
On Dual Hyperbolic Generalized Woodall Numbers

Abstract. In this work, we introduce the generalized dual hyperbolic Woodall numbers. As special

cases, we study with dual hyperbolic Woodall, dual hyperbolic modi�ed Woodall, dual hyperbolic Cullen

numbers and dual hyperbolic modi�ed Cullen numbers. Also, we present Binet�s formulas, generating func-

tions, some identities, linear sums and matrices related with these sequences. In addition, we give Catalan�s

and Cassini�s identities.
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1. Introduction

The generalized Woodall sequence fWngn�0 = fWn(W0;W1;W2; 5;�8; 4)gn�0 is de�ned by the third-

order recurrence relations

Wn = 5Wn�1 � 8Wn�2 + 4Wn�3 (1.1)

with the initial values W0;W1;W2 not all being zero. The sequence fWngn�0 can be extended to negative

subscripts by de�ning

W�n = 2W�(n�1) �
5

4
W�(n�2) +

1

4
W�(n�3)

for n = 1; 2; 3; :::: Therefore, recurrence (1.1) holds for all integer n:

Next, we can list some important properties of generalized Woodall numbers that are needed.

Now, we give Binet formula of generalized Woodall numbers.

Theorem 1. [29, Theorem 1.1] Binet formula of generalized Woodall numbers can be given as

Wn = (A1 +A2n)� 2n +A3
1
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where

A1 = �W2 + 4W1 � 3W0;

A2 =
W2 � 3W1 + 2W0

2
;

A3 = W2 � 4W1 + 4W0;

that is,

Wn = ((�W2 + 4W1 � 3W0) +
W2 � 3W1 + 2W0

2
n)� 2n + (W2 � 4W1 + 4W0): (1.2)

Here, �; � and 
 are the roots of the cubic equation

x3 � 5x2 + 8x� 4 = (x� 2)2 (x� 1) = 0;

where � = � = 2; 
 = 1:

Now, we de�ne four speci�c cases of the sequence fWng:

(1) The Woodall numbers fRng; sometimes called Riesel numbers, and also called Cullen numbers of

the second kind, are numbers of the form

Rn = n� 2n � 1:

The �rst few Woodall numbers are:

1; 7; 23; 63; 159; 383; 895; 2047; 4607; 10239; 22527; 49151; 106495; 229375; 491519; 1048575; : : :

(sequence A003261 in the OEIS [24]). Woodall numbers were �rst studied by Allan J. C. Cunning-

ham and H. J. Woodall in [8] in 1917, inspired by James Cullen�s earlier study of the similarly-

de�ned Cullen numbers.

(2) The Cullen numbers fCng are numbers of the form

Cn = n� 2n + 1:

The �rst few Cullen numbers are:

1; 3; 9; 25; 65; 161; 385; 897; 2049; 4609; 10241; 22529; 49153; 106497; 229377; 491521; :::

(sequence A002064 in the OEIS). Woodall and Cullen sequences have been studied by many authors

and more detail can be found in the extensive literature dedicated to these sequences, see for

example, [3,4,8,13,12,15,18,19,20,21,22] and references therein. Note that fRng and fCng hold the

following relations:

Rn = 4Rn�1 � 4Rn�2 � 1;

Cn = 4Cn�1 � 4Cn�2 + 1:
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Note also that the sequences fRng and fCng satisfy the following third order linear recurrences:

Rn = 5Rn�1 � 8Rn�2 + 4Rn�3; R0 = �1; R1 = 1; R2 = 7; (1.3)

Cn = 5Cn�1 � 8Cn�2 + 4Cn�3; C0 = 1; C1 = 3; C2 = 9: (1.4)

(3) The modi�ed Woodall numbers fGng are numbers of the form

Gn = (n� 1) 2n + 1 (using initial conditions in (1.2).

The modi�ed Woodall sequence fGngn�0 is de�ned, respectively, by the third order recurrence

relation:

Gn = 5Gn�1 � 8Gn�2 + 4Gn�3; G0 = 0; G1 = 1; G2 = 5; (1.5)

(4) The modi�ed Cullen numbers fHng are numbers of the form

Hn = 2
n+1 + 1 (using initial conditions in (1.2).

The modi�ed Cullen sequence fHngn�0 is de�ned, respectively, by the third order recurrence

relation:

Hn = 5Hn�1 � 8Hn�2 + 4Hn�3; H0 = 3;H1 = 5;H2 = 9; (1.6)

Then, the sequences fGngn�0; fHngn�0; fRng and fCng can be extended to negative subscripts by

de�ning,

G�n = 2G�(n�1) �
5

4
G�(n�2) +

1

4
G�(n�3);

H�n = 2H�(n�1) �
5

4
H�(n�2) +

1

4
H�(n�3);

R�n = 2R�(n�1) �
5

4
R�(n�2) +

1

4
R�(n�3);

C�n = 2C�(n�1) �
5

4
C�(n�2) +

1

4
C�(n�3);

for n = 1; 2; 3; ::: respectively. Therefore, recurrences (1.3), (1.4), (1.5) and (1.6) hold for all integer n:

Now, we recall the generating function and the Cassini identity for generalized Woodall numbers.

The generating function for generalized Woodall numbers is:

1X
n=0

Wnx
n =

W0 + (W1 � 5W0)x+ (W2 � 5W1 + 8W0)x
2

1� 5x+ 8x2 � 4x3 : (1.7)

The Cassini identity for generalized Woodall numbers is:

Wn+1Wn�1 �W 2
n =

1

4
2n(A+B2n + Cn):

A = 4W 2
1 +W

2
2 � 4W0W1 + 4W0W2 � 5W1W2:

B = �4W 2
0 � 9W 2

1 �W 2
2 + 12W0W1 � 4W0W2 + 6W1W2:

C = 8W 2
0 + 12W

2
1 +W

2
2 � 20W0W1 + 6W0W2 � 7W1W2:
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For further information about generalized Woodall numbers, see [29]. For an application of generalized

Woodall numbers to Gaussian number, see [10].

Now, we should state about hypercomplex number systems. The hypercomplex number systems were

studied by Kantor and Solodovnikov in 1989, [17]. These number systems are extensions of real numbers.

Some of the commutative ones of these number systems; complex numbers, hyperbolic (double, split-complex)

numbers [25] and dual numbers [11] are given below in order.

C = fz = a+ ib : a; b 2 R; i2 = �1g;

H = fh = a+ jb : a; b 2 R; j2 = 1; j 6= �1g;

D = fd = a+ "b : a; b 2 R; "2 = 0; " 6= 0g:

Some non-commutative examples of hypercomplex number systems are quaternions, [14],

HQ = fq = a0 + ia1 + ja2 + ka3 : a0; a1; a2; a3 2 R; i2 = j2 = k2 = ijk = �1g;

octonions [2] and sedenions [26]. The algebras C (complex numbers), HQ (quaternions), O (octonions) and

S (sedenions) are real algebras obtained from the real numbers R by a doubling procedure called the Cayley-

Dickson Process. This doubling process can be extended beyond the sedenions to form what are known as

the 2n-ions (see for example [5], [16], [23]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [14] as an extension to

the complex numbers. Hyperbolic numbers with complex coe¢ cients are introduced by J. Cockle in 1848,

[7]. H. H. Cheng and S. Thompson [6] introduced dual numbers with complex coe¢ cients and called complex

dual numbers. Akar, Yüce and Şahin [1] introduced dual hyperbolic numbers.

A dual hyperbolic number is a hyper-complex number and is de�ned by

q = (a0 + ja1) + "(a2 + ja3) = a0 + ja1 + "a2 + "ja3

where a0; a1; a2 and a3 are real numbers.

The set of all dual hyperbolic numbers are denoted by

HD = fa0 + ja1 + "a2 + "ja3 : a0; a1; a2; a3 2 R; j2 = 1; j 6= �1; "2 = 0; " 6= 0g:

The base elements f1; j; "; "jg of dual hyperbolic numbers satisfy the following properties (commutative

multiplications):

1:" = "; 1:j = j; "2 = ":" = (j")2 = 0; j2 = j:j = 1

":j = j:"; ":("j) = ("j):" = 0; j("j) = ("j)j = "

where " denotes the pure dual unit ("2 = 0; " 6= 0), j denotes the hyperbolic unit (j2 = 1), and "j denotes

the dual hyperbolic unit ((j")2 = 0).
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Let m and n two dual numbers as m = a0+ ja1+ "a2+ j"a3 and n = b0+ jb1+ "b2+ j"b3; The addition

and substraction of two dual numbers as m and n is

m� n = a0 � b0 + j(a1 � b1) + "(a2 � b2) + j"(a3 � b3);

then, the multiplication of two dual numbers as m and n is

mn = a0b0 + a1b1 + j(a0b1 + a1b0) + "(a0b2 + a2b0 + a1b3 + a3b1) + j"(a0b3 + a1b2 + a2b1 + b0a3)

The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. But HD is

not �eld because every dual hyperbolic numbers doesn�t have an inverse. For more information on the dual

hyperbolic numbers, see [1].

