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A Note on k-Circulant Matrices with the Generalized Padovan Numbers

Abstract. In this paper, we obtain explicit forms of the sum of entries, the maximum column sum
matrix norm, the maximum row sum matrix norm, Euclidean norm, eigenvalues and determinant of k-
circulant matrix with the generalized Padovan numbers. We also study the spectral norm of this k-circulant
matrix.
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1. Introduction

In this section, we recall definitions and some properties of the generalized Padovan sequence. A gener-

alized Padovan sequence {V,}n>0 = {Va(Vo, V1, Va) }n>o0 is defined by the third-order recurrence relations
Vn = ‘/;1—2 + ‘/;1—3 (11)

with the initial values V) = ¢o, V1 = ¢1, Vo = ¢ not all being zero.

The sequence {V;,}n>0 can be extended to negative subscripts by defining
Von = *V—(n—l) + V—(n—S)

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.

Binet formula of generalized padovan numbers can be given as

bia™ n by 3" n bsy"
(@a=B)a=y) B-a)B-7) (O-a)ly-7)

1

Vo =
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where

by =Vo = (B+7)Vi+ B0, by = Vo — (a+7)Vi + Vo, bs = Vo — (a+ B)V1 + BV, (1.2)

Here, «, 8 and v are the roots of the cubic equation =

a—l—f—
o\ 2

o

7=w2<

where

Note that

3 _ gz —1=0. Moreover

23 v 1 23 v
— — =\ = =1.32471 24
108> + (2 108) 324717957
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—1+1iv3
w= %[ = exp(27i/3)
a+ﬁ+7 = 07
aft+ay+py = -1,
afy = 1.

Now we define four special cases of the sequence {V,,}. Padovan (Cordonnier) sequence{P,},>0, Perrin

(Padovan-Lucas) sequence {E,},>0, Padovan-Perrin sequence {S,},>0 and modified Padovan sequence

{A, }n>0 are defined, respectively, by the third-order recurrence relations

Pn+3
En+3
Sn+3

An+3

Note that the case V,, = R,,, Ro = 1,Ry =0,Ry =1 (or V;, = R,, Ry = 0,R; =

Pos1+ P, Py=1,P =1P =1,
Epi1+En, Ey=3FE =0E,=2,
Spi1+ S, So=0,8 =05 =1,

Api1+ A, Ag=3,A1 =14, =3.

1,Rs = 0) is called the

sequence of the Van der Laan numbers, in the literature.

The sequences {Py,}n>0, {En}n>0, {Sntn>0 and {4, },>0 can be extended to negative subscripts by

defining

Pon = —P_(u-1) + P-(ns)
Eon = —E_-ntE-(n-g
Sen = =S-(u-1) +5-(n-3)
An = Aot A3



UNDER PEER REVI EW

forn =1,2,3, ... respectively. Note that P, and S,, are two variants of the same sequence in [16]. In fact, the
following are basically all variants of the same sequence in [16] which P, and S,, belong: A000931, A078027,
A096231, A124745, A133034, A134816, A164001, A182097, A228361 and probably A020720 (however, each
one has its own special features and deserves its own entry). E, is the sequence A001608 in [16] and A, is
the sequence A276276 in [16].

For more details for the generalized Padovan numbers, see Soykan [25].

The following Theorem presents sum formula of generalized Padovan numbers.

THEOREM 1.1. Let x be a nonzero real or compler number. For n > 0, we have the following formula:

If 23 + 22 — 140, then

where
O1(z) = "3V 3 + 2" 2V, 00 — (2% — D" WV, — 22V — 2Vy + (2% — 1)V,

O(z) = 2® + 2% — 1.

Proof. Take r =0, s =1,¢ =1 in [17, Theorem 2.1. (a)]. O

The following Theorem presents sum formulas of generalized Padovan numbers.

THEOREM 1.2. Forn > 0, we have the following formulas:
(@): Yr o Vi=Vatrs+ Voyo — Vo — V4.
(b): > yiVi=(n—2)Vois+ (n—3)Vuyo — 2V,pq + 3Va +4V4 + 2Vj.
(€): Yo Vi = —Viis = Vi =2V +2VioVia + 2V a Vi + V5 + VP 2V — 2V Vo — 213 Vo,
(d): Yoo iV? = —(n+6)V2 53— (n+5)V2 s —2(n+4) V2 +2(n+4)VarsVigo +2(n+5)Vass Vs —
2Vpi1Vipio + 5VE +4VE + 6VE — 6V, Vo — 8V Va + 2V V4.

