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Abstract 

A multilevel logistic regression model demonstrating high correlations among predictor variables 

is susceptible to multi-collinearity. Multi-collinearity significantly impacts the robustness and 

interpretability of multilevel non-linear models. In multilevel non-linear models, the effects of 

multi-collinearity can be amplified, leading to distorted parameter estimates and inflated standard 

errors. This phenomenon contributes to an escalation in the variances of parameter estimates, 

thereby resulting in inaccurate inferences regarding the relationships between the response and 

explanatory factors. The primary objective of this study is to investigate the impact of multi-

collinearity on multilevel non-linear models. The research aims to assess whether the quantity of 

independent variables influences the Multilevel Variance Inflation Factor and to explore the effect 

of altering the correlation degree at one level on multi-collinearity within a multilevel non-linear 

model. Additionally, the research seeks to determine how multi-collinearity affects the standard 

errors of parameters in a multilevel non-linear model. In a 2-level logistic regression, a binary 

variable was the dependent variable, while pre-established standard variables functioned as 

regressors. The Monte Carlo analysis incorporated three distinct correlation strengths (0.2, 0.5, 

and 0.9) and sample sizes (500, 100, and 30). The Multilevel Variance Inflation Factor was 

employed for multi-collinearity diagnosis. The outcomes revealed that, within the logistic 

multilevel regression model, an increase in sample size correlated with a reduction in multi-

collinearity. Notably, the influence of multi-collinearity on standard errors in a multilevel non-

linear model was more pronounced. It was observed that increasing the sample size remains an 

effective strategy to mitigate multi-collinearity errors in a multilevel non-linear model. This 

approach is particularly crucial due to the reliance on maximum likelihood estimation in logistic 

regression, as opposed to ordinary least squares (OLS) regression, which contrasts with the 

methodology of OLS regression. 
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INTRODUCTION 

 

Exact collinearity refers to a perfect linear relationship between two explanatory variables, X1 and 

X2. An equation like X1 = 100 − 2X2 exemplifies exact collinearity, where one variable is entirely 

determined by the other. On the other hand, multi-collinearity occurs when there is a connection 

involving more than two explanatory variables, as in the equation X1 = 100 − 2X2 + 3X3 [1]. In 

cases of multi-collinearity, multiple explanatory variables influence each other. Collinearity or 

multi-collinearity does not need to be exact to be considered significant; what matters is the 

strength of the relationship. Multi-collinearity is a phenomenon where predictor variables exhibit 

high correlation and pose challenges in estimating model coefficients and understanding their 

contributions. It is a phenomenon characterised by a linear relationship between two or more 

independent variables [2]. 

Multi-collinearity is not well understood among people in domains outside of statistics [3]. It 

pervades fields such as public health, finance, and education, particularly in the era of big data, 

where relationships between variables may change over time in response to economic events. This 

issue is particularly prevalent in finance [2], where forecasting involving numerous variables, like 

technical indicators, earnings reports, and macroeconomic data, is crucial for risk management [4]. 

In survival times analysis, multi-collinearity can significantly affect regression-based techniques 

like Cox proportional hazards regression. Survival times indicate a system's ability to detect illness 

and the timely provision of quality care [5, 6]. Moreover, multi-collinearity extends its influence 

into machine learning and artificial intelligence domains amidst the era of big data [2]. Researchers 

striving to optimally use elements for predicting or understanding response variables in statistical 

models may encounter skewed or misleading results due to multi-collinearity [7]. Overall, multi-

collinearity can lead to less stable probability estimates and wider confidence intervals for 

predictors, undermining the reliability of models affected by this issue [7, 8]. In non-linear models, 

multi-collinearity can lead to inflated standard errors, unstable parameter estimates, and difficulties 

interpreting individual predictors' effects on the outcome variable. 

 

Pinheiro and Bates [9] advocate using non-linear latent coefficient models due to their 

interpretability, parsimony, and, most importantly, their validity beyond the observed data range. 

Precision in approximating the genuine, typically non-linear, regression function within the 

observed data range can be enhanced by increasing the order of a polynomial model. However, 

high-order polynomial models frequently lead to multi-collinearity issues and fail to provide 

theoretical insights into the underlying mechanism generating the data [10]. 

The Richards function, a generalisation of non-linear functions [11], describes growth curves, with 

specific instances including the logistic, Gompertz, and monomolecular functions [12]. Presently, 

one can select curves of the form y = f1(x) + f2(x) + e where the first component, f1(x) may have 

the form: 

• Gompertz: c1 exp(−c2 exp(−c3x)) 

• logistic: 
c1

(1+sexp⁡(c2−c3x))
 

• Monomolecular: c1(1+ s exp(c2 − c3x)) 

• Exponential: c1exp(−c2x) 

• Power: 𝑐1𝑥
𝑏𝑐2  

The second component, f2(x), may have the form: 



 

 

• Gompertz: 𝑐𝑑1 exp(𝑑2 exp(−𝑑3𝑥))  

• logistic: 
d1

(1+s⁡exp⁡(d2−d3x))
 

• Monomolecular: 𝑑1(1 + 𝑠 exp(𝑑2 − 𝑑3𝑥))  
• Exponential: 𝑑1exp⁡(−𝑑2𝑥) 
• Power: 𝑑1𝑥

𝑑2  

The sign of the term exp (b2 − b3x) is denoted by 's' in the curves above, and it may assume values 

of either 1 or -1. Opting for a curve from this family is preferable over a polynomial curve due to 

the distinctive physical meanings associated with the parameters in the first three functions. These 

parameters can often be fitted to a set of responses with equivalent precision. Parameter c1 signifies 

the time asymptotic value of the observed characteristic, parameter c2 represents the potential 

increase (or decrease) in the function's value during the interval t1 to tp, and parameter b3 indicates 

the growth rate. 

 

Like linear hierarchical models, the coefficients c1, c2, …, and d3 can be expressed as level-2 

outcome variables [13]. 

c1= 𝛿1+u1 

c2= 𝛿2+u2 

c3= 𝛿3+u3 

d1= 𝛿4+u4 

d2= 𝛿5+u5 

c3= 𝛿6+u6 

Assuming zero means and a covariance matrix Φ, the normal distribution is attributed to the level-

2 residuals u1,u2, … , u6. Within the LISREL framework, it is also conceivable to posit that a level-

2 covariate impacts the values of any random coefficient, thereby introducing a general 

association. 

c1= 𝛿1+ γ1z1+u1 

c2= 𝛿2+ γ2z2+u2 

d3= 𝛿3+ γ3z3+u3 

d1= 𝛿4+ γ4z4+u4 

d2= 𝛿5+ γ5z5+u5 

c3= 𝛿6+ γ6z6+u6 

where zi denotes the value of a covariate and γi the corresponding coefficient. 

Generally, a single component (f1(x)) is adequate for elucidating various monotone growing or 

decreasing growth patterns. However, for more complex patterns, two-component regression 

models prove useful. Within the LISREL framework, the user can select any of the five curve types 

for component 1 and combine it with a different curve type for component 2. 

Valid choices are, for example,  

• Logistic 

• Monomolecular + Gompertz 

• Exponential + logistic 

• Logistic + logistic 

The model parameters encompass the vector of fixed coefficients (𝛿), the vector of covariate 

coefficients (γ), the variance (σ2) of the level-1 measurement errors, and the covariance matrix (Π) 

of the level-2 residuals, all of which are unknown. 

 



 

 

Multilevel Non-Linear Regression Models Estimation Procedure 

Given that y represents a linear combination of the random coefficients, it exhibits a normal 

distribution within linear multilevel models. For example, the intercept-and-slopes-as-outcomes 

model is  

𝑦 = 𝑐1 + 𝑐2𝑥 + 𝑒 
where c1 = u1, c2 = u2 and (u1,u2 ) is assumed to be normally distributed. 

Non-linear multilevel regression models preclude the normal distribution of y since they cannot be 

articulated as a linear combination of their coefficients [14]. A method for assessing the probability 

density function of y involves employing multiple integrals. 

𝑓(𝑦) = ∫ …
𝑏1

⁡∫ 𝑓(𝑦, 𝑐1, … , 𝑑3)𝑐𝑔1…𝑔𝑑𝑐3
𝑐3

⁡ 

that, in general, cannot be solved in closed form. 

To evaluate the likelihood function 

𝐿 = Π𝑖=1
n ʄ(yi), 

The application of numerical integration techniques is imperative in this context. Assumed 

distributions for e and the set (c1,c2 ,c3,d1,d2, d3 ) are N(0,Φ2) and N(0,σ2), respectively. 