Next, we provide details about dual hyperbolic and some information related to dual hyperbolic sequences

from the literature.

� Akar, Yüce and Şahin [1] presented the dual hyperbolic numbers.

� Cheng and Thompson [6] introduced dual numbers with complex coe¢ cients.

� Cockle [7] studied the Hyperbolic numbers with complex coe¢ cients.

� Cihan, Azak, Güngör, Tosun, [9] studied dual hyperbolic Fibonacci and Lucas numbers given by,

DHFn = Fn + jFn+1 + "Fn+2 + j"Fn+3;

DHLn = Ln + jLn+1 + "Ln+2 + j"Ln+3

where Fibonacci and Lucas numbers, respectively, given by Fn = Fn�1 + Fn�2, F0 = 0, F1 = 1,

Ln = Ln�1 + Ln�2, L0 = 2, L1 = 1.

� Soykan, Taşdemir, Okumuş, [31] studied on dual hyperbolic numbers with generalized Jacobsthal

numbers components given by,

bJn = Jn+ jJn+1 + "Jn+2 + 2 + j"Jn+3;bKn = Kn + jKn+1 + "Kn+2 + j"Kn+3

where Jacobsthal and Jacobsthal-Lucas numbers, respectively, given by Jn = Jn�1+2Jn�2; J0 = 0;

J1 = 1; Kn = Kn�1 + 2Kn�2; K0 = 2; K1 = 1:

� Soykan, Gümüş, Göcen [28] presented dual hyperbolic generalized Pell numbers given by

bVn = Vn + jVn+1 + "Vn+2 + j"Vn+3
where generalized Pell numbers are given by Vn = 2Vn�1 + Vn�2, V0 = a, V1 = b (n � 2) with the

initial values V0, V1 not all being zero.

In this paper, we de�ne the dual hyperbolic generalized Woodall numbers in the next section and give

some properties of them.
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2. Dual Hyperbolic Generalized Woodall Numbers

In this section, we de�ne dual hyperbolic generalized Woodall numbers and present generating functions

and Binet�s formulas for them.

We now de�ne dual hyperbolic generalized Woodall numbers over HD. The nth dual hyperbolic gener-

alized Woodall number is

cWn =Wn + jWn+1 + "Wn+2 + j"Wn+3: (2.1)

with the initial values cW0; cW1; cW2. (2.1) can be written to negative subscripts by de�ning,

cW�n =W�n + jW�n+1 + "W�n+2 + j"W�n+3:

so identity (2.1) holds for all integers n.

For four special cases of the nth dual hyperbolic generalized Woodall numbers are given as

bGn = Gn + jGn+1 + "Gn+2 + j"Gn+3;bHn = Hn + jHn+1 + "Hn+2 + j"Hn+3;bRn = Rn + jRn+1 + "Rn+2 + j"Rn+3;bCn = Cn + jCn+1 + "Cn+2 + j"Cn+3:

It is clear that

cWn = 5cWn�1 � 8cWn�2 + 4cWn�3: (2.2)

The sequence fcWngn�0 can be extended to negative subscripts by de�ning

cW�n = �2cW�(n�1) �
5

4
cW�(n�2) +

1

4
cW�(n�3):

for n = 1; 2; 3; ::: respectively. Therefore, recurrence (2.2) holds for all integer n:

The initial several dual hyperbolic generalized Woodall numbers with positive subscript and negative

n cWn
cW�n

0 cW0
cW0

1 cW1
1
4 (8
cW0 � 5cW1 +cW2)

2 cW2
1
4 (11

cW0 � 9cW1 + 2cW2)

3 4cW0 � 8cW1 + 5cW2
1
16 (52

cW0 � 47cW1 + 11cW2)

4 20cW0 � 36cW1 + 17cW2
1
16 (57

cW0 � 54cW1 + 13cW2)

5 68cW0 � 116cW1 + 49cW2
1
64 (240

cW0 � 233cW1 + 57cW2)

subscript are given in the following Table 1.

Table 1. A few dual hyperbolic generalized Woodall numbers.
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Note that

cW0 = W0 + jW1 + "W2 + j"W3 =W0 + jW1 + "W2 + j"(4W0 � 8W1 + 5W2);cW1 = W1 + jW2 + "W3 + j"W4 =W1 + jW2 + "(4W0 � 8W1 + 5W2)

+j"(20W0 � 36W1 + 17W2);cW2 = W2 + jW3 + "W4 + j"W5 =W2 + j(4W0 � 8W1 + 5W2)

+"(20W0 � 36W1 + 17W2) + j"(68W0 � 116W1 + 49W2):

For four special cases of dual hyperbolic generalized Woodall numbers, we obtain the following initial con-

ditions.

bG0 = G0 + jG1 + "G2 + j"G3 = j + 5"+ 17j";bG1 = G1 + jG2 + "G3 + j"G4 = 1 + 5j + 17"+ 49j";bG2 = G2 + jG3 + "G4 + j"G5 = 5 + 17j + 49"+ 129j":

bH0 = H0 + jH1 + "H2 + j"H3 = 3 + 5j + 9"+ 17j";bH1 = H1 + jH2 + "H3 + j"H4 = 5 + 9j + 17"+ 33j";bH2 = H2 + jH3 + "H4 + j"H5 = 9 + 17j + 33"+ 65j":

bR0 = R0 + jR1 + "R2 + j"R3 = �1 + j + 7"+ 23j";bR1 = R1 + jR2 + "R3 + j"R4 = 1 + 7j + 23"+ 63j";bR2 = R2 + jR3 + "R4 + j"R5 = 7 + 23j + 63"+ 159j":

bC0 = C0 + jC1 + "C2 + j"C3 = 1 + 3j + 9"+ 25j";bC1 = C1 + jC2 + "C3 + j"C4 = 3 + 9j + 25"+ 65j";bC2 = C2 + jC3 + "C4 + j"C5 = 9 + 25j + 65"+ 161j":

A few bGn, bHn, bRn and bCn with positive subscript and negative subscript are given in the following Table
2,Table 3, Table 4 and Table 5.

Table 2. Dual hyperbolic modi�ed Woodall numbers
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n bGn bG�n
0 j + 5"+ 17j" j + 5"+ 17j"

1 1 + 5j + 17"+ 49j" "+ 5j"

2 5 + 17j + 49"+ 129j" 1
4 + j"

3 17 + 49j + 129"+ 321j" 1
2 +

1
4j

4 49 + 129j + 321"+ 769j" 11
16 +

1
2j +

1
4"

5 129 + 321j + 769"+ 1793j" 13
16 +

11
16j +

1
2"+

1
4

n bHn bH�n
0 3 + 5j + 9"+ 17j" 3 + 5j + 9"+ 17j"

1 5 + 9j + 17"+ 33j" 2 + 3j + 5"+ 9j"

2 9 + 17j + 33"+ 65j" 3
2 + 2"+ 3j + 5j"

3 17 + 33j + 65"+ 129j" 5
4 +

3
2j + 2"+ 3j"

4 33 + 65j + 129"+ 257j" 9
8 +

5
4"+

3
2j + 2j"

5 65 + 129j + 257"+ 513j" 17
16 +

9
8j +

5
4"+

3
2

n bRn bR�n
0 �1 + j + 7"+ 23j" �1 + j + 7"+ 23j"

1 1 + 7j + 23"+ 63j" � 3
2 � j + "+ 7j"

2 7 + 23j + 63"+ 159j" � 3
2 �

3
2j � "+ j"

3 23 + 63j + 159"+ 383j" � 11
8 �

3
2j �

3
2"� j"

4 63 + 159j + 383"+ 895j" � 5
4 �

11
8 j �

3
2"�

3
2j"

5 159 + 383j + 895"+ 2047j" � 37
32 �

5
4j �

11
8 "�

3
2

n bCn bC�n
0 1 + 3j + 9"+ 25j" 1 + 3j + 9"+ 25j"

1 3 + 9j + 25"+ 65j" 1
2

1
2 +

1
2"+ j + 3j"

3 25 + 65j + 161"+ 385j" 5
8 +

1
2j +

1
2"+ j"

4 65 + 161j + 385"+ 897j" 3
4 +

5
8"+

1
2j +

1
2j"

5 161 + 385j + 897"+ 2049j" 27
32 +

3
4j +

5
8"+

1
2j"

Now, we will state Binet�s formula for the dual hyperbolic generalized Woodall numbers and in the rest

of the paper, we �x the following notations:

b� = 1 + 2j + 4"+ 8j";

b� = 2j + 8"+ 24j";

b
 = 1 + j + "+ j":

j"

Table 3. Dual hyperbolic modi�ed Cullen numbers

j"

Table 4. Dual hyperbolic Woodall numbers

+ j + 3"+ 9j"

2 9 + 25j + 65"+ 161j"

j"

. Dual hyperbolic Cullen numbers

UNDER PEER REVIEW

SDI-1105
Typewritten text
Table 5.