Proof.

(a): Take z = 1,r =0, s = 1,¢ = 1 in [17, Theorem 2.1. (a)] or take r = 0, s = 1,¢
Theorem 2.1. (a)].

(b): Take z = 1,r =0, s = 1,t = 1 in [22, Theorem 2.1. (a)] or take r = 0, s = 1,t = 1 in [24,
Theorem 2.1. (a)].

(c): Take z =1,r =0, s=1,t =1 in [19, Theorem 3.1 (a)]. See also [18, Theorem 2.1].

(d): Take z = 1,r =0, s = 1,t = 1 in [21, Theorem 2.1. (a)] or take r = 0, s = 1,t = 1 in [23,
Theorem 2.1. (a)]. O

1 in [20,

Note that, using the recurrence relation V,, 13 = V,,11 + V,,, we can write the above theorem as follows.

THEOREM 1.3. Forn > 0, we have the following formulas:

(@]
(@): N Vi=Viso 4V + Vo = Vo — Vi = @1.
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no v

(b): S0 iVi = (n—3)Vyso + (n— 4 Viys + (n— 2)V;, + 3Va +4V; +2Vp = 31
A

(€): S V2= —V2 V2, V242V 1 Viso + 2V Voo + V3 + V24 2VE 2V Vo — 2V1 Vp = Kl'

(d): 30V =—(n+5)Vis — (n+ 4V — (n+6)V7 +2(n + 3)VagoVagr +2(n + 4)Vayo Vi —

Q
2V, Vg1 + B5VE +4VE2 + 6VE — 6V1 Vo — 8VpVa + 2V V4 = ﬁl

From the last Theorem, we have the following corollary which gives sum formulas of Padovan numbers

(take ‘/n = Pn with Po = 1,P1 = I,PQ = 1)

COROLLARY 1.4. Forn > 0, Padovan numbers have the following properties:
(a): Yi g P =Poyo+ Pop1 + P, — 2.
(b): >0 iP; = (n—3)Pyi2+ (n—4)Pyy1 + (n —2)P, + 9.
(c): Yo PP =Pl — Piyy — Pl +2Pui1Prys + 2P, Pooa.
(d): 3oioiP? = —(n+5)Pr s~ (n+ 4Py — (n+6)P7 +2(n+3)PuyaPor1 +2(n+ 4) P2 Py —
2P, P41 + 3.

Taking V,, = E,, with £y = 3, F; = 0, E5 = 2 in the last Theorem, we have the following corollary which

presents sum formulas of Perrin numbers.

COROLLARY 1.5. For n > 0, Perrin numbers have the following properties:

(a): X! gEi=FEnia+ Epny1 + E, — 2.

(b): >0 iE; = (n—3)Epi2+ (n—4)Epiq + (n — 2)E, + 12.

(¢): Y B2 = —E2,, — B2, — E2 + 2B, 41 Epsn + 2B, By o + 10.

(d): D0 iEf = —(n+5)Ep s — (n+4)Ep g — (n+6)E] +2(n+3)EnyoEngr +2(n+4)Engo By —
2E, Eiy + 26.

From the last Theorem, we have the following corollary which gives sum formulas of Padovan-Perrin

numbers (take V;, = S, with Sy = 0,51 =0,52 = 1).

COROLLARY 1.6. For n > 0, Padovan-Perrin numbers have the following properties:

(a): Y0 o Si=Spt2+ Snp1+ S — 1.

(b): >2i_giSi = (n = 3)Sni2 + (n = 4)Sns1 + (0 —2)5, + 3.

(c): Yor oSt =—52 00— 82 1 —S2+25,415042 + 25,542 + 1.

(d): Y iS2=—(n+5)S2,,—(n+4)S2, — (n+6)S2 +2(n+3)Sy125,+1 + 2(n +4) Sy 425, —
28,Sn41 + 5.

Taking V,, = A,, with Ag = 3, A; =1, Ay = 3 in the last Theorem, we have the following corollary which

presents sum formulas of modified Padovan numbers.

COROLLARY 1.7. For n > 0, modified Padovan numbers have the following properties:
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(a): Yl gAi=Anio+ A+ A, — 4

(b): >0 jidi =(n—3)Anio+ (n—4)Ani1 + (n—2)A4, + 19.

(c): YorgAZ=—A2 - A2 | — A2+ 24, 1 Apio + 24, A0 0 + 4.

