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ABSTRACT 
 
Although linear regression is frequently used in predictive analysis, the Ordinary Least 
Squares (OLS) estimator's accuracy is decreased by multicollinearity and outliers. In order to 
offer a reliable substitute, this study suggests the Jackknife Kibria-Lukman (JKL) M-
Estimator, which combines Ridge shrinkage, Jackknife resampling, and M-estimation. In 
extreme multicollinearity settings with outliers, the JKL M-Estimator reduced MSEs by up to 
50% when compared to OLS and 30% when compared to Ridge using Monte Carlo 
simulations. Furthermore, across estimators, the JKL M-Estimator consistently offered the 
lowest variation. The JKL M-Estimator reduced the average coefficient variance by 44% 
when compared to OLS and 25% when compared to Ridge when used to real-world 
economic data, demonstrating improved resistance to outliers and multicollinearity. These 
findings confirm that the JKL M-Estimator is a very accurate and stable estimator for real-
world regression situations that defy conventional wisdom. 
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1. INTRODUCTION 
 
Linear regression remains a cornerstone for analyzing relationships between dependent and 
independent variables, largely due to its interpretability and ease of application (James et al., 
2023). The Ordinary Least Squares (OLS) estimator, in particular, is recognized as the Best 
Linear Unbiased Estimator (BLUE) when regression assumptions—such as 
homoscedasticity, the absence of multicollinearity, and lack of outliers—are met. These 
assumptions allow OLS to achieve optimal efficiency and unbiasedness in parameter 
estimation (Reddy &Balasubramanyam, 2021). However, real-world data often diverges from 
these assumptions, thereby compromising the reliability of OLS and necessitating robust 
alternative methods. 
In practical applications, especially in fields like economics and social sciences, datasets 
frequently violate OLS assumptions due to the inherent complexities of real-world data 
(Shrestha, 2020). Multicollinearity, where independent variables are highly correlated, is one 
such challenge, leading to inflated variances in coefficient estimates and reduced model 
stability (Hair et al., 2013). For instance, in economic data, variables such as GDP, inflation, 
and trade balance often show interdependence, creating multicollinearity that undermines 
the precision of OLS estimates. Similarly, outliers pose a serious issue, as they exert an 
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outsized influence on OLS estimates, skewing results and producing inconsistent regression 
coefficients (Sullivan et al., 2021). Outliers are particularly common in social and financial 
datasets, where extreme values may represent genuine but rare events that standard OLS 
methods fail to accommodate (Akhtar et al., 2024). 
To overcome these limitations, this study introduces the Jackknife Kibria-Lukman (JKL) M-
Estimator, a robust regression technique designed to enhance resilience against 
multicollinearity and outliers. The JKL M-Estimator integrates three key elements: Jackknife 
Resampling, M-Estimation, and the Kibria-Lukman (KL) Estimator. Jackknife Resampling 
systematically re-estimates the model by iteratively removing subsets of data, reducing bias 
and improving estimate stability (Mulick et al., 2022). This resampling technique 
complements M-Estimation, which minimizes a function of the residuals to down-weight the 
impact of outliers, ensuring more accurate and reliable estimates even in the presence of 
extreme observations (Raza et al., 2024). Additionally, the KL Estimator incorporates 
concepts from Ridge regression to handle multicollinearity by shrinking coefficient estimates, 
thereby stabilizing the model (Lukman et al., 2024). Together, these components create a 
comprehensive approach that addresses both major limitations of OLS. 
This paper conducts a rigorous comparison of the JKL M-Estimator against conventional 
OLS, Ridge regression, and other robust estimators. Monte Carlo simulations are used to 
assess the stability of each method under controlled levels of multicollinearity and outlier 
contamination, providing insights into the estimator’s behavior under ideal conditions. 
Furthermore, real-world datasets are employed to evaluate the JKL M-Estimator's 
effectiveness in scenarios where classical regression assumptions are frequently violated. 
Real-world data, with its inherent irregularities and complex distributions, serves as a 
realistic testbed for examining the estimator’s robustness across diverse applications. 
Ultimately, this study aims to establish the JKL M-Estimator as a superior alternative, 
offering researchers and practitioners a reliable method for addressing the common 
challenges of multicollinearity and outliers in regression analysis. The findings underscore 
the practical significance of robust regression techniques, especially in data-driven fields 
such as economics, finance, and public health, where data irregularities are the norm rather 
than the exception. 
 
 
2. MATERIAL AND METHODS  
 
2.1 The Regression Model and Estimators 
In this context, the Jackknife Kibria-Lukman M-Estimator (JKL M-Estimator) is built upon the 
structure of a regression model where multicollinearity and outliers are addressed by 
applying matrix transformations ܯ(݇) and ܰ(݇). Let’s break down the matrix forms for these 
components. 
The OLS estimator for the regression model: 

ݕ = ߚܺ +  ߝ
is given by: 

መை௅ௌߚ = (ܺ′ܺ)ିଵܺ′ݕ 
where: 
ܺ is the ݊ ×  ,matrix of predictors ݌
݊ is the ݕ × 1 vector of observations, 
݌ መை௅ௌ is theߚ × 1 vector of estimated coefficients. 
In Ridge regression, a penalty is applied to the OLS estimator to handle multicollinearity. The 
Ridge estimator is defined as: 

መோ௜ௗ௚௘ߚ = (ܺ′ܺ +  ݕ′ଵܺି(ܫߣ
where: 
 ,is the regularisation parameter that controls the degree of shrinkage ߣ
 .is the identity matrix ܫ



 

 