In the multilevel procedure, a Gauss quadrature approach is employed for the numerical evaluation 

of integrals. The unknown parameters must possess appropriate initial values to initiate the ML 

technique. A comprehensive account of the estimating process is provided by Cudeck and du Toit 

[15]. 

 

i. How are non-linear models affected by Multi-collinearity? 

When the increment Δ𝑏(𝑖−1) is sufficiently small, the solution for these algorithms can be derived 

from the first-order Taylor series approximation of the error function SSE [16]. 

SSE(b(i)) = SSE(b(i-1)) + Z(∆b(i-1))        1.12 

where the elements of the matrix Z are the derivatives 

𝑍𝑖𝑗 = {𝜕𝑒𝑖/𝜕𝑏𝑗}          1.13 

Therefore, at step "i" the algorithm searches to minimise the updated error function 3) concerning 

the new value of b: b(i) 

b(i) = b(i-1) – (Z’Z)-1.Z.SSE(b(i-1))        1.14 

This adaptive searching methodology is reminiscent of the pseudo-linear regression approach [17, 

18, 19], presenting a computationally less demanding alternative to the prediction error method 

[20]. The pseudo-linear regression method is called approximate maximum likelihood or the 

extended least squares method. 

This expectation arises from the fact that the linear approximation is obtained through the first-

order Taylor expansion. In general, the elements of the Hessian matrix (H) for a sum-of-squares 

error function as in equation 2) are 

Hij = {𝜕 2SSE/⁡𝜕bi𝜕bj}= {(𝜕e /⁡𝜕bi).(⁡𝜕e/⁡𝜕bj) + e.(⁡𝜕2e/⁡𝜕bi𝜕bj)}    1.15 

 

T matrix cap Z prime can then approximate the matrix. 𝑍′. 𝑍: 

(𝑍′. 𝑍)𝑖𝑗 = {(𝜕𝑒/𝜕𝑏𝑖). (𝜕𝑒/𝜕𝑏𝑗)}        1.16 

by discarding the term e. (𝜕2𝑒/𝜕𝑏𝑖𝜕𝑏𝑗) of the equation 1.15. 

This signifies that in the minimisation process of equation 1.14, the Hessian matrix, when 

multiplied by the gradient of the error function (∆SSE = Z), yields the Newton step, also known 

as the Newton direction. 

b(i) = b(i-1) - H
-1.∆SSE          1.17 



 

 

Exact solutions determined by the Hessian matrix are feasible only for linear problems with finite 

datasets [21]. In contrast, the Newton direction asymptotically converges towards the global 

minimum for non-linear structures, such as those encountered in infinite datasets. Consequently, 

estimating and updating the Hessian for finite samples at each stage is imperative. 

The challenge lies in that, irrespective of the sample size, the pseudo linear regression procedure 

necessitates the inversion of the Hessian matrix, specifically in its approximated form Z’.Z. For 

(Z’.Z)-1 to be invertible, it is essential that the columns of (Z’×Z)-1 exhibit linear independence. 

Consequently, the issue of multi-collinearity arises in the iterative optimisation processes of non-

linear models [22]. 

 

ii. Effects of Multi-collinearity 

Multi-collinearity within the design matrix notably impacts the least squares estimation of 

parameters [23]. The variances of the parameters are given. 

Var(𝛽̂j) = σ2 1

1−Rj
2  (Rj

2⁡≤ 1) j=1, 2, …,p      1.18  

Where 𝛽̂ is the least squares estimator of 𝛿.  
1

1−Rj
2 is the diagonal elements of (𝑋′𝑋)−1 matrix in 

equation (1.18). Also, Rj
2 is the coefficient of multiple determination from the regression of xj on 

the remaining p – 1 regressor variables. If there is strong multi-collinearity between xj and any 

other regressors, the value of R2
j will be close to unity (Rj

2
 → 1), diagonal elements of the variance-

covariance matrix will be considerable (
1

1−Rj
2  → ∞) 

In assessing different parameter estimators or the proximity of an estimator to the actual parameter, 

mean square error is commonly employed [24, 25]. 

In the presence of multi-collinearity in the model, the mean square error can be altered using the 

formula, 

E(L1
2) = E[(𝛽̂j – 𝛿)’(𝛽̂j – 𝛿)] = MSE(𝛽̂) 

 = ∑ 𝐸(𝛽𝑗̂
𝑝
𝑗=𝑖 − 𝛽𝑗)

2 

 = ∑ 𝑉𝑎𝑟(𝛽𝑗̂)
𝑝
𝑗=1         1.19 

 = σ2Tr(X’X)-1 

 = σ2∑
1

𝜆𝑗

𝑝
𝑗=1

 ,    λj > 0, j = 1, 2, …p 

can be used. The values of λj represent the eigenvalues of the 𝑋′𝑋 correlation matrix. In equation  

(1.19), L1
2 = (𝛽̂j⁡– ⁡𝛿)′(𝛽̂j⁡– ⁡𝛿) denotes the square of the distance from the estimator to the true 

parameter. In cases where multi-collinearity in the design matrix renders the 𝑋′𝑋 correlation matrix 

ill-conditioned, at least one λj will be considerably small, excluding estimation values from the 

real parameter [23]. 

To identify multi-collinearity, the literature commonly refers to examining the correlation matrix, 

variance inflation factor (VIF), and eigenvalue eigenvector analysis of the correlation matrix [26, 

24]. Multi-collinearity typically arises from model selection; for example, incorporating 

explanatory variables with a high degree of correlation can result in an undesirable multi-

collinearity issue. The specific objectives of this study encompass:  

1. To explore the impact of a change in the degree of correlation at one level on the multi-

collinearity value in a multilevel non-linear model. 

2. To assess whether the number of independent variables influences the value of the variance 

inflation factor. 



 

 

3. To examine the influence of multi-collinearity on the parameter standard errors in the 

multilevel non-linear model. 

 

LITERATURE REVIEW 

In multiple regression analysis, multi-collinearity is a significant difficulty frequently resulting 

from the broken assumption of linear independence among the explanatory variables. A statistical 

problem known as multi-collinearity occurs when there is a strong correlation between two or 

more of the independent variables in a regression model [27]. This issue is commonly discussed 

in terms of its degree rather than mere presence or absence. 

Belsley [28] notes the absence of a clear definition of multi-collinearity in the literature. When 

data vectors representing two variates lie on the same line, they are termed collinear, forming a 

subspace of dimension one. In a broader sense, k variates are considered collinear if their vectors 

are linear combinations of others and lie in a subspace of dimension fewer than k. While "exact 

multi-collinearity" is rare in practice, a more comprehensive understanding is required to address 

the issue in statistical estimation. By accounting for small angles between vectors, multi-

collinearity is extended to more than two variates, suggesting a high degree of correlation. 

Additionally, multi-collinearity can make survival analysis variable selection more difficult [6].    

In regression analysis, multi-collinearity becomes problematic when independent variables are 

correlated or exhibit intercorrelations [29]. This issue can lead to dependencies between the 

estimated regression coefficients and associated predictor variables. Greene [30] identifies multi-

collinearity by observing wide swings in parameter estimates with minor changes in data, 

coefficients with inconsistent sign magnitudes and substantial standard errors, even when 

statistically significant and with a high R2. 

 

 

The negative influence of Multi-collinearity 

Regression-based on multi-collinearity data has two negative effects: 

 

Computational problem  

The application of a condition number signifies its role in estimating the sensitivity of a linear 

equation's solution to variations in the system's constituent parts [31]. In computational terms, this 

implies that solutions to a system of linear equations or a set of least-squares ordinary equations 

will inherently possess a limited interpretative accuracy determined by the conditioning of the data 

concerning the condition number. Essentially, the condition number serves as a multiplicative 

factor, allowing imprecision in the data to propagate into imprecision in the solution of the linear 

system of equations [32]. 

To illustrate, if data are trusted to four digits and the condition number of (XTX) is 103, a change 

in the fifth place of data could impact the least-squares solution in its second (5-3) significant digit. 

However, a small change in the data's last place might affect the solution Z = A-1C in the (d-r)th 

place. Consequently, only the first digit can be considered reliable, with all other digits potentially 

rendered useless and subject to arbitrary changes in X that do not influence the accuracy of the 

information. It is evident that none of the significant numbers in C could be trusted if the condition 

number of XTX were 104 or 105 in this scenario. While computational adjustments can mitigate 

this issue when calculating least-squares estimates, complete elimination remains unattainable. 

 

 



 

 

Statistical problem  

In statistical analysis, multi-collinearity within a data matrix is widely acknowledged to result in 

diminished precision of statistical estimates, manifesting as elevated conditional variances [33]. 