(d): Y0 iA? = —(n+5)A%2 5 — (n+4)A2 | — (n+6)A2 +2(n+3)ApioAnt1 +2(n+4)Api0A, —
24, At + 19.

2. Main Results

Next, we recall some information on k-circulant matrix and Frobenius norm, spectral norm, maximum
column length norm and maximum row length norm. Let n > 2 be an integer and k be any real or complex

number. An n x n matrix Cy = (¢;5) € Mpxn(C) is called a k-circulant matrix if it is of the form

Co C1 C2 T Cn—2 Cn—1
kcp—1 Co cT  *++  Cp—3 Cp-2
kcn—2 kcn—1 Co cee Cn—4 Cn—3

Cr =

k‘Cg k’Cg ]CC4 tee Co C1

kCl k'CQ kCg cee /{1071,_1 Co

nxn

k-circulant matrix Cy, is denoted by Cj, = Circg(co, €1y ..y Cn—1)-

If £ = 1 then 1-circulant matrix is called as circulant matrix and denoted by C = Circ(cg, ¢1, .-, Cr—1)-
Circulant matrix was first proposed by Davis in [4].

The Frobenius (or Euclidean) norm and spectral norm of a m x n matrix A = (a;j)mxn € Mmxn(C) are

defined respectively as follows:

1/2

m n 1/2
_ 12 — ) *
4= (SN lol | ond 1l = (max a0 )

i=1 j=1

where \;(A*A) ’s are the eigenvalues of the matrix A* A and A* is the conjugate of transpose of the matrix

A. The following inequality holds for any matrix A = (a;j)mxn € Muxn(C) (see [30, Theorem 1 and Table
1)):

1
N 1Al < [[Ally < 1A]lp- (2.1)

It follows that
[All, < Allp < VrllAl,.

In literature there are other types of norms of matrices. The maximum column sum matrix norm of
n x n matrix A = (a;5) is [|JA||, = max Y., |a;;| and the maximum row sum matrix norm is [|A|_ =

1<j<n
max »

may ;L |a;;] . The maximum column length norm ¢;(A) and the maximum row length norm r(A4) of
<i<n

=1
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m X n matrix A = (a,;) are defined as follows:

. 1/2 . 1/2
c1(A) = max (Zl |aij|2> and r1(A) = Jax Zl laii|?
i= i
There is a relation between |||, , ¢i(.) and 71 (.) norms:
LEMMA 2.1. [8/For any matrices A = (a;j)mxn € Mmxn(C) and B = (bij)mxn € Mumxn(C), we have
Ao Bll, <ri(A)er(B)
and

||AOB||2 < ||A||2 ||BH2

and

[A® Blly = [[All, 1Bl

where A o B is the Hadamard product which is defined by

Ao B = (ajbij),
A ® B is the Kronecker product which is defined by

A® B = (a;;B).

For more details on norm of matrices, see for example [7]. In the following Table 1, we present a few
special study on the Frobenius norm, spectral norm, maximum column length norm and maximum row
length norm of circulant (k-circulant, geometric circulant, semicirculant) matrices with the generalized m-
step Fibonacci sequences which require sum formulas of second powers of numbers in m-step Fibonacci
sequences (m = 2,3,4).

Table 1. Papers on the norms.

Name of sequence Papers
second order | second order |
Fibonacci, Lucas [5,6,11]
Pell, Pell-Lucas [1,26]
Jacobsthal, Jacobsthal-Lucas [12,27,28,29]
third order| third order|
Tribonacci, Tribonacci-Lucas [13,14]
Padovan, Perrin [3,10,15]
fourth order| fourth order|
Tetranacci, Tetranacci-Lucas [9]

We need the following two lemmas for our calculations.
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LEMMA 2.2. [2, Lemma 4/Let C) = Circg(co, 1, .., cn—1) be a n X n k-circulant matriz.

n—1 n—1
» . N\ P
A (Cr) = g krw™Pe, = E (k%wﬂ) ¢
p=0 p=0

27

n,7=0,1,2,....,n — 1. Moreover, in this case

where w = exp(2wi/n) = e

n—1
1 .\ P
cp = E E (k‘%wij> AJ(Ck)v p:O,1,2,...,n—1.
=0

Then we have

LEMMA 2.3. [7]Let A be a n X n matriz with eigenvalues A1, A2, A3, ..., \p. Then, A is a normal matriz

if and only if the eigenvalues of AA* are |)\1\2 , |)\2\2 , |)\3|2 sy |/\n|2 where A* is the conjugate of transpose

of the matrixz A.