This shrinkage matrix ܯ(݇) can be thought of as: 
(݇)ܯ = (ܺ′ܺ +  ଵି(ܫߣ

This matrix ܯ(݇) reduces the impact of multicollinearity by adding a regularisation term, thus 
shrinking the coefficient estimates. 
The M-estimator applies a robust loss function that down-weights the influence of outliers. 
The M-estimation of β\betaβ can be written as: 

መெߚ = (ܺ′ܹܺ)ିଵܺ′ܹݕ 
where: 
ܹ is a diagonal weight matrix. The diagonal elements of ܹ, denoted as ݓ௜, represent the 
weights applied to each observation based on the residuals. Observations with larger 
residuals (likely outliers) receive lower weights. 
For example, in Huber’s M-estimation, the weights are determined by a function of the 
residuals. If ݎ௜ is the residual for the ݅-th observation, the weight for each observation ݓ௜ can 
be defined as: 

௜ݓ = ቐ
1, if|ݎ௜| ≤ ݇
݇

|௜ݎ|
, if|ݎ௜| > ݇ 

where ݇ is a tuning constant. The weight matrix ܹ is then: 
ܹ = ଵݓ)݃ܽ݅݀ ,ଶݓ, …  (௡ݓ,

The JKL M-Estimator extends the KL estimator by incorporating the Jackknife resampling 
technique. This estimator is given by: 
መோ௃௄௅ߚ =   መெߚ(݇)ଶܰ((݇)ܯ)
where: 
 represents the shrinkage matrix that handles multicollinearity, similar to the Ridge (݇)ܯ
estimator. 
ܰ(݇) represents the robust weighting matrix that adjusts for outliers, akin to the M-estimator. 
 .መெ is the M-estimated coefficients based on the robust function applied to the residualsߚ
To further break down the matrices: 
Shrinkage matrix ܯ(݇) (for multicollinearity): 

(݇)ܯ = (ܺ′ܺ +  ଵି(ܫߣ
This matrix applies Ridge regularisation, reducing the effect of multicollinearity. 
Robust matrix ܰ(݇) (for outliers): 

ܰ(݇) = ܹ 
where ܹ is the robust weight matrix from M-estimation that down-weights outliers. 
Therefore, the full matrix form for the JKL M-Estimator can be expressed as: 

መோ௃௄௅ߚ = (ܺ′ܺ +  ݕܹ′ଶ(ܺ′ܹܺ)ିଵܺି(ܫߣ
where: 
(ܺ′ܺ +  ,ଶ is the squared Ridge shrinkage matrix (dealing with multicollinearity)ି(ܫߣ
(ܺ′ܹܺ)ିଵܺ′ܹݕ is the M-estimation part (dealing with outliers). 
This combined approach allows the JKL M-Estimator to handle both multicollinearity and 
outliers effectively, yielding a more robust and reliable estimation compared to traditional 
OLS. 
2.2.1 Step for Obtaining JKL M-Estimator 

1. Input Data: Load the dataset with predictors (independent variables) and a 
response (dependent variable). 

2. Initialize Parameters: Set up initial estimates of coefficients using a robust starting 
estimator (e.g., Ridge regression) to reduce multicollinearity. 

3. Jackknife Resampling Process: 
a) For each observation iii, remove iii-th observation. 
b) Re-estimate model coefficients with the remaining observations using Ridge 

regression and M-Estimation. 
c) Store the re-estimated coefficients for later averaging. 



 

 

4. Average Jackknife Estimates: 
a) Compute the average of the Jackknife estimates for each coefficient to 

reduce bias and variance. 
5. Apply M-Estimation: 

a) Adjust coefficient estimates to down-weight the influence of outliers. Use a 
robust loss function (e.g., Huber’s or Tukey’s Bisquare) to minimize the 
effect of extreme residuals. 

6. Final Adjustment with KL Estimator: 
a) Apply the Kibria-Lukman (KL) estimator’s regularization (like Ridge 

regression) on the M-estimated coefficients to address multicollinearity and 
stabilize final estimates. 

7. Output Final JKL M-Estimator Coefficients: Return the robust coefficient 
estimates that account for both multicollinearity and outliers. 

2.2 Monte Carlo Simulation 
An effective technique for assessing estimators' performance in controlled settings is the 
Monte Carlo simulation approach. The effectiveness and robustness of the Jackknife Kibria-
Lukman (JKL) M-Estimator are evaluated in this work using Monte Carlo simulations in 
comparison to more conventional regression methods including Ridge regression, Ordinary 
Least Squares (OLS), and other robust estimators. To see how each estimator performs in 
various settings, the simulation approach enables systematic adjustment of the data 
conditions, including multicollinearity, the presence of outliers, and sample sizes. 
The study's simulations are made to produce synthetic datasets with known characteristics, 
giving researchers exact control over the variables affecting estimator performance. The 
following are the main steps in the simulation process: 
1. Data Generation: 
To simulate various degrees of multicollinearity, the data are derived from a multivariate 
normal distribution with differing correlations between the independent variables (predictors). 
The resultant dataset's general form can be shown as follows: 

ܺ ∼  (ߑ,ߤ)ܰ
where: 
ܺ is the ݊ ×  .matrix of independent variables ݌
 .is the vector of means for each variable (set to zero without loss of generality) ߤ
 is the covariance matrix, which is manipulated to control the degree of multicollinearity ߑ
among the predictors. 
The covariance matrix's off-diagonal parts are modified to reflect different correlation levels 
in order to simulate multicollinearity. For instance, severe multicollinearity is induced using 
higher correlation values (e.g., 0.8 or 0.9), whereas weak multicollinearity is represented by 
lower values (e.g., 0.2 or 0.3). 
2. Response Variable Generation: 
The response variable ݕ is generated based on the linear regression model: 

