On Dual Hyperbolic Generalized Woodall Numbers

Abstract. In this work, we introduce the generalized dual hyperbolic Woodall numbers. As special
cases, we study with dual hyperbolic Woodall, dual hyperbolic modified Woodall, dual hyperbolic Cullen
numbers and dual hyperbolic modified Cullen numbers. Also, we present Binet’s formulas, generating func-
tions, some identities, linear sums and matrices related with these sequences. In addition, we give Catalan’s
and Cassini’s identities.
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1. Introduction and Preliminaries

The main goal of our work is to define the generalized dual hyperbolic generalized Woodall numbers
and give some properties of them. First we recall information about hypercomplex number systems. The
hypercomplex number systems were studied by Kantor and Solodovnikov in 1989, [24]. These number
systems are extensions of real numbers. Some of the commutative ones of these number systems; complex

numbers, hyperbolic (double, split-complex) numbers [35] and dual numbers [18] are given below in order.
= {z=a+ib:a,beR,i*= -1},

H = {h=a+jb:a,beR,j*=1,5#+1},

{d=a+eb:a,beR,e? =0, #0}.

Some non-commutative examples of hypercomplex number systems are quaternions, [21],

Hg = {q¢ = ao + ta1 + jas + kas : ag,a1,a2,a3 €R,i? =52 = k? = ijk = —1},
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octonions [3] and sedenions [38]. The algebras C (complex numbers), Hg (quaternions), O (octonions) and
S (sedenions) are real algebras obtained from the real numbers R by a doubling procedure called the Cayley-
Dickson Process. This doubling process can be extended beyond the sedenions to form what are known as
the 2"-ions (see for example [7], [23], [32]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [21] as an extension to
the complex numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848,
[12]. H. H. Cheng and S. Thompson [10] introduced dual numbers with complex coefficients and called
complex dual numbers. Akar, Yiice and Sahin [1] introduced dual hyperbolic numbers.

A dual hyperbolic number is a hyper-complex number and is defined by
q = (ao + ja1) + €(az + jas) = ap + jar + €az + €jag

where ag, a1, as and ag are real numbers.

The set of all dual hyperbolic numbers are denoted by
Hp = {ao + ja1 + €az + €jas : ag, a1, as,a3 €R, j>=1,j # £1,e* =0, # 0}.

The base elements {1,j,¢,ej} of dual hyperbolic numbers satisfy the following properties (commutative

multiplications):
le = glj=j 2 =ce=(je)? =0, j°=jj=
ej = Jje, e(ef)=(gj)e=0, jlej) =(ej)i=¢

where ¢ denotes the pure dual unit (¢2 = 0, # 0), j denotes the hyperbolic unit (52 = 1), and €j denotes
the dual hyperbolic unit ((j¢)? = 0).
Let m and n two dual numbers as m = ag + jai +¢cag + jeas and n = by + jb1 +€ba + jebs; The addition

and substraction of two dual numbers as m and n is
mFn=agF by + jlar Fb1) +e(az F ba) + je(as F bs),
then, the multiplication of two dual numbers as m and n is
mn = agby + a1b1 + j(agby + a1bo) + £(apbz + asbg + a1bs + aghy) + je(aobs + a1ba + asby + boas)

The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. But Hy is
not field because every dual hyperbolic numbers doesn’t have an inverse. For more information on the dual
hyperbolic numbers, see [1].

Before giving some information on generalized Woodall sequence we recall the definition of generalized
Tribonacci sequence. The generalized (r, s,t) sequence (or generalized Tribonacci sequence or generalized

3-step triangular sequence)

{WR(W07 le WQ; T, S, t)}nZO
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(or shortly {W,,},>0) is defined as follows:
Wo=rWpn_1+sW,_o+tW,_3, Wo=a,Wi=bWy=c¢, n>3 (1.1)

where Wy, Wy, W5 are arbitrary complex (or real) numbers and 7, s,t are real numbers.
This sequence has been studied by many authors, see for example [8,9,11,15,16,26,34,36,37,38,42,44,45 46].

The sequence {W,,},,>0 can be extended to negative subscripts by defining
s T 1
W_,= _ZW—(n—l) - gW—(n—Q) + ZW—(n—ZS)

for n =1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integer n.
In this paper, we consider the case 7 = 5,s = —8,¢ = 4. The generalized Woodall sequence {W,, },>0 =

{W,(Wo, Wi, Wy, 5,—8,4)}n,>0 is defined by the third-order recurrence relations
W, =5W,_1 —8W,,_o +4W,,_3 (1.2)

with the initial values Wy, Wy, Wa not all being zero. The sequence {W,,},>0 can be extended to negative

subscripts by defining
5 1
W_pn =2W_(n_1) — ZW—(n—z) + ZW—(n—S)

for n =1,2,3,.... Therefore, recurrence (1.2) holds for all integer n.
Next, we can list some important properties of generalized Woodall numbers that are needed. First, we

give Binet formula of generalized Woodall numbers.

THEOREM 1. [41, Theorem 1.1] Binet formula of generalized Woodall numbers can be given as

W—,L = (A1 + Agn) x 2" + Ag

where
A = =Wy +4W; — 3W,,
Wy — 3W1 4+ 2Wy
A2 = )
2
A3 = W2 - 4VVl + 4W07
that 1is,

Wy — 3W4 + 2W0n

W, = (=Wy + 4W; — 3W) + 5 )

X 2" + (Wy — AWy + 4Wp). (1.3)
Here, a, B and v are the roots of the cubic equation
2® =522 + 8z —4=(z—2)°(x—1)=0,
where a = =2, v=1.

Now, we define four specific cases of the sequence {W,,}.
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The Woodall numbers {R,, }, sometimes called Riesel numbers, and also called Cullen numbers of

the second kind, are numbers of the form
R,=nx2"—1.
The first few Woodall numbers are:
1,7,23,63,159, 383, 895, 2047, 4607, 10239, 22527, 49151, 106495, 229375, 491519, 1048575, . . .

(sequence A003261 in the OEIS [33]). Woodall numbers were first studied by Allan J. C. Cunning-
ham and H. J. Woodall in [13] in 1917, inspired by James Cullen’s earlier study of the similarly-
defined Cullen numbers.

The Cullen numbers {C,,} are numbers of the form
C,=nx2"+1.
The first few Cullen numbers are:
1,3,9,25,65,161, 385,897, 2049, 4609, 10241, 22529, 49153, 106497, 229377, 491521, ...

(sequence A002064 in the OEIS). Woodall and Cullen sequences have been studied by many authors
and more detail can be found in the extensive literature dedicated to these sequences, see for exam-
ple, [5,6,13,20,19,22,25,27,29,30,31] and references therein. There is some research on Diophantine
equations associated with the numbers studied here, see for example [2,4,28,6]. Note that {R,}
and {C,} hold the following relations:

R, = 4R,_1—4R,_2— 1,

Cy 4C,—1 —4C, o + 1.

Note also that the sequences {R,} and {C,,} satisfy the following third order linear recurrences:
R,=5R,-1—8R,_2+4R,_3, Ry=-1,Ri=1Ry =7, (1.4)
C,, =5Cy—1 —8Cy_2+4Cy_3, Cop=1,C1=3,C3=09. (1.5)
The modified Woodall numbers {G,,} are numbers of the form
G, = (n—1)2" + 1 (using initial conditions in (1.3).

The modified Woodall sequence {G,},>0 is defined, respectively, by the third order recurrence

relation:

Gn =5Gn_1 —8Gn_2+4Gn 3, Go=0,G1=1,Gy =5, (1.6)
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(4) The modified Cullen numbers {H,} are numbers of the form
H, =2""" 41 (using initial conditions in (1.3)

The modified Cullen sequence {H,},>0 is defined, respectively, by the third order recurrence

relation:

H,=5H,  —8H, 2+ 4H, 3, Hy=3,H =5,Hy,=09, (].7)

Then, the sequences {Gp}n>0, {Hn}n>0, {Rn} and {C,} can be extended to negative subscripts by

defining,
5 1
Gon = 2G_(n_1)— sz(n72) + le(nfii)v
5 1
H., = 2H (_1)— ZHf(an) + ZHf(nffi)a
5 1
R, = 2R_(_1)— -R_(n_2)+ -R_(n_3),

4 4
5 1
ZC—(n—2) + EC—(n—B)v

Cfn = 20—(71,—1) -
for n = 1,2,3, ... respectively. Therefore, recurrences (1.4), (1.5), (1.6) and (1.7) hold for all integer n.
Now, we recall the generating function and the Cassini identity for generalized Woodall numbers. The

generating function for generalized Woodall numbers is:

(1.8)

Siwmﬂ__Wm+mﬁ—5wmx+u%—5wq+8wmﬁ
A B 1 — 5z + 822 — 423 '

The Cassini identity for generalized Woodall numbers is:

WpiaWyy — W2 = iT%AfFBQ”%—Cn)
A = AWE+WE — AWoWy + AW Wy — 5W W,
B = —AWZ —9WE — Wi + 12WoW, — AW Wy + 6W, Wy,
C = SWZ+12W2 + W3 — 20WoW; + 6WoWo — TW, Wh.