SDI-1105
Typewritten text
                  



Note that we have the following identities:

b�2 = 5 + 4j + 40"++32j";

b�2 = 4 + 96"+ 32j";

b
2 = 2 + 2j + 4"+ 4j";

b�b� = (1 + 2j + 4"+ 8j")(2j + 8"+ 24j");

b�b
 = 3 + 3j + 15"+ 15j";

b�b
 = 2 + 2j + 34"+ 34j";

b�b�b
 = 6 + 6j + 126"+ 126j":

Now, we present Binet�s formula in the following.

2.1. Binet�s Formula of Dual Hyperbolic Generalized Woodall Number.

Theorem 2. (Binet�s Formula) For any integer n; the nth dual hyperbolic generalized Woodall number

is

cWn = (A1b�+A2b� +A2nb�)2n +A3b
: (2.3)

Proof. Using Binet�s formula

Wn = (A1 +A2n)2
n +A3

of the generalized Woodall numbers, we obtain

cWn = Wn + jWn+1 + "Wn+2 + j"Wn+3

= (A1 +A2n)2
n +A3 + j((A1 +A2(n+ 1))2

n+1 +A3) + "((A1 +A2(n+ 2))2
n+2 +A3)

+j"((A1 +A2(n+ 3))2
n+3 +A3)

= A12
n +A2n2

n +A3

+jA12
n+1 + jA2n2

n+1 + jA22
n+1 + jA3

+"A12
n+2 + "A2n2

n+2 + 2"A22
n+2 + "A3

+j"A12
n+3 + j"A2n2

n+3 + 3j"A22
n+3 + j"A3

= A12
n(1 + 2j + 4"+ 8j") +A2n2

n(1 + 2j + 4"+ 8j") +A22
n(2j + 8"+ 24j") +A3(1 + j + "+ j")

= A12
nb�+A2n2nb�+A22nb� +A3b


= (A1b�+A2b� +A2nb�)2n +A3b
:
This proves (2.3). �
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As special cases, for any integer n; the Binet�s Formula of nth dual hyperbolic modi�ed Woodall num-

ber, dual hyperbolic modi�ed Cullen number, dual hyperbolic Woodall number and dual hyperbolic Cullen

number are

� bGn = (�b�+ b� + nb�)2n + b
;bGn = 1 + (n� 1)2n + j(1 + n2n+1) + "(1 + 2n+2 + n2n+2) + j"(1 + 2n+4 + n2n+3):
� bHn = (2b�)2n + b
;bHn = 1 + 2n+1 + j(1 + 2n+2) + "(1 + 2n+3) + j"(1 + 2n+4):
� bRn = (b� + nb�)2n � b
;bRn = �1+ n2n+ j(�1+ 2n+1+ n2n+1) + "(�1+ 2n+3+ n2n+2) + j"(�1+ 3� 2n+3+ n2n+3):
� bCn = (b� + nb�)2n + b
;bCn = 1 + n2n + j(1 + 2n+1 + n2n+1) + "(1 + 2n+3 + n2n+2) + j"(1 + 3� 2n+3 + n2n+3):

Next, we present generating function for dual hyperbolic generalized Woodall numbers.

2.2. Generating Functions of Dual Hyperbolic Generalized Woodall Numbers.

Theorem 3. The generating function for the dual hyperbolic generalized Woodall numbers is
1X
n=0

cWnx
n =

cW0 + (cW1 � 5cW0)x+ (cW2 � 5cW1 + 8cW0)x
2

1� 5x+ 8x2 � 4x3 : (2.4)

Proof. Let

g(x) =
1X
n=0

cWnx
n

be generating function of the dual hyperbolic generalized Woodall numbers. Then, using the de�nition of

the dual hyperbolic generalized Woodall numbers, and substracting xg(x); x2g(x) and x3g(x) from g(x); we

obtain (note the shift in the index n in the third line)

(1� 5x+ 8x2 � 4x3)g(x) =
1X
n=0

cWnx
n � 5x

1X
n=0

cWnx
n + 8x2

1X
n=0

cWnx
n � 4x3

1X
n=0

cWnx
n

=
1X
n=0

cWnx
n � 5

1X
n=0

cWnx
n+1 + 8

1X
n=0

cWnx
n+2 � 4

1X
n=0

cWnx
n+3

=
1X
n=0

cWnx
n � 5

1X
n=1

cWn�1x
n + 8

1X
n=2

cWn�2x
n � 4

1X
n=3

cWn�3x
n

= (cW0 +cW1x+cW2x
2)� 5(cW0x+cW1x

2) + 8cW0x
2

+
1X
n=3

(cWn � 5cWn�1 + 8cWn�2 � 4cWn�3)x
n

= cW0 + (cW1 � 5cW0)x+ (cW2 � 5cW1 + 8cW0)x
2:

Note that we used the recurrence relation cWn = 5cWn�1 � 8cWn�2 + 4cWn�3. Rearranging above equation,

we get

g(x) =
cW0 + (cW1 � 5cW0)x+ (cW2 � 5cW1 + 8cW0)x

2

1� 5x+ 8x2 � 4x3 :
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The proof is �nished: �
As special cases, the generating functions for the dual hyperbolic modi�ed Woodall, dual hyperbolic

modi�ed Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers are

1X
n=0

bGnxn =
j + 5"+ 17j"+ (1� 36j"� 8")x+ (4"+ 20j")x2

1� 5x+ 8x2 � 4x3 ;

1X
n=0

bHnxn =
5j + 9"+ 17j"+ 3 + (�16j � 28"� 52j"� 10)x+ (12j + 20"+ 36j"+ 8)x2

1� 5x+ 8x2 � 4x3 ;

1X
n=0

bRnxn =
�1 + j + 7"+ 23j"+ (2j � 12"� 52j"+ 6)x+ (4"� 4j + 28j"� 6)x2

1� 5x+ 8x2 � 4x3

and
1X
n=0

bCnxn = 3j + 9"+ 25j"+ 1 + (�6j � 20"� 60j"� 2)x+ (4j + 12"+ 36j"+ 2)x2
1� 5x+ 8x2 � 4x3

respectively.

Now, we give obtaining Binet�s formula from generating function.

2.3. Obtaining Binet�s Formula From Generating Function. We obtain Binet�s formula of dual

hyperbolic generalized Woodall number fcWng by the use of generating function for cWn:

Theorem 4. (Binet�s formula of dual hyperbolic generalized Woodall numbers)

cWn = (A1b�+A2b� +A2nb�)2n +A3b
: (2.5)

Proof. Let
1X
n=0

cWnx
n =

cW0 + (cW1 � 5cW0)x+ (cW2 � 5cW1 + 8cW0)x
2

1� 5x+ 8x2 � 4x3 :

Then we write

cW0 + (cW1 � 5cW0)x+ (cW2 � 5cW1 + 8cW0)x
2

(1� x) (1� 2x)2
=

d1
(1� x) +

d2
(1� 2x) +

d3

(1� 2x)2
: (2.6)

So

cW0 + (cW1 � 5cW0)x+ (cW2 � 5cW1 + 8cW0)x
2 = (d1 + d2 + d3) + (�4d1 � 3d2 � d3)x+ (4d1 + 2d2)x2:

We get

cW0 = d1 + d2 + d3;cW1 � 5cW0 = �4d1 � 3d2 � d3;cW2 � 5cW1 + 8cW0 = 4d1 + 2d2:
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If we solve these simultanious equation,

d1 = 4cW0 � 4cW1 +cW2;

d2 = �4cW0 +
11

2
cW1 �

3

2
cW2;

d3 = cW0 �
3

2
cW1 +

1

2
cW2:

Thus (2.6) can be written as

1X
n=0

cWnx
n = d1

1

(1� x) + d2
1

(1� 2x) + d3
1

(2x� 1)2
;

= d1

1X
n=0

xn + d2

1X
n=0

2nxn + d3

1X
n=0

2n(n+ 1)xn;

=
1X
n=0

(d1 + d22
n + d32

n(n+ 1))xn;

=
1X
n=0

(4cW0 � 4cW1 +cW2 + (�4cW0 +
11

2
cW1 �

3

2
cW2)2

n + (cW0 �
3

2
cW1 +

1

2
cW2)2

n(n+ 1))xn;