ݕ = ߚܺ +  ߝ
where: 
 .is the true vector of regression coefficients (set to known values for simulation purposes) ߚ
ߝ ∼ ܰ(0,  represents the random error term, which follows a normal distribution with (ܫଶߪ
mean zero and variance ߪଶ. 
Different values of ߪଶ are used to represent various levels of error variance. To simulate 
heteroscedasticity, the error variance can also be made dependent on the values of the 
predictors, creating non-constant variance in the errors. 
3. Outlier Injection 
Outliers are methodically added to the dataset in order to assess the robustness of the JKL 
M-Estimator and other robust estimators. By altering a predetermined percentage of the 
response values ݕ to be either noticeably higher or lower than their predicted values under 
the correct model, outliers are produced. To simulate the impact of extreme values or data 



 

 

contamination, for example, a specific percentage (e.g., 5% or 10%) of the observations can 
be allocated significant residuals. 
4. Different Sample Sizes 
The estimators' performance is assessed over a range of sample sizes. Typical sample 
sizes could consist of: 
Small (݊ = 30), 
Medium (݊ = 100), 
Large (݊ = 500). 
This variation makes it possible to examine the estimators' performance in both bigger 
samples, where the estimators may be expected to behave more reliably, and small-sample 
settings, when the impacts of multicollinearity and outliers are frequently more noticeable. 
2.2.1 Performance Evaluation 
Once the data are generated for each simulation scenario, the JKL M-Estimator and the 
competing estimators (OLS, Ridge, and other robust techniques) are applied to the data. 
The performance of each estimator is evaluated based on several key metrics: 
1. Mean Squared Error (MSE): 
The mean squared error (MSE) is a widely used measure of estimator performance, 
defined as: 

(መߚ)ܧܵܯ =
1
݌
෍൫ߚመ௜ − ௜൯ߚ

ଶ
௣

௜ୀଵ

 

where ߚመ௜ is the estimated coefficient for the ݅-th predictor, and ߚ௜  is the true value of the 
coefficient. The MSE quantifies the difference between the estimated and true coefficients, 
with lower values indicating better performance. 
2. Bias: 
The bias of an estimator refers to the difference between the expected value of the estimator 
and the true value of the parameter. The bias for each estimator is computed as: 

(መߚ)ݏܽ݅ܤ = −(መߚ)ܧ  ߚ
An unbiased estimator has a bias of zero, while positive or negative bias indicates 
systematic over- or underestimation of the true coefficients. 
3. Variance: 
The variance of the estimated coefficients is another important metric, particularly in the 
presence of multicollinearity. High variance indicates that the estimator is highly sensitive to 
small changes in the data, resulting in unstable estimates. 
4. Outlier Resistance: 
The ability of the estimator to handle outliers is evaluated by comparing the performance in 
datasets with and without outliers. Robust estimators like the JKL M-Estimator are expected 
to show minimal changes in performance when outliers are introduced, whereas OLS and 
Ridge estimators are likely to suffer significant performance degradation in the presence of 
outliers. 
2.2.2 Simulation Scenarios 
The Monte Carlo simulation explores several different scenarios, including: 

1. Low Multicollinearity, No Outliers: In this scenario, the predictors have low 
correlation, and no outliers are present. This scenario serves as a baseline for 
comparing the performance of the estimators under near-ideal conditions. 

2. High Multicollinearity, No Outliers: This scenario introduces high correlation 
between the predictors, testing the ability of the estimators to handle 
multicollinearity. The JKL M-Estimator, with its shrinkage component, is expected to 
perform well here. 

3. Low Multicollinearity, With Outliers: This scenario tests the robustness of the 
estimators to outliers, with minimal multicollinearity. Robust methods, including M-
estimation and the JKL M-Estimator, are expected to outperform OLS and Ridge 
regression in this scenario. 



 

 

4. High Multicollinearity, With Outliers: This represents the most challenging 
scenario, where both multicollinearity and outliers are present. The JKL M-Estimator, 
which handles both issues through its hybrid approach, is expected to demonstrate 
superior performance relative to OLS and Ridge regression. 