For further information about generalized Woodall numbers, see [41]. For an application of generalized
Woodall numbers to Gaussian number, see [17].
In the next sections, we define the dual hyperbolic generalized Woodall numbers and give some properties

of them. Before this, we present literature review on dual, hyperbolic and dual hyperbolic numbers.

e Akar, Yiice and Sahin [1] presented the dual hyperbolic numbers.

e Cheng and Thompson [10] introduced dual numbers with complex coefficients.

e Cockle [12] studied the Hyperbolic numbers with complex coefficients.

e Cihan, Azak, Giingor, Tosun, [14] studied dual hyperbolic Fibonacci and Lucas numbers given by,

DHF, = Fn+an+1+EFn+2 +j5Fn+37

DHL, = Ly,+ jLn+1 + ELn+2 + jE,‘Ln+3
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where Fibonacci and Lucas numbers, respectively, given by F,, = F,,_1 + F,_o, F; =0, I} =1,
Ly=Lp 1+ Ly 2 Lo=2,L1=1
e Soykan, Tagdemir, Okumus, [43] studied on dual hyperbolic numbers with generalized Jacobsthal

numbers components given by,

Jn = In+ jJupr +ednte + 2+ jednis,

5>
I

Kn +an+1 + 5Kn+2 +j5Kn+3

where Jacobsthal and Jacobsthal-Lucas numbers, respectively, given by J,, = J,—1+2J,-2, Jo =0,
J1=1,K,=Kn1+2K, 2, Kg=2, K1 =1
e Soykan, Giimiig, Gocen [40] presented dual hyperbolic generalized Pell numbers given by

‘771 == an +j‘/n+1 + 5Vn+2 +j5Vn+3
where generalized Pell numbers are given by V,, =2V,,_1 + V,,_2, Vj = a, V1 = b (n > 2) with the
initial values Vg, V1 not all being zero.

2. Dual Hyperbolic Generalized Woodall Numbers

In this section, we define dual hyperbolic generalized Woodall numbers and present generating functions
and Binet’s formulas for them.
We now define dual hyperbolic generalized Woodall numbers over Hyp. The nth dual hyperbolic gener-

alized Woodall number is

Wn - Wn +jWn+1 + €Wn+2 +j€Wn+3- (21)

with the initial values /V[707 Wl, Wg. (2.1) can be written to negative subscripts by defining,
W_pn=W_,+ jW7n+l + 5W7n+2 + j€W7n+3-

so identity (2.1) holds for all integers n.

For four special cases of the nth dual hyperbolic generalized Woodall numbers are given as

Gpn = Gp+jGp1+Gnys+ jeGris,
H, = Hy+jHuyw1+eHyio+ jeHyys,
R, = Ry+jRuy1+eRnio+ jeRnis,
Ch = Cn+jCns1+eCnin+ jeCrys.

which are called dual hyperbolic modified Woodall numbers, dual hyperbolic modified Cullen numbers, dual

hyperbolic Woodall numbers and dual hyperbolic Cullen numbers, respectively. It is clear that

/Wn e 5/Wn_1 — 8Wn_2 + 4Wn_3. (22)
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The sequence {Wn}nzo can be extended to negative subscripts by defining

- - 5~ _
W_p==2W__1)— ZW,(n,g) + iwf(nffi)-

for n =1,2,3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.

The initial several dual hyperbolic generalized Woodall numbers with positive subscript and negative
subscript are given in the following Table 2.

Table 2. A few dual hyperbolic generalized Woodall numbers.
n W, W,n

0 Wo Wo
1 W, L(8Woy — 5W, + W)
2 Wa L11W, — 9W, + 2W5)
3 AWy — 8W, +5Ws L(52Wp — 4TW; + 11105)
4
5

20Wy — 36W, + 17TW, L (57W, — 54W, + 13W5)

16
68Wo — L16W, + 49Ws 2 (240W, — 233W; + 57W2)
Note that
Wo = Wo+ Wy +eWs+ jeWs = Wy + jWy + eWa + je(4Wy — 8Wy + 5Wh),
Wi = Wi+ Ws+eWs+ jeWy = Wy + jWa + c(4Wy — 8W1 + 5Wa)
+5e(20Wy — 36W; + 17TWa),
Wo = Wyt jWs+eWy+ jeWs = Wy + j(4Wy — 8Wy + 5Ws)

+E(20WO — 36W7 + 17W2) + j€(68WO —116W7 + 49W2)

For four special cases of dual hyperbolic generalized Woodall numbers, we obtain the following initial con-

ditions.
Go = Go+jGi+eGy+ jeGs = j+ be + 17je,
Gi = Gi+jGa+eGs+ jeGy =1+ 5j+ 17¢ + 497,
Go = Go+jG3+eGy+ jeGs =5+ 17j + 49¢ + 129je.
Hy = Hy+jHy +eHy+ jeHs =3+ 5j + 9 + 17je,
H, = H,+jHs+eH;+ jeHy =5+ 9j + 17¢ + 337,
Hy = Hy+jHs+cHy+ jeHs =9+ 17] + 33¢ + 65je.
Ry = Ro+jRi+¢eRy+jeRy = —1+j + Te + 23je,
Ry = Ry+jRy+eRs+ jeRy=1+T7j+ 23+ 63je,

Ry = Ry+jRs+¢cRy+ jeRs =7+ 23j + 63¢ + 159jc.
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C() = Co+j01+€02+j€03:1+3j+98+25j8,
Ci = C1+4jCy+¢eCs+ jeCy =3+ 95 + 25¢ + 65,
Cy = Cs+jCs+eCy+ jeCs =9+ 257 + 65¢ + 161 e.

A few CAv'n, ﬁn, }ABn and @n with positive subscript and negative subscript are given in the following Table 3,

Table 4, Table 5 and Table 6.

Table 3. Dual hyperbolic modified Woodall numbers

n G, CALn

0 Jj+ 5+ 17j¢ j+o5e+17j¢

1 1455+ 17¢ +49j¢ €+ 5je

2 5+ 175 4+ 49¢ + 129j¢ %—}—jg

3 17 4 495 4 129¢ + 321j¢e %4_%]'

4 494 1295 4 321 + 769j¢ %«F%j{»ig

5 129 + 3215 + 769¢ + 1793j¢ %—f—%j{—%g—‘,—ijg

Table 4. Dual hyperbolic modified Cullen numbers
i, H_,

n

0 3+57 49+ 17j¢ 3455 +9+17j¢e
1 5495+ 17¢ + 33j¢ 2435 + 5¢ + 9j¢e
2 94 17§+ 33¢ + 65j¢ 3 4+ 2+ 35+ 5je
3 174335 +65¢+129je 2+ 25+ 2¢ + 3je
4 334655 +129c +257je 2+ e+ 35 +2je
5

65+ 1295 + 257 4+ 513je 3 + 25+ 2e + je
Table 5. Dual hyperbolic Woodall numbers

n R, E—n

0 —1+j+ Te + 23j¢ —1+j+ Te + 23j¢
1 1+ 77+ 23¢ + 63j¢ —3 _j+e+Tje

2 7+ 235 + 63 + 159j¢ —3 _3i_e+je
3 23+ 635+ 159¢ + 383j¢e 35— 3c—je
4 63+159j + 383 +895je  —5 — Fj— e —3je
5 159+ 383j + 895¢ + 2047je —3T — 25 — e — 3¢

Table 6. Dual hyperbolic Cullen numbers
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n én é—n
0 14 3j + 9¢ + 25j¢ 14 37 + 9 + 25j¢
1 3495 + 25¢ + 65j¢ 147+ 3e+9je
2 9 + 255 + 65¢ + 161j¢ 14+ie+j+3je
3 254655 + 161 + 385j¢ St+ij+ie+je
4 6541615 +385c +897je 34 2c+4 15+ 1je

5 161

+385] + 897 + 20495 2T 4 354 5o 4 Lje

Now, we will state Binet’s formula for the dual hyperbolic generalized Woodall numbers and in the rest

of the paper, we fix the following notations:

a = 1+2j+4e+8je,
B = 2j+8 + 24je,
¥ o= 1+j+e+je

Note that we have the following identities:

18

&y
By

apy

= 5+4j +40e + +325¢,

= 44 96¢ + 32j¢,

= 2425 +4e+4je,

= (1425 +4e+ 8je)(25 + 8¢ + 24je),
= 3+ 35+ 15¢ + 15j¢,

= 24 2j + 34e + 34je,

= 6+6j + 126 + 126j¢.

