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On Dual Hyperbolic Generalized Woodall Numbers

Abstract. In this work, we introduce the generalized dual hyperbolic Woodall numbers. As special
cases, we study with dual hyperbolic Woodall, dual hyperbolic modified Woodall, dual hyperbolic Cullen
numbers and dual hyperbolic modified Cullen numbers. Also, we present Binet’s formulas, generating func-
tions, some identities, linear sums and matrices related with these sequences. In addition, we give Catalan’s
and Cassini’s identities.

2020 Mathematics Subject Classification. 11B39, 11B83.

Keywords. Woodall numbers, Cullen numbers, dual hyperbolic numbers, dual hyperbolic Woodall

numbers, dual hyperbolic Cullen numbers.

1. Introduction

The generalized Woodall sequence {W,, }n>0 = {W,(Wo, W1, W2, 5, —8,4)},>0 is defined by the third-

order recurrence relations
Wn = 5Wn—1 - 8Wn—2 + 4Wn—3 (11)

with the initial values Wy, W1, W5 not all being zero. The sequence {W,, },>0 can be extended to negative

subscripts by defining

5 1
W_pn =2W_(n_1) — wa(n72) + wa(nf?))

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
Next, we can list some important properties of generalized Woodall numbers that are needed.

Now, we give Binet formula of generalized Woodall numbers.

THEOREM 1. [29, Theorem 1.1] Binet formula of generalized Woodall numbers can be given as

Wn = (A1 —|—A2n) X 2” +A3
1
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where
Ay = —Wa+4W; — 3W,
Wy — 3W71 + 2Wy
A2 - )
2
As = Wy —4W; + 4Wy,
that is,

Wy — 3W; + 2Wy
2

W, = ((7W2 +4W; — 3WO) + TL) x 2™ + (Wz —4Wy + 4WO) (12)

Here, a, B and v are the roots of the cubic equation

where a

2 —ba? + 8z —4=(x—2)>(x—1)=0,

=p=2,7=1

Now, we define four specific cases of the sequence {W,}.

(1)

The Woodall numbers {R,}, sometimes called Riesel numbers, and also called Cullen numbers of

the second kind, are numbers of the form
R,=nx2"—1.
The first few Woodall numbers are:
1,7,23,63,159, 383, 895, 2047, 4607, 10239, 22527, 49151, 106495, 229375, 491519, 1048575, . ...

(sequence A003261 in the OEIS [24]). Woodall numbers were first studied by Allan J. C. Cunning-
ham and H. J. Woodall in [8] in 1917, inspired by James Cullen’s earlier study of the similarly-
defined Cullen numbers.

The Cullen numbers {C,,} are numbers of the form
C,=nx2"+1.
The first few Cullen numbers are:
1,3,9,25,65,161, 385,897, 2049, 4609, 10241, 22529, 49153, 106497, 229377, 491521, ...

(sequence A002064 in the OEIS). Woodall and Cullen sequences have been studied by many authors
and more detail can be found in the extensive literature dedicated to these sequences, see for
example, [3,4,8,13,12,15,18,19,20,21,22] and references therein. Note that {R,} and {C),} hold the

following relations:

R, ARy 1 — ARp_o — 1,

C, = 4C,_1 —4C,_o+ 1.
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Note also that the sequences {R,,} and {C,,} satisfy the following third order linear recurrences:
R, =5R, 1 —8R, 5+4R, s, Ry—=—1,R =1, Ry=T, (1.3)
C, =5C,-1—8Ch_9+4Cy_3, Cop=1,C1=3,Ca=09. (1.4)
(3) The modified Woodall numbers {G,,} are numbers of the form
G, =(n—1)2" + 1 (using initial conditions in (1.2).

The modified Woodall sequence {G,},>0 is defined, respectively, by the third order recurrence

relation:

G, =5G,_1 —8G,_2+ 4G, _3, Go=0,G1 =1,G5 =5, (15)
(4) The modified Cullen numbers {H,} are numbers of the form
H, = 2""! 41 (using initial conditions in (1.2).

The modified Cullen sequence {H,},>0 is defined, respectively, by the third order recurrence
relation:

H, =5H, 1 —8H,_o+4H,_ 3, Ho=3H, =5 Hy=09, (1.6)

Then, the sequences {Gy}n>0, {Hn}n>0,{Rn} and {C,} can be extended to negative subscripts by

defining,

5 1

Gon = 2G_(n_1)— ZG—(n—2) + ZG—(n—3)7
5 1

H_ , = 2H (,_1)— ZH,(n,g) + ZHf(n73)7
5 1

R_, = 2R_(h_1)— zRf(n72) + 137(%3),
5 1

C.n = 20_(n_1)— ZC,(n,g) + 107(%3)7

for n = 1,2,3, ... respectively. Therefore, recurrences (1.3), (1.4), (1.5) and (1.6) hold for all integer n.
Now, we recall the generating function and the Cassini identity for generalized Woodall numbers.

The generating function for generalized Woodall numbers is:

(1.7)

i g — Wot (W = 5Wo)a + (Wa — 5 + 8WWo)a®
=0 S 1 — b5z + 822 — 423 ’

The Cassini identity for generalized Woodall numbers is:

1
Wy i Wyoy — W2 = 12”(,4 + B2™ 4 Cn).

A = AWE+ W3 — AWoWy + AW Wy — 5W W,

B = —AWZ —9W? — W3 + 12WoW, — AW Wy + 6W, Wo.

C = 8SWZ+12W7 + W3 — 20WoWy + 6WoWo — TW, Wh.
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For further information about generalized Woodall numbers, see [29]. For an application of generalized
Woodall numbers to Gaussian number, see [10].

Now, we should state about hypercomplex number systems. The hypercomplex number systems were
studied by Kantor and Solodovnikov in 1989, [17]. These number systems are extensions of real numbers.
Some of the commutative ones of these number systems; complex numbers, hyperbolic (double, split-complex)

numbers [25] and dual numbers [11] are given below in order.
= {z=a+ib:a,beR,i*= -1},
H = {h=a+jb:a,beR,j>=1,j#+1},

D = {d=a+ecb:a,bcR,e?=0,¢#0}.
Some non-commutative examples of hypercomplex number systems are quaternions, [14],
Ho = {q = ao + ia1 + jas + kas : ag, a1, az,a3 € R,i* = j* = k? = ijk = —1},

octonions [2] and sedenions [26]. The algebras C (complex numbers), Hg (quaternions), O (octonions) and
S (sedenions) are real algebras obtained from the real numbers R by a doubling procedure called the Cayley-
Dickson Process. This doubling process can be extended beyond the sedenions to form what are known as
the 2™-ions (see for example [5], [16], [23]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [14] as an extension to
the complex numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848,
[7]. H. H. Cheng and S. Thompson [6] introduced dual numbers with complex coefficients and called complex
dual numbers. Akar, Yiice and Sahin [1] introduced dual hyperbolic numbers.

A dual hyperbolic number is a hyper-complex number and is defined by
qg=(ao+jar) +e(as + jaz) = ag + jai + €as + €jas

where ag, a1, as and as are real numbers.

The set of all dual hyperbolic numbers are denoted by
Hp = {ao + ja1 + €as + €jas : ag,a1,a2,a3 € R, j2 =1,7# iLEQ =0,e # 0}
The base elements {1,j,¢,e5} of dual hyperbolic numbers satisfy the following properties (commutative
multiplications):

le = glj=j 2 =ce=(je)?*=0, j2=jj=1

i = je elef) = (ed)e =0, j(ej) = (ed)i =¢

where ¢ denotes the pure dual unit (¢2 = 0, # 0), j denotes the hyperbolic unit (52 = 1), and €j denotes
the dual hyperbolic unit ((je)? = 0).
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Let m and n two dual numbers as m = ag + ja; +€ag + jeas and n = bg + jb1 + ebs + jebs; The addition

and substraction of two dual numbers as m and n is
mFn=agF b+ jlar Fb1)+ e(az F ba) + je(as F by),
then, the multiplication of two dual numbers as m and n is
mn = agbg + a1b1 + j(apb1 + a1bo) + €(aobe + asby + a1bs + asby) + je(apbs + a1bs + asby + bpas)

The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. But Hy is
not field because every dual hyperbolic numbers doesn’t have an inverse. For more information on the dual
hyperbolic numbers, see [1].

