
A Note on k-Circulant Matrices with the Generalized Padovan Numbers

Abstract. In this paper, we obtain explicit forms of the sum of entries, the maximum column sum

matrix norm, the maximum row sum matrix norm, Euclidean norm, eigenvalues and determinant of k-

circulant matrix with the generalized Padovan numbers. We also study the spectral norm of this k-circulant

matrix.
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1. Introduction

In this section, we recall de�nitions and some properties of the generalized Padovan sequence. A gener-

alized Padovan sequence fVngn�0 = fVn(V0; V1; V2)gn�0 is de�ned by the third-order recurrence relations

Vn = Vn�2 + Vn�3 (1.1)

with the initial values V0 = c0; V1 = c1; V2 = c2 not all being zero.

The sequence fVngn�0 can be extended to negative subscripts by de�ning

V�n = �V�(n�1) + V�(n�3)

for n = 1; 2; 3; :::: Therefore, recurrence (1.1) holds for all integer n:

Binet formula of generalized padovan numbers can be given as
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where

b1 = V2 � (� + 
)V1 + �
V0; b2 = V2 � (�+ 
)V1 + �
V0; b3 = V2 � (�+ �)V1 + ��V0: (1.2)

Here, �; � and 
 are the roots of the cubic equation x3 � x� 1 = 0: Moreover
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Note that

�+ � + 
 = 0;

�� + �
 + �
 = �1;

��
 = 1:

Now we de�ne four special cases of the sequence fVng. Padovan (Cordonnier) sequencefPngn�0, Perrin

(Padovan-Lucas) sequence fEngn�0; Padovan-Perrin sequence fSngn�0 and modi�ed Padovan sequence

fAngn�0 are de�ned, respectively, by the third-order recurrence relations

Pn+3 = Pn+1 + Pn; P0 = 1; P1 = 1; P2 = 1;

En+3 = En+1 + En; E0 = 3; E1 = 0; E2 = 2;

Sn+3 = Sn+1 + Sn; S0 = 0; S1 = 0; S2 = 1;

An+3 = An+1 +An; A0 = 3; A1 = 1; A2 = 3:

Note that the case Vn = Rn; R0 = 1; R1 = 0; R2 = 1 (or Vn = Rn; R0 = 0; R1 = 1; R2 = 0) is called the

sequence of the Van der Laan numbers, in the literature.

The sequences fPngn�0; fEngn�0; fSngn�0 and fAngn�0 can be extended to negative subscripts by

de�ning

P�n = �P�(n�1) + P�(n�3)

E�n = �E�(n�1) + E�(n�3)

S�n = �S�(n�1) + S�(n�3)

A�n = �A�(n�1) +A�(n�3)
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for n = 1; 2; 3; ::: respectively. Note that Pn and Sn are two variants of the same sequence in [16]. In fact, the

following are basically all variants of the same sequence in [16] which Pn and Sn belong: A000931, A078027,

A096231, A124745, A133034, A134816, A164001, A182097, A228361 and probably A020720 (however, each

one has its own special features and deserves its own entry). En is the sequence A001608 in [16] and An is

the sequence A276276 in [16].

For more details for the generalized Padovan numbers, see Soykan [25].

The following Theorem presents sum formula of generalized Padovan numbers.

Theorem 1.1. Let x be a nonzero real or complex number. For n � 0; we have the following formula:

If x3 + x2 � 1 6= 0; then
nX
k=0

xkVk =
�1(x)

�(x)

where

�1(x) = x
n+3Vn+3 + x

n+2Vn+2 � (x2 � 1)xn+1Vn+1 � x2V2 � xV1 + (x2 � 1)V0;

�(x) = x3 + x2 � 1:

Proof. Take r = 0; s = 1; t = 1 in [17, Theorem 2.1. (a)]. �
The following Theorem presents sum formulas of generalized Padovan numbers.

Theorem 1.2. For n � 0; we have the following formulas:

(a):
Pn

i=0 Vi = Vn+3 + Vn+2 � V2 � V1:

(b):
Pn

i=0 iVi = (n� 2)Vn+3 + (n� 3)Vn+2 � 2Vn+1 + 3V2 + 4V1 + 2V0:

(c):
Pn

i=0 V
2
i = �V 2n+3�V 2n+2� 2V 2n+1+2Vn+2Vn+3+2Vn+1Vn+3+V 22 +V 21 +2V 20 � 2V0V2� 2V1V2:

(d):
Pn

i=0 iV
2
i = �(n+6)V 2n+3�(n+5)V 2n+2�2(n+4)V 2n+1+2(n+4)Vn+3Vn+2+2(n+5)Vn+3Vn+1�

2Vn+1Vn+2 + 5V
2
2 + 4V

2
1 + 6V

2
0 � 6V1V2 � 8V0V2 + 2V0V1:

Proof.

(a): Take x = 1; r = 0; s = 1; t = 1 in [17, Theorem 2.1. (a)] or take r = 0; s = 1; t = 1 in [20,

Theorem 2.1. (a)].

(b): Take x = 1; r = 0; s = 1; t = 1 in [22, Theorem 2.1. (a)] or take r = 0; s = 1; t = 1 in [24,

Theorem 2.1. (a)].

(c): Take x = 1; r = 0; s = 1; t = 1 in [19, Theorem 3.1 (a)]. See also [18, Theorem 2.1].