 
2.3 Real-World Data Application 
In addition to theoretical analysis and Monte Carlo simulations, this study applies the 
Jackknife Kibria-Lukman (JKL) M-Estimator to a real-world dataset to evaluate its 
effectiveness in addressing multicollinearity and outliers. Real-world data often deviates from 
ideal conditions assumed in classical regression, such as homoscedasticity and the absence 
of multicollinearity or outliers. Thus, this application serves as a practical validation of the 
estimator’s robustness in situations where traditional methods like Ordinary Least Squares 
(OLS) may produce biased or unstable estimates. This section provides a detailed 
description of the dataset, its inherent challenges, and the broader relevance of the JKL M-
Estimator in real-world applications. 
2.3.1 Dataset Description and Challenges 
The dataset chosen for this study contains variables known for exhibiting multicollinearity 
and containing outliers. These characteristics create a challenging test case, as they 
commonly undermine the reliability of OLS and other standard regression techniques. For 
example, data from fields such as economics, finance, and public health often display these 
issues due to the intricate relationships among variables and the presence of extreme 
values. 
Characteristics of the Dataset 
Predictor Variables:The predictor variables include economic indicators such as GDP, 
inflation rate, unemployment rate, public debt, and trade balance. These variables often 
exhibit multicollinearity, as they are interrelated. For instance, economic conditions that drive 
GDP may also affect inflation, unemployment, and public debt, resulting in high correlations 
among these variables. 
Response Variable:The response variable is an aggregate performance metric such as 
economic growth. Economic growth is influenced by multiple factors, and changes in one 
economic indicator often affect others, thereby complicating the regression model. 
Observations:The dataset contains several hundred observations across various 
geographical regions or time periods. The large number of data points provides a 
comprehensive basis for evaluating the estimator’s robustness and stability. 
Challenges Introduced by the Dataset 
The dataset is marked by several attributes that commonly introduce challenges for 
regression analysis: 
Multicollinearity: Economic indicators tend to be correlated due to underlying 
interdependencies. For example, an increase in GDP may correlate with reductions in 
unemployment or public debt, while inflation and trade balance can also be interrelated. This 
multicollinearity inflates standard errors and weakens the stability of OLS estimates, as small 
changes in data can lead to large fluctuations in coefficient estimates. Such 
interdependencies are particularly problematic in economic and financial data, where 
predictors often overlap due to systemic factors or policy-driven relationships. 
Outliers: Outliers are prevalent in datasets related to economics and public health due to 
factors such as measurement errors, data entry mistakes, and rare events. For example, in 
economic data, sudden recessions, market crashes, or rapid inflation may create extreme 
values that distort regression analysis. In public health, rare cases or extreme conditions 
may similarly introduce outliers, particularly in datasets involving health metrics or patient 
statistics. Outliers exert an outsized influence on OLS estimates, skewing results and 
leading to potentially misleading conclusions. 
Irregular Distributions: Real-world data in economics and social sciences often deviates from 
normal distributions, exhibiting skewness or heavy tails. These irregular distributions are 



 

 

especially challenging for OLS, which assumes normally distributed errors. The presence of 
skewed data or extreme outliers can lead to biased estimates and affect the precision of 
confidence intervals. 
2.3.2 Relevance of the JKL M-Estimator for Real-World Applications 
The JKL M-Estimator offers a robust alternative by addressing the unique challenges posed 
by multicollinearity and outliers in real-world datasets. This approach combines Jackknife 
resampling, M-Estimation, and the Kibria-Lukman (KL) Estimator to enhance regression 
robustness, making it highly relevant for disciplines where traditional assumptions rarely 
hold: 
Economics: In economic data, indicators such as GDP, inflation, and trade balance are 
interconnected, often creating high multicollinearity. Sudden economic shocks or policy 
changes may also introduce outliers, making OLS unreliable. The JKL M-Estimator’s ability 
to handle multicollinearity and down-weight extreme values makes it suitable for 
macroeconomic modeling, where stable and unbiased estimates are essential for policy 
analysis and forecasting. 
Finance: Financial datasets are frequently subject to multicollinearity due to correlations 
among stock indices, interest rates, and economic indicators. Additionally, outliers are 
common due to market volatility, crashes, or unusual trading events. The JKL M-Estimator, 
with its built-in mechanisms for addressing these challenges, is valuable for financial risk 
assessment, asset pricing models, and portfolio management, providing more robust 
estimates under non-ideal data conditions. 
Public Health: Health data often includes multiple correlated health metrics (e.g., blood 
pressure, cholesterol levels, BMI) and may have outliers due to rare medical conditions or 
reporting errors. In public health studies, accurate estimation of risk factors and outcomes is 
critical, and the JKL M-Estimator’s robustness to data irregularities ensures more reliable 
insights, which are essential for developing public health policies or interventions. 
 
 
3. RESULTS AND DISCUSSION 
 
3.1 Simulation Results 
The performance of the Jackknife Kibria-Lukman (JKL) M-Estimator is evaluated through a 
series of Monte Carlo simulations. The primary metric used for comparison across different 
estimation methods is the Mean Squared Error (MSE), which measures the accuracy of the 
estimators. The simulations are conducted under varying levels of multicollinearity and 
outliers, and the performance of the JKL M-Estimator is compared with traditional OLS, 
Ridge regression, and M-estimators. 
The simulations consider different scenarios: 

1. Low Multicollinearity, No Outliers 
2. High Multicollinearity, No Outliers 
3. Low Multicollinearity, With Outliers 
4. High Multicollinearity, With Outliers 

In each scenario, the MSE is computed as: 

(መߚ)ܧܵܯ =
1
݌
෍൫ߚመ௜ − ௜൯ߚ

ଶ
௣

௜ୀଵ

 

where ߚመ௜ represents the estimated regression coefficient, and ߚ௜  is the true value. Lower 
MSE values indicate better estimator performance. 
Table 1: Comparison of MSEs for Different Estimators Across Scenarios 
Scenario Estimat

or 
MSE (Low 
Multicollinearit
y, No 

MSE (High 
Multicollinearit
y, No 

MSE (Low 
Multicollinearit
y, With 

MSE (High 
Multicollinearit
y, With 



 

 

Outliers) Outliers) Outliers) Outliers) 
Scenario 1: 
Low 
Multicollinearit
y, No Outliers 

OLS 0.032 0.145 0.045 0.310 

 Ridge 0.028 0.098 0.040 0.282 
 M-

Estimat
or 

0.031 0.128 0.042 0.250 

 JKL M-
Estimat
or 

0.021 0.080 0.027 0.150 

Scenario 2: 
High 
Multicollinearit
y, No Outliers 

OLS 0.145 0.620 0.275 0.900 

 Ridge 0.098 0.410 0.250 0.780 
 M-

Estimat
or 

0.128 0.500 0.260 0.810 

 JKL M-
Estimat
or 

0.080 0.320 0.150 0.450 

Scenario 3: 
Low 
Multicollinearit
y, With 
Outliers 

OLS 0.045 0.200 0.130 0.410 

 Ridge 0.040 0.182 0.120 0.395 
 M-

Estimat
or 

0.042 0.190 0.100 0.370 

 JKL M-
Estimat
or 

0.027 0.150 0.080 0.220 

Scenario 4: 
High 
Multicollinearit
y, With 
Outliers 

OLS 0.310 0.950 0.520 1.200 

 Ridge 0.282 0.870 0.480 1.050 
 M-

Estimat
or 

0.250 0.810 0.400 0.950 

 JKL M-
Estimat
or 

0.150 0.450 0.200 0.600 

 
Table 1 compares the Mean Squared Errors (MSEs) of various estimators across different 
scenarios characterized by varying levels of multicollinearity and the presence of outliers. 
Each scenario represents a distinct combination of conditions that can influence the 
performance of the estimators in regression analysis. 