Next, we provide details about dual hyperbolic and some information related to dual hyperbolic sequences

from the literature.

e Akar, Yiice and Sahin [1] presented the dual hyperbolic numbers.
e Cheng and Thompson [6] introduced dual numbers with complex coefficients.
e Cockle [7] studied the Hyperbolic numbers with complex coefficients.

e Cihan, Azak, Giingor, Tosun, [9] studied dual hyperbolic Fibonacci and Lucas numbers given by,

DHFn = Fn+an+l+5Fn+2 +j5Fn+3,
DHL, = L,+ .jLn-‘rl + 6Ln+2 + .jEL'rL+3
where Fibonacci and Lucas numbers, respectively, given by F,, = F,,_1 + F,_o, F; =0, [} =1,

Ly=Ly1+Ly2, Lo=2 L1 =1
e Soykan, Tagdemir, Okumus, [31] studied on dual hyperbolic numbers with generalized Jacobsthal

numbers components given by,

Jn = In+jJup1 +ednta + 2+ jednis,

5>
|

Kn +an+1 + 6-KvnqLQ +j5Kn+3

where Jacobsthal and Jacobsthal-Lucas numbers, respectively, given by J,, = J,_1+2J,_2, Jo =0,
J1= 1; K,=K, 1+ 2Kn—23 KO = 27 K, =1
e Soykan, Giimiig, Gocen [28] presented dual hyperbolic generalized Pell numbers given by

‘//\;L = ‘/n +j‘/n+1 + 5VYn+2 +j5vn+3

where generalized Pell numbers are given by V,, =2V,,_1 + V,,_2, Vj = a, V1 = b (n > 2) with the
initial values Vg, V1 not all being zero.

In this paper, we define the dual hyperbolic generalized Woodall numbers in the next section and give

some properties of them.
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2. Dual Hyperbolic Generalized Woodall Numbers

In this section, we define dual hyperbolic generalized Woodall numbers and present generating functions
and Binet’s formulas for them.
We now define dual hyperbolic generalized Woodall numbers over Hyp. The nth dual hyperbolic gener-

alized Woodall number is

W =Wy + jWiit + eWiio + 6Wnas. (2.1)
with the initial values WO, Wl, WQ. (2.1) can be written to negative subscripts by defining,
Wy =W+ Wi + W pio + jeW_pis.

so identity (2.1) holds for all integers n.

For four special cases of the nth dual hyperbolic generalized Woodall numbers are given as

Gpn = Gp+jGpy1+Gnys+ jeGris,
H, = H,+jHuyw1 +eHyio+ jeHyss,
R, = Ry+jRnyi1+eRnio+jcRnys,
Cn = Cn+ JCnt1 +€Chio + jeClys.

It is clear that

/W\n = 5/W\n—1 - 8/W\n—2 + 4Wn—3- (22)

The sequence {Wn}nZO can be extended to negative subscripts by defining
— — 5~ 1~
W_,= _ZW—(n—l) - ZW—(H—2) + EW—(n—S)'

for n = 1,2, 3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.

The initial several dual hyperbolic generalized Woodall numbers with positive subscript and negative

subscript are given in the following Table 1.

Table 1. A few dual hyperbolic generalized Woodall numbers.
n Wn an

0 Wo Wo
1 e L(8Woy — 5W; + W)

2 Ws L11W, — 9W), + 2W5)
3 AW, —8Wi +5Ws L (52Wy — 4TW, + 11TWs)
4 1
5

20Wy — 36W, + 17TWs L (57W, — 54W; + 13WW2)

68Wo — L16W, + 49Ws 2 (240W, — 233W; + 57W2)
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Note that
Wo = Wo+ Wy +eWa+ jeWs = Wy + jWy + eWa + je(4Wy — 8Wy + 5W3),
Wi = Wi+ jWa+eWs+ jeWy = Wi + jWa + e(4W,y — 8W, + 5W5)
+7e(20Wy — 36W; + 17TW3),
Wo = W jWs+eWy+ jeWs = Wa + j(AW, — 8W; + 5Ws)

+E(20WO — 36W7 + 17W2) +j€(68WO — 116W7 + 49W2)

For four special cases of dual hyperbolic generalized Woodall numbers, we obtain the following initial con-

ditions.

Gy = Go+jG1+eGy+ jeGs = j+ be + 17je,

Gi = Gi1+4jGs+¢eGs+ jeGy =1+ 5j + 17= + 497,
Gy = Go+jGs+eGy+jeGs =5+ 17j + 492 + 129je.
Hy = Hy+ jHy +eHy+ jeHs = 3+ 55 + 9 + 17je,
Hy = Hy+jHy+cHs+ jeHy =5+ 9j + 17¢ + 33je,
Hy = Hy+jHs+cHy+ jeHs =9+ 17j + 33¢ + 65je.
Ry = Ro+jRi+eRs+jeRs = —1+j+Te+ 23je,
Ry = Ri+jRy+eRs+jeRy =1+ Tj+ 23+ 63je,
Ry = Ry+jRs+¢eRy+ jeRs =T+ 23j + 63¢ + 159je.
Co = Co+jCi+eCsy+jeCs =1+ 3§+ 9e + 25je,

Ci = C1+jCo+eCs+jeCy =3+ 9j + 25¢ + 657,
Cy = Cy+4jCs+eCy+ jeCs =9+ 255 + 65¢ + 161j¢.

A few Gy, Hy, Ry and Cy with positive subscript and negative subscript are given in the following Table

2,Table 3, Table 4 and Table 5.
Table 2. Dual hyperbolic modified Woodall numbers
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~

G, G,

n

0 Jj+5e+17je j+ 5+ 17j¢

1 1+ 55 + 17 + 49j¢ e+ 5je

2 5417 + 49 + 129j¢ Ly je

3 17+ 495 4+ 129¢ + 321j¢ %4-&]'

4 49+ 1295 + 321e + 769j¢ 41+ 1e

5 129+ 3215 4 769 + 1793je 13 4 1lj 4 1o 4 14

Table 3. Dual hunerboll ified Cull Dors

~

n Hn ﬁ—n
0 3455 +9%+17j¢e 3455 +9%+17j¢e
1 5495 + 17¢ + 33j¢ 2437 + 5¢e + 9j¢e

2 9+ 17§+ 33¢ + 65j¢ 342 +3j +5je
3 174335465 +129je 2+ 35+ 26+ 3je
4 334655+ 129 +25Tjc 3+ 22+ 35+ 2je
5 65+ 1295 +257e 4+ 513je 1L+ 2+ 3e+ 3je

Table 4. DAnal hyperbolic Woodall mA]mbers

n R, R_,
0 —1+ 7+ 7e + 23je —1+ 7+ 7e + 23je
1 1+ 7§ + 23¢ + 63j¢c -3 _j+e+Tje
2 74 23 + 63¢ + 159j¢ -3 35 —c+je
3 23+635 + 159 + 383j¢ 35 3c—je
4 63+1595 + 383 +895je  —5 — Hj—3e—3je
5 159+ 383j + 895 +2047je —3T — 35— e 3¢

Table 5. Dual hyperbolic Cullen numbers

n Co Con

0 1+ 3j + 9 + 25j¢ 1+ 35 + 9¢ + 25j¢
1 34 95 + 25¢ + 65j¢ 147 +3c+9je
2 9 4 257 + 65¢ + 161j¢ 14 ie+j+3j¢e
3 254655 + 161 + 385j¢ S+lj+ie+je
4 65+161j +385c +89Tje 2+ Ze4 15+ 3je

5 161+ 3855 + 897c 4 2049je 2L + 3j + 2c + Lje

Now, we will state Binet’s formula for the dual hyperbolic generalized Woodall numbers and in the rest

of the paper, we fix the following notations:

a = 14 2j+4e+ 8je,
B = 2j+8 + 24je,
¥ = 1+4+j+e+je


SDI-1105
Typewritten text
Table 5.