Next, we define k-circulant matrix with generalized Padovan numbers entries. Throughout this paper,

the k-circulant matrix, whose entries are the generalized Padovan numbers, will be denoted by C, (V) =

CiI’Ck(VE), Vl, ceey anl) :

DEFINITION 2.4. A n X n k-circulant matriz with generalized Padovan numbers entries

‘/0 ‘/1 ‘/2 T Vn72 anl

Voo W Vi Vs Voo

Cn<V)k = CiI‘Ck(Vb, Vl, ceey anl) = kVn—Q k‘/n—l VO v Vn—4 Vn—S
kVi kVo EVs oo KV W

18 defined by

nxXn

We call this matrix as generalized Padovan k-circulant matrix. We consider four special cases of gen-

eralized Padovan k-circulant matrix, namely Padovan k-circulant matrix: C,(P)y = Circg(FPo, Py, ..., Pn—1),

Perrin k-circulant matrix: C,,(E)y = Circg(Eo, F1, ..., Fn—1), Padovan-Perrin k-circulant matrix: C,,(S); =

Circg (So, S1, -, Sn—1) and modified Padovan k-circulant matrix: C,,(A)x = Circg (Ao, 41, ...

We denote the sum of entries of C,, (V) as S(Cy(V)i).

LEMMA 2.5. The sum of entries of C,, (V) is

7An—1)-

S(Cn (Vi) = (kn—3k+3) Vi o+ (kn—ak+4)V, 1 +2(1—k)Vy+ (3k—n—3)Va+ (4k—n—4) Vi +2(k—1)V;

Proof. From the definition of C,,(V'), using Theorem 1.3, we obtain

S(C,(V)e) = nVo+((n—=1D4+EVi+((n—2)+2E) Va4 ...+ (1+(n—1k)V,_,

n—1 n—1

= > (n—i)Vi+k) iV
i=0 i=1
n—1 n—1

= n) Vit(k=1)) iV;
=0 i=1

= (kn—3k+3)Vyso + (kn — 4k + )V, 1 + 2(1 — k)V,,

+(3k —n —3)Va + (4k —n — Vi +2(k — )Vp. O
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Taking V,, = P, with Py = 1,P, = 1,P, =1, V, = E, with Eg = 3,E; = 0,Ey = 2, V,, = S,, with
So=0,5=0,5 =1and V, = A4, with Ay =3, A; = 1, Ay = 3, respectively in the last Lemma, we obtain

the following corollary.

COROLLARY 2.6. We have the following results:

(a): The sum of entries of C,,(P)y is

S(Cp(P)y) = (kn — 3k +3)Ppyo + (kn — 4k + 4) Py 4+ 2(1 — k)P, + (9% — 2n. — 9).
(b): The sum of entries of Cy,(E)y is

S(Co(B)y) = (kn — 3k + 3)Enya + (kn — 4k + 4)Epay + 2(1 — k) By + (12k — 2n — 12).
(c): The sum of entries of Cp(S) is

S(Cn(S)k) = (kn — 3k +3)Spio + (kn — 4k + 4)S, 11 +2(1 — k)S, + 3k —n — 3).
(d): The sum of entries of C,,(A)y, is

S(Cn(A)k) = (kn—3k+3)Apto+ (kn — 4k + 4)Apy1 +2(1 — k)A, + (19k — 4n — 19).

Next, we present the maximum column sum matrix norm ||C, (V)x||; and the maximum row sum matrix
norm [|Cy, (V)| o, of the matrix C,, (V') = (¢;;) under certain condition on the generalized Padovan sequence

V., and k.

THEOREM 2.7. Suppose that V,, > 0 for all the nonnegative integers p. Then we have the following
formulas: If k > 1 then

HCn(V)kH1 = ||Cn(v)kHoo = kVn+2 + kVnJrl - kVQ - le + (1 - k)‘/b

and if k < 1 then

ICn(Vklly = 1Ca(V)klloo = Vare + Vg1 = Vo = V3

Proof. Suppose that & > 1. Then from the definition of the matrix C,, (V) = (¢;;) , using Theorem 1.3,

we can write

ICu V)il = 1r<nja<xn2|%|— max {les;| +[eag] +leas| + o+ feus]}

= |011| + |621‘ + |031‘ + ...+ |Cn1|

= VW+kVa 1 +kVa o+ ...+ EkEV3+EkVo+EV;

