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Abstract

Since the advent of number theory, a substantial effort has been devoted to
determining analytical solutions for equation of degree upto n ≤ 4. However,
little has been documented on solvability of equation of degree n ≥ 5 via the
radicals. The majority of recent research seem to have put more focus towards
numerical solutions, possibly due to the well known proof of the insolubility of
quintic equations via the radicals. Let α, β, u and v be any non negative integers.
This study develops and introduces analytical solution for higher degree equations
of the form 6n. Specifically, the equation of the form α6n + β6n = uv where u and
v relatively prime is fully characterized via radicals for non zero distinct integer
solution for n = 1 and n = 2.
Keywords: Radicals, Analytical Solution.
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1 Introduction
Since the advent of diophantine equations, many different analytic solutions have been formulated for
equations with degree n ≤ 4, these solutions are all expressed and connected to the coefficients of
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the equations. In early 17th and 18th centuries, many scholars devoted their attention in determining
the radical solutions to 5th degree equations with very minimal success. Finally, it was shown by
Galois that the polynomial equations with degree n ≥ 5 in their complete form, cannot be solved
via the radicals. The above conclusion was partly demonstrated by the researcher P. Ruffini in 1799
[1] and was eventually proved by the Norwegian mathematician N. Abel in 1824 [1], this results
received the name Abel-Ruffini theorem. In 1832 E. Galois with his theory gave adequate conditions
which establish the solutions of polynomial equations with degree n ≥ 5 can be found radically
[5]. The solution of a given polynomial via the radicals depended on the symmetry group of its
roots corresponding to the Cartesian level and the Galois group. Soon after presenting his results
Galois passed on after documenting his theory which remained unclaimed. The documents were
discovered by J. Liouville in 1843 [5]. In view of the above aforementioned results by Galois that it
is impossible to determine the roots of polynomial greater than 5, the interest of mathematicians in
this field decreased considerably and many researchers from 19th century onwards concentrated on
investigating reliable approximate models for estimating roots for equation whose degree is greater
than 5. For studies on polynomial degree greater than 5 , the reader may see [1,5,7,10,14,15] and
for detailed recap on polynomial less than 5, the reference may be made to [2,3,4,6,8,9,11,12]. While
mathematicians have made significant advancements in solving polynomial equations through radical
expressions, equations of degree five or higher continue to pose a formidable challenge. The age-old
quest to develop a general method for solving these equations via radicals remains an ongoing and
intriguing pursuit in the realm of mathematics. Researchers are actively exploring new techniques,
algorithms, and theoretical frameworks in the hope of one day discovering a comprehensive solution.
The unyielding commitment to unraveling the mysteries of higher-degree equations symbolizes the
unquenchable thirst for mathematical understanding and the relentless pursuit of knowledge within
the mathematical community. This current research delves into the realm of analytical solutions,
particularly for higher degree equations greater or equal to multiple of 6. Specifically, the equation of
the form α6n + β6n = uv where u and v relatively prime is completely characterized via radicals for
non-zero distinct integer solution.

2 Main Results
”In the following sections, we present our findings in the form of theorem and proceed to solve
particular cases for the exponent n. It’s important to note that, in this this research, the condition
β > α is maintained.

Theorem 2.1. For any integers α and β, the equation α6n + β6n = uv has radical solution if u and
v are relatively prime and n ∈ N. Furthermore, the equation 3β4n − 3uβ2n + u2 − v = 0 serves as a
representation of the solution of α6n + β6n = uv.