SDI-1105
Typewritten text
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Note that we have the following identities:

&> = b+4j+40e + +32je,

B = 4496+ 32je,

7* = 24 2j 4 4e + 4je,

af = (14 2j+4e +8je)(2) + 8¢ + 247¢),
a4y = 34 3j+ 16 + 15je,

B = 242j+ 34 + 34je,

aBy = 6465+ 126c + 126jc.

Now, we present Binet’s formula in the following.
2.1. Binet’s Formula of Dual Hyperbolic Generalized Woodall Number.

THEOREM 2. (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized Woodall number
18

W, = (A1a + A8 + Ana)2" + As7. (2.3)

Proof. Using Binet’s formula

Wn = (Al + Agn)Q" + A3

of the generalized Woodall numbers, we obtain

W, = W,+ Wi +eWpio+ jeWyis
= (A1 + An)2" + Az + (A1 + Az(n +1))2" + Ag) + (A + Az(n +2))2" "2 + A3)
+je((Ar + Az(n + 3))2" 13 + A3)
= A12" + An2™ + Aj
+5 A2 4 A2 4 A2 + A
HeA12"F2 £ e An2" T2 4 25452712 4 2 Ay
+7e A2 4 jeAan2™3 4 35 A02™ 3 4 jeAs
= A12"(1+ 25 +4e + 8je) + An2™ (1 4 25 + 4e + 8je) + A22" (25 + 8¢ + 24je) + As(1 4+ j + € + je)
= A12"G + Aon2"G + As2"B + A5

This proves (2.3). O
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As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic modified Woodall num-

ber, dual hyperbolic modified Cullen number, dual hyperbolic Woodall number and dual hyperbolic Cullen
o Gy = (-0 +B+nd)2" +7,

number are
Gn =14 (n—1)2" 4 j(1 4+ 12" + (1 4+ 2772 4 n27+2) 4 je(1 4 27+ 4 p2nt3),

oﬁn:(

26)2" + 7,
Hy = 142" 4 (14 272) 4 (1 +27F3) 4 je(1 + 27F).

(B +na)2" -7,

o R,
—14n2" + (=14 271 42+ 4 o(—1 4 278 42 +2) 4 jie(—14 3 x 203 4 2ty

R,
o Co=(B+na)2" +7,
Cr =1+ n2" + j(1+ 27 4 n2nH1) 4 o(1 + 273 4 n2nF2) 4 je(1 + 3 x 2713 4 p2ants),

m
Next, we present generating function for dual hyperbolic generalized Woodall numbers.
2.2. Generating Functions of Dual Hyperbolic Generalized Woodall Numbers.
THEOREM 3. The generating function for the dual hyperbolic generalized Woodall numbers is

_ WO + (Wl — 5WO).’L‘ + (WQ — 5W1 + S/W())JJQ
1— 5z + 8x2 — 423

o0
E Wox™ =
n=0

Proof. Let
0 —~
g(x) = Z W™
n=0

be generating function of the dual hyperbolic generalized Woodall numbers. Then, using the definition of

o0 oo
—~ 3 —~

E W,x" — 4x E W,z

n=0 n=0

the dual hyperbolic generalized Woodall numbers, and substracting zg(x), #2g(x) and x3g(x) from g(z), we

obtain (note the shift in the index n in the third line)
Z /an" — 5z Z an” + 822
n=0

i /an" -5 i /an"H +8 i /an"” —4 i /an"+3
n=0 n=0 n=0 n=0

(1 — 5z + 822 — 42%)g(z)
n=0
Z /an” -5 Z /Wn,lx" +8 Z Wn,gx" —4 Z /Wn,gx"
n=0 n=1 n=2 n=3
(Wg + /V[71.’L' + WQQEQ) — 5(W0$ + Wl.’L‘Q) + 8/W70$2
+ Z(/W" — 5Wn_1 + S/Wn_g — 4/V[7n_3)37n
n=3

/Wo + (/Wl — 5/W0)$ + (/WQ — 5/W71 + SWO).’EQ

Note that we used the recurrence relation W\,L = BW,L_1 — SW\H_Q + 4ﬁ/\n_3. Rearranging above equation,

_ Wo + (W1 — 5/W70)£E + (WQ — 5W1 + SWO)xz
n 1— 5z + 8z2 — 4x3 '

we get
g(x)
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The proof is finished. OJ
As special cases, the generating functions for the dual hyperbolic modified Woodall, dual hyperbolic
modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers are

j + 5+ 17je + (1 — 365 — 8¢) x + (4e + 20j¢) 2
1 — 5z + 82 — 423 ’

n

WK
§)>
&

|

3
Il
=)

57+ 9¢ + 17je + 3 + (— 165 — 28¢ — 52je — 10) 2 + (12j + 20 + 36j¢ + 8) 2
1—b5x + 8z2 — 43 ’

[M]8
:)
8

3
|

3
I
=)

—1 47+ Te + 235 + (2j — 126 — 525 + 6)x + (de — 45 + 28 — 6)2>
1 — 5z + 82 — 4x3

[~
::m
8

3
|

3
I
=)

and

ia w37+ 9+ 2556 + 1+ (=65 — 20e — 60je — 2) x + (45 + 12¢ + 365¢ + 2) 22
nl =
1—5x + 8x2 — 423

(=)

n=
respectively.

Now, we give obtaining Binet’s formula from generating function.

2.3. Obtaining Binet’s Formula From Generating Function. We obtain Binet’s formula of dual

hyperbolic generalized Woodall number {Wn} by the use of generating function for Wn
THEOREM 4. (Binet’s formula of dual hyperbolic generalized Woodall numbers)
W, = (A8 + AgB + Agndd)2" + AsA. (2.5)

Proof. Let

i /W 2" — WO + (Wl - 5W0)$ + (W\Q — 5W1 + S/W\o)$2
— 1 — 5z + 822 — 4a3 '

Then we write

W() + (/Wl — 5WQ)I + (/WQ - 5W\1 + 8W0)$2 o d1 dg d3

(1—2) (1—22) (-2 " (-20  (1-227

So
/W\o + (Wl — 5/W\0){E + (WQ — 5/W\1 + 8/W\o)$2 = (dl + do + dg) + (—4d1 — 3ds — d3).1‘ + (4d1 + ng)xz.
We get

W, = dy + day + ds,
Wy —5Wy = —4dy —3dy — ds,

Wy — 5W, +8Wy = 4dy + 2dy.
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If we solve these simultanious equation,

di = AWy — AW, + W,
—~ 11—~ 3=
dy = —AWo+ W) — -Ws,
2 2
—~ 3~ 1~
ds = Wo— W)+ =W,
3 0= 51 + o2
Thus (2.6) can be written as
Wya" = d +d +d :
ngg —2) "0 -20) T (22— 1)
= di1y a"+dy» 2"a"+ds» 2"(n+1)a",
n=0 n=0 n=0
= ) (di +dp2" +ds2"(n+ 1))a",
n=0
— 7% 7% 3% 7% 1l = 3= n 7% 3 1= n n
= ) (4Wo — AW, + Wa + (—4W, + 5 Wi = SW2)2" + (Wo — Wi+ 5W2)2" (n + 1))2",
n=0
N~~~ ~ 1= 3~ ... — 3= 1=
= ) (4Wo — AW, + Wa + (—4W, + 5 W= SW2)2" 4 (Wo = SWh + S W2)2
n=0
+(WO - §W1 + §W2)2 n)x y
X~ o~~~ 3~ 1 S
= ) (4Wo — AW, + Wa + (W — Wi+ §W2)n2” + (—3Wo + 4W; — W5)2™)z"™,
n=0
= ) ((—3Wo +4W) — Wa) + (W, — SWi g Wa)n)2" + AWy — AWy + Wa)a".
n=0
This gives
W, = (A1 + An)2" + A
where
A, = —3Wo+4W; — Wy,
— —~ 3~ 1~
Ay = Wo— W) + =Ws,
2 2
;1;, = 4/WO — 4/W\1 +/W2.

