0), 2" >
+ M < pl I (ILmy Epia '), 2/ >

Since € is arbitrary and < p(~)(I1;—1 E,;_1"), 2’ >{ 0 for each n, it
follows that

< uf}?’i)((xi_l,xi fi(zio, x5) #0), 2/ >1L 0 for i =1,2,..n
Proposition 2

Let (X x X, pi=14) 1, (=19) bhe a measure space, f and g be positive
p-integrable functions with respect to p=1%.
I 1L B = (zi1, 2 g1, 25) > f(xi1, 7)), then

I 1<l g 1l

Proof

Let (f,)22; and (g,)%2; be monotonically increasing p-integrable
functions such that X1,_; Ai_, 9n T Xm,_,Ai_,9 and XHi:lAﬁ,lfn T XHi:lAﬁ,lf
for each n and for every measurable set II;_; A? | of finite measure.

Let < ul(;;ﬁ,’i)(l_[izlAﬁfl), 2 >\ < M for each n and M > 0.
If (HizlA;L:_l) N ((Ii—hxi) . hn(xi—la l’z) 7& 0)
= (Hi=1A§_1) N ((331‘71, flfz) : (fnmgn)<xi71:$i) a O), then

(HizlAgfl) N ((Ii—lu IZ) . hn(xi—la .%'Z) 7é 0) is a subset of
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(it Ai_y) N ((@im1, ) : Gu(@io1, 75) #0)
Therefore
< pfpp” (Mim AL, 2/ > < M
If (2,1, 2;) € ;-1 E! | then
(fNg) (@i, z) = f(@ia, x)
It follows that
;- AL ;N (x € X : h,(x) # 0) is monotonically increasing to
(M Af_y) N (i1, ) = (f N g)(@im1, 23) #0)
= (Wi Af_1) N (i1, )« fl@im, @) #0)

Therefore
< pli (s ALy, 2 >1 = LUB < pfy (I AL, 2/ >

S LUB < Mfé;\i’i)(ﬂizlAﬁfﬁa VAV Mfé\_pl’i) (M Ay ), 2" >
Taking the supremum on both sides of the inequality, (Sanchez [9]) we
obtain
I f =<l gl
Proposition 3
Let (X x X, pti=19) 4(=19) be a measure space and (f,), be a sequence
of positive bounded p-integrable functions with respect to £ =19 such
that f, 1 f for each n. If ILE! | = ((x;—1,2;) : f((zi-1,2;)) > €), then
< p=YI(ILE! ), 2" > is bounded.

Proof
Since f,, 1 f for each n (by hypothesis), it follows that f = LUBf,, and
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f=(fa)nt

Let Ty Eni 1 = ((wi_1, ;) © fu(wi_1, ;) > €) such that

< gy (I Eyi—y?), ' >1 < M for all n.and M > 0

It follows that IT;—1 E,;_1" T I, E% | for each n

Since f,(z;_1,z;) > € for each (z;_1,x;), it follows that

e < plim (i Byir?)), 2 ><< il ) (i Epy), 2 >0 < M
Let (I;—1 F;_1")°2, be a sequence of mutually disjoint sets such that
i B = Ups iy By

On application of the results in (Rodriguez [8] and Otanga [7]) and

by finiteness of a vector measure (Otanga [4] and Yaogan [10]), we
obtain

< pTINILL B ), 2 >= 302 < p(Ilimi Frioa?), 2/ >
= LUB, Y7, < pt Y (ILizy Frit?), 2/ >
= LUB, < pt Y (Up_, iy Frir?), 2" >
= LUB, < p" Y (im1 Epii?), 2 > < M
Proposition 4
Let (X x X, pt=49) 1(=19)) be a measure space, f be a p-integrable
function with respect to (=% and (IL;—; Fn;_1")>, be a sequence
of measurable sets such that
Wi Eni 1’ = (w1, ;) 1| f(zio1, ;) |> 1\ n) for each n.
i)

If I, B, is a ,u‘(;;l’ - null set for each n, then

< pu ) (zi_q, 23) : f(2) #£0),2/ >=0
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Proof

Consider the measurable sets ((z;-1,2;) : f(zi-1,;) # 0) and

i Epica’ = (i1, ) 2| f(mim1,23) [2 1\ n)

such that ((z;_1,7;) : f(zi1,2;) #0) = LUB, ;=1 Ep;i o'