Proof. α6n + β6n = (α2n)3 + (β2n)3 = (α2n + β2n)(α4n − α2nβ2n + β4n) = (α2n + β2n)(α4n −
2α2nβ2n + β4n + α2nβ2n) = (α2n + β2n)((α2n − β2n)2 + (αnβn)2). But α6n + β6n = uv. Thus,
(α2n+β2n)((α2n−β2n)2+(αnβn)2) = uv · · · (2.1). Without loss of generality assume (α2n+β2n) = u
· · · (2.2) and ((α2n − β2n)2 + (αnβn)2) = v · · · (2.3). From equation (2.2) , α2n = u − β2n. Thus,
equation (2.3) becomes (u − β2n − β2n)2 + (u − β2n)β2n = v · · · (2.4). Expanding equation (2.4)
and simplifying further, we obtain, 3β4n − 3uβ2n + u2n = v · · · (2.5) which is a representation of the
solution of equation α6n + β6n = uv.
Notice that, equation (2.5) is a quadratic equation in terms of β2n. Applying quadratic formula, on
case to case basis for different values of n, one obtains the following solutions:

Case (i), n = 1 implies α6 + β6 = uv. Thus equation (2.5) reduces to 3β4 − 3uβ2 + u2 = v · · · (2.6).
Clearly, equation (2.6) is a quadratic equation in β2. Applying quadratic formula to solve equation
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(2.6) for β, the following solution is obtained:

β1 =

√
3u+

√
−3u2 + 12v

6
, β2 = −

√
3u+

√
−3u2 + 12v

6

β1 =

√
3u−

√
−3u2 + 12v

6
, β2 = −

√
3u−

√
−3u2 + 12v

6

To obtain the value α, consider the equation (2.2), α2 = u−β2. so α =
√

u− β2. Substituting for the
the values of β, we have

α1 =

√
u− 3u+

√
−3u2 + 12v

6
, α2 = −

√
u− 3u+

√
−3u2 + 12v

6
,

α3 =

√
u− 3u−

√
−3u2 + 12v

6
, α4 = −

√
u− 3u−

√
−3u2 + 12v

6

Hence, for any integers α and β the equation α6 + β6 = uv where u and v are relatively prime has
radical solution.
Case (ii), n = 2 implies α12+β12 = uv. Thus equation (2.5) reduces to 3β8−3aβ4+u2 = v · · · (2.6).
Clearly, equation (2.6) is a quadratic equation in β4. Applying quadratic formula to solve equation (2.6)
for β, the following solution is obtained:

β1 =

√√√√√
3u+

√
−3u2 + 12v

6
, β2 = −

√√√√√
3u+

√
−3u2 + 12v

6

β3 = i4

√√√√√
3u+

√
−3u2 + 12v

6
, β4 = −i4

√√√√√
3u+

√
−3u2 + 12v

6

β5 =

√√√√√
3u−

√
−3u2 + 12v

6
, β6 = −

√√√√√
3u−

√
−3u2 + 12v

6

β7 = i4

√√√√√
3u−

√
−3u2 + 12v

6
, β8 = −i4

√√√√√
3u−

√
−3u2 + 12v

6

To obtain the value α, consider the equation (2.2), α4 = u−β4. so α =
√

u− β4. Substituting for the
the values of β, we have

α1 =

√√√√√
u− 3u+

√
−3u2 + 12v

6
, α2 = −

√√√√√
u− 3u+

√
−3u2 + 12v

6

,

α3 = i4

√√√√√
u+

3u+
√
−3u2 + 12v

6
, α4 = −i4

√√√√√
u− 3u+

√
−3u2 + 12v

6
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α5 =

√√√√√
u− 3u−

√
−3u2 + 12v

6
, α5 = −

√√√√√
u− 3u−

√
−3u2 + 12v

6
,

α7 = i4

√√√√√
u+

3u−
√
−3u2 + 12v

6
, α8 = −i4

√√√√√
u− 3u+

√
−3u2 + 12v

6

Hence, for any integers α and β the equation α12 + β12 = uv where u and v are relatively prime has
radical solution.