Poorly conditioned data, characterised by nearly linearly dependent series, contribute little 

independent information, adversely affecting regression-based estimation, forecasting, and 

hypothesis testing by inflating variances. 

Users of linear regression often encounter situations where confidence or forecast intervals appear 

excessively large, signalling inadequately conditioned data. Additionally, significance tests may 

yield inconclusive results due to elevated error variance induced by collinearity [34]. While 

obtaining fresh, well-conditioned data is the most immediate remedy, practical constraints often 

limit this option. Thus, diagnostic tools become invaluable for identifying and isolating multi-

collinearity [35]. These tools enable researchers to assess whether corrective measures, such as 

gathering new data or employing Bayesian techniques, are warranted. 

The statistical treatment of multi-collinearity as a problem traces back to Farar and Glauber's [36] 

work in 1967, which proposed a method based on an orthogonal data matrix null hypothesis. Their 

approach involves a statistical test against the null hypothesis, indicating the absence of multi-

collinearity if accepted. Critics like Haitovsky [37] challenged this orthogonality null hypothesis, 

advocating for tests against a perfect singularity null hypothesis. Kumar [38] also critiqued the 

assumption of stochasticity in Farar and Glauber's method, emphasising that it does not align with 

the fixed X assumption in the standard regression model. 

While multi-collinearity introduces computational challenges and diminishes statistical precision, 

it is not a statistically testable scenario within the linear regression model [39]. Instead, it requires 

a combination of statistical and numerical methods. Silvey [40] notes the similarity of this 

approach to the singular value decomposition method in numerical analysis, which is evident 

through the presence of small eigenvalues in the X'X matrix. 

 

 

The singular-value decomposition (SVD) 

Any matrix X, with n observations on p variates and dimensions n x p, can be decomposed as  

X = UDV'         2.1 

where U is n x p, D is p x p, and V is p x p. An alternative formulation,  

nXp = nUn nDn pVp
T        2.2 

In this formulation, D always maintains full rank, denoted as r = rank(X). 

 

The singular value of X is defined as U'U = V'V = I and D, where μk, k = 1,…, p, represents non-

negative elements on the diagonal. The centrality or scaling of X does not alter this definition. 

However, for the subsequent multi-collinearity diagnostic, it is recommended to scale X to have 

an equal (unit) column length. If the data are relevant to a model with a constant term, X should 

include uncentered data and a column of ones. Using the centred data matrix X in this context is 

discouraged, as it may obscure the constant's role in any underlying dependencies and yield 

inaccurate diagnostic outcomes. 

X is a matrix of predefined variables, which may include lagged values of the response variable y. 

While the singular-value decomposition (SVD) differs from eigenvalues and eigenvectors, these 

concepts are closely connected. The relationship that X'X = VD2V' signifies that V is an orthogonal 

matrix diagonalising X'X. Thus, the squares of the singular values in D2, the diagonal components 

of D2, correspond to the eigenvalues of the real symmetric matrix X'X. The columns of U are the 



 

 

p eigenvectors of X'X related to its p nonzero eigenvalues, and the orthogonal columns of V are 

the eigenvectors of X'X. The SVD of the matrix X encompasses the information provided by the 

eigensystem of X'X. However, practical considerations justify the preference for the SVD method. 

Firstly, it directly relates to the data matrix X, rather than the cross-product matrix X'X. Second, 

the condition number of X is more accurately described in terms of the singular values of X 

(spectral norm) rather than the square roots of the eigenvalues of X'X. Third, introducing the idea 

of singular-value decomposition to a broader audience is beneficial due to its extensive practical 

and analytical applications in matrix algebra. Finally, though computationally comparable 

technically, the eigensystem and the SVD of a matrix differ. In instances where X is poorly 

conditioned, algorithms for computing the SVD of X offer higher numerical stability than those 

for the eigensystem of X'X. 

In practical terms, it is advisable to perform the multi-collinearity diagnostic using the stable SVD 

approach for X rather than employing an algorithm to determine the eigenvalues and eigenvectors 

of X'X. 

 

Detection of Multi-collinearity  

Test of the determinant of the correlation matrices:  
The determinant of the matrix, constrained within the correlation domain, spans a range from zero 

to one. Specifically, it attains a value of one in instances of orthogonal independent variables and 

decreases to zero in scenarios of complete linear dependency. The proximity of the determinant to 

zero signifies an escalation in multi-collinearity. However, this method does not offer the ability 

to identify the specific variables contributing to multi-collinearity [41]. 

 

Analysis of the correlation matrix:  
This procedure applies scrutiny to the correlation matrix's non-diagonal elements (rij). The 

correlation coefficient (rij) becomes particularly relevant when examining the variables Xi and Xj, 

subjects of study, as it approaches unity in absolute values when these variables exhibit a 

significant linear dependency. High correlation coefficients, indicative of multi-collinearity, 

emerge when variables demonstrate strong linear interdependence. However, it is imperative to 

note that the significance of this requirement is heightened when dealing with more than two 

independent variables, as the absence of a robust correlation between two variables does not 

guarantee the absence of multi-collinearity [42]. 

 

Eigenvectors and eigenvalues analysis in the correlation matrix:  

The matrix condition number (CN), evaluated based on the symmetry of the matrix, indicates the 

relationship between the largest and smallest eigenvalues. A small CN suggests the presence of 

one or more close linear dependencies among the variables [43], reflected in one or more small 

eigenvalues (λ1,λ2,…, λp) of the correlation matrix. 

According to Montgomery and Peck [41], multi-collinearity is deemed insignificant if CN < 100. 

Multi-collinearity severity is classified as moderate to strong if 100 < CN < 1000 and severe if CN 

> 1000. 

An analysis of eigenvalues can be conducted to assess the approximate nature of linear 

dependencies among variables [44]. In these analyses, R = VΛV', where Λ is an orthogonal matrix 

with dimensions p x p, and its columns (v1, v2, …, vp) represent the normalised eigenvectors of R. 

Λ is a diagonal matrix with dimensions p x p (where p is the number of variables used for the R 

correlation matrix). Its elements are the eigenvalues λj ( j = 1,2,…,p) of R. 



 

 

A near-zero eigenvalue (λj) indicates a linear correlation between observations, with the 

characteristics of this dependency expressed by the eigenvector (vj) components associated with 

that specific eigenvalue. 

 

Inflation factors of the variance:  
Obtaining the matrix X'X in correlation form, [45] provides the diagonal elements of the matrix 

Rxx
-1 = (X'X)-1, representing the VIF. Multi-collinearity can be identified using these VIF criteria. 

In cases of linear dependency between variables, the variance of the jth least squares regression 

coefficient is denoted by vjjσ
2, where vjj serves as the factor affecting the variance of 𝛽̂. The impact 

of multi-collinearity on the least squares regression coefficients becomes significant when VIF 

values exceed 10. 

According to Freund and Wilson [46], multi-collinearity does not substantially affect the 

coefficient estimators as long as the VIFs are less than (
1

1−R2
), where R2 is the coefficient of 

determination for the model Y considering all X variables. In this scenario, the correlation between 

the independent and dependent variables Y is stronger than their intercorrelation. 

 

Splitting into singular values  
Expressed as X = UDV', where X is an n x p matrix with n observations and p variables, the 

decomposition of X'X is given by (UDV')'(UDV') = VD2V' [37]. The matrix U is of dimensions n 

x p, with columns representing eigenvectors corresponding to the eigenvalues of X'X. The 

normalised eigenvectors of X'X constitute matrix V, which is p x p. The matrices U'U = V'V = Ip 

ensure orthogonality. The diagonal matrix D, of dimensions p x p, contains non-negative diagonal 

components μj (j = 1, 2, p), representing the unique values of X. The expression X = UDV' thus 

signifies the decomposition of X into its singular values. 

The size of singular values is affected by the degree of poor conditioning in matrix X. As the 

singular value for each approximate linear dependency increases, so does the size of the singular 

values. This relationship is captured by the matrix's condition index (ηk), defined as  

ηk = 
𝜇𝑚𝑎𝑥

𝜇𝑘
, k =1,2, …, p 

thus, ηk ≥ 1, for all k 

the variance of the least squares estimator of 𝛿 for each k is denoted by 

V( 𝛽̂)= σ2 (X'X)-1 = σ2VΛ-1V 

Or for the kth component of 𝛽̂, 

V(𝛽̂𝑘) = σ2∑
𝑣𝑘𝑗
2

𝜇𝑗
2

𝑝
𝑗=1  = σ2∑

𝑣𝑘𝑗
2

λj

𝑝
𝑗=1  

Except for σ2, the kth element of VΛ-1V diagonal is the kth inflation factor of the variance, thus 

(VIF)k = = ∑
𝑣𝑘𝑗
2

𝜇𝑗
2

𝑝
𝑗=1  = ∑

𝑣𝑘𝑗
2

λj

𝑝
𝑗=1  

The presence of one or more small singular values, or eigenvalues, will cause inflation in the  𝛽̂𝑗 

Variance [35]. 