Note that the following equalities are true:

Wy — 3W1 4+ 2Wy
2

= =3Wy+4W; — W, +j(—4WO + 5Wp — WQ) + E(—4WO + 4W1) +j€(—4W1 + 4W2)

Ao+ AyB = (=Wa + AWy — 3Wo)(1 + 2§ + 4e + 8je) + ( )(2] + 8 + 24j¢)

_ Wa—3W +2W, , .
A = V2 21+ O(1+42j + 4e + 8je)
3 1
= SW S Wa o (2Wo — 3W1 + Wa) + (AW — 6W3 + 2W2) + je(8Wo — 12W3 + 4IWa).

Wao
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Asy = Wo — AW + AWy + j(Wa — AW, + AWy) + e(Wa — AW + 4W) + je(Wo — 4W7 + 4W)).
Therefore, we can write the following equalition:
/Wn = (Ala + A?B + Agn@)Z" + Aga

The proof is finished. [
Next, using Theorem 4, we present the Binet’s formulas of dual hyperbolic modified Woodall, dual
hyperbolic modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers.

3. Some Identities For Dual Hyperbolic Generalized Woodall Numbers

We now present a few special identities for the dual hyperbolic generalized Woodall sequence {Wn}

The following theorem presents the Simpson’s identity for the dual hyperbolic generalized Woodall numbers.

THEOREM 5. (Simpson’s formula for dual hyperbolic generalized Woodall sequence)For all integers n

we have
Wire Worr Wi W, W, W,
Wopr W, Wey [=4"| W, W, W,
W, Way Wiais Wo Woi W,

Proof. For the proof we use mathematical induction. We suppose that n > 0. For n = 0 identity is true.

Now we obtain is true for n = k. Hence we write the following identity

Wivz Wisr Wi Wo Wi W
WkJrl Wk qu =4 W1 W\o Wq
We Wit Wi Wo Wi W,
For n =k + 1, we get
Wk+3 Wk+2 Wlﬁ»l 5Wk+2 - 8Wk+1 + 4Wk Wk+2 Wlﬁ»l
Wk+2 WkJrl Wi = 5Wk+1 — 8Wy + AWi_y WkJrl Wi
Wk-ﬁ-l Wi Wi 5Wi — 8Weey +4Wey Wi Wiy
Witz Wisz Wi Wit1 Wisz Wi
=5 Wkﬂ Wkﬂ Wk -8 Wk Wk+1 Wk
We Wi Wi Wior Wi Wi

Wi Wi Wi
+4| Wiy /WkJrl Wi
Wis Wi Wi

ka WkJrl Wi Wy, Wi Wy
= 4 Wk+1 Wk /kal = 4hHt Wl /V[70 Wfl

—

We  Wior Wis Wo W_1 W_y
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Thus, the proof is finished. n < 0 can be proved similarly. [J

From prewious theorem, we get following corollary.
COROLLARY 6. (Simpson’s formula for dual hyperbolic generalized Woodall sequence’s special cases)

ék+2 ék+1 @k
(@): | Gopr  Gi  Gry | = =419+ 95 + 9 + 153j¢).

Gr  Gio1 Groo
ﬁk+2 Hyw  Hyg
(b): | Hyyw He Hyey |=0.

Hy Hyy Hyo
Riss Riy1 Ry
(¢): | Rpor  Re Ry | = 47759+ 95 + 9= + 153j¢).

R, Ri1 Ry
Cirz Cri1 G
(d): | Coor  Cr Cry | = —4""H9+ 95 + 9¢ + 153j¢).
Crh Cio1 Cra

THEOREM 7. (Catalan’s identity) For all integers n and m, the following identity holds:

—_

W W — W2 = 2n=m(—omtn 252 A2 4 Ay Ay (—2HL B + B + 22™ B3 — m@A) + nad — 2™ Inady +
22Mmad + 22 nay) + Ay Az (@ — 2T lay + 22maR)).

Proof. Using the Binet’s formula W, = (Ao + AsB + Aon@)2™ + As7, we get the required identity. O

As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic modified Woodall,

dual hyperbolic modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers. Firstly, we

present Catalan’s identity of dual hyperbolic Woodall numbers.

COROLLARY 8. (Catalan’s identity for the dual hyperbolic modified Woodall numbers) For all integers n
and m, the following identity holds:
GogmGnom — G2 = —2""™(@7 — By + 2°ma7 — 22" B — 2" H16A + 2" By + may — ndéy
+2mF %62 — 22" mad — 22 nad + 27 nad).

Proof. Take W,, = GG,, in Theorem 7. [J

Secondly, we give Catalan’s identity of dual hyperbolic modified Cullen numbers.

COROLLARY 9. (Catalan’s identity for the dual hyperbolic modified Cullen numbers) For all integers n

and m, the following identity holds:

HpimHp — H2 = 2269 + 2 x 2267 — 2 x 2"T1a9).
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Proof. Take W,, = H,, in Theorem 7. [J
Thirdly, we give Catalan’s identity of dual hyperbolic Woodall numbers.

COROLLARY 10. (Catalan’s identity for the dual hyperbolic Woodall numbers) For all integers n and m,
the following identity holds:
RusmBRy—m—R2 = —2"™(B+22" B3 — 21 B —mad+ndq+ 2" " m2a% + 22 may + 22" ndd — 2" T na ).

Proof. Take W,, = R,, in Theorem 7. [
Fourthly, we give Catalan’s identity of dual hyperbolic Cullen numbers.

COROLLARY 11. (Catalan’s identity for the dual hyperbolic Cullen numbers) For all integers n and m,

the following identity holds:
CrrimCrm—C2 = 2" (BY+227 37 — 21 B5 — maF +nay — 2" " m2a° + 22" mary + 22" nady — 2" nad).

Proof. Take W,, = C,, in Theorem 7. (I
Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the dual hyperbolic generalized

Woodall sequence.

COROLLARY 12. (Cassini’s identity) For all integers n, the following identity holds:
Wi 1 Wy — W2 = 2771 (A, A3(367 + B7 + nad) — 2" AZQ° + A, A5a7).

As special cases of Cassini’s identity, we give Cassini’s identity of dual hyperbolic modified Woodall,
dual hyperbolic modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers. Firstly, we
present Cassini’s identity of dual hyperbolic modified Woodall numbers.

COROLLARY 13. (Cassini’s identity of dual hyperbolic modified Woodall numbers) For all integers n, the
following identity holds:

~

Goup1Gut — G2 = 277 (265 + B7 — 27167 + nd).
Secondly, we give Cassini’s identity of dual hyperbolic modified Cullen numbers.
COROLLARY 14. (Cassini’s identity of dual hyperbolic modified Cullen numbers) For all integers n, the
following identity holds:
ﬁnJrlfInfl - ﬁ?z = 27@?-
Fourthly, we give Cassini’s identity of dual hyperbolic Woodall numbers.
COROLLARY 15. (Cassini’s identity of dual hyperbolic Woodall numbers) For all integers n, the following

identity holds:
Ryi1Rp_1 — R = —2"71(3659 + B9 + 2"t1a% + nay).