=
1X
n=0

(4cW0 � 4cW1 +cW2 + (�4cW0 +
11

2
cW1 �

3

2
cW2)2

n + (cW0 �
3

2
cW1 +

1

2
cW2)2

n

+(cW0 �
3

2
cW1 +

1

2
cW2)2

nn)xn;

=
1X
n=0

(4cW0 � 4cW1 +cW2 + (cW0 �
3

2
cW1 +

1

2
cW2)n2

n + (�3cW0 + 4cW1 �cW2)2
n)xn;

=
1X
n=0

((�3cW0 + 4cW1 �cW2) + (cW0 �
3

2
cW1 +

1

2
cW2)n)2

n + 4cW0 � 4cW1 +cW2)x
n:

This gives cWn = (cA1 + cA2n)2n + cA3
where

cA1 = �3cW0 + 4cW1 �cW2;cA2 = cW0 �
3

2
cW1 +

1

2
cW2;cA3 = 4cW0 � 4cW1 +cW2:

Note that the following equalities are true:

A1b�+A2b� = (�W2 + 4W1 � 3W0)(1 + 2j + 4"+ 8j") + (
W2 � 3W1 + 2W0

2
)(2j + 8"+ 24j")

= �3W0 + 4W1 �W2 + j(�4W0 + 5W1 �W2) + "(�4W0 + 4W1) + j"(�4W1 + 4W2):

A2b� =
W2 � 3W1 + 2W0

2
(1 + 2j + 4"+ 8j")

= W0 �
3

2
W1 +

1

2
W2 + j(2W0 � 3W1 +W2) + "(4W0 � 6W1 + 2W2) + j"(8W0 � 12W1 + 4W2):
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A3b
 =W2 � 4W1 + 4W0 + j(W2 � 4W1 + 4W0) + "(W2 � 4W1 + 4W0) + j"(W2 � 4W1 + 4W0):

Therefore, we can write the following equalition:

cWn = (A1b�+A2b� +A2nb�)2n +A3b
:
The proof is �nished. �

Next, using Theorem 4, we present the Binet�s formulas of dual hyperbolic modi�ed Woodall, dual

hyperbolic modi�ed Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers.

3. Some Identities For Dual Hyperbolic Generalized Woodall Numbers

We now present a few special identities for the dual hyperbolic generalized Woodall sequence fcWng.

The following theorem presents the Simpson�s identity for the dual hyperbolic generalized Woodall numbers.

Theorem 5. (Simpson�s formula for dual hyperbolic generalized Woodall sequence)For all integers n

we have���������
cWn+2

cWn+1
cWncWn+1

cWn
cWn�1cWn

cWn�1 cWn�2

��������� = 4
n

���������
cW2

cW1
cW0cW1

cW0
cW�1cW0

cW�1 cW�2

��������� :
Proof. For the proof we use mathematical induction. We suppose that n � 0. For n = 0 identity is true.

Now we obtain is true for n = k. Hence we write the following identity���������
cWk+2

cWk+1
cWkcWk+1

cWk
cWk�1cWk

cWk�1 cWk�2

��������� = 4
k

���������
cW2

cW1
cW0cW1

cW0
cW�1cW0

cW�1 cW�2

��������� :
For n = k + 1, we get���������

cWk+3
cWk+2

cWk+1cWk+2
cWk+1

cWkcWk+1
cWk

cWk�1

��������� =

���������
5cWk+2 � 8cWk+1 + 4cWk

cWk+2
cWk+1

5cWk+1 � 8cWk + 4cWk�1 cWk+1
cWk

5cWk � 8cWk�1 + 4cWk�2 cWk
cWk�1

���������
= 5

���������
cWk+2

cWk+2
cWk+1cWk+1

cWk+1
cWkcWk

cWk
cWk�1

���������� 8
���������
cWk+1

cWk+2
cWk+1cWk

cWk+1
cWkcWk�1 cWk
cWk�1

���������
+4

���������
cWk

cWk+2
cWk+1cWk�1 cWk+1
cWkcWk�2 cWk
cWk�1

���������
= 4

���������
cWk+2

cWk+1
cWkcWk+1

cWk
cWk�1cWk

cWk�1 cWk�2

��������� = 4
k+1

���������
cW2

cW1
cW0cW1

cW0
cW�1cW0

cW�1 cW�2

��������� :
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Thus, the proof is �nished. n < 0 can be proved similarly. �
From prewious theorem, we get following corollary.

Corollary 6. (Simpson�s formula for dual hyperbolic generalized Woodall sequence�s special cases)

(a):

���������
bGk+2 bGk+1 bGkbGk+1 bGk bGk�1bGk bGk�1 bGk�2

��������� = �4
n�1(9 + 9j + 9"+ 153j"):

(b):

���������
bHk+2 bHk+1 bHkbHk+1 bHk bHk�1bHk bHk�1 bHk�2

��������� = 0:

(c):

���������
bRk+2 bRk+1 bRkbRk+1 bRk bRk�1bRk bRk�1 bRk�2

��������� = 4
n�1(9 + 9j + 9"+ 153j"):

(d):

���������
bCk+2 bCk+1 bCkbCk+1 bCk bCk�1bCk bCk�1 bCk�2

��������� = �4
n�1(9 + 9j + 9"+ 153j"):

Theorem 7. (Catalan�s identity) For all integers n and m; the following identity holds:cWn+m
cWn�m�cW 2

n = 2
n�m(�2m+nm2b�2A22+A2A3(�2m+1b�b
+b�b
+22mb�b
�mb�b
+nb�b
�2m+1nb�b
+

22mmb�b
 + 22mnb�b
) +A1A3(b�b
 � 2m+1b�b
 + 22mb�b
)):
Proof. Using the Binet�s formula cWn = (A1b�+A2b� +A2nb�)2n +A3b
; we get the required identity. �
As special cases of the above theorem, we give Catalan�s identity of dual hyperbolic modi�ed Woodall,

dual hyperbolic modi�ed Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers. Firstly, we

present Catalan�s identity of dual hyperbolic Woodall numbers.

Corollary 8. (Catalan�s identity for the dual hyperbolic modi�ed Woodall numbers) For all integers n

and m; the following identity holds:

bGn+m bGn�m � bG2n = �2n�m(b�b
 � b�b
 + 22mb�b
 � 22mb�b
 � 2m+1b�b
 + 2m+1b�b
 +mb�b
 � nb�b

+2m+nm2b�2 � 22mmb�b
 � 22mnb�b
 + 2m+1nb�b
):

Proof. Take Wn = Gn in Theorem 7. �
Secondly, we give Catalan�s identity of dual hyperbolic modi�ed Cullen numbers.

Corollary 9. (Catalan�s identity for the dual hyperbolic modi�ed Cullen numbers) For all integers n

and m; the following identity holds:

bHn+m bHn�m � bH2
n = 2

n�m(2b�b
 + 2� 22mb�b
 � 2� 2m+1b�b
):
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Proof. Take Wn = Hn in Theorem 7. �
Thirdly, we give Catalan�s identity of dual hyperbolic Woodall numbers.

Corollary 10. (Catalan�s identity for the dual hyperbolic Woodall numbers) For all integers n and m;

the following identity holds:

bRn+m bRn�m� bR2n = �2n�m(b�b
+22mb�b
�2m+1b�b
�mb�b
+nb�b
+2m+nm2b�2+22mmb�b
+22mnb�b
�2m+1nb�b
):
Proof. Take Wn = Rn in Theorem 7. �
Fourthly, we give Catalan�s identity of dual hyperbolic Cullen numbers.

Corollary 11. (Catalan�s identity for the dual hyperbolic Cullen numbers) For all integers n and m;

the following identity holds:

bCn+m bCn�m� bC2n = 2n�m(b�b
+22mb�b
�2m+1b�b
�mb�b
+nb�b
�2m+nm2b�2+22mmb�b
+22mnb�b
�2m+1nb�b
):
Proof. Take Wn = Cn in Theorem 7. �
Note that form = 1 in Catalan�s identity, we get the Cassini�s identity for the dual hyperbolic generalized

Woodall sequence.

Corollary 12. (Cassini�s identity) For all integers n; the following identity holds:

cWn+1
cWn�1 �cW 2

n = 2
n�1(A2A3(3b�b
 + b�b
 + nb�b
)� 2n+1A22b�2 +A1A3b�b
):

As special cases of Cassini�s identity, we give Cassini�s identity of dual hyperbolic modi�ed Woodall,

dual hyperbolic modi�ed Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers. Firstly, we

present Cassini�s identity of dual hyperbolic modi�ed Woodall numbers.

Corollary 13. (Cassini�s identity of dual hyperbolic modi�ed Woodall numbers) For all integers n; the

following identity holds:

bGn+1 bGn�1 � bG2n = 2n�1(2b�b
 + b�b
 � 2n+1b�2 + nb�b
):
Secondly, we give Cassini�s identity of dual hyperbolic modi�ed Cullen numbers.