(d): Take x = 1; r = 0; s = 1; t = 1 in [21, Theorem 2.1. (a)] or take r = 0; s = 1; t = 1 in [23,

Theorem 2.1. (a)]. �

Note that, using the recurrence relation Vn+3 = Vn+1 + Vn; we can write the above theorem as follows.

Theorem 1.3. For n � 0; we have the following formulas:

(a):
Pn

i=0 Vi = Vn+2 + Vn+1 + Vn � V2 � V1 =
�1
�
:
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(b):
Pn

i=0 iVi = (n� 3)Vn+2 + (n� 4)Vn+1 + (n� 2)Vn + 3V2 + 4V1 + 2V0 =
	1
	
:

(c):
Pn

i=0 V
2
i = �V 2n+2�V 2n+1�V 2n +2Vn+1Vn+2+2VnVn+2+V 22 +V 21 +2V 20 �2V0V2�2V1V2 =

�1
�
:

(d):
Pn

i=0 iV
2
i = �(n+ 5)V 2n+2 � (n+ 4)V 2n+1 � (n+ 6)V 2n + 2(n+ 3)Vn+2Vn+1 + 2(n+ 4)Vn+2Vn �

2VnVn+1 + 5V
2
2 + 4V

2
1 + 6V

2
0 � 6V1V2 � 8V0V2 + 2V0V1 =


1


:

From the last Theorem, we have the following corollary which gives sum formulas of Padovan numbers

(take Vn = Pn with P0 = 1; P1 = 1; P2 = 1).

Corollary 1.4. For n � 0; Padovan numbers have the following properties:

(a):
Pn

i=0 Pi = Pn+2 + Pn+1 + Pn � 2:

(b):
Pn

i=0 iPi = (n� 3)Pn+2 + (n� 4)Pn+1 + (n� 2)Pn + 9:

(c):
Pn

i=0 P
2
i = �P 2n+2 � P 2n+1 � P 2n + 2Pn+1Pn+2 + 2PnPn+2:

(d):
Pn

i=0 iP
2
i = �(n+ 5)P 2n+2 � (n+ 4)P 2n+1 � (n+ 6)P 2n + 2(n+ 3)Pn+2Pn+1 + 2(n+ 4)Pn+2Pn �

2PnPn+1 + 3:

Taking Vn = En with E0 = 3; E1 = 0; E2 = 2 in the last Theorem, we have the following corollary which

presents sum formulas of Perrin numbers.

Corollary 1.5. For n � 0; Perrin numbers have the following properties:

(a):
Pn

i=0Ei = En+2 + En+1 + En � 2:

(b):
Pn

i=0 iEi = (n� 3)En+2 + (n� 4)En+1 + (n� 2)En + 12:

(c):
Pn

i=0E
2
i = �E2n+2 � E2n+1 � E2n + 2En+1En+2 + 2EnEn+2 + 10:

(d):
Pn

i=0 iE
2
i = �(n+5)E2n+2� (n+4)E2n+1� (n+6)E2n+2(n+3)En+2En+1+2(n+4)En+2En�

2EnEn+1 + 26:

From the last Theorem, we have the following corollary which gives sum formulas of Padovan-Perrin

numbers (take Vn = Sn with S0 = 0; S1 = 0; S2 = 1).

Corollary 1.6. For n � 0; Padovan-Perrin numbers have the following properties:

(a):
Pn

i=0 Si = Sn+2 + Sn+1 + Sn � 1:

(b):
Pn

i=0 iSi = (n� 3)Sn+2 + (n� 4)Sn+1 + (n� 2)Sn + 3:

(c):
Pn

i=0 S
2
i = �S2n+2 � S2n+1 � S2n + 2Sn+1Sn+2 + 2SnSn+2 + 1:

(d):
Pn

i=0 iS
2
i = �(n+ 5)S2n+2 � (n+ 4)S2n+1 � (n+ 6)S2n + 2(n+ 3)Sn+2Sn+1 + 2(n+ 4)Sn+2Sn �

2SnSn+1 + 5:

Taking Vn = An with A0 = 3; A1 = 1; A2 = 3 in the last Theorem, we have the following corollary which

presents sum formulas of modi�ed Padovan numbers.

Corollary 1.7. For n � 0; modi�ed Padovan numbers have the following properties:
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(a):
Pn

i=0Ai = An+2 +An+1 +An � 4:

(b):
Pn

i=0 iAi = (n� 3)An+2 + (n� 4)An+1 + (n� 2)An + 19:

(c):
Pn

i=0A
2
i = �A2n+2 �A2n+1 �A2n + 2An+1An+2 + 2AnAn+2 + 4:

(d):
Pn

i=0 iA
2
i = �(n+5)A2n+2� (n+4)A2n+1� (n+6)A2n+2(n+3)An+2An+1+2(n+4)An+2An�

2AnAn+1 + 19:

2. Main Results

Next, we recall some information on k-circulant matrix and Frobenius norm, spectral norm, maximum

column length norm and maximum row length norm. Let n � 2 be an integer and k be any real or complex

number. An n� n matrix Ck = (cij) 2Mn�n(C) is called a k-circulant matrix if it is of the form

Ck =

0BBBBBBBBBBBB@

c0 c1 c2 � � � cn�2 cn�1

kcn�1 c0 c1 � � � cn�3 cn�2

kcn�2 kcn�1 c0 � � � cn�4 cn�3
...