Now, we present Binet’s formula in the following.

2.1. Binet’s Formula of Dual Hyperbolic Generalized Woodall Number.

THEOREM 2. (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized Woodall number

Proof. Using Binet’s formula

W, = (A8 + AsB + Agn@)2" + As7. (2.3)

W, = (Al + Agn)Q" + Aj
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of the generalized Woodall numbers, we obtain

—

Wp = Wiu+iWhir +eWnpo + 5eWngs
= (Ay+ An)2" + Az + (A1 + Az(n 4+ 1))2" T + Az) + e((Ar + Aa(n +2))2" T2 + A3)
+je((Ar + Aa(n +3))2"3 + A3)
= A12" + Aon2™ 4 A3
+j A2 £ A2 AT A,
+eA12™F2 £ e An2™ 2 £ 2245272 2 A,
+7eA12"F3 4 jeAan2™ T3 4 3je A2 T3 4 je Ay
= A12"(1+ 25 + 4e + 8je) + Aan2"(1 + 25 + 4e + 8je) + A22" (25 + 8¢ + 24je) + As(1 + j + € + je)
= A2"a+ An2"a + Ax2"B + AgH
= (A18 4 AyB + And)2" + AsF.
This proves (2.3). O
As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic modified Woodall num-

ber, dual hyperbolic modified Cullen number, dual hyperbolic Woodall number and dual hyperbolic Cullen
number are
o Gy =(—a+B+nd)2" +7,
G =1+ (n—1)2" +j(1 +n2") + (1 4 272 4 n27+2) 4 jie(1 + 27+ 4 p2nt3),
o H,=(20)2" +7,
Hy = 1427 4 (14 27%2) 4 g(1+ 27F38) + je(1 + 2nH4),
(B + n@)2" — 7,
Ry = —1+n2" 4 (=142 4 n2ntl) 4g(—1 4 273 4 p2n+2) 4 je(—14 3 x 203 4 p2ant3),
o Cp = (B+na)2" +7,
Cr =1+4n2" + j(1+ 27 4 n20H1) 4 g(1 + 273 4 n2nF2) 4 je(1 + 3 x 273 4 p2nts),

~
o I},

Next, we present generating function for dual hyperbolic generalized Woodall numbers.
2.2. Generating Functions of Dual Hyperbolic Generalized Woodall Numbers.

THEOREM 3. The generating function for the dual hyperbolic generalized Woodall numbers is

o — —
= W, Wi — 5W, Wy — 5W; + 8Wy)x?

S W = W0t (Wa = SWo)r & (W = S5 + 8Wo)or” (2.4)

o 1 —5x + 8z —4x

Proof. Let

g9(z) = Z ann
n=0
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be generating function of the dual hyperbolic generalized Woodall numbers. Then, using the definition of
the dual hyperbolic generalized Woodall numbers, and substracting zg(x), #2g(x) and x3g(x) from g(z), we
obtain (note the shift in the index n in the third line)

(1 — 5z +8z% —4a®)g(z) = i I//V\nx" — 5 i Wnac” + 822 i /an" — 423 i /an"
n=0 n=0 n=0 n=0
= i an" -5 i an"H +8 i /an"” —4 i /an"+3
n=0 n=0 n=0 n=0

= Z an" -5 Z Wn_lx" +8 Z /Wn_gx" —4 Z Wn_gl‘n
n=0 n=1 n=2 n=3
= (WO + /Wlm + /WQZBQ) — 5(/W0$ + Wl.’L‘Q) + 8W0$2
0 —~ —~ —~ —~
) (Wa = 5Woiy + 8Woy — AW, 3)a"
n=3
= WO + (/Wl — 5W0)$ + (/V[?Q — 5/W1 + 8W\0)$2.

Note that we used the recurrence relation ﬁ/\n = 5Wn_1 — 8Wn_2 + 4ﬁ/\n_3. Rearranging above equation,
we get

. Wo + (Wl — 5W())£L’ + (W2 —5W1 + 8W0)£L’2

a 1 — 5z + 82 — 4a3 '

g9(z)

The proof is finished. O
As special cases, the generating functions for the dual hyperbolic modified Woodall, dual hyperbolic
modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers are

i@xn _ j+5e+1Tje + (1 — 36jc — 8¢) x + (4e + 20j¢) 22
v " - 1 —b5x + 8z2 — 43 ’
>~ 57 + 9 + 17je + 3 + (=165 — 28¢ — 52je — 10) z + (127 + 20 + 36j¢ + 8) 2
Zan = 2 3 )
o 1— 5z +8x? —4x
iﬁ oo L + 4 Te 4+ 235 + (27 — 126 — 52je + 6)x + (4e — 45 + 28je — 6)2?
~ " - 1 — 5z + 8z2 — 423
and
ia £ 35 4 9 + 25je + 1 4 (=65 — 20e — 60je — 2) x + (45 + 12¢ + 365 + 2) 2
oy L 1—5x + 8x2 — 43
respectively.

Now, we give obtaining Binet’s formula from generating function.

2.3. Obtaining Binet’s Formula From Generating Function. We obtain Binet’s formula of dual

hyperbolic generalized Woodall number {Wn} by the use of generating function for Wn

THEOREM 4. (Binet’s formula of dual hyperbolic generalized Woodall numbers)

W, = (418 + AsB + An@)2" + As7. (2.5)
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Proof. Let

S W = Wo + (W — 5Wo)a + (Wa — 511, + 8TWp)a?
S 1— 5z + 8x2 — 423 '

n=0
Then we write
Wg + (Wl — 5W0)$ + (WQ — 5W1 + 8Wg)$2 dy da ds
3 = + + 5 (2.6)
(1—2)(1—22) (-2 -2 " (1220

So

/Wo + (Wl — 5/1/170)90 + (WQ — 5W1 + 8W0)£E2 = (dl +ds + dd) + (—4d1 — 3ds — d5)$ + (4d1 + 2d2)$2.

We get
Wo = di+ds+ds,
Wi —5Wy = —4d, —3dy — ds,
WQ - 5/V[71 + 8/V[70 = 4dy + 2ds.
If we solve these simultanious equation,
dl = 4/W\0 — 4@1 + /W\Qa
— 11—~ 3=~
dy = —4Wo+ —W1 — =Wy,
2 2
P A
de  — —ZW, 4 =W
3 Wo 5 W1+ 2W2
Thus (2.6) can be written as
Wpa™ = d +d +d ,
; Ya—az) " -22) P 2r - 1)?