The variance-splitting process can also be done to measure the degree of multi-collinearity by 

Πjk = 

𝑣𝑘𝑗
2

𝜇𝑗
2

(𝑉𝐼𝐹)𝑘
 j = 1, 2, …, p 

The elements Πjk are ordered in a Πp x p dimension matrix. 



 

 

The elements of each column of matrix Π are constituted by the variance of each  𝛽̂𝑘, denoted as 

the VIF associated with the ith singular value. Low values of μj and elevated proportions of Πjk 

indicate an association between multi-collinearity and the specific singular value, resulting in the 

inflation of 𝛽̂ variances 

 

 

 

 

METHODOLOGY 

Monte-Carlo Experiment  
In its probabilistic approach, the Monte-Carlo experiment involves observing and selecting 

random numbers to simulate the original problem's physical random process [47]. Conversely, the 

analytical method of the Monte-Carlo experiment leverages theoretical mathematics to address 

issues currently solved numerically but remain unsolvable theoretically [47]. 

The Monte-Carlo studies follow a concise procedure: 

1. For Levels 1 and 2, the experimenter creates correlated random variables using Cholesky 

decomposition, a matrix operation. 

2. For logistic regression, a binary dependent variable is created. 

3. The researcher defines a model, assigning specified numerical values as parameters believed to 

represent the actual parameter values. 

 

These three stages are iteratively executed for R-replications. By treating the generated data as 

real-world data, the experimenter obtains parameter estimates for each replication, including 

forecasts for various estimation strategies and sample sizes. 

 

Multilevel Model Structure  
The non-linear MLMs consisted of Level 1 (X1, X2, X3 and X4) and Level 2 (Z1, Z2, Z3 and Z4) 

predictors of the Level 1 outcome (Y). The simulated level 1 model is: 

𝐿𝑜𝑔𝑖𝑡(𝑌𝑖𝑗) = ⁡𝛽0𝑗 + 𝛽1𝑗𝑋1𝑖𝑗 + 𝛽2𝑗𝑋2𝑖𝑗 + 𝛽3𝑗𝑋3𝑖𝑗 + 𝛽4𝑗𝑋4𝑖𝑗 + 𝑟𝑖𝑗    3.1 

The simulated level 2 model is 

𝛽0𝑗 = 𝛾00 + 𝛾01𝑍1𝑗 + 𝛾02𝑍2𝑗 + 𝛾03𝑍3𝑗 + 𝛽4𝑗𝑋4𝑖𝑗 + 𝑈0𝑗     3.2 

𝛽1𝑗 =⁡𝛾10 + 𝛾11𝑍1𝑗 + 𝛾12𝑍2𝑗 + 𝛾13𝑍3𝑗 + 𝛾14𝑍4𝑗 + 𝑈1𝑗       3.3 

𝛽2𝑗 = 𝛾20 + 𝛾21𝑍1𝑗 + 𝛾22𝑍2𝑗 + 𝛾23𝑍3𝑗 + 𝛾24𝑍4𝑗 + 𝑈2𝑗        3.4  

𝛽3𝑗 =⁡𝛾30 + 𝛾31𝑍1𝑗 + 𝛾32𝑍2𝑗 + 𝛾33𝑍3𝑗 +⁡𝛾42𝑍4𝑗 + 𝑈4𝑗        3.5 

The estimated coefficients encompassed the Level 1 error variance component, σ2r, and all fixed-

effect coefficients (γ’s). Each predictor in the models was standardised to have a variance of one 

and a mean of zero. Additionally, the mean for Y was set to zero. The slope variances (τ11, τ22, τ33) 

were consistently maintained at 0.05. Furthermore, Y's intraclass correlation coefficient (ICC) was 

uniformly fixed at 0.20 across all conditions. 

 

Sample size 

The study manipulated the number of groups and level sizes to examine the influence of sample 

size. Three different group sizes were selected, consisting of 30, 100, and 1000, reflecting 

principles commonly observed in organisational literature and primarily derived from those 

articulated by Shieh and Fouladi [48]. 

 



 

 

Multilevel Variance Inflation Factor (MVIF) 
A multilevel version of the MVIF will be employed, calculated analogous to OLS models. The 

Multilevel VIFs (MVIFs) are akin to the VIFs in OLS models and are obtained as the diagonals of 

the inverse of the predictor correlation matrix. In the case of two Level 1 predictors (X1 and X2) 

and two Level 2 predictors (Z1 and Z2), forming a four-by-four correlation matrix (X1, X2, Z1, Z2), 

the MVIFs are represented by the four values on the diagonal of the inverse. A product term is 

introduced and incorporated into the correlation matrix when cross-level interactions occur. 

Parameter estimates and standard errors for a single sample drawn from a population with a 

multilevel data structure will be calculated. The modelling approach employed resembles that of 

the previous OLS regression example. 

 

Generating the Explanatory Variables  
This study employed the formula for generating explanatory variables as established by McDonald 

and Galarneau [49], Gibbons [50], Wichern and Churchill [51], and Kibria [52]: The equation is 

given as:  

𝑋𝑖𝑗 = (1 − 𝜌2)
1

2𝑍𝑖𝑗 + 𝜌𝑍𝑖𝑝,   i= 1, 2, 3, …, n. j=1, 2, …p.   3.6  

The correlation between any two explanatory variables is denoted by 𝜌, where p represents the 

number of explanatory variables, and 𝑍𝑖𝑗 is an independent standard normal distribution with a 

mean of zero and unit variance. Values of 𝜌, ranging from 0.9 to 0.1, were considered in this 

investigation. Each level in the study involves a p-value of 4. The regression coefficients for the 

Monte-Carlo simulation research were specified as follows: 𝛽1=4, 𝛽2=2.5, 𝛽3=1.8 and 𝛽4=3.1. It 

is noteworthy that, as is often the case in simulation studies, the parameter values were chosen to 

satisfy the condition 𝛽′𝛽=1 [46]. 

 

Generating the Dependent Variable 

This study focuses on a dichotomous dependent variable, and logistic regression is employed as 

the non-linear model. In logistic regression analysis, outcomes are commonly coded as either 0 or 

1, with 0 indicating the absence of the desired outcome and 1 indicating its presence. The logistic 

regression model is formulated as follows, defining p as the likelihood of the outcome being 1: 

𝑃̂ =
exp⁡(𝛽0 +⁡𝛽1𝑋1 + 𝛽2𝑋2 +⁡…+ 𝛽𝑝𝑋𝑝)

1 + exp⁡(𝛽0 +⁡𝛽1𝑋1 + 𝛽2𝑋2 +⁡…+ 𝛽𝑝𝑋𝑝)
 

 

𝑝̂⁡is the expected probability that the outcome is present; X1 through Xp are distinct, independent 

variables; and 𝛿0 through 𝛿p are the regression coefficients. 

The iterative equations for estimating the parameters of 𝛿 of a logistic regression model are 

𝛽𝑡+1 = 𝛽𝑡 + (𝑋′𝑊𝑋)−1𝑋′𝑆  

where both 𝑊 = 𝑑𝑖𝑎𝑔{𝑝̂𝑖(1 − 𝑃̂𝑖) and 𝑆 = 𝑌 − 𝑌̂ are evaluated at 𝛿t. The variance-covariance 

matrix for the estimated parameters is 

𝑉𝑎𝑟(𝛽̂) = (𝑋̂𝑊𝑋)
−1

 

To estimate the parameters and their variances, the information matrix (𝑋′𝑊𝑋) need to be 

inverted. Since W is a non-singular diagonal matrix, 𝑋′𝑊𝑋 = 𝑋′𝑊1/2𝑊1/2𝑋 = 𝐿′𝐿, where 

𝐿⁡𝑊1/2𝑋. It can be shown that Rank(X) = Rank(L). 

Hence, a non-full rank data matrix X implies the matrix 𝐿′𝐿 to be ill-conditioned. Consequently, 

the estimates and variances of the parameters of the logistic regression model will be affected by 

the presence of dependencies among the columns of X. 



 

 

Random variables simulation with a defined correlation 

Cholesky decomposition was used as a matrix operation effective for generating correlated data 

akin to taking a square root with scalars. This method mimics multivariate data that adheres to a 

specific covariance matrix. The Cholesky decomposition of a covariance matrix M involves a 

lower triangular matrix L, satisfying M = L L'. 