Thirdly, we give Cassini’s identity of dual hyperbolic Cullen numbers.
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COROLLARY 16. (Cassini’s identity of dual hyperbolic Cullen numbers) For all integers n, the following

identity holds:

~

a'rH»lC(nfl - 6721 = 2"—1(3&,/7\ + Bﬁ - 2n+1a2 + naﬁ)
THEOREM 17. For all integers m, n, G,, is woodall numbers, the following identity is true:
Wn+m = WnGm+1 + anl(_8Gm + 4Gm71) + 4Wn72Gm-

Proof. The identity (17) can be proved by mathematical induction on m. Firstly, we assume that m > 0

and n > 0. If m =0 we get
/Wn = /V[?nGl + /W\n—l(_SGO + 4G—1) + 4/V[7n—2G0

which is true by seeing that G_; = 0, G_5 = i, G_3 = % We assume that the identity given holds for
m=k. Form=k+ 1, we get
W(k+1)+n = Wik — SWogho1 + 4 Wik o
= 5(W,Gry1 + Wn—l(*8Gk +4Gy_1) + 4/M7n—2Gk)
—8(W, G, + Wi 1(—8Gk_1 + 4Gk _2) + AW, _2Gj_1)
FA(W, Gt 4+ Wiy 1 (—8Gy_s + 4Gy _3) + 4W,, »G,_5)
= Wo(5Gri1 —8Gk + 4Gk 1) + Wy 1(—8(5Gk — 8Gj_1 + 4G _»)
+4(5G )1 — 8Gy_g + 4Gy_3)) + AW, _2(5G) — 8G_1 + 4G _2)
= WnGrio + Wno1(—8Grs1 + 4Gk) + AW, _2Gria
= WaGurnysr + W1 (—=8G(ks1) + 4G 11y 1) + 4Wp_2Gses1)-

Consequently, by mathematical induction on m, this proves (17). Similarly, we can show for the other cases.

O

4. Linear Sums For Dual Hyperbolic Generalized Woodall Numbers

In this section, we give the summation formulas of the dual hyperbolic generalized Woodall numbers
with positive and negatif subscripts. Now, we present the summation formulas of the generalized Woodall

numbers.
PROPOSITION 18. For the generalized Woodall numbers, we have the following formulas:

o S Wi = A Wa(2n— 27+ (n— 1)+ 272 (n—2) +6) — 33 (8n— 271 (30— 5) + 272 (3n—8) +22) +
Wo(4n — 2" (n — 2) 4+ 2"F2(n — 3) +9).

o S Wit = SWa(2n+27+3(n— 1) — 27+2n 4 8) — LIy (8n — 27+2(3n — 2) + 273 (30— 5) + 30) +
Wo(dn — 202 (n — 1) + 27+3(n — 2) + 12).
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o > o Wige = sWa(2n — 23 (n 4+ 1) + 2"Tn + 10) + Wo(4n + 2" (n — 1) — 2"T3n + 16) —
W1(8n — 2"T3(3n + 1) + 2774 (3n — 2) + 40).

o > o Wigs = Wo(dn — 2" (n+ 1)+ 2750 420) — W (8n+2"5(3n + 1) — 2" T4 (3n 4 4) + 48) +
IWs(2n — 2" (n + 2) + 275 (n 4+ 1) 4 10).

Proof. For the proof, see Soykan [27]. O
PROPOSITION 19. For the generalized Woodall numbers, we have the following formulas:

o Yo War = §Wo(36n—22"2(2n—1) 42214 (2n—3) +53) — {5 W1 (72n—22"2(6n—2) + 22"+ (6n—
8) + 120) + £ Wa(18n + 22"74(2n — 2) — 2 x 22"2n 4 32).

o > o Wakg1 = 55 Wa(18n — 22773(2n + 1) + 22775(2n — 1) + 40) — W1 (72n — 22" T3(6n + 1) +
2275 (6n — 5) 4 150) + §Wo(36n + 22775 (2n — 2) — 2 x 223 + 64).

o Yo Wakgo = $Wo(36n — 227+4(2n + 1) + 227+6(2n — 1) + 80) — LWy (72n — 224 (6n + 4) +
226 (6n — 2) 4 192) + £ W (18n — 2274 (2n + 2) + 2 x 227+6p 4 50).

o Yo Woris = = Wa ((18n — 227+5(2n 4 3) + 2277 (2n + 1) 4 58) — LW (72n + 22"+ 7(6n + 1) —
227F5(6n + 7) 4 240) + $Wo(36n — 227520 + 2) + 2 x 227+7n 4 100).

o Yo Wokga = £ Wa(18n — 22746(2n + 4) + 227+8(2n + 2) + 50) + Wy (36n — 22"6(2n + 3) +
220820 + 1) 4 116) — Wi (72n + 22778(6n + 4) — 22"%5(6n + 10) + 264).

Proof. For the proof, see Soykan [27]. O

PROPOSITION 20. For the generalized Woodall numbers, we have the following formulas:

2Wa(3n+ sarr(n+3) — gz (n +2) —

o > o Weopy1 =2Wa(dn+ £ (n+2) — 52
2W1 (52 (3n +5) — 2n — 5= (3n + 8) + 6).

o > oWy = 2Wa(3n+ 21" (n+ 1) — on — 3) + 4Wo(n — = (n + 1) + 217" (n 4+ 2) — 3) —
2W1(2n + 217" (3n +5) — 5 (3n 4+ 2) — 8).

o > o Wepys =2Wa(dn+22""n—2""(n—1)+ 1)+ 2W; (2" "(3n—1) —2n— 227" (3n+2) + 6) +
AWo(n — 217" + 227" (n + 1) — 3).

o Y o Wop = 4Wo(n+ 5t (n+4) — 5tz (n+3) — 1) +2W1 (5= (3n+8) —2n— 5+ (3n+11)+ 2) +
1).
1

(n+1)—3)+4dWo(n+ 3= (n+3) — 52+ (n+2) —2) +

Proof. For the proof, see Soykan [27]. O
PROPOSITION 21. For the generalized Woodall numbers, we have the following formulas:

o Yo Weog = SWi (3o (6n48) — In— gy (61 + 14) +3) + 28 Wy (In+ 55iz (2n+5) — goarr (204
3) = 5) + Wa(3n+ pim (20 +4) — pi= (204 2) - T).

o > o Wookt1 = SWi(gmrs(6n 4+ 5) — 3n — gmgr (6n + 11) + 6) + LWo(§n + 557 (2n + 4) —
s (2n+2) — D)+ 3Wa(dn+ i (2n 4 3) — s (2n + 1) — ).
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o Yo Weookio = SWa(2n—s2mmn+t ot (2n+2)— 1) — Wy (i 2n+1) — In— 53 (2n+3) + 1) +5
Wi (g2 (6n + 2) — §n — 537 (6n + 8) + 22).

o S o Woakis = Wi (g (6n—1)— In—21"22(6n+5)+ 3) + SWa(2n— gorr (2n— 1)+ 21727 (204
1)+ 2) + LWy (§n+ 217220 +2) — 22n+1n .

o Y o Weoakga = SWa(3n+2x2272"n— 4 (2n—2) + L80) + W (In+22"2"(2n+1) — o3 (2n—
1)+ 2) — 8w (In+ 22727 (6n + 2) — 55 (6n — 4) + 21).

Proof. For the proof, see Soykan [27]. O
Next, we give the formulas which give the summation of the dual hyperbolic generalized Woodall numbers

in the following theorem.