= d Yy a"+dy» 2"a"+dy» 2"(n+1)2",
n=0 n=0 n=0
= ) (dy+da2" +ds2"(n + 1))a",
n=0
o~~~ ~ 1= 3~ .. =~ 3=~ 1= .
= Z(4Wo — AWy + Wy + (—4Wy + 3W1 - §W2)2 + (Wo — 5Wl + 5W2)2 (n+1))z",
n=0
o~~~ ~ 1= 3~ .. =~ 3=~ 1=
= ) (AW — AWy + Wy + (—4W, + 5 Wi = SW2)2" + (Wo = SWh + S W2)2
n=0
+(Wo — §W1 + §W2)2 n)z",
= ) (AW — AWy + Wy + (Wo — SWi+ S Wa)n2" + (=3Wo +4W1 — W5)2")a™,
n=0
= ) (=3Wo +4W1 — W) + (Wp — SWi+ S Wa)n)2" + AWy — AW + Wa)a™.

n=0
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This gives
W, = (A1 + Ayn)2" + Ay
where
Z\l = —3W0 + 4W1 - WQv
_ ~ 3~ 1~
Ay = - = W
2 Wo 2W1 +5We,
Ay = AW, — AW, + W

Note that the following equalities are true:

Wy — 3W7 4 2W,
2

= 3Wy+4W; — W, —|—j(—4Wo +5W7 — WQ) + 8(—4WO + 4W1) +j6(—4W1 + 4W2)

Aja+ Ay = (—Wa+4Wy — 3Wo)(1 + 25 + 4e + 8je) + ( )(25 + 8¢ + 24j¢)

- Wy — 3W; 4 2W, . .
Asa = 2 21+ O (1 4 2j + 4e + 8je)

3 1 .
Wy — 5W1 + 5VVQ + j(2Wo — 3Wy + Wa) 4+ e(dWy — 6W7 + 2Ws) + je(8Wy — 12W7 + 4Ws).

A3a = Wy — 4W1 + 4W, +j(W2 —4Wq + 4WQ) + 6(W2 —4W7 + 4WO) —|—jE(W2 —4Wq + 4W0)

Therefore, we can write the following equalition:
/Wn = (Ala + A?B + Agn@)Z" + Aga

The proof is finished. [
Next, using Theorem 4, we present the Binet’s formulas of dual hyperbolic modified Woodall, dual
hyperbolic modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers.

3. Some Identities For Dual Hyperbolic Generalized Woodall Numbers

We now present a few special identities for the dual hyperbolic generalized Woodall sequence {Wn}

The following theorem presents the Simpson’s identity for the dual hyperbolic generalized Woodall numbers.

THEOREM 5. (Simpson’s formula for dual hyperbolic generalized Woodall sequence)For all integers n

we have
Wiso Wapr W, Wy W, W,
/Wn+1 Wn Wn—l =4 Wl WO /W\_l
Wo  Wat Wios Wo Woi Wos

Proof. For the proof we use mathematical induction. We suppose that n > 0. For n = 0 identity is true.
Now we obtain is true for n = k. Hence we write the following identity
Wito Wi Wi Wy Wi Wy
— — — Bl = = =
Wivi Wi Wi =47 W Wy W,

—

We Wior Wies Wo W_i W_,
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Forn=Fk+ 1, we get

Wk+3 Wk+2 Wlﬁ»l 5Wk+2_8Wk+1+4Wk Wk+2 Wlﬁ»l
Wk+2 WkJrl Wi = 5Wk+1_8Wk+4Wk71 WkJrl Wi
Wk-‘,—l Wk /W\k—l 5/Wk_8/m7k—1+4/w\k—2 Wk W\k—l

Witz Wisz Wi Wit1 Wisz Wi

=95 /V[?k+1 WkJrl Wk -8 Wk Wk+1 Wk

We Wi Wi Wit Wi Wi

Wi Wipz Wi
4| Wiy Wi Wa
Wice Wi Wiy

Witz Wirn Wi Wy Wi W
= 4 Wk+1 Wk /qu = 4+t Wl /V[70 Wfl
Wi Wi Wi Wo W_i Wo_,

Thus, the proof is finished. n < 0 can be proved similarly. [J

From prewious theorem, we get following corollary.

COROLLARY 6. (Simpson’s formula for dual hyperbolic generalized Woodall sequence’s special cases)

Gryz Grir  Gi

(@): | Guyr G Grq | = —4""1(9+ 95 + 9 + 153j¢).
Gr  Gi1 Gro

ﬁk+2 ﬁk+1 ﬁk

(b): | Hyyw He Hyy |=0.

H, Hp1 Hyo

§k+2 §k+1 ék
(€): | Reyi  Re  Ryq | =479+ 95 + 9¢ + 153j¢).
Ri Ry Ris

ak+2 ak+1 ak
(d): | Coyr  Cr Gy | =—4""1(9+9j + 9= + 153je).
Cr  Cro1 Cros

THEOREM 7. (Catalan’s identity) For all integers n and m, the following identity holds:

Wn+m/V[7n—m - W\ﬁ =2n—m (—2m+"m2a2A§ + As A3 (—2m+1//8\§ 4 B? + 22mB:)7 —maA +nad — 2"+ nad +
22mmaﬁ + 22mnaﬁ) + A A3 (aﬁy‘ _ 2m+1a7y\ + 22ma7y\)).

Proof. Using the Binet’s formula W, = (Aja+ Asf + Aon)2™ + As7, we get the required identity. O
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As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic modified Woodall,
dual hyperbolic modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers. Firstly, we
present Catalan’s identity of dual hyperbolic Woodall numbers.

COROLLARY 8. (Catalan’s identity for the dual hyperbolic modified Woodall numbers) For all integers n

and m, the following identity holds:
GrimGnom — G2 = —2"""™(@7 — By + 22™aq — 22 B — 2 aH + 2T B9 + mad — nad
+2MH M m2G% — 22Mmad — 22 nad + 2 InaR).
Proof. Take W,, = GG,, in Theorem 7. [J

Secondly, we give Catalan’s identity of dual hyperbolic modified Cullen numbers.

COROLLARY 9. (Catalan’s identity for the dual hyperbolic modified Cullen numbers) For all integers n

and m, the following identity holds:

~

Hn-&-mﬁn—m - ﬁ% = 2n7m(2a;y\ +2x 22m5ﬁ —2x Qmﬂaﬁ)-

Proof. Take W,, = H,, in Theorem 7. [
Thirdly, we give Catalan’s identity of dual hyperbolic Woodall numbers.

COROLLARY 10. (Catalan’s identity for the dual hyperbolic Woodall numbers) For all integers n and m,

the following identity holds:

~ ~

Roym R —R2 = —2"""(B3+22" By — 2"t By —maA+naq+ 27 "m? 6% + 22" may + 22" nay — 2" nam).

Proof. Take W,, = R,, in Theorem 7. [J
Fourthly, we give Catalan’s identity of dual hyperbolic Cullen numbers.

COROLLARY 11. (Catalan’s identity for the dual hyperbolic Cullen numbers) For all integers n and m,

the following identity holds:
énerCA'nfm—@% _ 2n—m(3{77_’_22'”;3%_2m+1Ba_maa+na:§_2m+nm2a2 +22mmaa+22mna;}/\_2m+1na;}/\).
Proof. Take W,, = C,, in Theorem 7. (I

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the dual hyperbolic generalized

Woodall sequence.
COROLLARY 12. (Cassini’s identity) For all integers n, the following identity holds:
Wi W1 — W2 = 2" 1A, A3(367 + B + nan) — 271 A28% + Ay A3a7).

As special cases of Cassini’s identity, we give Cassini’s identity of dual hyperbolic modified Woodall,
dual hyperbolic modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers. Firstly, we

present Cassini’s identity of dual hyperbolic modified Woodall numbers.
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COROLLARY 13. (Cassini’s identity of dual hyperbolic modified Woodall numbers) For all integers n, the

following identity holds:
én-&-lén—l - éi = 27171(2&% + Bﬁ - 2n+1a2 + na:y\)
Secondly, we give Cassini’s identity of dual hyperbolic modified Cullen numbers.

COROLLARY 14. (Cassini’s identity of dual hyperbolic modified Cullen numbers) For all integers n, the
following identity holds:
Hpi1Hooy — H? = 2"67.

Fourthly, we give Cassini’s identity of dual hyperbolic Woodall numbers.

COROLLARY 15. (Cassini’s identity of dual hyperbolic Woodall numbers) For all integers n, the following
identity holds:
Ryi1Rp_q1 — R = —2"71(3659 + B9 + 2"t1a% + na).

Thirdly, we give Cassini’s identity of dual hyperbolic Cullen numbers.

COROLLARY 16. (Cassini’s identity of dual hyperbolic Cullen numbers) For all integers n, the following
identity holds:
Cr1Cry — C? = 271(307 + 7 — 2"1a% + ndd).