By generating a vector z with random, normally distributed values with a mean of zero and a 

variance of one (with a length equal to the dimension of M), the product Lz was employed to 

realise our multivariate distribution. The variance of Lz equals L times the variance of z. Since L 

is essentially a constant, the variance of z is represented by the identity matrix I, as the random 

integers have variance one and are independently distributed. Thus, Variance(Lz) = LIL' = LL' = 

M. Consequently, we generate random data conforming to the intended covariance matrix. 

 

 

RESULTS  

 

EFFECT MULTI-COLLINEARITY ON VARIABLES IN MULTILEVEL NON-LINEAR 

MODEL 

To investigate the impact of the number of independent variables on the VIF and understand how 

alterations in the degree of correlation at one level influence multi-collinearity in a multilevel non-

linear model, the analysis focuses on VIF, a prominent method for detecting multi-collinearity 

issues. VIF assesses the rate at which variances and covariances escalate. 

Neter et al. [54] recommended focusing on the highest VIF value, often indicative of multi-

collinearity problems when exceeding 10. The simulation results, summarised in Tables 1 to 6, 

were derived from experiments with a thirty-sample size. Four predictors were present at Level 

One in each experiment, and one Level Two predictor was sequentially eliminated. The correlation 

between Level One predictors remained constant at 0.9, while the correlation between Level Two 

predictors varied between 0.2 and 0.5. 

 

Table 1: Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors. Level Two with ρ=0.2, 4 Predictors. n=30 

 Estimate Standard Error z-Score P-value VIF 

Constant -2.18664242 1.05910778 -2.06460802 0.0389601  

Z 0.882953 0.81938968 1.07757398 0.28122392 12.8300071 

Y 2.12038655 1.26826768 1.67187621 0.09454874 18.0996 

X -0.92168803 1.65733031 -0.55612814 0.57812326 12.8938724 

W -1.57278369 1.33550473 -1.17766988 0.23892824 13.3038761 

D -16.9697456 8.9436142 -1.89741476 0.05777322 15.110131 

C 24.7572123 24.4237117 1.01365479 0.3107475 6.02391233 

B 9.59300308 4.87902311 1.96617291 0.04927864 7.26918455 

A -3.59890154 2.7958542 -1.2872279 0.19801486 8.98650973 

 

 

  



 

 

Table 2: Level One with 𝝆 = 𝟎. 𝟗,⁡4 predictors. Level Two with ρ=0.2, 3 Predictors. n=30 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) -2.18664242 1.05910778 -2.06460802 0.0389601  

Z 0.882953 0.81938968 1.07757398 0.28122392 12.9211517 

Y 2.12038655 1.26826768 1.67187621 0.09454874 6.57826422 

X -0.92168803 1.65733031 -0.55612814 0.57812326 8.02851961 

W -1.57278369 1.33550473 -1.17766988 0.23892824 10.9308619 

D -16.9697456 8.9436142 -1.89741476 0.05777322 7.34734441 

C 24.7572123 24.4237117 1.01365479 0.3107475 9.62721296 

B 9.59300308 4.87902311 1.96617291 0.04927864 7.74892755 

 

Table 3: Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors. Level Two with ρ=0.2, 2 Predictors. n=30 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) -2.18664242 1.05910778 -2.06460802 0.0389601  

Z 0.882953 0.81938968 1.07757398 0.28122392 12.2867826 

Y 2.12038655 1.26826768 1.67187621 0.09454874 5.76218159 

X -0.92168803 1.65733031 -0.55612814 0.57812326 6.94143214 

W -1.57278369 1.33550473 -1.17766988 0.23892824 11.851558 

D -16.9697456 8.9436142 -1.89741476 0.05777322 1.02860598 

C 24.7572123 24.4237117 1.01365479 0.3107475 1.22481972 

 

Tables 1, 2, and 3 illustrate VIF values for each predictor, all below 10. This suggests that multi-

collinearity does not influence the coefficients of the multilevel non-linear regression. The 

observed lack of impact could be attributed to the predictors' relatively low correlation (ρ=0.2). 

Conversely, a noteworthy observation was the discernible influence of the diminishing number of 

predictors on the VIF. 

 

 

Table 4: Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors. Level Two with ρ=0.5, 4 Predictors. n=30 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.428623 0.490868 0.873195 0.382557  

Z -0.56783 0.355441 -1.59754 0.110146 12.648678 

Y 0.219655 0.476092 0.46137 0.644533 8.426218 

X 0.455316 0.670519 0.679051 0.497106 9.856104 

W 0.429266 0.49845 0.861203 0.389126 14.104909 

D -1.45637 1.57146 -0.92676 0.354051 2.528198 

C 2.581878 5.494042 0.469941 0.638397 2.149806 

B 0.634162 1.12954 0.561434 0.574502 2.395000 

A 0.402727 0.657304 0.612695 0.540078 1.313592 

 

 

 



 

 

Table 5: Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors. Level Two with ρ=0.5, 3 Predictors. n=30 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.3767538 0.5928932 0.6354497 0.52513517  

Z -0.1284161 0.4425487 -0.2901739 0.77168320 14.263429 

Y -2.0389196 0.9564087 -2.1318496 0.03301921 19.571273 

X 2.7764063 1.3673011 2.0305742 0.04229820 40.952278 

W -0.4401214 0.6274875 -0.7014027 0.48305176 19.001700 

D -5.1052587 4.1820805 -1.2207462 0.22218214 6.305815 

C 14.6140259 13.6115925 1.0736456 0.28298157 4.526346 

B 3.8850649 2.6270555 1.4788667 0.13917595 5.881204 

 

 

 

Table 6: Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors.  Level Two with ρ=0.5, 2 Predictors. n=30 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.088133739 0.6181332 0.14258049 0.88662150  

Z 0.004593639 0.3691077 0.01244525 0.99007038 12.626259 

Y -1.119023849 0.6742833 -1.65957525 0.09699993 13.136033 

X 1.563868244 0.9636338 1.62288649 0.10461367 27.090726 

W -0.406214510 0.4802038 -0.84592114 0.39759674 14.096024 

D -7.282646642 10.5536686 -0.69005830 0.49015753 6.149020 

C 1.785462556 1.7946057 0.99490523 0.31978236 6.368545 

 

Most variables in Level One exhibit VIF values exceeding 10, as evident in Tables 4, 5, and 6. 

This suggests that multi-collinearity is impacting these variables. However, it is noteworthy that 

all VIF values for Level Two are below 10, signifying the absence of multi-collinearity in this 

level. 

 

 

Table 7: Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors. Level Two with ρ=0.9, 4 Predictors. n=30 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.05575316 0.42749182 0.13041925 0.89623474  

Z -0.24105328 0.30194211 -0.79834268 0.42467166 0.05575316 

Y 0.33587676 0.39045871 0.86021069 0.38967291 

-

0.24105328 

X -0.5079478 0.68433589 -0.74224926 0.45793633 0.33587676 

W 0.10725637 0.31900783 0.33621862 0.73670601 -0.5079478 

D 2.22087375 2.10723251 1.05392914 0.29191536 0.10725637 

C -2.12851738 4.69272023 -0.45357858 0.65013217 2.22087375 

B 0.31758025 0.89441038 0.35507219 0.72253551 

-

2.12851738 

A -1.02038004 0.81079811 -1.25848843 0.20821517 0.31758025 



 

 

Table 8: Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors. Level Two with ρ=0.9, 3 Predictors. n=30 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) -0.46645983 0.4787782 -0.97427124 0.32992188  

Z -0.26059648 0.33237176 -0.78405121 0.43301006 7.17228065 

Y 0.46587606 0.43935808 1.0603562 0.28898258 7.98717126 

X -0.72425721 0.7534759 -0.96122147 0.33644082 6.55989843 

W 0.25435822 0.37682285 0.67500743 0.49967105 7.14014901 

D -3.29101814 2.23095603 -1.47516047 0.14016941 4.0443979 

C 1.87421353 7.18554594 0.26083105 0.7942228 2.69182657 

B 3.32273862 1.56694174 2.12052467 0.03396182 3.31452198 

 

Table 9: Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors. Level Two with ρ=0.9, 2 Predictors. n=30, 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.02060845 0.42775935 0.04817768 0.96157464  

Z -0.27003472 0.2712651 -0.99546431 0.31951049 6.90205684 

Y 0.23148145 0.35470534 0.6526021 0.51401283 6.8460401 

X -0.48068617 0.65318235 -0.7359142 0.46178291 7.39516561 

W 0.27706381 0.317092 0.87376477 0.38224637 6.97829045 

D 1.36558072 4.64143071 0.29421547 0.76859326 1.45833467 

C -0.67137335 0.81586726 -0.82289533 0.41056752 1.5481649 

 

All Level One variables exhibit VIF values exceeding 10, as depicted in Tables 7, 8, and 9. This 

illustrates the pervasive impact of multi-collinearity on each Level One variable and underscores 

how the correlation degree between variables influences the VIF value. While Tables 8 and 9 show 

no impact of multi-collinearity on other Level Two variables, the VIF for variables X and Y (Level 

Two variables) in Table 7 surpasses 10. This suggests that the number of variables influences the 

VIF value at Level Two. 