Corollary 14. (Cassini�s identity of dual hyperbolic modi�ed Cullen numbers) For all integers n; the

following identity holds: bHn+1 bHn�1 � bH2
n = 2

nb�b
:
Fourthly, we give Cassini�s identity of dual hyperbolic Woodall numbers.

Corollary 15. (Cassini�s identity of dual hyperbolic Woodall numbers) For all integers n; the following

identity holds: bRn+1 bRn�1 � bR2n = �2n�1(3b�b
 + b�b
 + 2n+1b�2 + nb�b
):
Thirdly, we give Cassini�s identity of dual hyperbolic Cullen numbers.
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Corollary 16. (Cassini�s identity of dual hyperbolic Cullen numbers) For all integers n; the following

identity holds: bCn+1 bCn�1 � bC2n = 2n�1(3b�b
 + b�b
 � 2n+1b�2 + nb�b
):
Theorem 17. For all integers m; n; Gn is woodall numbers, the following identity is true:

cWn+m = cWnGm+1 +cWn�1(�8Gm + 4Gm�1) + 4cWn�2Gm:

Proof. The identity (17) can be proved by mathematical induction on m: Firstly, we assume that m � 0

and n � 0: If m = 0 we get

cWn = cWnG1 +cWn�1(�8G0 + 4G�1) + 4cWn�2G0

which is true by seeing that G�1 = 0; G�2 =
1
4 ; G�3 =

1
2 . We assume that the identity given holds for

m = k: For m = k + 1; we get

cW(k+1)+n = 5cWn+k � 8cWn+k�1 + 4cWn+k�2

= 5(cWnGk+1 +cWn�1(�8Gk + 4Gk�1) + 4cWn�2Gk)

�8(cWnGk +cWn�1(�8Gk�1 + 4Gk�2) + 4cWn�2Gk�1)

+4(cWnGk�1 +cWn�1(�8Gk�2 + 4Gk�3) + 4cWn�2Gk�2)

= cWn(5Gk+1 � 8Gk + 4Gk�1) +cWn�1(�8(5Gk � 8Gk�1 + 4Gk�2)

+4(5Gk�1 � 8Gk�2 + 4Gk�3)) + 4cWn�2(5Gk � 8Gk�1 + 4Gk�2)

= cWnGk+2 +cWn�1(�8Gk+1 + 4Gk) + 4cWn�2Gk+1

= cWnG(k+1)+1 +cWn�1(�8G(k+1) + 4G(k+1)�1) + 4cWn�2G(k+1):

Consequently, by mathematical induction on m; this proves (17). Similarly, we can show for the other cases.

�

4. Linear Sums For Dual Hyperbolic Generalized Woodall Numbers

In this section, we give the summation formulas of the dual hyperbolic generalized Woodall numbers

with positive and negatif subscripts. Now, we present the summation formulas of the generalized Woodall

numbers.

Proposition 18. For the generalized Woodall numbers, we have the following formulas:

�
Pn

k=0Wk =
1
2W2(2n�2n+1(n�1)+2n+2(n�2)+6)� 1

2W1(8n�2n+1(3n�5)+2n+2(3n�8)+22)+

W0(4n� 2n+1(n� 2) + 2n+2(n� 3) + 9):

�
Pn

k=0Wk+1 =
1
2W2(2n+2

n+3(n�1)�2n+2n+8)� 1
2W1(8n�2n+2(3n�2)+2n+3(3n�5)+30)+

W0(4n� 2n+2(n� 1) + 2n+3(n� 2) + 12):
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�
Pn

k=0Wk+2 =
1
2W2(2n � 2n+3(n + 1) + 2n+4n + 10) + W0(4n + 2

n+4(n � 1) � 2n+3n + 16) �
1
2W1(8n� 2n+3(3n+ 1) + 2n+4(3n� 2) + 40):

�
Pn

k=0Wk+3 =W0(4n� 2n+4(n+1)+2n+5n+20)� 1
2W1(8n+2

n+5(3n+1)� 2n+4(3n+4)+48)+
1
2W2(2n� 2n+4(n+ 2) + 2n+5(n+ 1) + 10):

Proof. For the proof, see Soykan [27]. �

Proposition 19. For the generalized Woodall numbers, we have the following formulas:

�
Pn

k=0W2k =
1
9W0(36n�22n+2(2n�1)+22n+4(2n�3)+53)� 1

18W1(72n�22n+2(6n�2)+22n+4(6n�

8) + 120) + 1
18W2(18n+ 2

2n+4(2n� 2)� 2� 22n+2n+ 32):

�
Pn

k=0W2k+1 =
1
18W2(18n � 22n+3(2n + 1) + 22n+5(2n � 1) + 40) � 1

18W1(72n � 22n+3(6n + 1) +

22n+5(6n� 5) + 150) + 1
9W0(36n+ 2

2n+5(2n� 2)� 2� 22n+3n+ 64):

�
Pn

k=0W2k+2 =
1
9W0(36n � 22n+4(2n + 1) + 22n+6(2n � 1) + 80) � 1

18W1(72n � 22n+4(6n + 4) +

22n+6(6n� 2) + 192) + 1
18W2(18n� 22n+4(2n+ 2) + 2� 22n+6n+ 50):

�
Pn

k=0W2k+3 =
1
18W2

�
(18n� 22n+5(2n+ 3) + 22n+7(2n+ 1) + 58

�
� 1

18W1(72n+ 2
2n+7(6n+ 1)�

22n+5(6n+ 7) + 240) + 1
9W0(36n� 22n+5(2n+ 2) + 2� 22n+7n+ 100):

�
Pn

k=0W2k+4 =
1
18W2(18n � 22n+6(2n + 4) + 22n+8(2n + 2) + 50) + 1

9W0(36n � 22n+6(2n + 3) +

22n+8(2n+ 1) + 116)� 1
18W1(72n+ 2

2n+8(6n+ 4)� 22n+6(6n+ 10) + 264):

Proof. For the proof, see Soykan [27]. �

Proposition 20. For the generalized Woodall numbers, we have the following formulas:

�
Pn

k=0W�k = 4W0(n+
1

2n+1 (n+4)�
1

2n+2 (n+3)�1)+2W1(
1

2n+2 (3n+8)�2n�
1

2n+1 (3n+11)+
7
2 )+

2W2(
1
2n+

1
2n+1 (n+ 3)�

1
2n+2 (n+ 2)� 1):

�
Pn

k=0W�k+1 = 2W2(
1
2n+

1
2n (n+2)�

1
2n+1 (n+1)�

3
2 ) + 4W0(n+

1
2n (n+3)�

1
2n+1 (n+2)� 2) +

2W1(
1

2n+1 (3n+ 5)� 2n�
1
2n (3n+ 8) + 6):

�
Pn

k=0W�k+2 = 2W2(
1
2n + 2

1�n(n + 1) � 1
2nn �

3
2 ) + 4W0(n � 1

2n (n + 1) + 2
1�n(n + 2) � 3) �

2W1(2n+ 2
1�n(3n+ 5)� 1

2n (3n+ 2)� 8):

�
Pn

k=0W�k+3 = 2W2(
1
2n+2

2�nn�21�n(n�1)+ 1
2 )+2W1(2

1�n(3n�1)�2n�22�n(3n+2)+6)+

4W0(n� 21�nn+ 22�n(n+ 1)� 3):

Proof. For the proof, see Soykan [27]. �

Proposition 21. For the generalized Woodall numbers, we have the following formulas:

�
Pn

k=0W�2k =
8
9W1(

1
22n+4 (6n+8)�

9
2n�

1
22n+2 (6n+14)+3)+

16
9 W0(

9
4n+

1
22n+2 (2n+5)�

1
22n+4 (2n+

3)� 1
2 ) +

8
9W2(

9
8n+

1
22n+2 (2n+ 4)�

1
22n+4 (2n+ 2)�

7
8 ):

�
Pn

k=0W�2k+1 =
8
9W1(

1
22n+3 (6n + 5) �

9
2n �

1
22n+1 (6n + 11) + 6) +

16
9 W0(

9
4n +

1
22n+1 (2n + 4) �

1
22n+3 (2n+ 2)�

7
4 ) +

8
9W2(

9
8n+

1
22n+1 (2n+ 3)�

1
22n+3 (2n+ 1)�

11
8 ):
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�
Pn

k=0W�2k+2 =
8
9W2(

9
8n�

2
22n+2n+

1
22n (2n+2)�

7
8 )�

16
9 W0(

1
22n+2 (2n+1)�

9
4n�

1
22n (2n+3)+

11
4 )+

8
9

W1(
1

22n+2 (6n+ 2)�
9
2n�

1
22n (6n+ 8) +

15
2 ):

�
Pn

k=0W�2k+3 =
8
9W1(

1
22n+1 (6n�1)�

9
2n�2

1�2n(6n+5)+ 3
2 )+

8
9W2(

9
8n�

1
22n+1 (2n�1)+2

1�2n(2n+

1) + 25
8 ) +

16
9 W0(

9
4n+ 2

1�2n(2n+ 2)� 2
22n+1n�

7
4 ):

�
Pn

k=0W�2k+4 =
8
9W2(

9
8n+2�2

2�2nn� 1
22n (2n�2)+

137
8 )+

16
9 W0(

9
4n+2

2�2n(2n+1)� 1
22n (2n�

1) + 25
4 )�

8
9W1(

9
2n+ 2

2�2n(6n+ 2)� 1
22n (6n� 4) +

57
2 ):

Proof. For the proof, see Soykan [27]. �
Next, we give the formulas which give the summation of the dual hyperbolic generalized Woodall numbers

in the following theorem.