THEOREM 17. For all integers m, n, G,, is woodall numbers, the following identity is true:
Wn—Q—m - WnGm-&-l + Wn—l(*8Gm + 4Gm—l) + 4Wn—2Gm~

Proof. The identity (17) can be proved by mathematical induction on m. Firstly, we assume that m > 0

and n > 0. If m =0 we get

Wn = WnGl + anl(—SGo + 4G71) + 4Wn72G0

which is true by seeing that G_; = 0, G_5 = i, G_3 = % We assume that the identity given holds for

m=k. Form=k+ 1, we get
/W(k+1)+n = 5/V[7n+k - 8/V[7n+k_1 + 4/W\n+k—2

= 5(WpGrit + Win1(—8Gk +4Gk_1) + AW, _2Gy)
—8(W,, G + W1 (—8Gj_1 + 4Gy _2) + AW, _2Gp_1)
AW, Gr1 + Wy 1 (—8Gy_g + 4G, _3) + AW, _2G_3)

= Wo(5Gri1 — 8Gk +4Gk_1) + Wy_1(—8(5Gk — 8Gj_1 + 4Gj_3)
+4(5G,—1 — 8G—2 + 4G)_3)) + 4W,,_2(5G), — 8Gj,_1 + 4G _2)

= WnGrio+ Wao1(=8Gpi1 +4Gr) + AW, _2Gia

= WaGrnyor + W1 (=8G(hs1) + 4G 1y -1) + 4Wp—oGsr1)-
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Consequently, by mathematical induction on m, this proves (17). Similarly, we can show for the other cases.

O

4. Linear Sums For Dual Hyperbolic Generalized Woodall Numbers

In this section, we give the summation formulas of the dual hyperbolic generalized Woodall numbers
with positive and negatif subscripts. Now, we present the summation formulas of the generalized Woodall

numbers.
PROPOSITION 18. For the generalized Woodall numbers, we have the following formulas:

o > Wi =3iWa(2n—2""(n—1)+2""2(n—2)46) — s W1 (8n— 2" (3n—5)+2""2(3n—8) +22) +
Wo(4n — 2"+ (n — 2) 4+ 27+2(n — 3) +9).

o > o Wig1 = 2Wa(2n+2"3(n—1) — 2" 2n 4 8) — LW, (8n — 272 (3n — 2) + 2" +3(3n — 5) 4+ 30) +
Wo(4n — 272 (n — 1) 4+ 2713 (n — 2) + 12).

o > o Wige = sWa(2n — 23 (n 4+ 1) + 2"Tn + 10) + Wo(4n + 2" (n — 1) — 2"T3n + 16) —
W1 (8n — 273 (3n + 1) + 27H4(3n — 2) + 40).

o > o Wigs = Wo(dn — 2" (n 4+ 1)+ 27504 20) — W1 (8n+2" 5 (3n + 1) — 24 (3n 4 4) 4+ 48) +
IWs(2n — 2" (n + 2) + 275 (n 4+ 1) 4 10).

Proof. For the proof, see Soykan [39]. O
PROPOSITION 19. For the generalized Woodall numbers, we have the following formulas:

o o Wap = Wo(36n—22"12(2n—1)+22"T4(2n—3)+53) — 75 W1 (72n—22"2(6n—2)+ 22" (6n—
8) + 120) + L Wo(18n + 22 +4(2n — 2) — 2 x 227+2p 4 32).

o Yo Wakg1 = 15 Wa(18n — 227320 4 1) 4 22775 (2n — 1) + 40) — (c Wi (72n — 2273 (6n + 1) +
22045 (6n — 5) 4 150) + $Wo(36n + 22"75(2n — 2) — 2 x 22"F3n 4 64).

o o Wakgo = SWo(36n — 227+4(2n + 1) + 227F6(2n — 1) + 80) — L Wi (72n — 227+ (6n + 4) +
22nF6(6n — 2) 4 192) + LW (18n — 22H4(2n + 2) + 2 x 227+6n 4 50).

o > Wakys = 5 Wa ((18n — 22775 (2n + 3) + 22"+7(2n 4+ 1) 4 58) — LWy (72n +22"+7(6n + 1) —
2275 (6n + 7) + 240) + $Wo(36n — 227520 + 2) + 2 x 227+Tn 4 100).

o Yo Wakga = 15Wa(18n — 22776(2n + 4) + 227¥8(2n + 2) + 50) + §Wo(36n — 22"76(2n + 3) +
220820 + 1) 4 116) — LW (72n + 2278 (6n + 4) — 227+5(6n + 10) + 264).

Proof. For the proof, see Soykan [39]. O
PrOPOSITION 20. For the generalized Woodall numbers, we have the following formulas:

o Y o Wop = AWo(n+ 5t (n+4) — 5= (n+3) — 1) +2W; (555 (3n+8) —2n— 52 (3n+11) + 1) +
2Wa(3n + 2,1%(71 +3) — ﬁ(n +2)—1).
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o Yoo Woks1 = 2Wa(gn+ ge(n+2) — gaier (n+1) = 5) +4Wo(n + g (n +3) — ger (0 +2) = 2) +
2W1 (g1 (3n +5) — 2n — 57 (3n + 8) + 6).

o > o Weopyo = 2Wo(3n+21""(n+ 1) — hn — 3) + 4Wo(n — = (n+ 1) + 217" (n +2) — 3) —
2W1(2n+2'""(3n+5) — 5= (3n+ 2) — 8).

o > oWy =2Wa(3n+22""n—21""(n—1)+ )+ 2W1(2' " (3n—1) —2n— 227" (3n+2) +6) +
AWo(n —21""n + 227" (n + 1) — 3).

Proof. For the proof, see Soykan [39]. O
PROPOSITION 21. For the generalized Woodall numbers, we have the following formulas:

o Yo Weoak = SWi(goia (6n+8) — §n— 5oz (6n+14) +3) + LW (In+ gzz (2n+5) — 5omr (2n+
3) = 1)+ 5Wa(dn+ s (2n+4) — g (20 +2) — 1.

o > o Wooki1 = SWi(gms(6n 4 5) — In — gmr (60 + 11) + 6) + LWo(In + 5omr (20 + 4) —
s (204 2) = 1) SWa(2n + grber (20 4 3) — gries (20 + 1) — 1),

o Yo Weookgo = SWa(3n—s2mmnto3m (2n42)— §) — B Wo (5o (2n+1) — o (2n+3)+ 1)+ 3
Wi (5o (61 4+ 2) — In — o3 (6n + 8) + £2).

o > o Weookis = SWi(gmgr (6n—1)— In—2""2"(6n+5)+3 )+ 3Wa(En— gzt (2n—1)+2' 72" (2n+
D)4+ 2)+ 8wy (§n+2172"2n +2) — 2n— 1),

o Yo Weoopga = EWa(Pn+2x 222 — L (2n—2) + B0) + W, (In+22"2"(2n+1) — 3= (2n —
1)+ 2) = 8Wi(3n+ 22727 (6n + 2) — o5 (6n — 4) + 2).

Proof. For the proof, see Soykan [39]. O
Next, we give the formulas which give the summation of the dual hyperbolic generalized Woodall numbers

in the following theorem.