Tables 10 through 18 present the outcomes for a sample size of 100, maintaining four Level One 

predictors across experiments, eliminating one Level Two predictor after each experiment, 

maintaining a consistent correlation of 0.9 among Level One predictors, and varying the 

correlations of 0.2, 0.5, and 0.9 between Level Two predictors. 

 

  



 

 

Table 10:  Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors. Level Two with ρ=0.2, 4 Predictors. n=100 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.11447783 0.21888917 0.52299448 0.60097809  

Z 0.23905193 0.15350267 1.55731441 0.11939586 7.01912802 

Y -0.22864157 0.25227978 -0.90630159 0.36477624 7.70756776 

X -0.23882671 0.35542198 -0.67195256 0.5016139 8.51005711 

W 0.14009423 0.20791368 0.67380957 0.50043239 7.66687306 

D -1.08234147 0.61024817 -1.77360872 0.07612789 1.28687401 

C -3.16793907 2.59338911 -1.22154406 0.22188009 1.31494942 

B 0.24967593 0.42095542 0.59311726 0.55310268 1.34647078 

A 0.03081048 0.24218899 0.12721667 0.89876891 1.17113971 

 

Table 11: Level One with 𝝆 = 𝟎. 𝟗,⁡4 predictors. Level Two with ρ=0.2, 3 Predictors. n=100 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.07058262 0.21316468 0.33111778 0.74055552  

Z 0.15746509 0.14220671 1.10729717 0.26816547 6.43790192 

Y -0.17375202 0.2443976 -0.71093995 0.47712145 7.8092688 

X -0.0471682 0.33469392 -0.14092937 0.88792574 8.09114877 

W 0.08366117 0.19775491 0.42305481 0.67225527 7.56432478 

D -0.48542689 0.58699628 -0.82696757 0.40825544 1.15055654 

C -0.11010659 2.19589761 -0.05014195 0.96000927 1.09789838 

B 0.41144701 0.55765931 0.73781071 0.46062948 1.23396306 

 

 

Table 12: Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors. Level Two with ρ=0.2, 2 Predictors. n=100 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.0982901 0.21296992 0.46152103 0.64442484  

Z 0.2023663 0.14679553 1.37855894 0.16803078 6.78325026 

Y -0.2074628 0.24978331 -0.8305711 0.40621597 8.12874616 

X -0.06517078 0.33302156 -0.19569538 0.8448486 7.90283864 

W 0.06556562 0.19502138 0.33619709 0.73672225 7.36121007 

D -0.18967388 0.37812201 -0.50162084 0.61593426 1.1392319 

C -1.68371637 2.28715341 -0.73616241 0.46163186 1.18259837 

 

Tables 10, 11, and 12 illustrate that as the sample size increased, the impact of multi-collinearity 

diminished, affecting only variable A in Table 10. The VIF values for all other variables in both 

Levels One and Two are below 10. This suggests that multi-collinearity does not influence the 

coefficients in the multilevel non-linear regression when the VIF is less than 10. This observation 

may be attributed to the predictors' modest correlation (ρ=0.2). However, it was observed that the 

reduction in the number of variables corresponded with a decrease in VIF, indicating a relationship 

between the number of predictors and VIF. 

 



 

 

Table 13: Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors. Level Two with ρ=0.5, 4 Predictors. n=100 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.11447783 0.21888917 0.52299448 0.60097809  

Z 0.23905193 0.15350267 1.55731441 0.11939586 7.01912802 

Y -0.22864157 0.25227978 -0.90630159 0.36477624 7.70756776 

X -0.23882671 0.35542198 -0.67195256 0.5016139 8.51005711 

W 0.14009423 0.20791368 0.67380957 0.50043239 7.66687306 

D -0.97383305 0.70154552 -1.38812525 0.16509891 1.70072762 

C -3.70555483 3.00309843 -1.23391055 0.21723624 1.78873712 

B 0.28035709 0.48381297 0.5794741 0.56226932 1.82256026 

A 0.03553238 0.27930596 0.12721667 0.89876891 1.49851064 

 

 

 

Table 14: Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors.  Level Two with ρ=0.5, 3 Predictors.n=100 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.07058262 0.21316468 0.33111778 0.74055552  

Z 0.15746509 0.14220671 1.10729717 0.26816547 6.43790192 

Y -0.17375202 0.2443976 -0.71093995 0.47712145 7.8092688 

X -0.0471682 0.33469392 -0.14092937 0.88792574 8.09114877 

W 0.08366117 0.19775491 0.42305481 0.67225527 7.56432478 

D -0.59413987 0.67233297 -0.88369885 0.3768588 1.50940607 

C -0.46334617 2.64224168 -0.17536101 0.86079598 1.46031377 

B 0.32455378 0.43988759 0.73781071 0.46062948 1.77927114 

 

 

 

Table 15: Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors. Level Two with ρ=0.5, 2 Predictors. n=100 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.09652227 0.21333527 0.45244406 0.65094911  

Z 0.19153423 0.14560605 1.31542776 0.18836618 6.70837228 

Y -0.1676876 0.24390466 -0.6875129 0.49175958 7.77540985 

X -0.09020903 0.32968536 -0.27362159 0.78437544 7.79556246 

W 0.0688218 0.19494405 0.35303362 0.72406323 7.35865816 

D -0.22213642 2.19202652 -0.10133838 0.91928185 1.00992568 

C -0.26939258 0.36268027 -0.74278256 0.45761334 1.04916854 

 

Tables 13, 14, and 15 illustrate that, with a sample size increased to 100, the VIF values for all 

variables in both Level One and Level Two of the multilevel non-linear regression are below 10. 

This observation suggests that multi-collinearity does not influence these variables under the 

expanded sample size condition. 

  



 

 

Table 16: Level One with 𝝆 = 𝟎. 𝟗,⁡4 predictors. Level Two with ρ=0.9, 4 Predictors. n=100 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.33926658 0.21830352 1.55410492 0.12015939  

Z 0.10039055 0.16130088 0.62238065 0.5336916 8.75370487 

Y -0.3916471 0.27394233 -1.42966989 0.15281179 10.446227 

X 0.80375112 0.33734005 2.38261399 0.01719021 8.0426806 

W -0.20082483 0.18827789 -1.06664052 0.2861342 8.52330422 

D -2.16532376 1.5236384 -1.42115331 0.15527219 7.47566895 

C 3.54029076 5.77036641 0.61352963 0.5395262 6.24065519 

B 0.54730946 0.97757927 0.55986197 0.57557359 6.4869721 

A -0.0547511 0.6821492 -0.08026265 0.93602837 6.9341913 

 

 

Table 17: Level One with 𝝆 = 𝟎. 𝟗,⁡4 predictors. Level Two with ρ=0.9, 3 Predictors. n=100 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.34479734 0.22526998 1.53059601 0.12586927  

Z 0.12700942 0.15843753 0.80163724 0.42276283 8.54247298 

Y -0.34859232 0.27520963 -1.26664287 0.20528302 10.6561337 

X 0.65942723 0.32056715 2.05706427 0.03968004 7.30351812 

W -0.21186878 0.18870592 -1.12274583 0.26154546 8.67045011 

D 1.88760565 1.61356772 1.16983355 0.24206796 7.99515882 

C -4.74538595 6.44073802 -0.73677674 0.46125813 7.95587878 

B -0.47425259 1.04737094 -0.4528029 0.65069068 8.21785844 

 

Table 18: Level One with 𝝆 = 𝟎. 𝟗,⁡ 4 predictors. Level Two with ρ=0.9, 2 Predictors. n=100 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.3473448 0.21334828 1.62806472 0.10351116  

Z 0.11455148 0.15985121 0.71661314 0.47361283 8.76989206 

Y -0.36378986 0.2711663 -1.34157474 0.17973392 10.4365753 

X 0.69309477 0.31892529 2.17321985 0.02976377 7.32552956 

W -0.19058474 0.18112177 -1.05224646 0.29268649 8.11258847 

D -1.0109329 4.85884619 -0.20806028 0.8351819 5.34199484 

C 0.15454423 0.76062085 0.2031817 0.83899302 5.27793249 

 

The impact of multi-collinearity in the multilevel non-linear model diminishes with an expanded 

sample size of 100 despite the high correlation among variables. Tables 16, 17, and 18 reveal that 

the VIF values for Level One variables C and D exceed 10, highlighting the effect of multi-

collinearity on these variables. However, no other Level One or Level Two variables are affected 

by multi-collinearity. 

