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Global solutions of an initial boundary value problem for the
Euler-Poisson-Korteweg System

Abstract

The Euler-Poisson-Korteweg system is a model derived by Dunn and Serrin, con-
sisting of the mass conservation equation, momentum balance equation, and Pois-
son equation. In this paper, we obtain the global existence of solutions for high-
dimensional compressible Euler-Poisson-Korteweg systems with small initial values
by the energy method.
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1. Introduction

In this paper, we discuss the following high dimensional compressible Euler-
Poisson-Korteweg (EPK) system:
pt + div(pu) =0,
(pu) = Au+ fpu + div(pu © u) + Vp(p) = pV(k(p)Ap + %H’(ﬂ)IVp\Q) +pVO,
AP =p—p, inRT xRN,

(EPK1)
where p € R is the electron density, u € R is the electron velocity and ® € R denote
the electrostatic potential. p is a given pressure function respective to p.

A number of models are used to describe materials of Korteweg type, such as
Euler-Korteweg and Euler-Poisson-Korteweg. It has been extensively investigated in
references [1, 5, 6, 7, 8, 9, 10]. For example, Hattori and Li investigated the local
exxistence and global existence of solutions for the Euler-Korteweg system in [1, 10].
Donatelli et al [8] studied the existence of global-in-time weak solutions for Euler-
Poisson-Korteweg system under difference initial data. Danchin and Desjardins [7]
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established the existence of smooth solutions for an isothermal model of capillary
compressible fluids. However, as we know, global-in-time existence of (EPK1) have
not been studied. In this paper, we are going to prove the global existence of solutions
for the Euler-Poisson-Korteweg system due to its widespread application.

In the system (EPK1), p represents the background profile and satisfies that
p(z) = po is a positive constant. Denote by and assume x : (0,00) — (0,00) is a
smooth function corresponding to the capillary coefficient. In particular, assuming
k > 0 to be a constant in (EPK1), we can derive the standard equation of an inviscid
capillary fluid (see Kotchote [2], [3], Bresch et al [4]). For convenience, let k = =1
and N = 2, we ultimately obtain the following system for [p, u, D]:

pe + div(pu) = 0,
(pu)e + pu + div(pu ® u) + Vp(p) = pVe® + Au+ pVAp, (EPK2)
AP = P =P

with the initial data
(p7ua (I))(QZ',O) = (po,Uo,q)o)([L'). (1)

Assuming p is a soomth function of p and satisfies

p(p) >0, p"(p)>0. (2)

Define function H(p) by

H'(p) = h(p) = /p s H(po) = 0. (3)

g S

Then we have H'(0) = 0, H"(p) > 0. Furthermore, we get

H(p) = ~(p— po)*, (4)

where 7 is a positive constant.
Let w = (p — po,u, V®) and H* represents the usual Sobolev space while || - ||,
the standrad kth order Sobolev norm in RY. Denote

t
||wl[|57 = sup (Ilw(t)||3+||Vp(t)II3)+/ lu(s)[1F + llo(s) — oll3ds,
0<t<T 0

and

k
[wl[[iz = 185wl

i[>0

Denote by 9;f the spatial derivative of the i component for any function f.
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Theorem 1.1. Assume that p(p) satisfies (2) and py > 0 is small enough. For the
system (EPKZ2) with the initial data wy = (po, ug, o) satisfies

lwoll5 <'e, (5)

where 0 < € < 1 and pg > 69 > 0. Then there exists a unique classical solution
(p,u, @) in [0,00) and satisfies

lwllf3 00 < Cllwolls.

The proof of Theorem 1.1 is based on the existence of local solutions for the
system (EPK2), which can be derived by the similar method in [1]. We can prove
Theorem 1.1 by the following theorem:

Theorem 1.2. Let w be a sufficiently smooth solution in the time interval [0,T] for
the system (EPK2) with the initial data wy = (po, ug, Po). Assume that p(p) satisfies
(2). If there exists 0 < 1 such that w satisfies

(lwlis + 1Vplls) <6 (6)

sup
0<t<T

and 0 < pg < 9, then we have the estimate
Hwlll32 < Cs(llwoll + 1V eolls. (7)

Remark 1.1. Theorem 1.1 and Theorem 1.2 make sense for N = 2. For general N
Sobolev space H* should be replace by H*, where k > 2+ 2.

Remark 1.2. Given assumptions in Theorem 1.2, we can choose ¢ in Theorem 1.1

so small that
056 S 0.

Then for the initial data satisfies (5), the existence of the local existence solutions
and the standard continuation argument give the result of Theorem 1.1.
2. Proof of Theorem 1.2

We use induction on k to prove the Theorem 1.2, where 0 < k£ < 3.