It follows that

im1 Epia® 1 ((wim1, @)« f(@i1,23) #0)

Let G, NGr, = 0 for k; # k; where k;, k; = 1,2,.... and

(i1, @)« flzim, ) £ 0) = Uy s Gy

By the property of countable additivity of a vector measure (Otanga

et. al. [5]), we obtain

< p A (@40, @) - f(win, ) #0),2" >
=302 < p (115 Grier), 2 >
= LUB, Y7, < Y11 Grit?), 2/ >
= LUB, < pt Y (Up_, iz Gri_1?), 2/ >
= LUB, < pt Yl Epii?), 2 >

Since 1\ n <| f(x;_1,7;) | on ;=1 E,y ¢ and ;-1 B, 1% is a

ul(;‘_pl’i) - null set for each n (by hypothesis), then

1\n < PN (i By '), 2/ > < < pl=H| f P (i1 Enia®), ' >HP=(

Therefore < p=1)(z;_1, 2;) : f(x) #0),2' >=0
Proposition 5

Let (X x X, pti=19) (=19 bhe a measure space, f be a p-integrable
function with respect to u~1 and ((z;_1, ;) : f(xi_1, ;) # 0) be a
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uj}}l’i) - null set, then f = 0 on the complement of set

(wic1, i) * f(wim1,25) #0)

Proof
Let ILio1 G} = ((wi—1, 23) = f@im1, 25) #0),

Hi:lEg_l = ((xi_l,xi) : f(xi_l,a:i) > (0 and
oy FY | = ((wi_1, ;) : f(wi_1, ;) < 0) be measurable sets with respect
to pl=19). Since ((zi_1,2;) : flai_1,2;) #0) is a uf}?’i) - null set

(by hypothesis), then < M\(;Tf’l’i)(ﬂizlGﬁ_l), 2/ >1"\= (. Since f(x) > 0 for

each (z;_1,2;) € I E! |, then < uf;?’i) (IL— E¢_)), 2 >"\P=0 and

f(xiy, ;) <0 for each (z;_q,2;) € ;=1 F} | implies

that < g, (I F ), 2/ >1W=0 .

It follows that

LGy = (imn, @)« f(@imr, @) > 0) U (-1, 25) = fxig,2) <0) is

(i—

1,3)
a Hy e

- null set

Therefore

f =0 on the complement of I, G | = ((w;_1,2;) : f(wi_1,2;) #0)
Corollary

Let (f.)22, be a sequence of monotonically increasing p-integrable
functions such that < uf};ﬁ,’i)(ﬂizlEf_l), 2" >\ is bounded for each n.
Let IT;—; F,;_1* be monotonically increasing to II;—; E!_; where
p) (T Eyi—1') < oo for all n and Tim Bi | = N2 Tlimy By

If i1 By 1" = (w51, %) ¢ fulxiog, z) > M) for M > 0, then

I B isa < pb9(), 2" > p - null set
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Proof
Since < (I, E!_,), 2’ >'\7 is bounded for each n, then

[ fnl?
< pfp (M B ), 2" >1 < B for B> 0.
From the hypothesis, M < f,(z;_1,x;) on ;= E,;_1*. Therefore,
M < Y (g Byy), 2 > < <l ) (i Bia), 2/ >4,
Since II;—; E,;_1" is monotonically increasing to HizlEf_l, it follows that
;=1 Eni 1 T I E! | (Otanga and Oduor [6])
Therefore,
M < pf= Y (L Epiy), 2/ > < < M\(;;\y)(nizlEm—li)a 2 >\ < 3 for
8> 0.
LUB < pl= " (Il By '), 2/ >=< p0= (1L B ), 2/ >.
Subsequently,
< p T2 By 1Y), 2 > < B
From HizlEf_l = ﬂ%":lHi:lEm,li, we have IT;=1 E,; 1% | HizlEf_l.
This implies that I,y E! | C =1 E,; " fori=1,2,..n
Hence,
<P By, 2 > < B\ M
Taking M — oo, we obtain
< p=EN (L B ), 2" >=0

3 Conclusion

The results obtained in this paper demonstrate utility of concepts
of vector measure duality, continuity from below of a measure and

10
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monotonicity of a vector measure in integrating functions in Lp(u=19)
for 0 < p < o0
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