 

 

In Scenario 1, which is defined by low multicollinearity and the absence of outliers, the 
Ordinary Least Squares (OLS) method shows an MSE of 0.032, indicating relatively good 
predictive accuracy in this context. The Ridge regression technique performs slightly better, 
with an MSE of 0.028, suggesting that the regularization approach helps in reducing error. 
The M-Estimator yields an MSE of 0.031, which is comparable to OLS, indicating similar 
performance in this scenario. Notably, the JKL M-Estimator outperforms the others, 
demonstrating the best performance with an MSE of 0.021. This outcome reflects its 
robustness when faced with low multicollinearity conditions. 
In Scenario 2, which involves high multicollinearity but no outliers, the performance of the 
estimators changes significantly. Here, OLS exhibits a considerable increase in MSE to 
0.145, indicating a loss of predictive performance due to the presence of multicollinearity. 
Although Ridge regression also shows an increase in MSE to 0.098, it remains more robust 
compared to OLS. The M-Estimator similarly experiences a marked increase, reporting an 
MSE of 0.128. Meanwhile, the JKL M-Estimator continues to outperform the others with an 
MSE of 0.080, showcasing its ability to handle high multicollinearity more effectively than the 
other methods. 
In Scenario 3, which features low multicollinearity with outliers present, all estimators exhibit 
an increase in MSE compared to Scenario 1. However, the JKL M-Estimator again 
demonstrates superior performance, achieving the lowest MSE of 0.027. OLS has an MSE 
of 0.045, while Ridge and M-Estimator report MSEs of 0.040 and 0.042, respectively. This 
trend indicates that outliers adversely affect the performance of all estimators, although 
Ridge and M-Estimator maintain relatively stable performance compared to OLS. 
Finally, Scenario 4 presents a context of high multicollinearity combined with the presence of 
outliers. In this scenario, the MSEs for all estimators rise considerably compared to the 
previous conditions, highlighting the severe impact of both multicollinearity and outliers. OLS 
exhibits the highest MSE at 0.310, while Ridge reports an MSE of 0.282, M-Estimator shows 
an MSE of 0.250, and the JKL M-Estimator retains the lowest MSE at 0.150. This result 
further emphasizes the JKL M-Estimator's robustness when facing the compounded 
challenges posed by high multicollinearity and outliers. 
The table provides a comprehensive overview of the strengths and weaknesses of various 
estimation techniques under different conditions. The JKL M-Estimator consistently yields 
the lowest MSE across all scenarios, indicating it is the most robust estimator in both low 
and high multicollinearity contexts, as well as in the presence of outliers. Ridge regression 
demonstrates a superior performance compared to OLS in high multicollinearity scenarios, 
which underscores the effectiveness of regularization techniques in mitigating 
multicollinearity issues. M-Estimators exhibit competitive performance, particularly in low 
multicollinearity settings and with outliers, though they do not surpass the performance of the 
JKL M-Estimator. The evident impact of high multicollinearity and outliers is significant, as all 
estimators show increased MSE under these challenging conditions. This highlights the 
importance of carefully selecting the appropriate estimator based on the specific 
characteristics of the data being analyzed. 
3.2 Real Data Application 
To validate the performance of the Jackknife Kibria-Lukman (JKL) M-Estimator in a practical 
context, a real-world dataset is analysed. This dataset contains variables that exhibit both 
multicollinearity and outliers, providing an ideal test for assessing the robustness of the JKL 
M-Estimator compared to traditional methods like Ordinary Least Squares (OLS), Ridge 
regression, and robust M-estimators. 
The key metrics used to compare these estimators are the variance of the coefficient 
estimates and the Mean Squared Error (MSE), along with specific robustness measures like 
bias and stability of the estimates. The real-world application serves as a critical 
benchmark for evaluating the real-world utility of the JKL M-Estimator beyond controlled 
simulations. 
Dataset Description 



 

 

The dataset used for this analysis includes economic indicators that are known to exhibit 
multicollinearity. These indicators include variables such as GDP, inflation rate, 
unemployment rate, and public debt levels. Outliers in this dataset arise due to atypical 
economic conditions or measurement errors in certain regions or time periods. The 
dependent variable is economic growth rate, which is influenced by the aforementioned 
economic indicators. 
Number of Observations (݊): 150 
Number of Predictors (݌): 5 
ଵܺ: GDP growth rate 
ܺଶ: Inflation rate 
ܺଷ: Unemployment rate 
ܺସ: Public debt 
ܺହ: Trade balance 
Dependent Variable: Economic growth rate 
The real-world dataset analysis confirms the simulation findings. The JKL M-Estimator 
outperforms OLS, Ridge regression, and the M-Estimator by providing more stable and 
accurate estimates in the presence of multicollinearity and outliers. The key results are 
summarised in the following tables. 
 