Tables 19 through 21 present the outcomes obtained with a sample size of 500, maintaining four 

predictors for Level One throughout the experiments, removing one Level Two predictor after 



 

 

each experiment, maintaining a fixed correlation of 0.9 between Level One predictors, and varying 

correlations of 0.2, 0.5, and 0.9 between Level Two predictors. 

 

Table 19: Level One with ρ=0, 4 predictors. Level Two with ρ=0.2, 4 Predictors. n=500 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.33826566 0.0918432 3.68307803 0.00023043  

Z -0.039689 0.06245896 -0.63544118 0.52514072 7.214048 

Y -0.00721659 0.09855764 -0.07322205 0.94162942 7.2705297 

X 0.03550608 0.14149146 0.25094149 0.80185935 7.57851303 

W 0.01573136 0.08555138 0.18388201 0.85410602 7.86112653 

D 0.14388598 0.2439545 0.58980661 0.55532031 1.22899878 

C -1.76445041 1.03507237 -1.70466381 0.08825714 1.26573036 

B 0.16442824 0.17959778 0.91553608 0.35991027 1.21413886 

A -0.07813571 0.10366443 -0.75373699 0.45100716 1.18694254 

 

Table 20: Level One with ρ=0.9, 4 predictors. Level Two with ρ=0.2, 3 Predictors. n=500. 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.33130813 0.09205867 3.59888016 0.00031959  

Z -0.04403348 0.06251729 -0.7043408 0.48122056 7.24618485 

Y -0.01217774 0.09865858 -0.12343316 0.9017641 7.2835254 

X 0.02484308 0.14005023 0.17738691 0.85920449 7.44061267 

W 0.03128379 0.08450917 0.37018215 0.71124678 7.67808379 

D -0.30563059 0.23056273 -1.32558541 0.18497706 1.08281566 

C -0.32978375 0.93864075 -0.35134182 0.72533193 1.05144368 

B 0.21933835 0.23936058 0.91635121 0.35948272 1.08000666 

 

Table 21: Level One with ρ=0.9, 4 predictors. Level Two with ρ=0.2, 2 Predictors. n=500 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.34320625 0.09141209 3.75449523 0.00017369  

Z -0.05018856 0.06251756 -0.8027915 0.42209526 7.24659316 

Y -0.0166593 0.09808902 -0.16983856 0.8651371 7.21863168 

X 0.02655251 0.13980141 0.18993017 0.84936385 7.41483639 

W 0.04205829 0.08552008 0.49179427 0.62286479 7.86778745 

D -0.13163358 0.15432097 -0.85298571 0.39366723 1.13328639 

C 0.64787372 0.95740068 0.67670071 0.49859587 1.10802556 

 

Tables 19, 20, and 21 illustrate that, with an increased sample size (n = 500), the VIF values for 

each variable in Level One and Level Two of the multilevel non-linear regression are below 10. 

This observation indicates the absence of multi-collinearity impact. The lower correlation among 

variables (ρ=0.5) likely contributes to this outcome. 

 

 



 

 

Table 22: Level One with ρ=0.9, 4 predictors. Level Two with ρ=0.5, 4 Predictors. n=500 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.33826566 0.0918432 3.68307803 0.00023043  

Z -0.039689 0.06245896 -0.63544118 0.52514072 7.214048 

Y -0.00721659 0.09855764 -0.07322205 0.94162942 7.2705297 

X 0.03550608 0.14149146 0.25094149 0.80185935 7.57851303 

W 0.01573136 0.08555138 0.18388201 0.85410602 7.86112653 

D 0.23646327 0.28503675 0.8295887 0.40677137 1.6777819 

C -1.99267194 1.19752683 -1.66398938 0.09611455 1.74851713 

B 0.19573112 0.20612512 0.94957431 0.3423286 1.6661471 

A -0.0901105 0.11955165 -0.75373699 0.45100716 1.53781214 

 

Table 23: Level One with ρ=0.9, 4 predictors. Level Two with ρ=0.5, 3 Predictors. n=500 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.33130813 0.09205867 3.59888016 0.00031959  

Z -0.04403348 0.06251729 -0.7043408 0.48122056 7.24618485 

Y -0.01217774 0.09865858 -0.12343316 0.9017641 7.2835254 

X 0.02484308 0.14005023 0.17738691 0.85920449 7.44061267 

W 0.03128379 0.08450917 0.37018215 0.71124678 7.67808379 

D -0.33880127 0.27700575 -1.22308389 0.22129801 1.56298171 

C -0.55370523 1.0999995 -0.50336862 0.61470513 1.43859363 

B 0.17301643 0.18881017 0.91635121 0.35948272 1.53402323 

 

Table 24: Level One with ρ=0.9, 4 predictors. Level Two with ρ=0.5, 2 Predictors. n=500 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.33522297 0.09186881 3.64893118 0.00026333  

Z -0.04379517 0.06259783 -0.69962766 0.48415987 7.27194424 

Y -0.02001281 0.09816139 -0.20387657 0.83844996 7.23162773 

X 0.02153173 0.13996204 0.15383979 0.87773606 7.43557061 

W 0.04011871 0.08535521 0.47002063 0.63834028 7.83879271 

D -0.78230369 0.92081159 -0.84958062 0.39555829 1.00946712 

C -0.10346734 0.14682484 -0.70469919 0.48099746 1.0253948 

 

Owing to the substantial sample size (n=500), the VIF values for all variables in both Level One 

and Level Two of the multilevel non-linear regression are below 10, as indicated in Tables 22, 23, 

and 24. This observation suggests the absence of any multi-collinearity impact on the variables. 

The diminished correlation among variables (ρ=0.5) is a plausible explanation for this outcome. 

 

  



 

 

Table 25: Level One with ρ=0.9, 4 predictors. Level Two with ρ=0.9, 4 Predictors. n=500 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.24199385 0.09225768 2.62302128 0.00871538  

Z -0.04900362 0.06521755 -0.75138703 0.45241977 7.63743343 

Y 0.24639825 0.10212527 2.41270592 0.01583459 7.51330147 

X -0.10925029 0.13886671 -0.78672768 0.43144129 7.06695187 

W -0.10899118 0.08378364 -1.30086472 0.19330476 8.06666065 

D -0.22252405 0.63704586 -0.34930616 0.72685947 7.97934325 

C -0.4685628 2.39541404 -0.19560827 0.84491679 7.18207975 

B 0.82097658 0.45356065 1.81007014 0.07028491 9.27337523 

A -0.41969979 0.27760149 -1.51187874 0.13056471 7.6089514 

 

 

Table 26: Level One with ρ=0.9, 4 predictors. Level Two with ρ=0.9, 3 Predictors. n=500 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.2460905 0.09169124 2.68390421 0.0072768  

Z -0.04683302 0.06507374 -0.71969151 0.47171496 7.65006701 

Y 0.22596181 0.10200686 2.21516286 0.02674889 7.52751065 

X -0.09879229 0.13853729 -0.71310975 0.47577785 7.07465256 

W -0.10337404 0.0835248 -1.23764487 0.21584777 8.05950185 

D -0.01221831 0.62556002 -0.0195318 0.98441687 7.35890212 

C 1.24586239 2.40896027 0.51717847 0.60503158 7.00000788 

B -0.08191298 0.39944722 -0.20506585 0.83752067 7.03337185 

 

 

Table 27: Level One with ρ=0.9, 4 predictors. Level Two with ρ=0.9, 2 Predictors. n=500 

 Estimate 

Standard 

Error z-Score P-value 

VIF 

(Intercept) 0.33522297 0.09186881 3.64893118 0.00026333  

Z -0.04379517 0.06259783 -0.69962766 0.48415987 7.62426773 

Y -0.02001281 0.09816139 -0.20387657 0.83844996 7.40197289 

X 0.02153173 0.13996204 0.15383979 0.87773606 7.01363592 

W 0.04011871 0.08535521 0.47002063 0.63834028 8.04524435 

D -0.78230369 0.92081159 -0.84958062 0.39555829 5.46603009 

C -0.10346734 0.14682484 -0.70469919 0.48099746 5.46163797 

 

As depicted in Tables 25, 26, and 27, the expansive sample size (n=500) mitigates the impact of 

the elevated correlation among variables. Notwithstanding, the VIF values for all variables in 

Level One and Level Two of the multilevel non-linear regression remain below 10. This 

observation underscores the negligible influence of multi-collinearity on the variables. 