THEOREM 22. Forn > 0, dual hyperbolic generalized Woodall numbers have the following formulas:

(a): Y0 Wi = (3+n—3x 2"+ 2" n+4j+ jn—2"2j 427 jin 4 5e 4-ne — 2726 4 27 2ne 4 e 4 jin
e+ 2" 3 ine)Wo + (=11 —dn + 11 x 2" — 3 x 2"n — 155 — 4jn + 27745 — 3 x 2nHLjn — 20 — dne +
5% 2MH2e — 3 x 2" 2ne — 245e — djne + 2" T4 je — 3 x 273 ng )Wy + (9 +4n — 273 42t 4125 4
4in — 3 x 2"F25 4 27240 4 16e + dne — 2"He + 27 F3ne + 20j5e + djne — 27T je + 27 ing )W,

(b): ZZ:O ng _ (§ +n— 122n+4 + 122n+2n + 73 + jn — 522n+2] + 122n+3]n + 75 + ne —
$o2ntie 4 1ontine 4 Bje 4 LoIHdje 4 jne + 32220 jne)W; + (—— —dn 4 52202 _ 222y
Lj4 2220725 — 4jn — 2203 jn — Be 4 19205 _dne — 22 Hine — D je 4 1220 je — 4jne — 2205
Jne)Wy+ (32 — 52202 p dpn 4 29203 4 85— 102465 4 4 4 1220+ i 4 80e — 3920 e 4 dne 4 L
22 +0ne + 180 e — 12204652 4 4jne 4+ 1220 F6ing) W,

(€): oo Warpr = (2 — 322042 4y 4 Lo2nddy o 255 Lontd; —I—jn + 122t + e 4 ne +

$92ntde 4 192 HSne 4 2B je 4 122 je + jne + & 22"+63n5)W2 + (=2 + 122n¥2 _4p — 2273 4
2920455 _ 325 gjp — 22ntdin — 40g 4 LoIntde _ gpe — 2275 — 4jn5 — je — 322 t65e —
9206 i)Wy 4 (84 — 19206 | gy 4 Londpy 4 805 Soantd | g 4 Lo2n5 iy 4 100 Lo2no g
dne + 122 t0ne 4 LS e 4 1220165  djne + 522””]115)1/[/0.

Proof. Proof can be obtained by using Proposition 21.

(a): We can derive the following using the formulas in Proposition 18.

Z/Wk = ZWk +jZWk+1 +EZWk+2 +j€ZWk+3.
k=0 k=0 k=0 k=0 k=0
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S -
k=0

%W2(2n — 2" — 1) + 272 (n — 2) + 6) — %Wl(Sn — 2" (3n — 5) + 2"T2(3n — 8) + 22)
+Wo(4n — 2" (n — 2) + 272 (n — 3) 4+ 9)

+j(%W2(2n + 23 (n — 1) — 2" 4-8) — %Wl(Sn —2"72(3n — 2) 4+ 2""3(3n — 5) + 30)
+Wo(dn — 2" T2 (n — 1) + 273 (n — 2) 4+ 12))

+€(%WQ(2TL — 2" T3 (n 1) + 2" 4 10) + Wo(4n + 2" T4 (n — 1) — 2" 30 4 16)
—%W1(8n — 273 (3n + 1) + 2" (3n — 2) + 40))

+je(Wo(dn — 2" 4 (n + 1) + 2"°n + 20) — %Wl(Sn + 2" (3n + 1) — 2" (3n + 4) + 48)

1
+§W2(2n — 2" (4 2) + 275 (n + 1) + 10)).

(34+n—3x2"+2"n+4j + jn — 2" 25 + 2" jn + 5e 4 ne — 2" 2 + 2" 2ne 4 5je + jne

+2"73 ine)Ws

(=11 —4n + 11 x 2" — 3 x 2"n — 155 — 4jn + 2"T4j — 3 x 2" TLjn — 20e — 4ne + 5 x 2" 2
—3 x 2" 2ne — 24je — 4jne 4+ 2" je — 3 x 2" T3 jne) W,

+(9 4 4n — 23 42"y 1125 + 4jn — 3 x 2725 4+ 272 4 16¢ 4 dne — 2" The 4 2" 3ne

+20je + 4jne — 2" je + 2" T ing )W,

The proof is finished. O

(b): We can derive the following using the formulas in Proposition 19.

> Way, = D> Wk +35> Wakgr+eY Wapgo +je > Wargs.
k=0 k=0 k=0 k=0 k=0

1 1
= §1/[/0(36n — 22729 — 1) + 22" (2n — 3) + 53) — — W, (72n — 22772 (6n — 2)

18

1
+22"14(6n — 8) + 120) + g Wa(18n + 274 (2n — 2) — 2 x 2°"F%n 4 32)
+3( :
TS
1
+2°772(6n = 5) + 150) + Wo(36n +2°"17(2n — 2) = 2 x 22" n + 64))

1
Wo(18n — 2273 (2n + 1) + 22775 (2n — 1) + 40) — 1—8W1(72n — 2273 (6n + 1)

1 1
+6(§Wo(36n — 22 (9 1) + 22775(2n — 1) + 80) — 1—8W1(72n — 2274 (6 + 4)
1
+227%6(6n — 2) +192) + 1731/1/2(1871 — 224 (2n, 4 2) 4+ 2 x 22716y 4 50))
1 1
+js(EW2 ((18n — 22"H5(2n + 3) + 22"+7(2n + 1) + 58) — EVV1(72n + 227 (6n + 1)

1
—22"F5(6n, + 7) + 240) + §WO(36n — 2205 (2, + 2) 4+ 2 x 22" 4 100)).
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= 16 1 1 20 ) 1 25 1
W — i _ 72271-‘,—4 722”-"-2 = o 7227}—"—2 - 722’”-"-3 - = _ 72271—"-4
kZ:O 2% (9+n 9 +3 n+93+jn 5 j+3 ]7’L+98+TLE 5 €
1 29 1 32
+§22"+4n5 +3 je + §22"+4 je + jne + 322” jne)Ws
20 ) 25 7 32 1
_’_(_? _ 4n + 5227%‘,-2 _ 227L+2n _ ?J + §22n+2j _ 4]n _ 227L+3jn _ 35 + 5227%‘1-55
2n+4 40 . 1 2n+4 . 2n+5
—4ne — 2 ne — o-je + §2 je —4jne — 2 jne)Wy
53 11 1 64 1 1 80 5
- 722’”‘4’2 4 7221’77‘1’3 T a 7221’77‘1’6 - 4 - 722774‘#4 N - _ 7221’77‘1’4
+(9 9 +n+3 n+9j 9 Jj+ ]n+3 jTL+96 5 €
1 5 100 | 1 . , 1 .
+4ne + §22”+"n6 +—gde— §22"+6]6 + 4jne + §22”+6]n5)W0.
The proof is completed. [
(c): We can derive the following using the formulas in Proposition 21.
> Waks1 = > Wakgr 4+ Wansa+e Y Wongs+jey Wapya
k=0 k=0 k=0 k=0 k=0
"L 1 1
> Wap = gW2(18n — 2273 (2, 4 1) 4 22745(2n — 1) + 40) — gWi(72n — 2273 (6, + 1)
k=0

+22745 (6 — 5) 4 150) + é Wo(36n +22"2(2n — 2) — 2 x 2*""%n + 64)

+j($Wo(36n —920H4(9py 1 1) 4 22746(2 — 1) + 80) — 1—18W1(72n — 224 (6n, + 4)
+22746 (6 — 2) 4 192) + % Wa(18n — 2274420 + 2) + 2 x 2700 + 50))

el W (180 — 22"45(2n + 3) 4 2277 (2n 4 1) + 58) — 1 W3 (720 + 22747 (6n + 1)
— 92045 (6, 4 7) + 240) + %Wo(36n — 22452, 4+ 2) + 2 x 22", 4 100))
+j5(%Wg(18n — 221762 4 4) 4 2278 (20 + 2) + 50) + %WO(Z’)Gn — 221%6(2, 1 3)
+227%8 (20 4 1) 4 116) — %Wl(m + 2278 (6n + 4) = 27710 (6n + 10) + 264)).

iWZkJrl _ (% . 822n+2 +n4+ %22n+3n + %j . %22n+4j +jn+ §2Qn+4jn + ?5 +ne+ %22n+48
k=0
+%22"+5n5 + %5]'5 + %22"”]'6 + jne + %22"+6jn5)W2
+(—% + g22”+2 —4n — 223 4 %2%‘5;’ — %j — 4jn — 22 — 4305 + %22’““45
—4ne — 22"Pne — 4jne — %js — %22"%]'5 — 22 F6 iYWy
+(%4 - %22’”6 +4n + %22"+4n + %j - 222’”43' + 4jn + %22”+5jn + 1%05 - %22”%5
+4ne + %22“%5 + % je + %22"“5 je + 4jne + %22”” jne)Wy.