= (Vo—kVo—kVi) +k) Vi
i=0
= kVipgo +kVosr —kVa — Vi + (1 — )V,

Similarly, we have

1Cw(V)klloo = kVarz + kVag1 — kVa — kVi + (1 — k)Vo.
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Suppose now that & < 1. Then from the definition of the matrix C,(V)r = (¢;;) , using Theorem 1.3, we

can write

n

[Co(V)kll, = ggjagxn;lcz-jl=1glja§L{|01jl+|02jl+\03j|+---+\cnjl}
P

= |e1n| + |e2n| + |esn] + - + |Cnnl

= Vi +Vaot+. +Vs+Va+Vi+1)
= 7Vn+zw

=0
= Vn+2+Vn+1_Vv2_‘/1~

Similarly, we have

1C(V)illoo = Vag2 + Vipr = Vo = V1. O

Taking V,, = P, with Py =1,P, =1,P, =1,V, = E, with By = 3,F, = 0,E, =2, V,, = 5, with
So=0,5=0,5 =1and V,, = A, with Ag = 3, A1 = 1, As = 3, respectively in the last theorem, we obtain

the following corollary.

COROLLARY 2.8. We have the following results:

(a): If k> 1 then
[Cn(P)klly = ICn(P)kllog = kPat2 + kPpga + (1 = 3k),
and if k <1 then
1Cn(P)klly = 1Cn(P)kll o = Prt2 + Pagr — 2.
(b): If k > 1 then
1C(B)klly = ICh(B)kllo, = kEnta + kEny1 + (3 — 5k),
and if k <1 then
[Cn(E)illy = ICn(E)klloe = Ent2 + Enyr — 2.
(c): If k> 1 then
1C(S)klly = ICn(klloe = kSnta + kSni1 —
and if k <1 then
1Cn(S)klly = [[Cn (il oo = Snt2 + Snar — 1.
(d): If k> 1 then

HCn(A)kH1 = ”Cn(A)k”oo = kAn+2 + kAn-H + (3 - 7k)7
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and if k <1 then
||On(A)k||1 = HCn(A)k”oo = An+2 + Ang1 — 4
Now, we determine the Euclidean (Frobenius) norm of k-circulant matrix C, (V).

THEOREM 2.9. The Euclidean (Frobenius) norm of k-circulant matriz C, (V) is:

ICa(V)kllp = Vn(@1(V)) + @o(V)
where
o1(V) = Vo = Vi = V2 = V2 + 2V Vago + 2V Vigo + V5 4+ VP2 + 2V5 — 2V Ve — 211 Vs,

0o (V) = (|k—1) (= (n+5)V;2 s — (n+4) V2 —2(n+3) V242(n+3) Voo Vi 1 +2(n+4) Vo2 Vi =2V Vi +
5V +4VE 4+ 6V — 6V1Vy — 8V Vo 4 2V V7).

Proof. From the definition of the Euclidean norm of a matrix, using Theorem 1.3, we obtain

n

UICaVellp)* = D el

i=1,j=1
n—1 n—1

= D =)V RV
i=0 i=1

n—1

= nniviuﬂkf NG
=0 1=1
= (@ (V) +ea(V)

where ¢, (V) and ¢4(V) are as in the statement of the theorem. Now, it follows that

ICa(V)illp = V1 (02(V)) + ¢2(V). O

Note that
n—1
(V) = Z Vi2
i=0
and
n—1
0o (V) = (k[P = 1)) iv2.
i=1

Taking V,, = P, with Py = 1,P, = 1,P, = 1, V,, = E,, with Ey = 3,FE1 = 0,F, = 2, V,, = S,, with
So=0,5=0,5 =1and V, = A, with Ay = 3, A; = 1, Ay = 3, respectively in the last Theorem, we
obtain the following corollary.

COROLLARY 2.10. We have the following results:

(a): The Euclidean (Frobenius) norm of k-circulant matriz Cy,(P)y, is:

ICw(P)illp = v/ (21(P)) + ¢2(P)

where
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¢1(P) = —Pr— Py — P} = Py + 2Py Puya + 2Py Py,
2(P) = (K" = 1)(=(n +5)Ps = (n+ P24y = 2(n + 3)P} + 2(n + 3)PoyaPogs + 2(n +
4)PyioPy — 2P Poyr + 3).
(b): The Euclidean (Frobenius) norm of k-circulant matriz Cp(E)y is:

ICw (Bl g = /1 (01(E)) + o (E)

where

o (E)=-E2 ,—E2,—E:—FE2+2E,(1E,2+2E,E, 5+ 10,

@o(E) = (k> = 1)(=(n +5)E2,5 — (n + 4)E2,, —2(n + 3)E2 4+ 2(n + 3)EnioBEny1 + 2(n +
4)Ep 2By — 2B, Ep i + 26).