2.1 Applications
Example 2.2. Let α6+β6 = 65 = 5∗13. Here, u = 5, v = 13, (5, 13) = 1. The equation 3β4−3uβ2+
u2 − v = 0 is representation of the solution α6 + β6 = 5 ∗ 13. Applying the quadratic formula we’ve

β1 =

√
3u+

√
−3u2 + 12v

6
=

√
3 ∗ 5 +

√
−3 ∗ 52 + 12 ∗ 13

6
= 2

β2 = −

√
3u+

√
−3u2 + 12v

6
= −

√
3 ∗ 5 +

√
−3 ∗ 52 + 12 ∗ 13

6
= −2

β3 =

√
3u+

√
−3u2 + 12v

6
=

√
3 ∗ 5−

√
−3 ∗ 52 + 12 ∗ 13

6
= 1

β4 = −

√
3u+

√
−3u2 + 12v

6
= −

√
3 ∗ 5−

√
−3 ∗ 52 + 12 ∗ 13

6
= −1

α1 =

√
u− 3u+

√
−3u2 + 12v

6
=

√
5− 3 ∗ 5 +

√
−3 ∗ 52 + 12 ∗ 13

6
= 1,

α2 = −

√
u− 3u+

√
−3u2 + 12v

6
=

√
5− 3 ∗ 5 +

√
−3 ∗ 52 + 12 ∗ 13

6
= −1

α3 =

√
u− 3u−

√
−3u2 + 12v

6
=

√
5− 3 ∗ 5−

√
−3 ∗ 52 + 12 ∗ 13

6
= 2,

α4 = −

√
u− 3u−

√
−3u2 + 12v

6
=

√
5− 3 ∗ 5−

√
−3 ∗ 52 + 12 ∗ 13

6
= −2

Example 2.3. Let α6+β6 = 62281 = 61∗1021. Here, u = 61, v = 1021, (61, 1021) = 1. The equation
3β4 − 3uβ2 +u2 − v = 0 is representation of the solution α6 + β6 = 61 ∗ 1021. Applying the quadratic
formula we’ve

β1 =

√
3u+

√
−3u2 + 12v

6
=

√
3 ∗ 61 +

√
−3 ∗ 612 + 12 ∗ 1021

6
= 6
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β2 = −

√
3u+

√
−3u2 + 12v

6
= −

√
3 ∗ 61 +

√
−3 ∗ 612 + 12 ∗ 1021

6
= −6

β3 =

√
3u+

√
−3u2 + 12v

6
=

√
3 ∗ 61−

√
−3 ∗ 612 + 12 ∗ 1021

6
= 5

β4 = −

√
3u+

√
−3u2 + 12v

6
= −

√
3 ∗ 61−

√
−3 ∗ 612 + 12 ∗ 1021

6
= −5

α1 =

√
u− 3u+

√
−3u2 + 12v

6
=

√
61− 3 ∗ 61 +

√
−3 ∗ 612 + 12 ∗ 1021

6
= 5,

α2 = −

√
u− 3u+

√
−3u2 + 12v

6
=

√
61− 3 ∗ 61 +

√
−3 ∗ 612 + 12 ∗ 1021

6
= −5

α3 =

√
u− 3u−

√
−3u2 + 12v

6
=

√
61− 3 ∗ 61−

√
−3 ∗ 612 + 12 ∗ 1021

6
= 6,

α4 = −

√
u− 3u−

√
−3u2 + 12v

6
=

√
61− 3 ∗ 61−

√
−3 ∗ 612 + 12 ∗ 1021

6
= −6

Example 2.4. Let α12 + β12 = 535537 = 97 ∗ 5521. Here, u = 97, v = 5521, (97, 5521) = 1. The
equation 3β8 −3uβ4 +u2 − v = 0 is a representation of the solution α12 +β12 = 535537 = 97∗5521..
Applying our the general formula, we obtain