The proof is finished. [
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As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic

Woodall numbers:

COROLLARY 23. For n > 0, dual hyperbolic modified Woodall numbers have the following properties:

(@): Yp_yGr =4 +n+20n — 2042 4 (5 — 5 % 272 4 on L 9nt2y) 4 g(5 4 4 27 H3n) 4
je(1+2m+ 4 4 2n+ip),

(b): 7 Gop = B 4n+ 22202y 4 392042 So2ntd 4 (25 do2nd2 4y g 292043y 4 (2 4y
22 4 192045 4 2920 HAn) 4 je(32 4 n + 522 4 150920 — 22140y,

(€): Sp_Gonsr = 2 +n+ 22203 — 492042 4 (20 Bo2nbd | 1o2nd |y 2920y 4 g(25 4

n4+ %22n+4 + %22n+5n) _1_]'6(_% +n— %2271—&-6 + 822n+7 + %22n+6n)_

As a second special case of the above theorem, we have the following summation formulas for dual

hyperbolic modified Cullen numbers:

COROLLARY 24. For n > 0, dual hyperbolic modified Cullen numbers have the following properties:

(a): S0 Hy = —14n—6x2"n — 3 x 273 £ 3 % 20F1y 4 28 % 27 4 j(—3 — 18 x 272 4 5 x
27+ 4t — 6 x 2" In 4 3 x 2"F2n) 4 o(—T 4+ 16 x 272 — 3 x 27t 4y — 6 x 272 3 x 273
n) 4+ je(—15+2 x 2" £ n — 6 x 27F3n + 3 x 27 Fin).

(b): ZZ:O E’2k) — %+n_22n+3n+22n+3n+ %22n+2_22n+4+j(_%+%22n+2_%22n+6+n_22n+4n+
22n+4,n) +€(7% 4+n— %22n+4 + 222n+5 o 22n+5n+ 22n+5n) +‘75(71373 4+n+ %22n+4 _ %22n+6 196 x
221y — 5 x 22n+5p 4 22040y,

(C): ZZ:O ﬁ2k+1 — _% +n—2x 22n+3n + 22n+4n + %22’”-{-2 _ %22’”—}-6 +j(_% _ %22n+4 + %22n+5

+n_22n+5n+22n+5n)+6(_1373+n+%2271—&-4_%2211—0—6_22n+6n+22n+6n)+j5(_% +n_%22n+6+

22n+7 _ 22n+7n + 22n+7n)'

As a third special case of the above theorem, we have the following summation formulas for dual hyper-

bolic Woodall numbers:

COROLLARY 25. Forn > 0, dual hyperbolic Woodall numbers have the following properties:

(2): Yo Ri=1—n+4x2"n+273 20+ 10 x 27 4 j(1— 27+ 4274 4 97 F3p 97 F2p) 4
e(—=1—2mF3 4 2mHd — 4 20y — 273 4 je(—9 4 2715 — 4 270 — 2y,

(b): 7o Rop = =% —n+ 42202y — 192043y 4 292042 To2ntd 4 5l gy Uo2nd2 4 Lo2nt6
32203 — 192 Hn) fo(—§ —n— 22704 L9205 4 292ntdy L2 tSn) 4 je(— Al —p4 0224
%2271-&-6 + %2271” —92n+5, %22n+6n).

(c): ZZ:O é%ﬂ _ %_n+%22n+3n_%22n+4n_197422n+2+%22n+6+j(_%+%22n+5_%22n+4_n+§22n+4
n — 3220n) 4 (=3 —n 4 P22 4 220 H6 4 29200y, _ 2920 H0p) 4 je(— T2 —p — 5220 4

9
702n+7 492n+6,, _ 192n+7
52 +32 n— 32 n).
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As a fourth special case of the above theorem, we have the following summation formulas for dual

hyperbolic Cullen numbers:

COROLLARY 26. Forn >0, dual hyperbolic Cullen numbers have the following properties.

(a): S0 Cr = 34n—2"3 420 £ 6% 27 4 (34 n+2"+2n) 42 (14273 4 n4273n) 4 jie(— 74245
+n 4+ 2"Fn).

(b): Yoh_oCok = & +n+ £227H3n — 202042 4 (19 4y 4 192043 4 Lontdp) 4 g(UT oy 20204 4
322715 + je(5 +n + 522010 4 122046,

(€): Sp_oCoppr = 22 +n+ 32204y 4 122043 4 (10 4 do2nd 4y 4 L9204y 4 (L oy To2045 4
12200 4 je(—52 4 n 4 2220HT 4 19204 Ty,

We next introduce the formulas which give the summation of the dual hyperbolic generalized Woodall

numbers with negative subscripts in the following theorem.

THEOREM 27. Forn > 0, dual hyperbolic generalized Woodall numbers have the following formulas:

(a): Y W= (—24+2 —3j+n—3g+2%j+ﬁn+jn+ Aetjetned ok jnt ok je+ Znetine+

%jns)Wg + (7 — & 5w + 125 — 4n + 16 — ﬁ] — 2><2" —4jn — 2n5+ 12je — 4ne — ﬁjnf Q—Sjsf

ﬁns—éljna— 27]715)W1+(—4+ 5w —8J +4n —12e + an + 27Ln+4yn+ 2715—1235—1—4115—&— 2nyn

+ 8je+ 5% n5+4jne—|— = jne)Wp.
(b): 7 W oo, = (— T4 gotor — S jtn— et gl i+ gt in+ gosme+ 2 je+ne+ gammin+

- 8 8 13 . 20
9><22n.75+ 3><22nn€+]n5+ 3X22'rLjn6)W2+(§_3><22n+ .7 4n+ 35_3><22”j 22nn 4JTL 3221

£+ 4je — dne — Fjn — 52 je — %ns—@'ne— e gne) Wi+ (—5 4+ g2hm — Bj+4n— e+

28
9x22n

(e): >oh oW—2k+1 = (— 5tz — 9]+n+2955+9><22"3+3x22n”+3”+9x22"5+%]5+”5+3XW=7”Jr

i+ Té% n+4jn+ 9X4§2n5— —j€+4ns+ 3X2% jn+ 9X22,,j€+ 3X2% ne+4jne+ 3X22" jne)Wo.

TromJE + sz ne + jne + gaemine)Wa + (5 — 355w + 3 —4n+ Je — 559m) — 50 — 4jn —

28 76 ; 4 - 32 8 . 16 28 28 28
3X22n€—*j€—4’n€—22771]77,—W]ﬁ—@nf—zljnf—WJHE)W:L—F(—?—FQXQQ” —§]+4TL—§E+

o j + g A+ 53 e + 100 je fdne + =S in+ 550 e+ 518 ne +djine + 5552 jne) Wo.

Proof. Proof can be obtained by using Proposition 20.

(a): We can derive the following using the formulas in Proposition 20.

W,k = Z W_rp+3j Z W_py1+e¢ Z W_jya + je Z W k3. Z Wfk'
k=0 k=0 k=0

k=0 k=0 k=0
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— 1 1 1 7
S Wop = 4Wo(n+ g (M4 = G (0 3) = 1) + 2Wi(55 (3n +8) — 20— oos (3n+11) + )
k=0

1 1
+2W2(§n 2n+1(n—&—3) 2n+2(n+2)—1)
, 1 1 3 1 1
+](2W2(fn 2n(n+2) 2n+1(n+1) 2)+4W0(n+27(n+3)—W(n+2)—2)
+2W1(2n+1(3n+5)—2n——(3n+8)+6))
1—-n 1 3 1 1—-n
(2W2( n+2 (n+1)—2—nn—§)+4WO( 2"(n+1)+2 (n+2)—3)
—2W1(2n + 217" (3n + 5) — ﬁ(:m +2) —8))
1
+]5(2W2( n+22 n —21*”(n—1)+§)+2W1(21*"(3n—1)—2n—22*”(3n+2)+6)
+4Wo(n — 217" 4+ 227" (n 4+ 1) — 3)).
iW (-24 = —3j+ 3+3+1++4+++ +det 2
_ = -_— — n — ot -_— n n —& 9 ne n —& —Mne
2tk ogn ognd Tyt TN T gne T PRI T AT
. 4
+jne + 27]77;5)W2
7 11 3 16 3 20
(7—2—+12]—4n+165—2—nj—2x2 n—4jn—2—5+12]€—4n5—2—”]71—2—”]5

6 12
—onhE 4jne — 2—jns)W1

5 8 12 2 16
+(— 4+?—8j+4n—126+?J+27n+4]n+?6—12]5+4n6+?jn+27]5

4 8
+2—nn5 +4jne + Q—nan)Wo.