(c): The Euclidean (Frobenius) norm of k-circulant matrixz C,(S) is:

ICh(S)kllp = v/ (91(8)) +¢2(S)

where
01(8) = —Snio = Shy1 = Sy — S +280118n42 + 250 Snt2 + 1,
@o(S) = (Ik]* = 1)(~(n +5)82,5 — (n +4)S2,, — 2(n + 3)S2 + 2(n + 3)Snt2Sns1 + 2(n +
4)Sy 2S5y — 25,Sn+1 + 5).
(d): The Euclidean (Frobenius) norm of k-circulant matriz C,(A) is:

ICw(A)ellp = v/n(p1(A) + pa(A)

where

‘PI(A) = _A721+2 - A721+1 - A?m - A% + 2An+1An+2 + 2AnAn+2 +4,

P2(A) = ([K[* = 1)(=(n +5)A2 5 — (n+ 4) A%, = 2(n +3)A2 +2(n + 3) ApyaAnir +2(n +
4)A7L+2An - 2AnA'rL+1 + 19)

The following theorem gives us the eigenvalues of the matrix in (2.2).

THEOREM 2.11. The eigenvalues of C, (V) are

X(Ca(V)) = (k;w_j)gijgfw_jp —
where
O;(V) = kVy — Vo — ki (—kVig1 + Vi)w ™ + k7 (EVigo — KV — Vo + Vo)w ™%
and
w = exp(2mi/n) = e,

i = 0,1,2,3,...,n—1.
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Proof. By using Lemma 2.2, we obtain

n—1
N(Cu(V)k) = D krw PV,
p=0

n
= —kw TV + ) krw TP,

p=0
= —kw "W, + i(k%w*jijp.
p=0
Now using Theorem 1.1 (by putting z = kww™d ) and recurrence relation V, 13 = V41 + Vi, we obtain
required result. [J
Taking V,, = P, with Py =1,P, =1,P, =1,V, = E, with Fy =3, F1, =0,FEy, =2, V,, = 5, with
So=0,5=0,5 =1and V, = A, with Ay = 3, A; = 1, Ay = 3, respectively in the last Theorem, we

obtain the following corollary.

COROLLARY 2.12. We have the following results:

(a): The eigenvalues of Cp(P)y are

where

1

®;(P) = kP, —1 =k (—kPuy1 + Vw7 4+ kn (kPyyg — kP)w %,

®,(E) = kE, —3 — kv (=kEp1)w™ + k7 (kEpio — kE, + 1)w™%,
®;(S) = kS, — kw (=kSps1)w ™ + k7 (kSpyo — kS, — 1w,
B (A) = kA, —3—kn(—kA, 1+ Dw ™ + ko (kApo — kAy)w™ %,

w=exp(2mi/n) =en, j=0,1,2,3,...,n— 1.
The following theorem presents the upper and lower bounds of the spectral norm of Cy, (V).

THEOREM 2.13. Let C,, (V) = Circg(Vo, Vi, ..., Va—1) be a k-circulant matriz. Then if |k| > 1 then

Vo) < 1Ca(Villy < Ve + K (-VE + o)1 - Ve + (V).
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and if |k| < 1 then
K[V (V) < ICu(V)klly < V(e (V)

where 1 (V) is as in Theorem 2.9.

Proof. Note that we can write (V) as in the following forms.

alr) = 2V

Vi = Vi = V2= V2 + 2V 1 Vo + 2V Vo + V3 + V2 42V — 214 Ve — 2V Vs,
n—1

o (V) = V4D V2= -Vi+e(V)=> V2
1=1 L

From Theorem 2.9, we know that the Euclidean (Frobenius) norm of k-circulant matrix C,, (V) is

n—1
Z(n — V2 + |k ZZV2
=0

UICa (V) )

i=1
-1 n—1
= ) VP (kP-1)Y V2
i=0 i=1
If |k| > 1, then we get, using Theorem 1.3,
n—1 n—1 n—1
(C(VIkllp)? 2 > (= i)VP+ Y iV =nY V7 =n(p(V))

i=0 i=1 i=0

i.e.

1CA(V)kllp = V(@1 (V))-
It follows that
GVl < /mam
_— > .
Then by (2.1), we obtain

[Cn(V)klly 2 Veor (V).