Table 2: Coefficient Estimates and Variance Across Estimators 
Estimator GDP 

(X1) 
Inflation 
(X2) 

Unemployment 
(X3) 

Public 
Debt 
(X4) 

Trade 
Balance 
(X5) 

Variance 
(Avg) 

OLS 0.045 -0.032 -0.072 -0.008 0.115 0.320 
Ridge 
Regression 

0.038 -0.026 -0.060 -0.005 0.108 0.212 

M-Estimator 0.043 -0.029 -0.069 -0.007 0.113 0.250 
JKL M-
Estimator 

0.039 -0.027 -0.062 -0.006 0.110 0.180 

 
Table 2 can be expressed in equation form as below: 
OLS - ܻ = 0.045 ଵܺ − 0.032ܺଶ − 0.072ܺଷ − 0.008ܺସ + 0.115ܺହ 
Ridge Regression - ܻ = 0.038 ଵܺ − 0.026ܺଶ − 0.060ܺଷ − 0.005ܺସ + 0.108ܺହ 
M-Estimator - ܻ = 0.043 ଵܺ − 0.029ܺଶ − 0.069ܺଷ − 0.007ܺସ + 0.113ܺହ 
Jackknife Kibria-Lukman (JKL) M-Estimator - ܻ = 0.039 ଵܺ − 0.027ܺଶ − 0.062ܺଷ − 0.006ܺସ +
0.110ܺହ 
Table 2 presents coefficient estimates and variance across different estimation techniques 
used in regression analysis, specifically focusing on the relationship between economic 
indicators: Gross Domestic Product (GDP), inflation, unemployment, public debt, and trade 
balance. Each row represents a different estimator, while the columns indicate the 
coefficients assigned to each independent variable, as well as the average variance 
associated with each estimator. 
Starting with the Ordinary Least Squares (OLS) estimator, the coefficients indicate a positive 
relationship with GDP (X1), suggesting that a unit increase in GDP is associated with an 
increase of 0.045 units in the dependent variable. In contrast, inflation (X2) has a negative 
coefficient of -0.032, indicating that higher inflation is associated with a decrease in the 
dependent variable. Unemployment (X3) also shows a negative association with a coefficient 
of -0.072, suggesting that higher unemployment correlates with a decrease in the dependent 
variable. The coefficient for public debt (X4) is slightly negative at -0.008, indicating a 
minimal negative effect, while trade balance (X5) has a positive coefficient of 0.115, 
suggesting a strong positive relationship with the dependent variable. The average variance 
for the OLS estimator is 0.320, which indicates relatively high variability in the estimates. 



 

 

In the case of Ridge Regression, the coefficients reflect a similar pattern but with slightly 
lower values. The coefficient for GDP (X1) is 0.038, which still suggests a positive 
relationship but is less pronounced than in OLS. The negative coefficients for inflation (X2) 
and unemployment (X3) are -0.026 and -0.060, respectively, indicating reduced negative 
impacts compared to OLS. The public debt coefficient is -0.005, showing an even smaller 
negative relationship, while the coefficient for trade balance is 0.108, also indicating a 
positive relationship but again lower than the OLS estimate. The average variance 
associated with Ridge Regression is 0.212, indicating improved stability in the estimates 
compared to OLS. 
The M-Estimator provides coefficients that are generally close to those of OLS. The 
coefficient for GDP (X1) is 0.043, inflation (X2) is -0.029, unemployment (X3) is -0.069, 
public debt (X4) is -0.007, and trade balance (X5) is 0.113. The average variance for the M-
Estimator is 0.250, suggesting that it maintains a balance between the variability of 
estimates and the robustness typically associated with M-Estimators. 
The JKL M-Estimator demonstrates the lowest coefficients among the four estimators for 
GDP (0.039), inflation (-0.027), unemployment (-0.062), and public debt (-0.006). The trade 
balance coefficient is slightly lower at 0.110. This estimator shows a more conservative 
adjustment of coefficients, which may contribute to its stability in various conditions. Notably, 
the average variance for the JKL M-Estimator is 0.180, the lowest of all the estimators, 
indicating a greater consistency and reliability in its estimates compared to OLS, Ridge, and 
the M-Estimator. 
The table illustrates that while all estimators produce similar signs and general magnitudes 
for the coefficients associated with the independent variables, the JKL M-Estimator 
consistently yields lower coefficients and variance, reflecting its robustness and stability. 
Ridge Regression shows improved stability in estimates with reduced variance compared to 
OLS, while M-Estimator maintains similar performance to OLS with some reduction in 
variance. Overall, the findings suggest that different estimators can yield varying coefficient 
estimates and levels of variance, highlighting the importance of selecting the appropriate 
estimation technique based on the data characteristics and desired robustness of results. 
 
Table 3: Mean Squared Error (MSE) for Each Estimator 
Scenario OLS Ridge 

Regression 
M-Estimator JKL M-

Estimator 
Low Multicollinearity, No Outliers 0.110 0.090 0.095 0.070 
High Multicollinearity, No 
Outliers 

0.250 0.150 0.200 0.120 

Low Multicollinearity, With 
Outliers 

0.180 0.140 0.120 0.100 

High Multicollinearity, With 
Outliers 

0.400 0.300 0.250 0.150 

The results presented in Table 3 summarises the Mean Squared Error (MSE) for various 
estimators—Ordinary Least Squares (OLS), Ridge Regression, M-Estimator, and JKL M-
Estimator—across different scenarios defined by levels of multicollinearity and the presence 
of outliers. Each scenario reflects how the performance of these estimators changes under 
varying conditions. 
In the first scenario, which involves low multicollinearity and no outliers, the OLS estimator 
exhibits an MSE of 0.110. In this context, the Ridge Regression demonstrates a better 
performance with an MSE of 0.090, suggesting that the regularization technique effectively 
reduces prediction error. The M-Estimator follows closely with an MSE of 0.095, indicating its 
reliability. The JKL M-Estimator achieves the lowest MSE of 0.070, highlighting its superior 
predictive accuracy under these optimal conditions. This scenario shows that all estimators 
perform reasonably well, but the JKL M-Estimator stands out as the most effective. 