This proves (a). We can be prove (b) and (c) similarly way using Proposition 21. OJ
As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic

modified Woodall numbers:

COROLLARY 28. For n > 0, dual hyperbolic modified Woodall numbers have the following properties:

(@) Y oGk = =34+ n+ 3 4 (-3 n+ 285 L (1 4+ n+ 2E0) 4 je(17 + n + Sn).

(b): Sp_0Goop =~ dn+ 100 4 Ty 168120y 4 (25 4 g 4 204200y 4 o137 4y 4 164480

(©): XpooGoonpr = =5 +n+ 38520 + (% +n+ B20) + (10 + 2582 + ) + je(T +
+ j;ggg?")

As a second special case of the above theorem, we have the following summation formulas for dual

hyperbolic modified Cullen numbers:

COROLLARY 29. For n > 0, dual hyperbolic modified Cullen numbers have the following properties:
(@): Yp o H r=5+n—2+79— & +n)+e(17— 5 +n) +7e(33 — 18 4 n).
(b): X5 oH—2k =5 +n— gdm (5 — gxem ) He(F - 555w +n) +ie(§ - ipm +0).
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(0): Yhmo Hozhrr = 5§ +n— g5 +3(F — 555 + 1) +e(F — 555w + 1) +ie(B — 55 +n).

As a third special case of the above theorem, we have the following summation formulas for dual hyper-

bolic Woodall numbers:

COROLLARY 30. Forn >0, dual hyperbolic Woodall numbers have the following properties:
(a): >p_ ﬁ :—3—n+2+”+j(—1—n—&—%%)—&—sﬂ—n—!—%n)—l—ja(?)l—%—n—l—%n).
(b): > R :f%fnJr;jf{L +j(—5 —n+1E20) 4 e(35 —n 4 SE20) 4 je (205 —n 4 2B,

R_,

9x22n 9x22n
(C) Zk 0 _ _%_n_’_ 190)—!—2122Jz+‘7(@_n+8+3421;z)_~_8(215 n+ 84—2%§17L)+j€(%_n+ —gi—ggﬁl}n).

As a fourth special case of the above theorem, we have the following summation formulas for dual

hyperbolic Cullen numbers:

COROLLARY 31. Forn >0, dual hyperbolic Cullen numbers have the following properties:
(@) Yo Coh=—1+n+ 30 41+ 220 4 n) (94 n+ 22n) + je(33 +n + —5t80),
(b): YpgCrok = § +n+ Eh + (4 + S5t +n) +e(B + 553 +n) +je (322 - 55532 +n).

9x22n 9><22"
. n ~ _ 17 10+12n <73 84-24n 233 —48n 649 _ 64—96n
(C)' Zk:() C*QkJrl - ?—'_n—'_ gx 221 +](?+9X22n +n)+5(7 9><22n. +n)+j€( g x 221 +n)

5. Matrices related with Dual Hyperbolic Generalized Woodall Numbers

In this section, we give matrices related with dual hyperbolic generalized Woodall numbers.

Now, we recall {G,} defined by the third-order recurrence relation as follows
G, =5G,_1 — 8G,_o + 4G, _3 with the initial conditions Gy =0, G1 =1, G = 5.

We present the square matrix A of order 3 as

5 —8 4
A=11 0 0
0 1 0

such that det A = 1. Then, we give the following Lemma.

LEMMA 32. For all integers n the following identity is true.

n

o~ o~

Wio 5 -8 4 Wa
Wosr |=]1 0 0 W
W, 0 1 0 W

Proof. First, we suppose that n > 0. Lemma (32) can be given by mathematical induction on n. If n =0

we get



UNDER PEER REVI EW

which is true. We assume that the identity given holds for n = k. Thus the following identity is true.

k

Wito 5 -8 4 W
Weer | =1 0 0 W
We 0 1 0 W
For n =k + 1, we get
k+1 , ko,
5 -8 4 W, 5 -8 4 5 -8 4 W,
1 0 0 W = 1 0 0 1 0 0 W
0 1 0 Wo 0 1 0 0 1 0 Wo
5 -8 4 Wi
= 1 0 0 Wi
0 1 0 Wi

5Wk+2 - 8Wk+1 + 4Wk

= Wiyo
Wi
Wiys
= Wiy2
Wit1

If we suppose that n < 0 the proof can be done similarly. Consequently, by mathematical induction on n,
the proof is completed. [
Note that
Gny1  —8G, +4G,_ 4G,
A" = G, —8Gn_1+4G,—2 4G,
Gpno1 —8Gp_2+4G,_3 4G,_o

For the proof see [30].

THEOREM 33. If we define the matrices Ny; and Eg; as follow.

WZ /V[71 W(J Wn +2 Wn +1 Wn
NW = W1 /Wo /Wq ) E’W = /WnJrl Wn /anl
WO /W— 1 W\— 2 ﬁ/\n Wn —1 Wn, -2

then the following identity is true:

A"Ng = Egp.
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Proof. We can use the following identities for the proof.

A" N

where

b12

b3

bao
bas
ba1
b2

b33

Goir  —8Gn + 4G, 4G, Wo Wi
Gn  —8Gn 1 +4G, s 4G, W, W
Gpno1 —8Gp_2+4G,_3 4G,_2 ﬁ/\o Wq
bin b2 bis
ba1 ba2  bos
bs1 b2 bss

WaGhi1 + Wi (—8Gy, + 4Gp_1) + WodG,
WiGpi1 + Wo (—8Gy, + 4Gp_1) + W_14G,,,
WoGhni1 + W_1 (—8Gy, + 4Gp_1) + W_24G,,,
WLG,, + W, (—8G, +4G,—1) + WodG,, 1,
WiGy + Wo (—8Gp 4+ 4Gp_1) + W_14Gy_1,
WoGh + W_1 (—8G, + 4G _1) + W_04G,,_1,
WoGn1 + Wi (—8Gy + 4Gy_1) + WodGy_s,
WiGro1 + Wo (—8Gn + 4Gy _1) + W_14G,, o,

/WOGn—l + W—l (_8Gn + 4Gn—1) + /W\—24Gn—27

Using the Theorem (17) the proof is done. O

From Theorem (33), we can write the following corollary.

COROLLARY 34. We have the following identity.

(a): If we define Ng and Eg as follows.

é2 @1 @0 é71,—&-2 én-‘,—l an
Ng = él ao 6'71 ) E(; = én+1 én énfl
éO G\fl 672 én G\nfl én72
then we get
ANz = Eg.
(b): If we define Ng and Eg as follows.
-[/7\[2 ﬁl ﬁO ﬁn+2 ﬁnJrl ﬁn
Nf] = f’jl I/‘jo j’:r,1 5 Eﬁ] = ﬁn+1 ﬁn I/’:’n,
ﬁo ﬁ_l ﬁ_Q An An—l An—



UNDER PEER REVI EW

then we get

A"Ng = Ejg.

(c): If we define Nj and Eg as follows.

R, R Ro Rui2 Ru.i1 R,
Np=| Ri Ry R |, Ez=| Ruy1 Ry, Ry
Ry R.i R, R, Ru1 Ry
then we get
A"Np = Ep.

(d): If we define Ng and Eg as follows.

C, G Gy An+2 an+1 Cn
Ne=| & Cy C., |,Ez=| Cosr Cn Cuy |,
Co C1 Cos Co  Cuot Cuss
then we get
A"Ng = Eg.
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