...
...

. . .
...

...

kc2 kc3 kc4 � � � c0 c1

kc1 kc2 kc3 � � � kcn�1 c0

1CCCCCCCCCCCCA
n�n

:

k-circulant matrix Ck is denoted by Ck = Circk(c0; c1; :::; cn�1):

If k = 1 then 1-circulant matrix is called as circulant matrix and denoted by C = Circ(c0; c1; :::; cn�1):

Circulant matrix was �rst proposed by Davis in [4].

The Frobenius (or Euclidean) norm and spectral norm of a m�n matrix A = (aij)m�n 2Mm�n(C) are

de�ned respectively as follows:

kAkF =

0@ mX
i=1

nX
j=1

jaij j2
1A1=2

and kAk2 =
�
max
1�i�n

j�i(A�A)j
�1=2

where �i(A�A) �s are the eigenvalues of the matrix A�A and A� is the conjugate of transpose of the matrix

A. The following inequality holds for any matrix A = (aij)m�n 2 Mn�n(C) (see [30, Theorem 1 and Table

1]):

1p
n
kAkF � kAk2 � kAkF : (2.1)

It follows that

kAk2 � kAkF �
p
n kAk2 :

In literature there are other types of norms of matrices. The maximum column sum matrix norm of

n � n matrix A = (aij) is kAk1 = max
1�j�n

Pn
i=1 jaij j and the maximum row sum matrix norm is kAk1 =

max
1�i�n

Pn
j=1 jaij j : The maximum column length norm c1(A) and the maximum row length norm r1(A) of
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m� n matrix A = (aij) are de�ned as follows:

c1(A) = max
1�j�n

 
nX
i=1

jaij j2
!1=2

and r1(A) = max
1�i�n

0@ nX
j=1

jaij j2
1A1=2

:

There is a relation between k:k2 ; c1(:) and r1(:) norms:

Lemma 2.1. [8]For any matrices A = (aij)m�n 2Mm�n(C) and B = (bij)m�n 2Mm�n(C); we have

kA �Bk2 � r1(A)c1(B)

and

kA �Bk2 � kAk2 kBk2

and

kA
Bk2 = kAk2 kBk2

where A �B is the Hadamard product which is de�ned by

A �B = (aijbij);

A
B is the Kronecker product which is de�ned by

A
B = (aijB):

For more details on norm of matrices, see for example [7]. In the following Table 1, we present a few

special study on the Frobenius norm, spectral norm, maximum column length norm and maximum row

length norm of circulant (k-circulant, geometric circulant, semicirculant) matrices with the generalized m-

step Fibonacci sequences which require sum formulas of second powers of numbers in m-step Fibonacci

sequences (m = 2; 3; 4).

Table 1. Papers on the norms.

Name of sequence Papers

second order# second order#

Fibonacci, Lucas [5,6,11]

Pell, Pell-Lucas [1,26]

Jacobsthal, Jacobsthal-Lucas [12,27,28,29]

third order# third order#

Tribonacci, Tribonacci-Lucas [13,14]

Padovan, Perrin [3,10,15]

fourth order# fourth order#

Tetranacci, Tetranacci-Lucas [9]
We need the following two lemmas for our calculations.
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Lemma 2.2. [2, Lemma 4]Let Ck = Circk(c0; c1; :::; cn�1) be a n� n k-circulant matrix. Then we have

�j(Ck) =
n�1X
p=0

k
p
n!�jpcp =

n�1X
p=0

�
k
1
n!�j

�p
cp

where ! = exp(2�i=n) = e
2�i
n ; j = 0; 1; 2; :::; n� 1: Moreover, in this case

cp =
1

n

n�1X
j=0

�
k
1
n!�j

��p
�j(Ck); p = 0; 1; 2; :::; n� 1:

Lemma 2.3. [7]Let A be a n� n matrix with eigenvalues �1; �2; �3; :::; �n: Then, A is a normal matrix

if and only if the eigenvalues of AA� are j�1j2 ; j�2j2 ; j�3j2 ; :::; j�nj2 where A� is the conjugate of transpose

of the matrix A.

Next, we de�ne k-circulant matrix with generalized Padovan numbers entries. Throughout this paper,

the k-circulant matrix, whose entries are the generalized Padovan numbers, will be denoted by Cn(V )k =

Circk(V0; V1; :::; Vn�1) :

Definition 2.4. A n� n k-circulant matrix with generalized Padovan numbers entries is de�ned by

Cn(V )k = Circk(V0; V1; :::; Vn�1) =

0BBBBBBBBB@

V0 V1 V2 � � � Vn�2 Vn�1

kVn�1 V0 V1 � � � Vn�3 Vn�2

kVn�2 kVn�1 V0 � � � Vn�4 Vn�3
...

...
...