2.1. Estimate for k=0
Multiplying the second equation of (EPK2) by u and integrating over (0,7") x RY,
we have

t
/ /2 |:(p8t“j + puOyuj)u; + Vip(p)u; + puju;
o /R
— pV;Apu; — pV;Pu; — Aujuj] dxds (8)
::Il+[2+[3+14+[5+[6:0-

3
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Using the first equation in system (EPK2) and integrating by parts, we have

1 t
L= [ sl ©

0

According to (3) and (4), we can derive
t t
I = / / )0;pu; = / O;h(p)pu; = | H(p)dz
R? 0 JR? R? 0 (10)
t

27/ lp = pol*dz
R2

0

t
13:// plul*dads. (11)
0 JR?

The fourth term I, integrating by parts and using the first equation of (EPK2) gives

t t 1
—/ / pVAp - udrds = / / ApV - (pu) = = / |Vp|*dx
0 JR? 0 JR? 2 Jr2

Integrating by parts and using the first and second equation of (EPK2), we obtain

// Vo - (pu da:ds-// OV - (pu)dads = — // Ppdads
R?2 R2 R2
' (1
// PO, Addxds = = /]VCID\ dzx
R2 2 R2

Integrating by parts, we have

The third term I3 gives

t

(12)

0

(13)

0

¢
]6:// |Vul*dxds. (14)
0 JR?

Combining (9)-(14) and using (6), we have

t
lw(@®)lls + HVp(t)||3+/0 lu(s)lfids < Cs([lwolls + 1V ollg)- (15)

Next, mutiplying the second of system (EPK2) by Vp and integrating over (0,7") x
RY we have

t
/ / |:<,OatUj + pu;0u;)0ip + Vp(p)0p + pu;o;p
0 JR?
— pV,;Apd;p — pV;P0;p — Aujajp] dxds
=h+L+Js+ s+ J5+ Jg =0.

(16)

4
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Using the first equation of (EPK2), we have
t
Jl :/ / (patuj + pu,ﬁzuj)ﬁjpdxds
0 JR?
! 1
:/ / atuj X —(9jp2 + pul@u]@pdxds
0 R2 2

t t
= / pOjpuds| —
0 0

t
// dju;0;(pui)p + puidiu;0;pdads
0 JR?

<Cs (Ip(s) — Aol + [u() B + C; / |Vu(s)|2ds + C5 / IV (p(s) — 7o) 13ds

<Cs(lw®5 + llwollg + IVA®I5 + 1V poll5)

t t
e / IVu(s)|3ds + €6 / I(p(s) — po)lI2ds.
0 0
Thanks to p'(p) > 0, we have

L5>%/ﬂw 7o) |2ds,

where ¢ is a positive constant. Using the first equation of (EPK2), we have

t
1 ot
Jsz// pu-Vp=§Hp—po||3!0-
0 JR?

Integrating by parts, we have

t
—// pVAp-Vp
R2
>0 / IV2(o(s) — po)|[2ds — €& / 1(os) = po)|[3ds.

Integrating by parts and using the third equation of system (EPK2), we get

t
—/ / pV® -V (p — po)dzds
0 JR?

t t
= _/ / (p = po)VE-V(p— po)drds — / / poV O - V(p — po)dzds
0 R2 0 R2
=: J51 + Js2.

Using the third equation of (EPK1) and integrating by parts, we obtain

J50 = ,00/ 1p(s) — pollgds,

h>q/u 70)|2ds.

(17)

(18)

(20)
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Therefore, we have
%>w/u ~ 7o)lds. (21)

Integrating by parts, we obtain

%<6/nv2 mWM&H%/HVwMS (22)

Combining (17)-(23) and (15), we obtain

t
@15 + IV (p(t) = po)Io +/0 lu(s)II + llp — poll3ds
<Cs(|lwoll + 1V (po — po)I6)-

2.2. Estimate of k > 1

Here we prove (7) by induction on k. Assume (7) makes sense for all k < k — 1,
1.e.

(23)

t
w1+ IVp®)E- + /0 lu(s)Ilx + llp = polli 1 ds
<Cs(llwollz—1 + 1V (po — po)lli-1)-

Denote by 0% the operator vector with components consisting of all the differential
operators D with multi-index |a| = k. Denote [V*, f]lg = V*(fg) — gV*f for any
function f,g. Multiplying the second equation of (EPK2) by p~! and applying the
operator pV*, then multiplying by V*u and integrating over (0,7) x RY we have

(24)

t
/ /R [ka(atuj + w0uy ) V*u; + pVFp 'V p(p)VFiu; + pVFu,; Vi,
0 2

— pV,;ApVFu; — pVPV 0V, — kap_lAuijuj] dads (25)
:3K1+K2+K3+K4—|—K5+K6:O.
Using the first equation in (EPK2), we have
1 [t t t
K =5 / p|VFu(s)|*dz| + / pIVF u)0pu,; VFiudads
0 0 0 JR? (26)

t
>0([[V*u(t)[15) — ||kao||3—05/0 IVu(s) (k-1 ds.
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Thanks to (2),(3) and (4) and using the first equation of (EPK2), we have
t
K, :/ / VEVh(p) - pVFudzds
0 JR?
t ¢
:/ / VEVh(p) - VF(pu)dzds — / VAV h(p) - [V*, pludads
0 JR? 0 JR?