 

 

In the second scenario of high multicollinearity and no outliers, OLS suffers a significant 
increase in MSE, rising to 0.250. This highlights the challenges that high multicollinearity 
poses for OLS, leading to a less stable and less reliable model. Ridge Regression shows 
marked improvement with an MSE of 0.150, demonstrating its effectiveness in handling 
multicollinearity by imposing penalties on the size of the coefficients. The M-Estimator's 
performance also declines, reporting an MSE of 0.200. However, the JKL M-Estimator 
continues to show robust performance, with an MSE of 0.120, which is the lowest among the 
four estimators. This scenario clearly illustrates the impact of high multicollinearity, where 
Ridge and JKL M-Estimators prove to be more resilient. 
In the third scenario, which includes low multicollinearity with outliers, all estimators show a 
slight increase in MSE compared to the first scenario. OLS has an MSE of 0.180, while 
Ridge Regression improves its performance slightly to an MSE of 0.140. The M-Estimator 
shows a lower MSE of 0.120, reflecting its robustness to outliers. Notably, the JKL M-
Estimator again performs the best, achieving an MSE of 0.100, reinforcing its capacity to 
handle data disturbances effectively. 
In the final scenario, characterized by high multicollinearity with outliers, all estimators 
display the highest MSEs compared to previous scenarios, indicating a considerable decline 
in predictive accuracy under these challenging conditions. OLS leads with an MSE of 0.400, 
illustrating a severe deterioration in performance. Ridge Regression follows with an MSE of 
0.300, showing some resilience but still significantly affected by the multicollinearity and 
outliers. The M-Estimator records an MSE of 0.250, indicating a relatively better 
performance than OLS and Ridge. However, the JKL M-Estimator remains the most 
effective, achieving an MSE of 0.150. This consistent performance across all scenarios 
underscores its robustness in mitigating the effects of both multicollinearity and outliers. 
Table 3 effectively demonstrates how the MSE for each estimator varies across different 
scenarios. The JKL M-Estimator consistently yields the lowest MSE, indicating superior 
predictive accuracy and robustness against varying levels of multicollinearity and the 
presence of outliers. Ridge Regression shows its strength in addressing multicollinearity, 
while OLS is notably sensitive to these conditions. The findings highlight the importance of 
selecting appropriate estimation techniques based on the specific characteristics of the 
dataset to improve predictive performance. 
 
Table 4: Outlier Influence on Coefficients 
Estimator GDP 

(X1) 
Inflation 
(X2) 

Unemployment 
(X3) 

Public Debt 
(X4) 

Trade Balance 
(X5) 

OLS 0.048 -0.045 -0.085 -0.014 0.200 
Ridge 
Regression 

0.041 -0.039 -0.078 -0.012 0.185 

M-Estimator 0.045 -0.041 -0.080 -0.013 0.195 
JKL M-
Estimator 

0.040 -0.038 -0.075 -0.011 0.180 

Table 4 illustrates the influence of outliers on the coefficients produced by various estimators 
in a regression analysis concerning key economic indicators: Gross Domestic Product 
(GDP), inflation, unemployment, public debt, and trade balance. Each row corresponds to a 
specific estimator—Ordinary Least Squares (OLS), Ridge Regression, M-Estimator, and JKL 
M-Estimator—while the columns detail the coefficient estimates for each independent 
variable. 
Beginning with the Ordinary Least Squares (OLS) estimator, the coefficients show a mixed 
impact from the presence of outliers. For GDP (X1), the coefficient is 0.048, indicating a 
positive relationship with the dependent variable, but it is slightly higher than that found in 
typical circumstances, possibly due to outlier influence. The coefficient for inflation (X2) is -
0.045, reflecting a negative relationship; however, this value indicates a more considerable 
decrease compared to potential estimates without outliers. Unemployment (X3) exhibits a 



 

 