...
...

kV1 kV2 kV3 � � � kVn�1 V0

1CCCCCCCCCA
n�n

: (2.2)

We call this matrix as generalized Padovan k-circulant matrix. We consider four special cases of gen-

eralized Padovan k-circulant matrix, namely Padovan k-circulant matrix: Cn(P )k = Circk(P0; P1; :::; Pn�1);

Perrin k-circulant matrix: Cn(E)k = Circk(E0; E1; :::; En�1), Padovan-Perrin k-circulant matrix: Cn(S)k =

Circk(S0; S1; :::; Sn�1) and modi�ed Padovan k-circulant matrix: Cn(A)k = Circk(A0; A1; :::; An�1):

We denote the sum of entries of Cn(V )k as S(Cn(V )k):

Lemma 2.5. The sum of entries of Cn(V )k is

S(Cn(V )k) = (kn�3k+3)Vn+2+(kn�4k+4)Vn+1+2(1�k)Vn+(3k�n�3)V2+(4k�n�4)V1+2(k�1)V0

Proof. From the de�nition of Cn(V )k, using Theorem 1.3, we obtain

S(Cn(V )k) = nV0 + ((n� 1) + k)V1 + ((n� 2) + 2k)V2 + :::+ (1 + (n� 1)k)Vn�1

=
n�1X
i=0

(n� i)Vi + k
n�1X
i=1

iVi

= n
n�1X
i=0

Vi + (k � 1)
n�1X
i=1

iVi

= (kn� 3k + 3)Vn+2 + (kn� 4k + 4)Vn+1 + 2(1� k)Vn

+(3k � n� 3)V2 + (4k � n� 4)V1 + 2(k � 1)V0: �
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Taking Vn = Pn with P0 = 1; P1 = 1; P2 = 1; Vn = En with E0 = 3; E1 = 0; E2 = 2; Vn = Sn with

S0 = 0; S1 = 0; S2 = 1 and Vn = An with A0 = 3; A1 = 1; A2 = 3; respectively in the last Lemma, we obtain

the following corollary.

Corollary 2.6. We have the following results:

(a): The sum of entries of Cn(P )k is

S(Cn(P )k) = (kn� 3k + 3)Pn+2 + (kn� 4k + 4)Pn+1 + 2(1� k)Pn + (9k � 2n� 9):

(b): The sum of entries of Cn(E)k is

S(Cn(E)k) = (kn� 3k + 3)En+2 + (kn� 4k + 4)En+1 + 2(1� k)En + (12k � 2n� 12):

(c): The sum of entries of Cn(S)k is

S(Cn(S)k) = (kn� 3k + 3)Sn+2 + (kn� 4k + 4)Sn+1 + 2(1� k)Sn + (3k � n� 3):

(d): The sum of entries of Cn(A)k is

S(Cn(A)k) = (kn� 3k + 3)An+2 + (kn� 4k + 4)An+1 + 2(1� k)An + (19k � 4n� 19):

Next, we present the maximum column sum matrix norm kCn(V )kk1 and the maximum row sum matrix

norm kCn(V )kk1 of the matrix Cn(V )k = (cij) under certain condition on the generalized Padovan sequence

Vn and k:

Theorem 2.7. Suppose that Vp � 0 for all the nonnegative integers p: Then we have the following

formulas: If k � 1 then

kCn(V )kk1 = kCn(V )kk1 = kVn+2 + kVn+1 � kV2 � kV1 + (1� k)V0

and if k < 1 then

kCn(V )kk1 = kCn(V )kk1 = Vn+2 + Vn+1 � V2 � V1

Proof. Suppose that k � 1: Then from the de�nition of the matrix Cn(V )k = (cij) ; using Theorem 1.3,

we can write

kCn(V )kk1 = max
1�j�n

nX
i=1

jcij j = max
1�j�n

fjc1j j+ jc2j j+ jc3j j+ :::+ jcnj jg

= jc11j+ jc21j+ jc31j+ :::+ jcn1j

= V0 + kVn�1 + kVn�2 + :::+ kV3 + kV2 + kV1

= (V0 � kV0 � kVn) + k
nX
i=0

Vi

= kVn+2 + kVn+1 � kV2 � kV1 + (1� k)V0:

Similarly, we have

kCn(V )kk1 = kVn+2 + kVn+1 � kV2 � kV1 + (1� k)V0:
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Suppose now that k < 1: Then from the de�nition of the matrix Cn(V )k = (cij) ; using Theorem 1.3, we

can write

kCn(V )kk1 = max
1�j�n

nX
i=1

jcij j = max
1�j�n

fjc1j j+ jc2j j+ jc3j j+ :::+ jcnj jg

= jc1nj+ jc2nj+ jc3nj+ :::+ jcnnj

= Vn�1 + Vn�2 + :::+ V3 + V2 + V1 + V0

= �Vn +
nX
i=0

Vi

= Vn+2 + Vn+1 � V2 � V1:

Similarly, we have

kCn(V )kk1 = Vn+2 + Vn+1 � V2 � V1: �

Taking Vn = Pn with P0 = 1; P1 = 1; P2 = 1; Vn = En with E0 = 3; E1 = 0; E2 = 2; Vn = Sn with

S0 = 0; S1 = 0; S2 = 1 and Vn = An with A0 = 3; A1 = 1; A2 = 3; respectively in the last theorem, we obtain

the following corollary.