t

t
=— / V’“h( )V*V - (pu)dzds — / V’“Vh( ) - [V, pludxds
/ / V*h(p)0, V¥ pdads — / / VEVh(p V¥, pludzds
R? R?
:// h’(p)Vkpﬁthpdxds—f-// [VE=L W (p)]V pd, V* pdads
R? 0 JR?
t
— / VEVR(p) - [V*, pludzds
0 JR?
t t
= / Oi(h (p)V*pV* p)dads + / / [VE=L W (0)]V pd, VF pdds
0 JR? 0 JR?
t
- / VEVL(p) - [V*, pludzds
0 JR?
G IV 0ls) = ey~ € [ I 00ts) = wliads =5 [ (IFu(olas

The third term K3 gives
t
Koz [ IV ulfds (25)
0

Using the first equation of (EPK2) and integrating by parts, we have
t
— / / pVEVAp - VFudads
0 JR?
t t
— / / VEV Ap - VF(pu)dads — / VAV Ap - [VF, pludads
R? 0 JR?
t t
—/ VEAPY - V¥ (pu)dads —/ / VEVAp - [V, pludzds (29)
0 JR? 0 JR?

1 t

5 IV o) = il = [ [ 9E0p- [V pludads

||V’f+1 po)ll3f — Cé/ IV (p(s) = po)lli + lu(s)lx-1ds.
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Using the first and the third equation of (EPK2), we have

t
K; = / / VEFOVHEV - (pu) — VFOV - ([V*, plu)dads
0 JR?
=: K51 + Kso.

We can deduce that
t
Kz = [V oll3], - (30)

Thanks to & > 1, using the second-order elliptic PDEs regularity theory and inte-
grating by parts, we have

t t
K= [ [ 9"V (9 pupdsds < ~Cs [ lols) = ol + [u(s) s (31
0 JR? 0

Therefore we have
t
t _
Ks > [Vl - Ca/o lp(s) = plI7 + [lu(s)[[7-1ds- (32)
The sixth term gives
t
Kg=— / / pVFp 1 Au - VRudads
0 JR?
t t
:/ ]le+lu(s)\|gds+/ / p[V*, pAu - VFudzds (33)
0 0 JR?
t t
>0 [V (s s = C [ IV + 1960 = )l .
Combining (26)-(33) and (24), we obtain

t
()]l + HVp(t)HiJr/O lu(s)l[i1ds < Cs(llwolli + [V poll7)- (34)

Next, multiplying the second equation of (EPK2) by p~! and applying the operator
pV¥, then multiplying by V*Vp and integrating over (0,7) x RY, we have

t
/ /R [pv’f(atuj +w;0:u)V;VEp + pVF p W p(p)V,;VEp + pVFu,; V,VFp
0 2

VAPV p — gV OV VE p — oV AV deds 50
=Ly + Lo+ L3+ Lys+ Ls+ Leg = 0.
Using a similar method to (17) to estimate the first term L, we obtain
L] <C5(I1V (p(s) = po)llic + V() 1y + llwollk + llpo = pollisa) )
36

) / IVu(s) 2 + [V (p(s) — o) 2ds.

8
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Integrating by parts and using (3) and (4), we obtain

t
Lo :/ VEVA(p) - pV*V pdads
0 JR?

t (37)
205 [ 1944 (0(5) — po)lds = s [ 1ots) — ol
0
Obviously we have
t
Ly <C5 [ 9 () + IV (p(s) ~ polfds (39)
0
Integrating by parts, the fourth term gives
t
— / / pV*V Ap - VPV pdads
0 JR?
t t
= / / p(VFAp)idads + / / V*ApVp - V"V pdads (39)
0 JR? 0 JR?
t t
=05 [ 19" 2(ps) = polids = Ci [ 941 (o(s) ~ o) s
0 0
The fifth term using similar method on (21) gives
t
- / / pV*VOVFV pdads
0 JR?
' _ Nk k _ _ ok k _ (40)
=[] (o= VYR TV - ) = o7V THV(p - )dads
0 JR?
=: Ls1 + Lso.
Obviously, we have
s =g [ I94(6(5) — s (41)
Thanks to k£ > 1, using the third equation of (EPK2), we obtain
Ln o [ I9406) — polids = s [ Io(s) —pllids. (a2)
Therefore, we have
t t
Ls ZC&/ IV*(p(s) = po)lI3ds — C&/ lp(s) = polli—1ds. (43)
0 0
Obviously, we obtain
bo< S [ Ivats)tias +65 [ 1960 - mlids. (14)
Combining (36)-(44), (24) and (34), we obtain our result. This finishes the proof of

Theorem 1.2.
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