Similarly, If |k| < 1, then we obtain

n—1 n—1
IC.(V)kllp = Y (n—i) V2 + k> > iV}
1=0 i=1
n-1 n—1 n—1
> S - )PV RS V2 =nk SV
=0 i=1 i=0

= nlk* (p2(V)).

IC. V)il = /1 [K[ (02 (V)

It follows that
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[Cn(V)kll
> .
e > 1 v
Then by considering (2.1), we get

1Cn(V)klly = [k (21(V).

Now, for |k| > 1, we give the upper bound for the spectral norm of the matrix C,, (V') as follows. Let the

matrices B and C be as

Vo 1 1 1 1
KV, . Vo 1 - 1 1
B=| kV,o kV,-1 VW --- 1 1
kVy kVy  kVg oo KV, W n
and
1 Vi Vo oo Vg Vi
1 1 Vi - Vysg Vihoo
c=|1 1 1 - Vo, Vs
1 1 1 1 1 m
such that C,(V); = B o C. Then we obtain
n 12 n—1
r1(B) = max ; bl | = J V§ o+ Ikl ; V2 = VB + bl <V + o (V)),

By Lemma 2.1, we have

1Cn(V)klly < m1(B)er(C) = \/‘/02 +E[* (V3 + o1 (V)1 = VE + (V).

For |k| < 1, we give the upper bound for the spectral norm of the matrix C., (V) as follows. We define the

matrices D and E as

1 1 1 1 1
k1 1 1 1
D=1k k 1 1 1
kE k k k1

nxn
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and
Vo Vi Voo Vo Vi
anl ‘/0 Vi T Vn73 Vn72
E= Viee Ver Voo oo Vg Vs
iV Vo Ve Vo )
such that C,, (V) = D o E. Then we obtain
1/2
n
ri(D) = 1?%)(" z; |dij| Vn,
‘7:

and

1/2
ca(E) = = lax (Z leijl ) =
By Lemma 2.1, we have
[Cn(V)iklly < m1(D)er(E) = vn (o1 (V)).
This completes the proof.

We consider four special cases of the above theorem.

Firstly, the following corollary gives the upper and lower bounds of the spectral norm of C,,(P)g.

COROLLARY 2.14. Let Cp,(P)y = Circg(FPo, P, ..., Pn_1) be Padovan k-circulant matriz. Then if |k| > 1
then

21 (P) < [Cu(P)elly < \/PE + K (—B + 01 (P))\/1 - B3 + o (P),
and if |k| < 1 then

[V @1 (P) < [ICh(P)lly < v (@1(P))

where o, (P) is as in Corollary 2.10.

Proof. Take V,, = P,, P =1,P; =1,P, =1 in Theorem 2.13. O

Secondly, the following corollary gives the upper and lower bounds of the spectral norm of C,, (E)j.

COROLLARY 2.15. Let C,,(FE) = Circg(Fo, E1, ..., En_1) be Perrin k-circulant matriz. Then if |k| > 1
then

VA (E) < ICu(E)illy < /B2 + b2 (B8 + ¢, (B)\/1 - B2 + ¢, (E),
and if |k| < 1 then

k[ V@1 (E) < [|Cu(E)klly < v (@1 (E))

where @, (E) is as in Corollary 2.10.

Proof. Take V,, = E,,, Eg =3, FE; =0, E5 = 2 in Theorem 2.13. [
Thirdly, the following corollary gives the upper and lower bounds of the spectral norm of C,,(.S).
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COROLLARY 2.16. Let C,(S)y = Circg(So, S1, ..., Sn—1) be Padovan-Perrin k-circulant matriz. Then if
|k| > 1 then

V@i (S) < [Cn(S)kll, < \/53 + [K[* (=53 + @1(9))4/1 = 5§ +¢1(5),

and if |k| <1 then
k[ V@1(5) < NCh(S)klly < vV (ei(S))
where p1(S) is as in Corollary 2.10.

Proof. Take V,, = S, So =0,S1 =0,52 =1 in Theorem 2.13. O

Fourthly, the following corollary gives the upper and lower bounds of the spectral norm of C,,(A4)g.

COROLLARY 2.17. Let C,(A)y = Circg (Ao, A1, ..., An_1) be modified Padovan k-circulant matriz. Then
if |k| > 1 then

Vi) < [Cu(A)illy < 43 + K (~43 + 01 (A1 - 43 + ¢,(4),
and if |k| < 1 then

k[ V@1 (A) < ICa(Aklly < v p1(A))
where o, (A) is as in Corollary 2.10.