Corollary 2.8. We have the following results:

(a): If k � 1 then

kCn(P )kk1 = kCn(P )kk1 = kPn+2 + kPn+1 + (1� 3k);

and if k < 1 then

kCn(P )kk1 = kCn(P )kk1 = Pn+2 + Pn+1 � 2:

(b): If k � 1 then

kCn(E)kk1 = kCn(E)kk1 = kEn+2 + kEn+1 + (3� 5k);

and if k < 1 then

kCn(E)kk1 = kCn(E)kk1 = En+2 + En+1 � 2:

(c): If k � 1 then

kCn(S)kk1 = kCn(S)kk1 = kSn+2 + kSn+1 � k;

and if k < 1 then

kCn(S)kk1 = kCn(S)kk1 = Sn+2 + Sn+1 � 1:

(d): If k � 1 then

kCn(A)kk1 = kCn(A)kk1 = kAn+2 + kAn+1 + (3� 7k);
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and if k < 1 then

kCn(A)kk1 = kCn(A)kk1 = An+2 +An+1 � 4:

Now, we determine the Euclidean (Frobenius) norm of k-circulant matrix Cn(V )k:

Theorem 2.9. The Euclidean (Frobenius) norm of k-circulant matrix Cn(V )k is:

kCn(V )kkF =
p
n ('1(V )) + '2(V )

where

'1(V ) = �V 2n+2 � V 2n+1 � V 2n � V 2n + 2Vn+1Vn+2 + 2VnVn+2 + V 22 + V 21 + 2V 20 � 2V0V2 � 2V1V2;

'2(V ) = (jkj
2�1)(�(n+5)V 2n+2�(n+4)V 2n+1�2(n+3)V 2n+2(n+3)Vn+2Vn+1+2(n+4)Vn+2Vn�2VnVn+1+

5V 22 + 4V
2
1 + 6V

2
0 � 6V1V2 � 8V0V2 + 2V0V1):

Proof. From the de�nition of the Euclidean norm of a matrix, using Theorem 1.3, we obtain

(kCn(V )kkF )
2
=

nX
i=1;j=1

jcij j2

=
n�1X
i=0

(n� i)V 2i + jkj
2
n�1X
i=1

iV 2i

= n

n�1X
i=0

V 2i + (jkj
2 � 1)

n�1X
i=1

iV 2i

= n ('1(V )) + '2(V )

where '1(V ) and '2(V ) are as in the statement of the theorem. Now, it follows that

kCn(V )kkF =
p
n ('1(V )) + '2(V ): �

Note that

'1(V ) =

n�1X
i=0

V 2i

and

'2(V ) = (jkj
2 � 1)

n�1X
i=1

iV 2i :

Taking Vn = Pn with P0 = 1; P1 = 1; P2 = 1; Vn = En with E0 = 3; E1 = 0; E2 = 2; Vn = Sn with

S0 = 0; S1 = 0; S2 = 1 and Vn = An with A0 = 3; A1 = 1; A2 = 3; respectively in the last Theorem, we

obtain the following corollary.

Corollary 2.10. We have the following results:

(a): The Euclidean (Frobenius) norm of k-circulant matrix Cn(P )k is:

kCn(P )kkF =
p
n ('1(P )) + '2(P )

where
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'1(P ) = �P 2n+2 � P 2n+1 � P 2n � P 2n + 2Pn+1Pn+2 + 2PnPn+2;

'2(P ) = (jkj2 � 1)(�(n + 5)P 2n+2 � (n + 4)P 2n+1 � 2(n + 3)P 2n + 2(n + 3)Pn+2Pn+1 + 2(n +

4)Pn+2Pn � 2PnPn+1 + 3):

(b): The Euclidean (Frobenius) norm of k-circulant matrix Cn(E)k is:

kCn(E)kkF =
p
n ('1(E)) + '2(E)

where

'1(E) = �E2n+2 � E2n+1 � E2n � E2n + 2En+1En+2 + 2EnEn+2 + 10;

'2(E) = (jkj
2 � 1)(�(n + 5)E2n+2 � (n + 4)E2n+1 � 2(n + 3)E2n + 2(n + 3)En+2En+1 + 2(n +

4)En+2En � 2EnEn+1 + 26):

(c): The Euclidean (Frobenius) norm of k-circulant matrix Cn(S)k is:

kCn(S)kkF =
p
n ('1(S)) + '2(S)

where

'1(S) = �S2n+2 � S2n+1 � S2n � S2n + 2Sn+1Sn+2 + 2SnSn+2 + 1;

'2(S) = (jkj2 � 1)(�(n + 5)S2n+2 � (n + 4)S2n+1 � 2(n + 3)S2n + 2(n + 3)Sn+2Sn+1 + 2(n +

4)Sn+2Sn � 2SnSn+1 + 5):

(d): The Euclidean (Frobenius) norm of k-circulant matrix Cn(A)k is:

kCn(A)kkF =
p
n ('1(A)) + '2(A)

where

'1(A) = �A2n+2 �A2n+1 �A2n �A2n + 2An+1An+2 + 2AnAn+2 + 4;

'2(A) = (jkj
2 � 1)(�(n + 5)A2n+2 � (n + 4)A2n+1 � 2(n + 3)A2n + 2(n + 3)An+2An+1 + 2(n +

4)An+2An � 2AnAn+1 + 19):

The following theorem gives us the eigenvalues of the matrix in (2.2).