β1 =

√√√√√
3u+

√
−3u2 + 12v

6
=

√√√√√
3 ∗ 97 +

√
−3 ∗ 972 + 12 ∗ 5521

6
= 3,

β2 = −

√√√√√
3u+

√
−3u2 + 12v

6
= −

√√√√√
3 ∗ 97 +

√
−3 ∗ 972 + 12 ∗ 97

6
= −3,

β3 = i4

√√√√√
3u+

√
−3u2 + 12b

6
= i4

√√√√√
3 ∗ 97 +

√
−3 ∗ 972 + 12 ∗ 5521

6
= 3i4,

β4 = −i4

√√√√√
3u+

√
−3u2 + 12v

6
= −i4

√√√√√
3 ∗ 97 +

√
−3 ∗ 972 + 12 ∗ 5521

6
= −3i4,

β5 =

√√√√√
3u−

√
−3u2 + 12v

6
=

√√√√√
3 ∗ 97−

√
−3 ∗ 972 − 12 ∗ 5521

6
= 2,

β6 = −

√√√√√
3u−

√
−3u2 + 12v

6
= −

√√√√√
3 ∗ 97−

√
−3 ∗ 972 + 12 ∗ 97

6
= −2,

β7 = i4

√√√√√
3u−

√
−3u2 + 12v

6
= i4

√√√√√
3 ∗ 97−

√
−3 ∗ 972 + 12 ∗ 5521

6
= 2i4,
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β8 = −i4

√√√√√
3u−

√
−3u2 + 12v

6
= −i4

√√√√√
3 ∗ 97−

√
−3 ∗ 972 + 12 ∗ 5521

6
= −2i4,

To obtain the value α, consider the equation (2.2), α4 = u−β4. so α =
√

u− β4. Substituting for the
the values of β, we have

α1 =

√√√√√
u− 3u+

√
−3u2 + 12v

6
=

√√√√√
97− 3 ∗ 97 +

√
−3 ∗ 972 + 12 ∗ 5521

6
= 2,

, α2 = −

√√√√√
u− 3u+

√
−3u2 + 12v

6
= −

√√√√√
97− 3 ∗ 97 +

√
−3 ∗ 972 + 12 ∗ 5521

6
= −2

,

α3 = i4

√√√√√
u− 3u+

√
−3u2 + 12v

6
= i4

√√√√√
97− 3 ∗ 97 +

√
−3 ∗ 972 + 12 ∗ 5521

6
= 2i4,

α4 = −i4

√√√√√
u− 3u+

√
−3u2 + 12v

6
= −i4

√√√√√
97− 3 ∗ 97 +

√
−3 ∗ 972 + 12 ∗ 5521

6
= −2i4,

α5 =

√√√√√
u− 3u−

√
−3u2 + 12v

6
=

√√√√√
97− 3 ∗ 97−

√
−3 ∗ 972 + 12 ∗ 5521

6
= 3,

, α6 = −

√√√√√
u− 3u−

√
−3u2 + 12v

6
= −

√√√√√
97− 3 ∗ 97−

√
−3 ∗ 972 + 12 ∗ 5521

6
= −3

,

α7 = i4

√√√√√
u+

3u−
√
−3u2 + 12v

6
= i4

√√√√√
97 +

3 ∗ 97−
√
−3 ∗ 972 + 12 ∗ 5521

6
= 3i4,

α8 = −i4

√√√√√
u− 3u−

√
−3u2 + 12v

6
= −i4

√√√√√
97− 3 ∗ 97−

√
−3 ∗ 972 + 12 ∗ 5521

6
= −3i4.