Theorem 22. For n � 0; dual hyperbolic generalized Woodall numbers have the following formulas:

(a):
Pn

k=0
cWk = (3+n�3�2n+2nn+4j+jn�2n+2j+2n+1jn+5"+n"�2n+2"+2n+2n"+5j"+jn

"+ 2n+3jn")W2 + (�11� 4n+ 11� 2n � 3� 2nn� 15j � 4jn+ 2n+4j � 3� 2n+1jn� 20"� 4n"+

5� 2n+2"� 3� 2n+2n"� 24j"� 4jn"+2n+4j"� 3� 2n+3jn")W1+(9+4n� 2n+3+2n+1n+12j+

4jn� 3� 2n+2j + 2n+2jn+ 16"+ 4n"� 2n+4"+ 2n+3n"+ 20j"+ 4jn"� 2n+4j"+ 2n+4jn")W0:

(b):
Pn

k=0
cW2k = ( 169 + n �

1
92
2n+4 + 1

32
2n+2n + 20

9 j + jn �
5
92
2n+2j + 1

32
2n+3jn + 25

9 " + n" �
1
92
2n+4" + 1

32
2n+4n" + 29

9 j" +
1
92
2n+4j" + jn" + 32

3 2
2njn")W2 + (� 20

3 � 4n +
5
32
2n+2 � 22n+2n �

25
3 j+

7
32
2n+2j� 4jn� 22n+3jn� 32

3 "+
1
32
2n+5"� 4n"� 22n+4n"� 40

3 j"+
1
32
2n+4j"� 4jn"� 22n+5

jn")W1+(
53
9 �

11
9 2

2n+2+4n+ 1
32
2n+3n+ 64

9 j�
1
92
2n+6j+4jn+ 1

32
2n+4jn+ 80

9 "�
5
92
2n+4"+4n"+ 1

3

22n+5n"+ 100
9 j"�

1
92
2n+6j"+ 4jn"+ 1

32
2n+6jn")W0:

(c):
Pn

k=0
cW2k+1 = ( 209 �

5
92
2n+2 + n + 1

32
2n+3n + 25

9 j �
1
92
2n+4j + jn + 1

32
2n+4jn + 29

9 " + n" +

1
92
2n+4"+ 1

32
2n+5n"+ 25

9 j"+
1
92
2n+7j"+ jn"+ 1

32
2n+6jn")W2 + (� 25

3 +
7
32
2n+2 � 4n� 22n+3n+

1
32
2n+5j � 32

3 j � 4jn � 2
2n+4jn � 40

3 " +
1
32
2n+4" � 4n" � 22n+5n" � 4jn" � 44

3 j" �
1
32
2n+6j" �

22n+6jn")W1+(
64
9 �

1
92
2n+6+4n+ 1

32
2n+4n+ 80

9 j�
5
92
2n+4j+4jn+ 1

32
2n+5jn+ 100

9 "�
1
92
2n+6"+

4n"+ 1
32
2n+6n"+ 116

9 j"+
1
92
2n+6j"+ 4jn"+ 1

32
2n+7jn")W0:

Proof. Proof can be obtained by using Proposition 21.

(a): We can derive the following using the formulas in Proposition 18.

nX
k=0

cWk =
nX
k=0

Wk + j
nX
k=0

Wk+1 + "
nX
k=0

Wk+2 + j"
nX
k=0

Wk+3:
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nX
k=0

cWk =
1

2
W2(2n� 2n+1(n� 1) + 2n+2(n� 2) + 6)�

1

2
W1(8n� 2n+1(3n� 5) + 2n+2(3n� 8) + 22)

+W0(4n� 2n+1(n� 2) + 2n+2(n� 3) + 9)

+j(
1

2
W2(2n+ 2

n+3(n� 1)� 2n+2n+ 8)� 1
2
W1(8n� 2n+2(3n� 2) + 2n+3(3n� 5) + 30)

+W0(4n� 2n+2(n� 1) + 2n+3(n� 2) + 12))

+"(
1

2
W2(2n� 2n+3(n+ 1) + 2n+4n+ 10) +W0(4n+ 2

n+4(n� 1)� 2n+3n+ 16)

�1
2
W1(8n� 2n+3(3n+ 1) + 2n+4(3n� 2) + 40))

+j"(W0(4n� 2n+4(n+ 1) + 2n+5n+ 20)�
1

2
W1(8n+ 2

n+5(3n+ 1)� 2n+4(3n+ 4) + 48)

+
1

2
W2(2n� 2n+4(n+ 2) + 2n+5(n+ 1) + 10)):

nX
k=0

cWk = (3 + n� 3� 2n + 2nn+ 4j + jn� 2n+2j + 2n+1jn+ 5"+ n"� 2n+2"+ 2n+2n"+ 5j"+ jn"

+2n+3jn")W2

+(�11� 4n+ 11� 2n � 3� 2nn� 15j � 4jn+ 2n+4j � 3� 2n+1jn� 20"� 4n"+ 5� 2n+2"

�3� 2n+2n"� 24j"� 4jn"+ 2n+4j"� 3� 2n+3jn")W1

+(9 + 4n� 2n+3 + 2n+1n+ 12j + 4jn� 3� 2n+2j + 2n+2jn+ 16"+ 4n"� 2n+4"+ 2n+3n"

+20j"+ 4jn"� 2n+4j"+ 2n+4jn")W0:

The proof is �nished: �
(b): We can derive the following using the formulas in Proposition 19.

nX
k=0

cW2k =
nX
k=0

W2k + j
nX
k=0

W2k+1 + "
nX
k=0

W2k+2 + j"
nX
k=0

W2k+3:

nX
k=0

cW2k =
1

9
W0(36n� 22n+2(2n� 1) + 22n+4(2n� 3) + 53)�

1

18
W1(72n� 22n+2(6n� 2)

+22n+4(6n� 8) + 120) + 1

18
W2(18n+ 2

2n+4(2n� 2)� 2� 22n+2n+ 32)

+j(
1

18
W2(18n� 22n+3(2n+ 1) + 22n+5(2n� 1) + 40)�

1

18
W1(72n� 22n+3(6n+ 1)

+22n+5(6n� 5) + 150) + 1
9
W0(36n+ 2

2n+5(2n� 2)� 2� 22n+3n+ 64))

+"(
1

9
W0(36n� 22n+4(2n+ 1) + 22n+6(2n� 1) + 80)�

1

18
W1(72n� 22n+4(6n+ 4)

+22n+6(6n� 2) + 192) + 1

18
W2(18n� 22n+4(2n+ 2) + 2� 22n+6n+ 50))

+j"(
1

18
W2

�
(18n� 22n+5(2n+ 3) + 22n+7(2n+ 1) + 58

�
� 1

18
W1(72n+ 2

2n+7(6n+ 1)

�22n+5(6n+ 7) + 240) + 1
9
W0(36n� 22n+5(2n+ 2) + 2� 22n+7n+ 100)):
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nX
k=0

cW2k = (
16

9
+ n� 1

9
22n+4 +

1

3
22n+2n+

20

9
j + jn� 5

9
22n+2j +

1

3
22n+3jn+

25

9
"+ n"� 1

9
22n+4"

+
1

3
22n+4n"+

29

9
j"+

1

9
22n+4j"+ jn"+

32

3
22njn")W2

+(�20
3
� 4n+ 5

3
22n+2 � 22n+2n� 25

3
j +

7

3
22n+2j � 4jn� 22n+3jn� 32

3
"+

1

3
22n+5"

�4n"� 22n+4n"� 40
3
j"+

1

3
22n+4j"� 4jn"� 22n+5jn")W1

+(
53

9
� 11
9
22n+2 + 4n+

1

3
22n+3n+

64

9
j � 1

9
22n+6j + 4jn+

1

3
22n+4jn+

80

9
"� 5

9
22n+4"