Theorem 2.11. The eigenvalues of Cn(V )k are

�j(Cn(V )) =
�j(V )

(k
1
n!�j)3 + (k

1
n!�j)2 � 1

;

where

�j(V ) = kVn � V0 � k
1
n (�kVn+1 + V1)!�j + k

2
n (kVn+2 � kVn � V2 + V0)!�2j

and

! = exp(2�i=n) = e
2�i
n ;

j = 0; 1; 2; 3; :::; n� 1:
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Proof. By using Lemma 2.2, we obtain

�j(Cn(V )k) =
n�1X
p=0

k
p
n!�jpVp

= �k!�jnVn +
nX
p=0

k
p
n!�jpVp

= �k!�jnVn +
nX
p=0

(k
1
n!�j)pVp:

Now using Theorem 1.1 (by putting x = k
1
n!�j) and recurrence relation Vn+3 = Vn+1 + Vn; we obtain

required result. �
Taking Vn = Pn with P0 = 1; P1 = 1; P2 = 1; Vn = En with E0 = 3; E1 = 0; E2 = 2; Vn = Sn with

S0 = 0; S1 = 0; S2 = 1 and Vn = An with A0 = 3; A1 = 1; A2 = 3; respectively in the last Theorem, we

obtain the following corollary.

Corollary 2.12. We have the following results:

(a): The eigenvalues of Cn(P )k are

�j(Cn(P )) =
�j(P )

(k
1
n!�j)3 + (k

1
n!�j)2 � 1

;

(b): the eigenvalues of Cn(E)k are

�j(Cn(E)) =
�j(E)

(k
1
n!�j)3 + (k

1
n!�j)2 � 1

;

(c): The eigenvalues of Cn(S)k are

�j(Cn(S)) =
�j(S)

(k
1
n!�j)3 + (k

1
n!�j)2 � 1

;

(d): The eigenvalues of Cn(A)k are

�j(Cn(A)) =
�j(A)

(k
1
n!�j)3 + (k

1
n!�j)2 � 1

;

where

�j(P ) = kPn � 1� k
1
n (�kPn+1 + 1)!�j + k

2
n (kPn+2 � kPn)!�2j ;

�j(E) = kEn � 3� k
1
n (�kEn+1)!�j + k

2
n (kEn+2 � kEn + 1)!�2j ;

�j(S) = kSn � k
1
n (�kSn+1)!�j + k

2
n (kSn+2 � kSn � 1)!�2j ;

�j(A) = kAn � 3� k
1
n (�kAn+1 + 1)!�j + k

2
n (kAn+2 � kAn)!�2j ;

! = exp(2�i=n) = e
2�i
n ; j = 0; 1; 2; 3; :::; n� 1:

The following theorem presents the upper and lower bounds of the spectral norm of Cn(V )k:

Theorem 2.13. Let Cn(V )k = Circk(V0; V1; :::; Vn�1) be a k-circulant matrix. Then if jkj � 1 thenp
'1(V ) � kCn(V )kk2 �

q
V 20 + jkj

2
(�V 20 + '1(V ))

q
1� V 20 + '1(V );
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and if jkj < 1 then

jkj
p
'1(V ) � kCn(V )kk2 �

p
n ('1(V ))

where '1(V ) is as in Theorem 2.9.

Proof. Note that we can write '1(V ) as in the following forms.

'1(V ) =
n�1X
i=0

V 2i

= �V 2n+2 � V 2n+1 � V 2n � V 2n + 2Vn+1Vn+2 + 2VnVn+2 + V 22 + V 21 + 2V 20 � 2V0V2 � 2V1V2;

'1(V ) = V 20 +
n�1X
i=1

V 2i ) �V 20 + '1(V ) =
n�1X
i=1

V 2i :

From Theorem 2.9, we know that the Euclidean (Frobenius) norm of k-circulant matrix Cn(V )k is

(kCn(V )kkF )
2
=

n�1X
i=0

(n� i)V 2i + jkj
2
n�1X
i=1

iV 2i

= n
n�1X
i=0

V 2i + (jkj
2 � 1)

n�1X
i=1

iV 2i :

If jkj � 1; then we get, using Theorem 1.3,

(kCn(V )kkF )
2 �

n�1X
i=0

(n� i)V 2i +
n�1X
i=1

iV 2i = n
n�1X
i=0

V 2i = n ('1(V ))

i.e.

kCn(V )kkF �
p
n ('1(V )):

It follows that
kCn(V )kkFp

n
�
p
'1(V ):

Then by (2.1), we obtain

kCn(V )kk2 �
p
'1(V ):

Similarly, If jkj < 1; then we obtain

kCn(V )kk2F =

n�1X
i=0

(n� i)V 2i + jkj
2
n�1X
i=1

iV 2i

�
n�1X
i=0

(n� i) jkj2 V 2i + jkj
2
n�1X
i=1

iV 2i = n jkj
2
n�1X
i=0

V 2i

= n jkj2 ('1(V )) :

i.e.

kCn(V )kkF �
q
n jkj2 ('1(V )):

It follows that
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kCn(V )kkFp
n

� jkj
p
'1(V ):

Then by considering (2.1), we get

kCn(V )kk2 � jkj
p
('1(V )):

Now, for jkj � 1; we give the upper bound for the spectral norm of the matrix Cn(V )k as follows. Let the

matrices B and C be as

B =

0BBBBBBBBB@

V0 1 1 � � � 1 1

kVn�1 V0 1 � � � 1 1

kVn�2 kVn�1 V0 � � � 1 1
...

...
...

...
...

kV1 kV2 kV3 � � � kVn�1 V0

1CCCCCCCCCA
n�n

and

C =

0BBBBBBBBB@

1 V1 V2 � � � Vn�2 Vn�1

1 1 V1 � � � Vn�3 Vn�2

1 1 1 � � � Vn�4 Vn�3
...