THEOREM 22. Forn > 0, dual hyperbolic generalized Woodall numbers have the following formulas:

(a): Yor_o Wi, = (34+n—3x 2" +2"n+4j+ jn—27+2j 4 27+ jn 4 5o 4ne — 2" +2e + 27"+ 2pe + 5je + jn
e+ 2" 3 ine) Wy + (=11 —4n + 11 x 2" — 3 x 2"n — 155 — 4jn + 2"T4j — 3 x 2"+ Ljn — 20 — 4ne +
5 x 222 — 3 x 2" 2ne — 2456 — djne + 2" T4 je — 3 x 273 ing )Wy + (9 +4n — 273 4ot 4125 +
45n — 3 x 2725 4+ 27F2jn 4 16 + 4ne — 2" T4 + 27 T3ne + 20je + 4jne — 2" T4 je + 27 ing) W,

(b): Y7, Wi, = (18 4 n — §22nF4 4 19202y 4 25 4 jn — i22’”2]' + 3227350 4 e 4 ne —

§22n e 4 192 Hine 4 B je 4 292 e 4 jne 4 3222 jne)Ws + (— %) — dn 4 52202 — 222y,

B4 102H25 — fjn — 223 jn — 320 4 192H5 —dne — 22 Hine — P je 4 1220 je — 4jne — 220 F5
jne)Wi+ (5—3 — Lot 4 g4 19203 4 B 124654 4 4 122t 4 80e  B392nHde 4 dne 4 L
22 H5ne + 1905 — 192n%6 5o + djne + £227F6 ine) W,

(e): >iso Wopi1 = (2—90 — 5922 o 2223 4 B — 2920 4 g 4 2220 n 4+ Be 4 one +
§22nthe 4 2920 H5ne 4 Bje 4 12201 je 4 jne + 122"+6]n5)W2 + (=2 4 12242 _ g — 223 4

$22nH55 — 325 Ajp — 22 in — e 4 Lo2ntle _ dpe — 225 ne — 4jne — Llje — 122776
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22n+6jn8)W1+(%_%22n+6+4n+%22n+4n+ 8970]'_822n+4j+4jn+%22n+5jn+%8_é22n+65+

dne + 322 +0ne 4 LS je 4 1224652 4 4jne + £227H7 jing) Wy,

Proof. Proof can be obtained by using Proposition 21.

(a): We can derive the following using the formulas in Proposition 18.

Z/Wk: = ZWk +jZWk+1 +EZWk+2 +j€ZWk+3.
k=0 k=0 k=0 k=0 k=0

Z We = %WQ(QTL — 2" (p — 1) + 272 (n — 2) +6) — %W1(8n — 2" (3n — 5) 4+ 2"T2(3n — 8) + 22)
+Wo(4n — 2" (n — 2) + 272 (n — 3) 4 9)

+j(%W2(2n + 273 (n — 1) — 2"2n + 8) — %Wl(Sn —2"2(3n — 2) 4+ 2"3(3n — 5) + 30)
+Wo(dn — 2" T2 (n — 1) + 273 (n — 2) 4+ 12))

+6(%Wg(2n — 2" (n 4 1) + 2" + 10) + Wo(4n + 2" (n — 1) — 2" 3n + 16)
—%Wl(Sn — 273 (3n + 1) + 2" (3n — 2) + 40))

+ie(Wo(dn — 2" T4 (n 4 1) + 2" 5n 4+ 20) — %Wl(8n +2"5(3n 4+ 1) — 2774 (3n + 4) + 48)

1
+5Wa(2n — 2" (4 2) 4 2" (n + 1) + 10)).

ZWk = (B4+n—-3x2"4+2"n+4j + jn —2""2j 4 2" jn 4 be 4+ ne — 2" % + 2" 2ne 4 5je + jne
+2" 13 ne)Wh
+(—11—4n+ 11 x 2" — 3 x 2"n — 155 — 4jn + 2"Tj — 3 x 2" Ljin — 20e — dne + 5 x 2"+ 2%
—3 x 2"2ne — 24je — 4jne 4+ 2" je — 3 x 2" T3 jne)IW;
+(9 4 4n — 273 42"y 1125 + 4gn — 3 x 2725 4+ 2724 4 166 4 dne — 27T he 4 2" F3ne

+20je + 4jne — 2" je + 2" T ing )W,

The proof is finished. [J

(b): We can derive the following using the formulas in Proposition 19.

> Way, = D> Wk +3> Wakgr+eY Wapgo +je > Wargs.
k=0 k=0 k=0 k=0 k=0
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— 1 1
> Wy = §Wo(36n — 22+2(9p — 1) 4 224 (20 — 3) + 53) — gWi(72n - 22 +2 (6 — 2)

1
+2°77 (6 — 8) +120) + T2 Wa(18n 4 2774 (2n — 2) — 2 x 2P0 + 32)

1 1
+j(EW2(18n — 22032 1) + 2271520 — 1) + 40) — EV[/1(72n — 22736 + 1)

+227F5(6n, — 5) 4 150) + %WO(%n +2275(2n — 2) — 2 x 22700 + 64))

+€(éWo(36n — 927 (2 4 1) 4 22746 (2p — 1) 4+ 80) — 1—181/[/1(72n — 227 (60, + 4)
+2276(6n — 2) + 192) + %8 Wa(18n — 22"4(2n + 2) + 2 x 22"*%n + 50))

(W (180 — 22745 (2n 4 8) + 2247 (2n 4 1) 4 58) — S Wi (720 + 97 (60 + 1)

1
—22"F5(6n, + 7) + 240) + §WO(36n — 225 (2, + 2) 4+ 2 x 22" 4 100)).

= _ 16 1 2n+4 1 2n+42 20 . . 5 2n+42 1 2n+3 ; 25 1 2n+4
ZW% = (§+n—§2 +§2 n+§j+jn—§2 j+§2 jn+§6+n5—§2 €

1 29 1 . ) 32 )

+§22”+4n5 + 5 ie + §22”+4j5 + jne + EQQ"Qns)WQ
20 ) 25 7 32 1

+(7§ _ 4TL + g22’!7:‘1’2 _ 22n+2n _ 3‘7 + §22n+2j _ 4]71 _ 22n+3jn _ 35 + g22’!7441’55

40 1
—4ne — 2 Hipe — gja + 522”“]’6 — 4jne — 2275 jne) Wy

53 11 1 64 1 1 80 5
o 72271-{-2 4 722n+3 s 72277,—‘,-6 . 4 . 72277,—&-4 . e 722n+4
(9 9 +n+3 n—i—gj 9 Jj+ jn+3 ]n—l—ga 5 €

1 100 1 1
+4ne + g22"+5na +5 je — §22"+6 je + 4jne + §22"+6 jne)Wp.

The proof is completed. [J

(c): We can derive the following using the formulas in Proposition 21.

n n n n n
> Wokpr =3 Wars1+5 > Waksa+e Warsa+je Y Wokia-
k=0 k=0 k=0 k=0 k=0
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" 1 1
> Wan = 1781/1/'2(1871 — 2273 (2 1) + 2271520 — 1) + 40) — EW1(72n — 22736 4 1)
k=0

122045 (6, — 5) 4 150) + %WO(36n 4227152, — 2) — 2 x 223 4 64)
+j(%WO(36n — 224 (20 + 1) + 2271020 — 1) + 80) — %W1(72n =224 (6n + 4)
+22746 (6 — 2) 4 192) + % Wa(18n — 224420 + 2) + 2 x 20 + 50))

+5(%8W2 ((18n — 227+5(2n + 3) + 22747 (20 + 1) + 58) — %Wl(mn + 2277 (6 + 1)
—227F5(6n, 4 7) + 240) + %WO(ZSGn —227%5(2n 4 2) + 2 x 22" 4 100))
+j5(%W2(18n — 2206 (9 4+ 4) + 2248 (20 + 2) + 50) + éWo(%n - 27020+ 3)

1
+2°T8 (20 4 1) + 116) — T2 WA (720 + 27775 (6n + 4) — 27770 (6 + 10) + 264)).

LN 20 5 1 25 1 1 29 1
Z Wopi1 = (7 _ Zo2n+2 +n+ Z92n+3,, + =5 - 722n+4j + jn + 722n+4jn + e+ Z92ntd,
— 9 9 3 9 9 3 9 9
1 25 1 1
+§22”+5n€ + e+ §22"” je + jne + g22"+6 Gne)Wo
25 7 1., 32 40 1,
_’_(_? 4 §22n+2 —4n — 22n+3n + §2Zn+5j _ ?] _ 4]TL _ 22n+4jn _ ?E + §2Qn+48
44 1
—dne — 22" Pneg — djne — 5 e 522’”6]’6 — 226 iy,
64 1 1 80 5 1 100 1
- 722n+6 4 722714’4 4 722714’4 . 4 . 7221’77‘1’5 N _ 7221’77‘1’6
+(9 3 +n+3 n+9j 5 i+ ]n+3 ]n+—95 5 €

1 116 1 1
+4ne + §22”+6n6 +5de T+ §22’”6 je + 4jne + 522“7 jne)Wy.