+4n"+
1

3
22n+5n"+

100

9
j"� 1

9
22n+6j"+ 4jn"+

1

3
22n+6jn")W0:

The proof is completed. �
(c): We can derive the following using the formulas in Proposition 21.

nX
k=0

cW2k+1 =
nX
k=0

W2k+1 + j
nX
k=0

W2k+2 + "
nX
k=0

W2k+3 + j"
nX
k=0

W2k+4:

nX
k=0

cW2k+1 =
1

18
W2(18n� 22n+3(2n+ 1) + 22n+5(2n� 1) + 40)�

1

18
W1(72n� 22n+3(6n+ 1)

+22n+5(6n� 5) + 150) + 1
9
W0(36n+ 2

2n+5(2n� 2)� 2� 22n+3n+ 64)

+j(
1

9
W0(36n� 22n+4(2n+ 1) + 22n+6(2n� 1) + 80)�

1

18
W1(72n� 22n+4(6n+ 4)

+22n+6(6n� 2) + 192) + 1

18
W2(18n� 22n+4(2n+ 2) + 2� 22n+6n+ 50))

+"(
1

18
W2

�
(18n� 22n+5(2n+ 3) + 22n+7(2n+ 1) + 58

�
� 1

18
W1(72n+ 2

2n+7(6n+ 1)

�22n+5(6n+ 7) + 240) + 1
9
W0(36n� 22n+5(2n+ 2) + 2� 22n+7n+ 100))

+j"(
1

18
W2(18n� 22n+6(2n+ 4) + 22n+8(2n+ 2) + 50) +

1

9
W0(36n� 22n+6(2n+ 3)

+22n+8(2n+ 1) + 116)� 1

18
W1(72n+ 2

2n+8(6n+ 4)� 22n+6(6n+ 10) + 264)):

nX
k=0

cW2k+1 = (
20

9
� 5
9
22n+2 + n+

1

3
22n+3n+

25

9
j � 1

9
22n+4j + jn+

1

3
22n+4jn+

29

9
"+ n"+

1

9
22n+4"

+
1

3
22n+5n"+

25

9
j"+

1

9
22n+7j"+ jn"+

1

3
22n+6jn")W2

+(�25
3
+
7

3
22n+2 � 4n� 22n+3n+ 1

3
22n+5j � 32

3
j � 4jn� 22n+4jn� 40

3
"+

1

3
22n+4"

�4n"� 22n+5n"� 4jn"� 44
3
j"� 1

3
22n+6j"� 22n+6jn")W1

+(
64

9
� 1
9
22n+6 + 4n+

1

3
22n+4n+

80

9
j � 5

9
22n+4j + 4jn+

1

3
22n+5jn+

100

9
"� 1

9
22n+6"

+4n"+
1

3
22n+6n"+

116

9
j"+

1

9
22n+6j"+ 4jn"+

1

3
22n+7jn")W0:

The proof is �nished. �
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As a �rst special case of the above theorem, we have the following summation formulas for dual hyperbolic

Woodall numbers:

Corollary 23. For n � 0; dual hyperbolic modi�ed Woodall numbers have the following properties:

(a):
Pn

k=0
bGk = 4 + n + 2n+1n � 2n+2 + j(5 � 5 � 2n+2 + n + 2n+4 + 2n+2n) + "(5 + n + 2n+3n) +

j"(1 + 2n+4 + n+ 2n+4n):

(b):
Pn

k=0
bG2k = 20

9 +n+
2
32
2n+2n+ 5

32
2n+2� 5

92
2n+4+ j( 259 �

4
92
2n+2+n+ 2

32
2n+3n) + "( 299 +n�

5
92
2n+4 + 1

32
2n+5 + 2

32
2n+4n) + j"( 259 + n+

8
92
2n+4 + 160

3 2
2nn� 22n+5n):

(c):
Pn

k=0
bG2k+1 = 25

9 + n+
2
32
2n+3n� 4

92
2n+2 + j( 299 �

5
92
2n+4 + 1

32
2n+5 + n+ 2

32
2n+4n) + "( 259 +

n+ 8
92
2n+4 + 2

32
2n+5n) + j"(� 7

9 + n�
1
32
2n+6 + 5

92
2n+7 + 2

32
2n+6n):

As a second special case of the above theorem, we have the following summation formulas for dual

hyperbolic modi�ed Cullen numbers:

Corollary 24. For n � 0; dual hyperbolic modi�ed Cullen numbers have the following properties:

(a):
Pn

k=0
bHk = �1 + n � 6 � 2nn � 3 � 2n+3 + 3 � 2n+1n + 28 � 2n + j(�3 � 18 � 2n+2 + 5 �

2n+4 + n � 6 � 2n+1n + 3 � 2n+2n) + "(�7 + 16 � 2n+2 � 3 � 2n+4 + n � 6 � 2n+2n + 3 � 2n+3

n) + j"(�15 + 2� 2n+4 + n� 6� 2n+3n+ 3� 2n+4n):

(b):
Pn

k=0
bH2k = 1

3+n�2
2n+3n+22n+3n+ 14

3 2
2n+2�22n+4+j(� 1

3+
20
3 2

2n+2� 1
32
2n+6+n�22n+4n+

22n+4n)+ "(� 5
3 +n�

8
32
2n+4+ 5

32
2n+5� 22n+5n+22n+5n)+ j"(� 13

3 +n+
8
32
2n+4� 1

32
2n+6+96�

22nn� 5� 22n+5n+ 22n+6n):

(c):
Pn

k=0
bH2k+1 = � 1

3 + n � 2 � 2
2n+3n + 22n+4n + 20

3 2
2n+2 � 1

32
2n+6 + j(� 5

3 �
8
32
2n+4 + 5

32
2n+5

+n�22n+5n+22n+5n)+"(� 13
3 +n+

8
32
2n+4� 1

32
2n+6�22n+6n+22n+6n)+j"(� 29

3 +n�
4
32
2n+6+

22n+7 � 22n+7n+ 22n+7n):

As a third special case of the above theorem, we have the following summation formulas for dual hyper-

bolic Woodall numbers:

Corollary 25. For n � 0; dual hyperbolic Woodall numbers have the following properties:

(a):
Pn

k=0
bRk = 1�n+4�2nn+2n+3�2n+1n�10�2n+ j(1�2n+4+2n+4�n+2n+3n�2n+2n)+

"(�1� 2n+3 + 2n+4 � n+ 2n+4n� 2n+3n) + j"(�9 + 2n+5 � n+ 2n+5n� 2n+4n):

(b):
Pn

k=0
bR2k = � 1

9 � n +
4
32
2n+2n � 1

32
2n+3n + 26

9 2
2n+2 � 7

92
2n+4 + j( 19 � n �

14
9 2

2n+2 + 1
92
2n+6

+ 4
32
2n+3n� 1

32
2n+4n)+"(� 1

9�n�
2
92
2n+4+ 1

32
2n+5+ 4

32
2n+4n� 1

32
2n+5n)+j"(� 17

9 �n+
10
9 2

2n+4+

1
92
2n+6 + 224

3 2
2nn� 22n+5n� 1

32
2n+6n):

(c):
Pn

k=0
bR2k+1 = 1

9�n+
4
32
2n+3n� 1

32
2n+4n� 14

9 2
2n+2+ 1

92
2n+6+j(� 1

9+
1
32
2n+5� 2

92
2n+4�n+ 4

32
2n+4

n � 1
32
2n+5n) + "(� 17

9 � n +
10
9 2

2n+4 + 1
92
2n+6 + 4

32
2n+5n � 1

32
2n+6n) + j"(� 73

9 � n �
4
92
2n+6 +

7
92
2n+7 + 4

32
2n+6n� 1

32
2n+7n):
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As a fourth special case of the above theorem, we have the following summation formulas for dual

hyperbolic Cullen numbers:

Corollary 26. For n � 0; dual hyperbolic Cullen numbers have the following properties.

(a):
Pn

k=0
bCk = 3+n�2n+3+2n+1n+6�2n+j(3+n+2n+2n)+"(1+2n+3+n+2n+3n)+j"(�7+2n+5

+ n+ 2n+4n):

(b):
Pn

k=0
bC2k = 17

9 + n+
1
32
2n+3n� 2

92
2n+2+ j( 199 + n+

1
92
2n+3+ 1

32
2n+4n) + "( 179 + n+

4
92
2n+4+

1
32
2n+5n) + j"( 19 + n+

7
92
2n+5 + 1

32
2n+6n):

(c):
Pn

k=0
bC2k+1 = 19

9 +n+
1
32
2n+4n+ 1

92
2n+3+ j( 179 +

4
92
2n+4+n+ 1

32
2n+5n)+ "( 19 +n+

7
92
2n+5+

1
32
2n+6n) + j"(� 55

9 + n+
5
92
2n+7 + 1

32
2n+7n):

We next introduce the formulas which give the summation of the dual hyperbolic generalized Woodall

numbers with negative subscripts in the following theorem.