...
...

...
...

1 1 1 � � � 1 1

1CCCCCCCCCA
n�n

such that Cn(V )k = B � C: Then we obtain

r1(B) = max
1�i�n

0@ nX
j=1

jbij j2
1A1=2

=

vuutV 20 + jkj2 n�1X
j=1

V 2j =

q
V 20 + jkj

2
(�V 20 + '1(V ));

c1(C) = max
1�j�n

 
nX
i=1

jcij j2
!1=2

=

vuut1 + n�1X
i=1

V 2i =
q
1� V 20 + '1(V ):

By Lemma 2.1, we have

kCn(V )kk2 � r1(B)c1(C) =
q
V 20 + jkj

2
(�V 20 + '1(V ))

q
1� V 20 + '1(V ):

For jkj < 1; we give the upper bound for the spectral norm of the matrix Cn(V )k as follows. We de�ne the

matrices D and E as

D =

0BBBBBBBBB@

1 1 1 � � � 1 1

k 1 1 � � � 1 1

k k 1 � � � 1 1
...

...
...

...
...

k k k � � � k 1

1CCCCCCCCCA
n�n
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and

E =

0BBBBBBBBB@

V0 V1 V2 � � � Vn�2 Vn�1

Vn�1 V0 V1 � � � Vn�3 Vn�2

Vn�2 Vn�1 V0 � � � Vn�4 Vn�3
...

...
...

...
...

V1 V2 V3 � � � Vn�1 V0

1CCCCCCCCCA
n�n

such that Cn(V )k = D � E: Then we obtain

r1(D) = max
1�i�n

0@ nX
j=1

jdij j2
1A1=2

=
p
n;

and

c1(E) = max
1�j�n

 
nX
i=1

jeij j2
!1=2

=

vuutn�1X
i=0

V 2i =
p
'1(V ):

By Lemma 2.1, we have

kCn(V )kk2 � r1(D)c1(E) =
p
n ('1(V )):

This completes the proof. �
We consider four special cases of the above theorem.

Firstly, the following corollary gives the upper and lower bounds of the spectral norm of Cn(P )k:

Corollary 2.14. Let Cn(P )k = Circk(P0; P1; :::; Pn�1) be Padovan k-circulant matrix. Then if jkj � 1

then p
'1(P ) � kCn(P )kk2 �

q
P 20 + jkj

2
(�P 20 + '1(P ))

q
1� P 20 + '1(P );

and if jkj < 1 then

jkj
p
'1(P ) � kCn(P )kk2 �

p
n ('1(P ))

where '1(P ) is as in Corollary 2.10.

Proof. Take Vn = Pn; P0 = 1; P1 = 1; P2 = 1 in Theorem 2.13. �
Secondly, the following corollary gives the upper and lower bounds of the spectral norm of Cn(E)k:

Corollary 2.15. Let Cn(E)k = Circk(E0; E1; :::; En�1) be Perrin k-circulant matrix. Then if jkj � 1

then p
'1(E) � kCn(E)kk2 �

q
E20 + jkj

2
(�E20 + '1(E))

q
1� E20 + '1(E);

and if jkj < 1 then

jkj
p
'1(E) � kCn(E)kk2 �

p
n ('1(E))

where '1(E) is as in Corollary 2.10.

Proof. Take Vn = En; E0 = 3; E1 = 0; E2 = 2 in Theorem 2.13. �
Thirdly, the following corollary gives the upper and lower bounds of the spectral norm of Cn(S)k:
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Corollary 2.16. Let Cn(S)k = Circk(S0; S1; :::; Sn�1) be Padovan-Perrin k-circulant matrix. Then if

jkj � 1 then p
'1(S) � kCn(S)kk2 �

q
S20 + jkj

2
(�S20 + '1(S))

q
1� S20 + '1(S);

and if jkj < 1 then

jkj
p
'1(S) � kCn(S)kk2 �

p
n ('1(S))

where '1(S) is as in Corollary 2.10.

Proof. Take Vn = Sn; S0 = 0; S1 = 0; S2 = 1 in Theorem 2.13. �
Fourthly, the following corollary gives the upper and lower bounds of the spectral norm of Cn(A)k:

Corollary 2.17. Let Cn(A)k = Circk(A0; A1; :::; An�1) be modi�ed Padovan k-circulant matrix. Then

if jkj � 1 then p
'1(A) � kCn(A)kk2 �

q
A20 + jkj

2
(�A20 + '1(A))

q
1�A20 + '1(A);

and if jkj < 1 then

jkj
p
'1(A) � kCn(A)kk2 �

p
n ('1(A))

where '1(A) is as in Corollary 2.10.

Proof. Take Vn = An with A0 = 3; A1 = 1; A2 = 3 in Theorem 2.13. �
Next, we present the determinant of Cn(V )k.