Proof. Take V,, = A,, with Ay = 3,41 =1, Ay = 3 in Theorem 2.13. O

Next, we present the determinant of C,, (V).

THEOREM 2.18. The determinant of Cp, (V)i is given by

. A (1 _ (Ax/m)" B (W>"+ (3 )”)

43
2/\1 2A1 Al

()" (KB, + (k— E_,)k% — 1)

where
A = KV, =V,
Ay = kn(—kVpsr + W),
As = ki (kVyyo — KV, — Vo + Vo).
Proof. By considering identities
n—1
[[@—y™ = a"—y"
k=0
n—1 5 n 5 n
. . — — 4 — 4 n
TP E ey fuy ERVIAEEEE) iy ARVIEEE) Y
2o 2z 2z x

and

(knw ™) + (kvw )2 — 1 = (akrw ™ —1)(Bkrw ™ — 1) (vkrw ™ — 1),
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we see that

_

n—

(0w ™) + (kw2 = 1) = (—1)" (kEp + (k — E_)k* = 1)

j=0
and
n—1 n n n
_an A2 — v/ A% — 4A1A3 A2 + \/A% — 4A1A3 A3
71;[0@](1/)—1&1 (1—( T - oA 3, :
where
w = exp(2mi/n),
O;(V) = kVy—Vo— bkt (—kVips + Vi)w ™ + k% (BVyo — Vi — Vo + Vo) 2
and
Al = kVn - %7
Ay = kn(=kVpy + V),
Ay = ki (kVigo — kVy — Vo + V).

From Theorem 2.11, we have

n

1
det(C,(V)i) =[] A(Cu(V))

j=0
T 2;(V)
B j1;[0 (kww=9)3 + (kww9)2 —1
|1 K214%)
=0

Ti:[: ((k%w—jp + (khwi)? — 1)
() (g o)

2/\1 2Al Al

(1) (kE, + (k— E_,)k2 — 1)

which completes the proof. I
We consider four special cases of the above theorem.

Firstly, the following corollary gives the determinant of C,,(P)g.

COROLLARY 2.19. The determinant of C,,(P)y is given by

. Mo/ " (e /AR \ " ()
M-Tee ) e ) (T)
det(Cp(P)x) = (—1)"t(kE, + (k— E_n)k? — 1)
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where
A = kP, —1,
Ay = kn(=kPnyyi+1),
Ay = kn(kPyio—kP,).

Proof. Take V,, = P,, P =1,P, = 1,P, =1 in Theorem 2.18. (I
Secondly, the following corollary gives the determinant of C),(E).

COROLLARY 2.20. The determinant of C,(E) is given by

2/\1 2A1

As
1

%))

det(Co(E)p) M <1 _ (wm>" ) (Wm>” +(

(1) (kE, + (k— E_)k2 — 1)

where
Ay = kE,— E,
Ao = kv (—kEpi1 + Ey),
Ay = ko (kEnys — kE, — By + Eq).
Ay = kE, -3,
Ay = kv (—kEni1),
Ay = kn(kEnis — kE, +1).

Proof. Take V,, = E,,, Eg =3, FE; =0, E5 = 2 in Theorem 2.18. [
Thirdly, the following corollary gives the determinant of C,,(.S).

COROLLARY 2.21. The determinant of C,,(S)y is given by

2A1 2Al

AP (1 (Az,/A§4A1A3)n (A2+w/A§4A1A3>n N (
n(q o (RemVAiANAs ) (AR A,
det(C,(S))

As

%))

1

()" (KB, + (k— E_,)k2 — 1)

where
Ay = kS, — S,
Ay = kv (~kSni1+51),
Ay = k#(kSnyyo— kS, — So+ So).
Ay = kS,
Ay = k*(—kSns1),

3o

As = ki (kSpia— kS, —1).
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Proof. Take V,, = S5,, with Sy = 0,57 = 0,55 =1 in Theorem 2.18. [J
Fourthly, the following corollary gives the determinant of C),(A)g.

COROLLARY 2.22. The determinant of C,(A)y is given by

det(Cy(A)y) M <1 _ <A_\/m>n _ (wm>” i (A>n>

2A1 2A4 Ay

(—1)" (KB, + (k— E_n)k? — 1)

where

(1]

(11]

(12]

(13]

(14]

(15]

A = kA, -3,
Ay = K7 (—kAnr +1),
Ay = ki(kAnis —kAy).

Proof. Take V,, = A,, with Ay = 3,4, =1, Ay = 3 in Theorem 2.18. [
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