coefficient of -0.085, which signifies a strong negative impact, more pronounced than what 
might be expected without outliers. The coefficient for public debt (X4) is -0.014, suggesting 
a slight negative effect, while the trade balance (X5) demonstrates a notably high positive 
coefficient of 0.200, indicating a robust positive relationship with the dependent variable, 
likely inflated by outlier effects. 
In the case of Ridge Regression, the coefficients are slightly lower than those of OLS but still 
reflect similar patterns. The coefficient for GDP (X1) is 0.041, indicating a positive 
relationship, though less pronounced than in OLS. The negative coefficients for inflation (X2) 
and unemployment (X3) are -0.039 and -0.078, respectively, again showing reduced effects 
relative to OLS. The public debt coefficient is -0.012, showing a minor negative impact, and 
the trade balance coefficient is 0.185, suggesting a positive relationship but also reflecting a 
reduction compared to OLS. This pattern indicates that Ridge Regression, while mitigating 
the effect of multicollinearity, still shows sensitivity to outliers. 
The M-Estimator produces coefficients that are relatively consistent with those generated by 
OLS. For GDP (X1), the coefficient is 0.045, while inflation (X2) shows a coefficient of -
0.041. The unemployment coefficient is -0.080, which is comparable to that of Ridge 
Regression, indicating a strong negative impact. The coefficient for public debt is -0.013, 
suggesting a marginal negative effect, and trade balance stands at 0.195, demonstrating a 
robust positive relationship but still slightly diminished due to outlier influence. 
The JKL M-Estimator provides the lowest coefficients across all independent variables, 
reflecting its robustness against outlier influence. The GDP coefficient is 0.040, indicating a 
positive relationship. The coefficients for inflation (X2) and unemployment (X3) are -0.038 
and -0.075, respectively, suggesting less sensitivity to outliers compared to the previous 
estimators. The public debt coefficient is -0.011, again showing a minimal negative effect. 
Lastly, the trade balance coefficient is 0.180, indicating a strong positive relationship but less 
pronounced than in the other estimators. This consistent performance emphasizes the JKL 
M-Estimator's capacity to mitigate the influence of outliers effectively. 
Table 4 reveals how the presence of outliers affects the coefficient estimates across different 
estimators. While all estimators reflect a degree of sensitivity to outliers, the JKL M-Estimator 
consistently shows lower coefficients across all independent variables, indicating its 
robustness and reliability. OLS exhibits the most substantial fluctuations in coefficients, 
particularly for unemployment and trade balance, highlighting its vulnerability to outlier 
influence. Ridge Regression and M-Estimator provide slightly more stable coefficients, but 
they still reflect the impacts of outliers. The findings underscore the importance of choosing 
robust estimation techniques when outliers are present in the data, as these techniques can 
help produce more reliable and consistent results. 
 
4. CONCLUSION 
 
The Jackknife Kibria-Lukman (JKL) M-Estimator presents a robust and innovative alternative 
to conventional regression techniques such as Ordinary Least Squares (OLS), Ridge 
regression, and other robust estimators. Its key advantage lies in its ability to simultaneously 
address two critical issues in regression analysis: multicollinearity and outliers. By integrating 
the shrinkage mechanism of Ridge regression, robust weighting of M-estimation, and the 
Jackknife resampling method for bias reduction, the JKL M-Estimator significantly improves 
the accuracy and stability of regression estimates in non-ideal data conditions. 
The JKL M-Estimator effectively reduces the impact of multicollinearity through its shrinkage 
mechanism. By shrinking the coefficient estimates, similar to Ridge regression, the estimator 
stabilises the regression coefficients even when the predictor variables are highly correlated. 
This property is particularly valuable in real-world applications where multicollinearity is 
common, such as in economic, social, and medical datasets. The robust weighting 
mechanism of the JKL M-Estimator ensures that outliers are down-weighted, preventing 
them from exerting undue influence on the regression coefficients. Unlike OLS, which is 



 

 

highly sensitive to outliers, the JKL M-Estimator minimises their impact, resulting in more 
reliable estimates. This is especially crucial in datasets where extreme values, anomalies, or 
measurement errors can distort the results, as demonstrated in both the Monte Carlo 
simulations and real-world data application. The extensive Monte Carlo simulations 
conducted in this study show that the JKL M-Estimator consistently outperforms OLS, Ridge, 
and M-estimators in terms of Mean Squared Error (MSE), especially in scenarios where 
multicollinearity and outliers are present. These findings are further validated by the real-
world data analysis, where the JKL M-Estimator demonstrated lower variance, greater 
stability, and more accurate coefficient estimates compared to the other estimators. The 
robustness of the JKL M-Estimator makes it highly adaptable to real-world regression 
problems where classical assumptions are often violated. The versatility of the JKL M-
Estimator, capable of performing well in both low and high multicollinearity settings as well 
as in the presence of varying levels of outliers, highlights its broader applicability in fields 
such as economics, finance, healthcare, and engineering. Its capacity to handle complex 
data structures makes it a suitable tool for practitioners who require robust and reliable 
estimates in the face of challenging data conditions. 
While the JKL M-Estimator already offers significant advantages over traditional methods, 
there are several areas where future research could enhance its capabilities: 

1. Adaptive Selection of Shrinkage Parameters: One area for improvement is the 
adaptive selection of shrinkage parameters (such as the Ridge penalty term, λ. 
Currently, these parameters are typically chosen through cross-validation or trial and 
error, but more sophisticated adaptive methods could be developed to automatically 
tune these parameters based on the specific characteristics of the dataset. For 
instance, methods that adapt the shrinkage factor dynamically as the degree of 
multicollinearity changes would improve the flexibility and performance of the JKL M-
Estimator. 

2. Refinement of Robust Weighting Functions: Another potential refinement lies in the 
selection of the robust weighting function used in M-estimation. While standard 
functions such as Huber’s and Tukey’s Bisquare functions are effective, exploring 
alternative or adaptive weighting schemes that respond to the degree and nature of 
outliers could further enhance the estimator’s performance. Such refinements could 
make the JKL M-Estimator even more resilient to extreme outliers or leverage points 
in the data. 

3. Generalisation to Other Regression Models: Future research could explore the 
extension of the JKL M-Estimator to more complex regression models, such as 
generalised linear models (GLMs), mixed-effects models, and non-linear regression. 
Given the flexibility of the JKL M-Estimator in handling multicollinearity and outliers, 
its principles could be applied to these more advanced models, broadening its utility 
across various regression frameworks. 

4. Computational Efficiency: Although the JKL M-Estimator combines several robust 
techniques, its computational efficiency can be further optimised. Future work could 
focus on developing faster algorithms or parallel computation techniques to reduce 
the computational burden, particularly for large datasets where the iterative nature of 
Jackknife resampling and M-estimation can be time-consuming. 
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