The proof is finished. [
As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic

Woodall numbers:

COROLLARY 23. Forn > 0, dual hyperbolic modified Woodall numbers have the following properties:
(a): S0 Gr =4 4n—+27n — 2042 4 (5 — 5 x 272 4 4 200 L 9ty 4 o(5 4 4 278 +
je(l+ 2T 4 n 4 2nHip),
(b): Y3 o Gop = B 4n+ 202042 4 892042 Sodnd 4 (25 d92n42 4y g 292043 4 (2 4 g
322n+4 + %2271-&-5 + %22n+4n) +j€(;; o+ %22n+4 + 1270227;” — 22ty
(€): X7 Garr1 = B +n+ 222043 492042 4 (20 Sodndd 4 1ond5 4y 2920ty 4 (25

n -+ %22n+4 + %22n+5n) +j€(_g +n— %22n+6 + 822n+7 + %22n+6n).

As a second special case of the above theorem, we have the following summation formulas for dual

hyperbolic modified Cullen numbers:

COROLLARY 24. For n > 0, dual hyperbolic modified Cullen numbers have the following properties:
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(a): Sp_oHy = —1+n—6x2"n —3x 273 4+ 3 x 27Hn 4 28 x 27 4 j(—3 — 18 x 22 4 5 x
27 £ — 6 x 270 + 3 x 2720 (=T + 16 x 2772 — 3 x 2"H 4 — 6 x 27F2n 4 3 x 273
n) + je(—15+2 x 2"+ 4 n — 6 x 2730 4 3 x 20Hn),

(b): Y3 g Hop = 2 +n—220F3n 4 9203y 4 Uodnt2_o2nid y 5 14 092042 Lont6ypy g2nidy |
22 Hin) (=2 +n— 52204 4 29205 _ 92045y 4 9205 4 je(— 43 4 4 5§22 — 2927H6 496 x
221y — 5 x 22nF5p 4 22n+0p),

(€): Sp o Hokpr = —% +n—2x 220H3p 4 9204y | 2092042 1926 4 5 5 Bo2ntd y Bo2n+s
+n =225 4 2205 fg(— L3 4y 89204 _ 192046 _ 9206y 4 92nt6n) 4 je(— 2 +n— 32206 4

22n+7 _ 22n+7n + 22n+7n).

As a third special case of the above theorem, we have the following summation formulas for dual hyper-

bolic Woodall numbers:

COROLLARY 25. Forn >0, dual hyperbolic Woodall numbers have the following properties:
a): Y Rp=1—mtdx2mn42mt3 _ontly 10 x 2 4 (1 —2n 4 pontd _p ygntdy gnt2py
k=0 J

g(—=1—2nt3 yontd _p 4 ontdy _ ond3p) 4 je(—9 4 27F5 — 4 205y — 20y,

(b): ZZ:() R2k: — _% —n4+ %22n+2n _ %2271—&-3” + %2271—&-2 _ 52211-‘,-4 +j(% —n— %22n+2 + %2271—&-6
+ %22n+3n_ %22n+4n) +€(—é —n— %22n+4+ %22n+5+ %2271—&-4”_ %22n+5n) +]5(_%7 —n4 %22n+4+
%22n+6 4 23&227171 o 22n+5n - %22n+6n).

(C): ZZ:O §2k+1 _ %_n+%22n+3n_%22n+4n_%22n+2+%22n+6+j(_%+%22n+5_%22n+4_n+%22n+4
n— %22n+5n) 4 8(—1?7 —n4+ %22n+4 + 322n+6 + %22n+5n _ %22"_'_67’1,) 4 j&‘(_g —n— %22n+6 4

792n+7 492n+6,, _ 192n+7
52 +32 n— 32 n).

As a fourth special case of the above theorem, we have the following summation formulas for dual

hyperbolic Cullen numbers:

COROLLARY 26. Forn >0, dual hyperbolic Cullen numbers have the following properties.
(a): S0y Cr = 34n—2"+3 427 £ 6% 27 4 (34 n+2"+2n) 4 e (14273 4 n4273n) 4 jie(— 742745
+n+ 2"Hn).
(b): Y1, @% - 1?7 +n+ %22n+3n_ %22n+2 +j(% +n+ %22n+3 + %22n+4n) _~_€(1§7 +n+ %22n+4+
%22n+5n) +]5(% +n+ 522n+5 4 %22n+6n)'
(€): Yo Conpr = 22 +nt $224p 4 122043 4 (T 4 do2nd gy 192045y (L 4y T2 4

%227%&-6”) +j5(_%5 +n+ 822n+7 + %22n+7n).

We next introduce the formulas which give the summation of the dual hyperbolic generalized Woodall

numbers with negative subscripts in the following theorem.

THEOREM 27. Forn > 0, dual hyperbolic generalized Woodall numbers have the following formulas:
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(a): ZZZOW,;C:(— 2,; —3j+n— 38—}—2n3+2x2nn+3n+27,5+35+n6+2,Ljn+2njs+2,,n€+jn5+

%jne)Wg +(7- 27 +12j —4n + 16 — 5+j — gomn — 4jn — 39¢ + 12je — dne — 2:jn — 22 je —
ins—4jn5— %—fjne)Wl +(—442 5w —8J +4n —12e + 2nj + 2nn+4jn+ swe —12je +4ne + 2ﬂjn
+ e+ Lne + 4jne + L jne)Wo.
(b): >h—o W*Qk = (_§+9><22“ _%j+n_76+9><22n]+3><22"n+t7n+9><22n8+ 9 j€+n8+3><22"3n+
T je + gz ne +jne+ miomine)Wo+ (3 — 5 8m + 8 —dn+ Qe — 13— chon—4jin— 20

£+ 4je — Ane — Frjn — g je — gamne — Ajne — o ne) Wi + (=5 + godm — Rj +4n— Ye +

28 - 2 . 44 28 4 - 64 - 8 - 16 -
ooz d T axam At grgme — FieHAne + 5 N+ grgmm JE + g e +4ne + 595 jne) Wo.
137

. n. 117 _ 11 11 7 25 16 2 . 20
(©): Yopoo Wosky1 = (— 5 +goam —gitn+ et gupm i+ aogm NN+ gogm e+ - Js+na+gxzmyn+
16 - 8 . 16 - 16 13 20 4 20
g0 JE T gxomne + jne + gugmine)Wa + (3 — gigm + 35 — An+ g6 — gigm] — ohn — 4jn -
28 . 32 8 . 28 28
3><227L€77‘7€ 471’5 22n]n73><22n]€722nn€74jn€722n.7n€)w +(77+9X22”77‘7+4n7 9€+

gxamn ) T azemn Aint gigm e + 15t je HAne + e n+ g e + g ne + 4jne + 555 jne) Wo.

Proof. Proof can be obtained by using Proposition 20.

(a): We can derive the following using the formulas in Proposition 20.

n n

W_p= Wk+]ZW k+1+5ZW k+2+J€ZW kt3- ZWk
k=0 k=0 k=0 k=0

e
I
o

— 1 1 7
SWop = 4wy St () = g (0 +3) = 1)+ 2Wi(5g (B3n 4+ 8) = 20— o5 (Bn 4+ 11) + )
k=0

1
1 3 1
+7(2Wa(= n+2—n(n+2) 2n+1(n+1) 2)+4W0(n+27(n+3)—2n+1(n+2)—2)

FOW (——(3n+5) — 2n — —(3n—|—8) +6))

2+1

: —(n+1)+2"7""(n+2) - 3)

1 3
(2W2( n+21 "n+1)— —n—=)+4Wy(n — 5

2" 2

—2W(2n + 21" (3n + 5) — 27(371 +2) —8))

1
+35(2W2( n+22 n —21_”(71—1)+§)+2W1(21_"(3n—1)—2n—22_"(3n+2)+6)

+4Wo(n — 217" n + 227" (n + 1) — 3)).
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SWo = (<24 = —3jtn—3ct >j+ Rt et je b me it e+ mome
2Tk gn — %Y ond Toon M TIN T gne T on " T oIS T om
. 4
+jne + anjns)Wg
7 11 3 16 3 20
+(7—2—n—|—12j—4n—|—165—Q—j—mn—4jn—2—n€+12j5—4na—Q—Hjn—Z—njs
6 12
—onhE - 4jne — 2—njns)W1
5 8 1 12 2 16
+(—4+27—8j+4n—1254—273'—1-27n+4jn+276—12j5+4n6+27jn+271]'5

4 8
+2—nn5 +4jne + Q—Han)Wo.