Example 2.5. Let α12 + β12 = 62281 = 113 ∗ 3361. Here, u = 113, v = 3361, (113, 3361) = 1. The
equation 3β8 −3uβ4 +u2 − v = 0 is a representation of the solution α12 +β12 = 62281 = 113∗3361..
Applying our the general formula, we obtain

β1 =

√√√√√
3u+

√
−3u2 + 12v

6
=

√√√√√
3 ∗ 113 +

√
−3 ∗ 1132 + 12 ∗ 3361

6
= 8,

β2 = −

√√√√√
3u+

√
−3u2 + 12v

6
= −

√√√√√
3 ∗ 113 +

√
−3 ∗ 1132 + 12 ∗ 3361

6
= −8,
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β3 = i4

√√√√√
3u+

√
−3u2 + 12b

6
= i4

√√√√√
3 ∗ 113 +

√
−3 ∗ 1132 + 12 ∗ 3361

6
= 8i4,

β4 = −i4

√√√√√
3u+

√
−3u2 + 12v

6
= −i4

√√√√√
3 ∗ 113 +

√
−3 ∗ 1132 + 12 ∗ 3361

6
= −8i4,

β5 =

√√√√√
3u−

√
−3u2 + 12v

6
=

√√√√√
3 ∗ 113−

√
−3 ∗ 1132 − 12 ∗ 3361

6
= 7,

β6 = −

√√√√√
3u−

√
−3u2 + 12v

6
= −

√√√√√
3 ∗ 113−

√
−3 ∗ 1132 + 12 ∗ 3361

6
= −7,

β7 = i4

√√√√√
3u−

√
−3u2 + 12v

6
= i4

√√√√√
3 ∗ 113−

√
−3 ∗ 1132 + 12 ∗ 3361

6
= 7i4,

β8 = −i4

√√√√√
3u−

√
−3u2 + 12v

6
= −i4

√√√√√
3 ∗ 113−

√
−3 ∗ 1132 + 12 ∗ 3361

6
= −7i4,

To obtain the value α, consider the equation (2.2), α4 = u−β4. so α =
√

u− β4. Substituting for the
the values of β, we have

α1 =

√√√√√
u− 3u+

√
−3u2 + 12v

6
=

√√√√√
113− 3 ∗ 113 +

√
−3 ∗ 1132 + 12 ∗ 3361

6
= 7,

, α2 = −

√√√√√
u− 3u+

√
−3u2 + 12v

6
= −

√√√√√
113− 3 ∗ 113 +

√
−3 ∗ 1132 + 12 ∗ 3361

6
= −7

,

α3 = i4

√√√√√
u− 3u+

√
−3u2 + 12v

6
= i4

√√√√√
113− 3 ∗ 113 +

√
−3 ∗ 1132 + 12 ∗ 3361

6
= 7i4,

α4 = −i4

√√√√√
u− 3u+

√
−3u2 + 12v

6
= −i4

√√√√√
113− 3 ∗ 113 +

√
−3 ∗ 1132 + 12 ∗ 3361

6
= −7i4,

α5 =

√√√√√
u− 3u−

√
−3u2 + 12v

6
=

√√√√√
113− 3 ∗ 113−

√
−3 ∗ 1132 + 12 ∗ 3361

6
= 8,

, α6 = −

√√√√√
u− 3u−

√
−3u2 + 12v

6
= −

√√√√√
113− 3 ∗ 113−

√
−3 ∗ 1132 + 12 ∗ 3361

6
= −8

,

α7 = i4

√√√√√
u+

3u−
√
−3u2 + 12v

6
= i4

√√√√√
113 +

3 ∗ 113−
√
−3 ∗ 1132 + 12 ∗ 3361

6
= 8i4,
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α8 = −i4

√√√√√
u− 3u−

√
−3u2 + 12v

6
= −i4

√√√√√
113− 3 ∗ 113−

√
−3 ∗ 1132 + 12 ∗ 3361

6
= −8i4

3 Conclusion
To sum up, this research has provided analytical solution for the Diophantine equation α6n + β6n =
uv where u and v are co-prime, for n = 1 and n = 2 with α, β being integers. Future research
may consider the same diophantine equation for n ≥ 3 under the representation of the solution
3β4n−3uβ2n+u2−v = 0. Additionally, investigating other families of diophantine equation of degree
greater than 6 via analytical solution may add to the existing body of knowledge.
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