 

 



 

 

EFFECT MULTI-COLLINEARITY ON STANDARD ERRORS OF THE PARAMETERS 

IN MULTILEVEL NON-LINEAR MODEL 

An examination of the interplay among P-values, Standard Errors, and VIF is presented across 

diverse sample sizes, correlation magnitudes, and diminishing variable quantities. Graphical 

depictions of these outcomes are illustrated in Figures 1, 2, and 3 for sample sizes of 30, 100, and 

500, respectively. 

 

 

 

 

The X-axis represents the number of observations, totalling sixty-three across all experiments 

(twenty-one observations in each experiment with four variables in Level 1 and four in Level 2, 

four variables in Level 1 and three in Level 2, and four variables in Level 1 and two in Level 2). 

The experiment was conducted three times, with sample sizes of 30, 100, and 500, each denoted 

on the scale of five per unit. 

The Y-axis displays serial numbers with a scale of four per unit. 

The depicted results reveal a discernible pattern in the performance of Standard Errors and P-

values for each level of multi-collinearity (Figure 1). It was observed that Standard Errors and 

multi-collinearity intersected at a sample size of 30, and an increase in Standard Errors was noted 

with higher VIF values. The findings indicated that multi-collinearity led to elevated Standard 

Errors in the parameter estimates, as illustrated in Figure 1, where both Standard Errors and VIF 

values escalated with the degree of correlation. 
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Figure 1: When n=30, ρ=0.2, 0.5 and 0.9 (1 – 21 = 0.9; 22 – 42 = 0.5; 43 - 63 = 0.2) 



 

 

 

 

 

The X-axis represents the number of observations, totalling sixty-three across all experiments 

(twenty-one observations in each experiment with four variables in Level 1 and four in Level 2, 

four variables in Level 1 and three in Level 2, and four variables in Level 1 and two in Level 2). 

The experiment was conducted three times, with sample sizes of 30, 100, and 500, each denoted 

on the scale of five per unit. 

The Y-axis displays serial numbers with a scale of four per unit. 

Referring to Figure 2, the trend suggests that for a correlation degree of 0.9, Standard Errors 

disassociate from multi-collinearity at a sample size of 100. The convergence of multi-collinearity 

and standard errors was observed as the correlation between variables decreased. Notably, an 

increase in VIF values corresponded to an elevation in Standard Errors. The findings indicated that 

multi-collinearity led to heightened Standard Errors in the parameter estimates, as illustrated in 

Figure 2, where both Standard Errors and VIF values escalated with the degree of correlation. 
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Figure 2: When n=100, ρ=0.2, 0.5 and 0.9 (1 – 21 = 0.2; 22 – 42 = 0.5; 43 - 63 = 0.9) 



 

 

 

 

 

The X-axis denotes the number of observations, totalling sixty-three across all experiments: 

twenty-one observations in each experiment (with four variables in Level 1 and four in Level 2, 

four variables in Level 1 and three in Level 2, and four variables in Level 1 and two in Level 2). 

The experiment was conducted three times, with sample sizes of 30, 100, and 500, each represented 

on the scale of five per unit. 

Serial numbers are indicated on the Y-axis, with a scale of four per unit. 

In Figure 3, the VIF, Standard Errors, and P-values trend is displayed for a sample size of 500. 

The pattern reveals that the Standard Errors deviate from the VIF due to varying degrees of 

predictor correlation. It is noteworthy that Standard Errors increase with rising VIF values. The 

findings underscore that multi-collinearity contributes to heightened Standard Errors in the 

parameter estimates. 
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Figure 3: When n=100, ρ=0.2, 0.5 and 0.9 (1 – 21 = 0.2; 22 – 42 = 0.5; 43 - 63 = 0.9) 



 

 

Figure 4: VIF of variables of Level 2 against degree of correlation 

 

The VIF for Level 2 variables in the multilevel model exhibits an upward trend as the degree of 

correlation increases, as illustrated in Figure 4. This pattern indicates that heightened multi-

collinearity corresponds to an increased correlation among the variables. Multi-collinearity is 

observed when a model includes multiple factors interrelated with each other and the response 

variable. 

 

DISCUSSION, CONCLUSIONS AND RECOMMENDATION 

Discussion of Findings  

In the Logistic Multilevel model, a binary variable was the dependent variable, and predetermined 

correlated predictors were employed as the independent variables. The standard errors of the logit 

coefficients increased with a higher correlation among the explanatory factors. The results 

indicated that an escalation in multi-collinearity corresponded to an augmentation in the standard 

errors of the parameter estimates. This outcome aligns with the observations of Adeboye, 

Fagoyinbo, and Olatayo [55], who noted a significant impact of multi-collinearity on the standard 

errors of regression coefficients. The presence of multi-collinearity poses notable challenges to 

regression analysis. The precision of estimating the influence of one variable on the outcome, after 

adjusting for others, tends to be less accurate when multi-collinearity is prevalent, compared to 

scenarios where predictors are uncorrelated. Multicollinear predictors share information about the 

outcome variable, leading to potential overfitting in logistic regression analysis. Hence, optimal 

logistic regression models exhibit a high correlation between predictor variables and the outcome 

while maintaining, at most, moderate correlations among predictor variables themselves. 
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Conclusion 

Multi-collinearity can affect research in various fields, including social sciences, management 

science, finance, business administration, public health, and education. In social sciences research, 

business administration research, public health and education research, multi-collinearity can 

distort the relationships between variables, leading to misleading interpretations of the data. Multi-

collinearity can affect management science research by making it difficult to identify the 

independent effects of different factors on management outcomes. In finance research, multi-

collinearity can lead to biased estimates of the relationships between financial variables, affecting 

the accuracy of financial models and predictions. This study investigates the impact of multi-

collinearity on multilevel non-linear models, utilising redefined correlated predictors for both 

Level One and Level Two generated through simulated data. A high VIF demonstrates the 

detection of multi-collinearity), with a VIF ranging from five to ten indicating potentially 

problematic levels of association. The study reveals that the VIF value tends to increase with the 

degree of association. 

Furthermore, the research concludes that the multi-collinearity within the logistic multilevel 

regression model decreases as the sample size increases. Consequently, increasing the sample size 

is a conventional approach to mitigate the risks associated with multi-collinearity. This consistency 

is attributed to using maximum likelihood estimation (MLE) in logistic regression for parameter 

determination, in contrast to OLS. Since MLE relies on large-sample asymptotic normality, 

estimates become more reliable with a larger sample size, minimising issues related to multi-

collinearity errors. 

 

Recommendation 

Researchers must recognise that while multi-collinearity cannot be entirely eradicated, efforts can 

be made to mitigate its impact on the data. It is imperative for researchers to routinely assess the 

presence of multi-collinearity before applying a multilevel non-linear model. Researchers can 

consider another statistic or means of researching if it can fulfil their research objectives. By using 

meta-analysis, the results will be immune to statistical issues such as multi-collinearity [56, 57]. 

Social sciences, management science, finance, business administration, public health, and 

education researchers can prevent multi-collinearity by including only relevant variables in their 

models and standardising variables to reduce correlation. Researchers can prevent multi-

collinearity by collecting data on diverse variables and using techniques like VIF analysis to detect 

and mitigate multi-collinearity. 

Instead of biasing results, multi-collinearity elevates the standard errors of correlated explanatory 

variables. It is essential to note that multi-collinearity primarily affects explanatory variables, not 

the dependent variable. Therefore, this study recommends estimating an equivalent linear 

regression model and specifying collinearity diagnostics if multi-collinearity is detected in a logit 

model. In most cases, the methods employed to address multi-collinearity are satisfactory. The 

maximum likelihood technique's weight matrix should be utilised to adjust linear combinations by 

eliminating variables, ensuring the construction of robust predictive logistic regression models 

through thorough inspections and corrective actions to address multi-collinearity. 

Future simulation studies on this subject should explore the impact of additional levels with 

varying sample sizes. Researchers should investigate whether the findings remain applicable for 

larger sample sizes, considering instances of larger groups in the literature. Future investigations 

should manipulate the degree of correlation between the model's levels to encompass diverse 



 

 

scenarios. Furthermore, research on cross-level interactions should involve cross-level correlations 

among predictors and other modifications to the cross-level interaction coefficient. 

A deeper understanding of the significance of multi-collinearity in non-linear multilevel models 

requires more real-world data research. This will provide the field with a more comprehensive 

comprehension of the expected values from the available data. Researchers should adjust their 

models based on empirical evidence and assess the meaningfulness of the modifications. This 

approach will enhance the reliability of non-linear multilevel models when presenting results in 

practical contexts. 
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