This proves (a). We can be prove (b) and (c) similarly way using Proposition 21. [J

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic

modified Woodall numbers:

COROLLARY 28. Forn > 0, dual hyperbolic modified Woodall numbers have the following properties:

(@): Yp oG op=-3+n+%3 4 (-3 +n+ 225 L o(1+n+ ) 4 je(17 +n+ Sn).

(b): Sp oG =~ dn+ 300 4 5Ty 168120y 4 (25 4 g 4 204200y 4 o137 4y 4 164480

(©): ChooGozpir = =5 +n+ 18220 4 (30 +n + 2020n) 4 (15 4 AEEBR 4 ) 4 je(4T +
- )

As a second special case of the above theorem, we have the following summation formulas for dual

hyperbolic modified Cullen numbers:

COROLLARY 29. For n > 0, dual hyperbolic modified Cullen numbers have the following properties:
(a): Zzzoﬁ,k =54+n—24+j9— 54 +n)+e(17— £ +n)+52(33— 32 +n).
(b): ZZ:O Ho_op = 1371 +n— 3><222" J’_](% o 3><é2” +n)+ 8(% - 3><822n +n) +j5(%7 - 3><1§2” +n).

(C): Z]:;LZO ﬁ—Qk-‘rl = 1739 +n_ 3Xé2n, +](% - 3><822n +n) +E(% - 3><1262n +n) +J€(% - 3><3222n +n)

As a third special case of the above theorem, we have the following summation formulas for dual hyper-

bolic Woodall numbers:

COROLLARY 30. For n > 0, dual hyperbolic Woodall numbers have the following properties:

(a): Yro R,=-3-n+ 20 4 (-1 —n+ ZE2) +e(T—n+ 50n) + je(3l — & —n+ 2n).
(b): koo Roak = = —n+gigr +i(—5 —nt gigpt) +e(F —n+ §550) +7e(557 —n+ 550).
(€0 Sico Bes = bt B 45— ) (B ) (54 )

As a fourth special case of the above theorem, we have the following summation formulas for dual

hyperbolic Cullen numbers:

COROLLARY 31. Forn > 0, dual hyperbolic Cullen numbers have the following properties:
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(@) Yo Cor=—1+n+ 30 41+ 220 4 n) (94 n+ 22n) + je(33 +n + =St8n),

(b): Xop_gCrop = § +n+ SHE + (4 + 10520 +n) + o5 + 520 4+ n) + jo(202 — 55282 +-n).

9x22n
NG _ 17 10412n | (73 | 8+24n 233 _ 8—d8n (649 _ 64-96n
(€): Xk—o C2bt1 = G +nt Gomt +5(5 + g +n) +e(55° — oo +1) +7e(g — gzt + 1)

5. Matrices related with Dual Hyperbolic Generalized Woodall Numbers

In this section, we give matrices related with dual hyperbolic generalized Woodall numbers.

Now, we recall {G,,} defined by the third-order recurrence relation as follows

G, = 5G,_1 — 8G,_o + 4G,,_3 with the initial conditions Go =0, G; =1, Gy = 5.

We present the square matrix A of order 3 as

5 -8 4
A= 1 0 0
0 1 0

such that det A = 1. Then, we give the following Lemma.

LEMMA 32. For all integers n the following identity is true.

o~ o~

W 5 -8 4 Ws
Wosr |=]1 0 0 W
w, 0 1 0 Wo

Proof. First, we suppose that n > 0. Lemma (32) can be given by mathematical induction on n. If n =0

we get

W, 5 -8 4 W,
w, |=11 0 o W
Wo 0 1 0 Wo

Wiio 5 —8 4 W,
Wi =] 1 0 o0 Wi

o~ o~

Wi 0 1 0 Wo
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Forn=Fk+ 1, we get

k+1 , L AP
5 -8 4 Ws 5 -8 4 5 -8 4 Ws
1 0 0 W = 1 0 0 1 0 0 W
0 1 0 Wo 0 1 0 0 1 0 Wo
5 -8 4 Wi
= 1 0 0 Wiin
0 1 0 Wi

5Wk+2 — 8Wk+1 + AW,

= Wit
Wi
Wiys
= W2
Wit

If we suppose that n < 0 the proof can be done similarly. Consequently, by mathematical induction on n,
the proof is completed. [J

Note that
Gn+1 —8G,, +4G,,—1 4G,

A" = Gn *SGn—l + 4Gn—2 4Gn—1
anl _8Gn72 + 4Gn73 4Gn72
For the proof see [42].

THEOREM 33. If we define the matrices Ny and Ey; as follow.

Wy Wi W Woyy Wapr W,
NW - W1 /Wo Wﬂ ) Eﬁ? = WnJrl Wn qu
/W\O /W\— 1 W— 2 /Wn Wn -1 Wn —2

then the following identity is true:
A"Ny = Egp.

Proof. We can use the following identities for the proof.

Gnt1  —8G, +4G,_ 4G, WQ Wl WO
AnNﬁ/\ = Gn —8Gn71 + 4Gn72 4Gn,1 /V[71 W() Wfl )
Gno1 —8Gn_o+4G,_3 4G, 2 Wo W, W,
b1 b1z bi3
= bar  bao  bog

b31  bzz  ba3
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where

b12

b3

bao
bas
bs1
b2

b33

= WG+ Wi (=8G, +4G,—1) + WodG,,,

= WlGnJrl + Wo (—8G, +4Gp-1) + W714Gn7

= /WOGTL-"-I + /W\—l (_8Gn + 4Gn—1) + /W—24Gn7

= WaGh + Wi (—=8Gy +4G,_1) + WodGr_1,

= /W\lGn + /WO (78Gn + 4Gn—1) + /W\—14Gn—1a

= /WOGn + /V[?fl (_SGn + 4Gn71) + /W—24Gn71a

= W2an1 + Wl (—-8G,, +4G,—1) + W04Gn727

Using the Theorem (17) the proof is done. O

From Theorem (33), we can write the following corollary.

COROLLARY 34. We have the following identity.

(a): If we define Ng and Eg as follows.

&
)
I

then we get

(b): If we define Ng

Ng =

then we get

(c): If we define Nj and Eg as follows.

then we get

ég él éo én—&-Z

61 @0 @_1 y E@ = én—&-l

Go G_1 G_, G
A"Ng = Eg.

and Eg as follows.

I/??Q ﬁl ﬁo ﬁn+2

ﬁ1 ﬁfo ﬁfl ) Eﬁ = ﬁnJrl

Hy H_, H_, i,
ANy = Ej.

ﬁz §1 .Z/%() §n+2

Ri Ry Ry |, Ea=| Run

Ry R, R, R,
A"N; = Ej

)

n+1

/WlGn—l + WO (_8Gn + 4Gn—1) + /W\—14Gn—27

WoGro1 + W_4 (—=8G,, +4G—1) + W_04G, o,

27
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(d): If we define N5 and Eg as follows.

a2 a1 é\10 an-‘,—2 én—‘,—l An
Nz = 61 50 6'71 ) E@ = 6n+1 én énfl ;
a0 a, 1 672 An anf 1 An72

then we get

A"N = Eg.
6. Conclusion

In the literature, there have been numerous studies on sequences of numbers, which have found wide
applications in various research fields including, engineering, physics, architecture, nature, and art. In this
work, we introduce the concept of dual hyperbolic generalized Woodall sequences and focus on four specific
cases: dual hyperbolic modified Woodall numbers, dual hyperbolic modified Cullen numbers, dual hyperbolic
Woodall numbers and dual hyperbolic Cullen numbers.

e In section 1, we present infprmation on the application areas of hypercomplex number systems in
physics and engineering fields. Also, we give some properties about generalized Woodall numbers.

e In section 2, we define dual hyperbolic generalized Woodall numbers then using this definition, we
present generating functions and Binet’s formula of dual hyperbolic generalized Woodall numbers.

e In section 3, we give certain distinctive identities for the dual hyperbolic generalized Woodall
sequence {Wn} that named Simpson’s formula, Catalan’s identity and Cassani’s identity.

e In section 4, we present summation formulas for dual hyperbolic generalized Woodall numbers,
which encompass both positive and negative subscripts.

e In section 5, we give some matrices related to dual hyperbolic Guglielmo numbers.
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