Theorem 2.18. The determinant of Cn(V )k is given by

det(Cn(V )k) =

�n1

�
1�

�
�2�

p
�22�4�1�3
2�1

�n
�
�
�2+

p
�22�4�1�3
2�1

�n
+
�
�3
�1

�n�
(�1)n+1(kEn + (k � E�n)k2 � 1)

where

�1 = kVn � V0;

�2 = k
1
n (�kVn+1 + V1);

�3 = k
2
n (kVn+2 � kVn � V2 + V0):

Proof. By considering identities

n�1Y
k=0

(x� y!�k) = xn � yn

n�1Y
j=0

(x� y!�j + z!�2j) = xn

 
1�

 
y �

p
y2 � 4xz
2x

!n
�
 
y +

p
y2 � 4xz
2x

!n
+
� z
x

�n!
and

(k
1
n!�j)3 + (k

1
n!�j)2 � 1 = (�k 1

n!�j � 1)(�k 1
n!�j � 1)(
k 1

n!�j � 1);
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we see that
n�1Y
j=0

�
(k

1
n!�j)3 + (k

1
n!�j)2 � 1

�
= (�1)n+1(kEn + (k � E�n)k2 � 1)

and
n�1Y
j=0

�j(V ) = �
n
1

 
1�

 
�2 �

p
�22 � 4�1�3
2�1

!n
�
 
�2 +

p
�22 � 4�1�3
2�1

!n
+

�
�3
�1

�n!
;

where

! = exp(2�i=n);

�j(V ) = kVn � V0 � k
1
n (�kVn+1 + V1)!�j + k

2
n (kVn+2 � kVn � V2 + V0)!�2j

and

�1 = kVn � V0;

�2 = k
1
n (�kVn+1 + V1);

�3 = k
2
n (kVn+2 � kVn � V2 + V0):

From Theorem 2.11, we have

det(Cn(V )k) =
n�1Y
j=0

�j(Cn(V )k)

=

n�1Y
j=0

�j(V )

(k
1
n!�j)3 + (k

1
n!�j)2 � 1

=

n�1Y
j=0

�j(V )

n�1Y
j=0

�
(k

1
n!�j)3 + (k

1
n!�j)2 � 1

�

=

�n1

�
1�

�
�2�

p
�22�4�1�3
2�1

�n
�
�
�2+

p
�22�4�1�3
2�1

�n
+
�
�3
�1

�n�
(�1)n+1(kEn + (k � E�n)k2 � 1)

which completes the proof. �
We consider four special cases of the above theorem.

Firstly, the following corollary gives the determinant of Cn(P )k:

Corollary 2.19. The determinant of Cn(P )k is given by

det(Cn(P )k) =

�n1

�
1�

�
�2�

p
�22�4�1�3
2�1

�n
�
�
�2+

p
�22�4�1�3
2�1

�n
+
�
�3
�1

�n�
(�1)n+1(kEn + (k � E�n)k2 � 1)
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where

�1 = kPn � 1;

�2 = k
1
n (�kPn+1 + 1);

�3 = k
2
n (kPn+2 � kPn):

Proof. Take Vn = Pn; P0 = 1; P1 = 1; P2 = 1 in Theorem 2.18. �
Secondly, the following corollary gives the determinant of Cn(E)k:

Corollary 2.20. The determinant of Cn(E)k is given by

det(Cn(E)k) =

�n1

�
1�

�
�2�

p
�22�4�1�3
2�1

�n
�
�
�2+

p
�22�4�1�3
2�1

�n
+
�
�3
�1

�n�
(�1)n+1(kEn + (k � E�n)k2 � 1)

where

�1 = kEn � E0;

�2 = k
1
n (�kEn+1 + E1);

�3 = k
2
n (kEn+2 � kEn � E2 + E0):

�1 = kEn � 3;

�2 = k
1
n (�kEn+1);

�3 = k
2
n (kEn+2 � kEn + 1):

Proof. Take Vn = En; E0 = 3; E1 = 0; E2 = 2 in Theorem 2.18. �
Thirdly, the following corollary gives the determinant of Cn(S)k:

Corollary 2.21. The determinant of Cn(S)k is given by

det(Cn(S)k) =

�n1

�
1�

�
�2�

p
�22�4�1�3
2�1

�n
�
�
�2+

p
�22�4�1�3
2�1

�n
+
�
�3
�1

�n�
(�1)n+1(kEn + (k � E�n)k2 � 1)

where

�1 = kSn � S0;

�2 = k
1
n (�kSn+1 + S1);

�3 = k
2
n (kSn+2 � kSn � S2 + S0):

�1 = kSn;

�2 = k
1
n (�kSn+1);

�3 = k
2
n (kSn+2 � kSn � 1):
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Proof. Take Vn = Sn with S0 = 0; S1 = 0; S2 = 1 in Theorem 2.18. �
Fourthly, the following corollary gives the determinant of Cn(A)k:

Corollary 2.22. The determinant of Cn(A)k is given by

det(Cn(A)k) =

�n1

�
1�

�
�2�

p
�22�4�1�3
2�1

�n
�
�
�2+

p
�22�4�1�3
2�1

�n
+
�
�3
�1

�n�
(�1)n+1(kEn + (k � E�n)k2 � 1)

where

�1 = kAn � 3;

�2 = k
1
n (�kAn+1 + 1);

�3 = k
2
n (kAn+2 � kAn):

Proof. Take Vn = An with A0 = 3; A1 = 1; A2 = 3 in Theorem 2.18. �
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[28] Uygun Ş., Yaşamal¬, S., On the Bounds for the Norms of Circulant Matrices with the Jacobsthal and Jacobsthal�Lucas

Numbers, Notes on Number Theory and Discrete Mathematics, 23(1), 91-98, 2017.
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