Theorem 27. For n � 0; dual hyperbolic generalized Woodall numbers have the following formulas:

(a):
Pn

k=0
cW�k = (�2+ 2

2n�3j+n�3"+
3
2n j+

1
2�2nn+jn+

4
2n "+j"+n"+

1
2n jn+

4
2n j"+

2
2nn"+jn"+

4
2n jn")W2 + (7� 7

2n + 12j � 4n+ 16"�
11
2n j �

3
2�2nn� 4jn�

16
2n "+ 12j"� 4n"�

3
2n jn�

20
2n j"�

6
2nn"� 4jn"�

12
2n jn")W1+(�4+ 5

2n � 8j+4n� 12"+
8
2n j+

1
2nn+4jn+

12
2n "� 12j"+4n"+

2
2n jn

+ 16
2n j"+

4
2nn"+ 4jn"+

8
2n jn")W0:

(b):
Pn

k=0
cW�2k = (� 7

9+
7

9�22n �
11
9 j+n�

7
9"+

11
9�22n j+

1
3�22nn+jn+

16
9�22n "+

25
9 j"+n"+

2
3�22n jn+

20
9�22n j"+

4
3�22nn"+jn"+

8
3�22n jn")W2+(

8
3�

8
3�22n +

16
3 j�4n+

20
3 "�

13
3�22n j�

1
22nn�4jn�

20
3�22n

"+ 4
3j"� 4n"�

2
22n jn�

28
3�22n j"�

4
22nn"� 4jn"�

8
22n jn")W1 + (� 8

9 +
17

9�22n �
28
9 j + 4n�

44
9 "+

28
9�22n j+

2
3�22nn+4jn+

44
9�22n "�

28
9 j"+4n"+

4
3�22n jn+

64
9�22n j"+

8
3�22nn"+4jn"+

16
3�22n jn")W0:

(c):
Pn

k=0
cW�2k+1 = (� 11

9 +
11

9�22n�
7
9j+n+

25
9 "+

16
9�22n j+

2
3�22nn+jn+

20
9�22n "+

137
9 j"+n"+

4
3�22n jn+

16
9�22n j"+

8
3�22nn"+ jn"+

16
3�22n jn")W2 + (

16
3 �

13
3�22n +

20
3 j � 4n+

4
3"�

20
3�22n j �

2
22nn� 4jn�

28
3�22n "�

76
3 j"�4n"�

4
22n jn�

32
3�22n j"�

8
22nn"�4jn"�

16
22n jn")W1+(� 28

9 +
28

9�22n �
44
9 j+4n�

28
9 "+

44
9�22n j+

4
3�22nn+4jn+

64
9�22n "+

100
9 j"+4n"+

8
3�22n jn+

80
9�22n j"+

16
3�22nn"+4jn"+

32
3�22n jn")W0:

Proof. Proof can be obtained by using Proposition 20.

(a): We can derive the following using the formulas in Proposition 20.

nX
k=0

cW�k =
nX
k=0

W�k + j
nX
k=0

W�k+1 + "
nX
k=0

W�k+2 + j"
nX
k=0

W�k+3:
nX
k=0

cW�k:
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nX
k=0

cW�k = 4W0(n+
1

2n+1
(n+ 4)� 1

2n+2
(n+ 3)� 1) + 2W1(

1

2n+2
(3n+ 8)� 2n� 1

2n+1
(3n+ 11) +

7

2
)

+2W2(
1

2
n+

1

2n+1
(n+ 3)� 1

2n+2
(n+ 2)� 1)

+j(2W2(
1

2
n+

1

2n
(n+ 2)� 1

2n+1
(n+ 1)� 3

2
) + 4W0(n+

1

2n
(n+ 3)� 1

2n+1
(n+ 2)� 2)

+2W1(
1

2n+1
(3n+ 5)� 2n� 1

2n
(3n+ 8) + 6))

+"(2W2(
1

2
n+ 21�n(n+ 1)� 1

2n
n� 3

2
) + 4W0(n�

1

2n
(n+ 1) + 21�n(n+ 2)� 3)

�2W1(2n+ 2
1�n(3n+ 5)� 1

2n
(3n+ 2)� 8))

+j"(2W2(
1

2
n+ 22�nn� 21�n(n� 1) + 1

2
) + 2W1(2

1�n(3n� 1)� 2n� 22�n(3n+ 2) + 6)

+4W0(n� 21�nn+ 22�n(n+ 1)� 3)):

nX
k=0

cW�k = (�2 + 2

2n
� 3j + n� 3"+ 3

2n
j +

1

2� 2nn+ jn+
4

2n
"+ j"+ n"+

1

2n
jn+

4

2n
j"+

2

2n
n"

+jn"+
4

2n
jn")W2

+(7� 7

2n
+ 12j � 4n+ 16"� 11

2n
j � 3

2� 2nn� 4jn�
16

2n
"+ 12j"� 4n"� 3

2n
jn� 20

2n
j"

� 6

2n
n"� 4jn"� 12

2n
jn")W1

+(�4 + 5

2n
� 8j + 4n� 12"+ 8

2n
j +

1

2n
n+ 4jn+

12

2n
"� 12j"+ 4n"+ 2

2n
jn+

16

2n
j"

+
4

2n
n"+ 4jn"+

8

2n
jn")W0:

This proves (a). We can be prove (b) and (c) similarly way using Proposition 21. �

As a �rst special case of the above theorem, we have the following summation formulas for dual hyperbolic

modi�ed Woodall numbers:

Corollary 28. For n � 0; dual hyperbolic modi�ed Woodall numbers have the following properties:

(a):
Pn

k=0
bG�k = �3 + n+ n+3

2n + j(�3 + n+ 2n+4
2n ) + "(1 + n+ 4+4n

2n ) + j"(17 + n+ 8
2nn):

(b):
Pn

k=0
bG�2k = � 11

9 +n+
11+6n
9�22n + j(�

7
9 +n+

16+12n
9�22n )+"(

25
9 +n+

20+24n
9�22n )+ j"(

137
9 +n+

16+48n
9�22n ):

(c):
Pn

k=0
bG�2k+1 = � 7

9 + n +
16+12n
9�22n + j( 259 + n +

20+24n
9�22n ) + "(

137
9 + 16+48n

9�22n + n) + j"( 4579 + n

+ �16+96n
9�22n ):

As a second special case of the above theorem, we have the following summation formulas for dual

hyperbolic modi�ed Cullen numbers:

Corollary 29. For n � 0; dual hyperbolic modi�ed Cullen numbers have the following properties:

(a):
Pn

k=0
bH�k = 5 + n� 2

2n + j(9�
4
2n + n) + "(17�

8
2n + n) + j"(33�

16
2n + n):

(b):
Pn

k=0
bH�2k = 11

3 + n�
2

3�22n + j(
19
3 �

4
3�22n + n) + "(

35
3 �

8
3�22n + n) + j"(

67
3 �

16
3�22n + n):
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(c):
Pn

k=0
bH�2k+1 = 19

3 + n�
4

3�22n + j(
35
3 �

8
3�22n + n) + "(

67
3 �

16
3�22n + n) + j"(

131
3 � 32

3�22n + n):

As a third special case of the above theorem, we have the following summation formulas for dual hyper-

bolic Woodall numbers:

Corollary 30. For n � 0; dual hyperbolic Woodall numbers have the following properties:

(a):
Pn

k=0
bR�k = �3� n+ 2+n

2n + j(�1� n+ 2+2n
2n ) + "(7� n+ 4

2nn) + j"(31�
8
2n � n+

8
2nn):

(b):
Pn

k=0
bR�2k = � 17

9 �n+
8+6n
9�22n + j(�

1
9 �n+

10+12n
9�22n )+ "(

55
9 �n+

8+24n
9�22n )+ j"(

215
9 �n+

�8+48n
9�22n ):

(c):
Pn

k=0
bR�2k+1 = � 1

9�n+
10+12n
9�22n +j(

55
9 �n+

8+24n
9�22n )+"(

215
9 �n+

�8+48n
9�22n )+j"(

631
9 �n+

�64+96n
9�22n ):

As a fourth special case of the above theorem, we have the following summation formulas for dual

hyperbolic Cullen numbers:

Corollary 31. For n � 0; dual hyperbolic Cullen numbers have the following properties:

(a):
Pn

k=0
bC�k = �1 + n+ 2+n

2n + j(1 + 2+2n
2n + n) + "(9 + n+ 4

2nn) + j"(33 + n+
�8+8n
2n ):

(b):
Pn

k=0
bC�2k = 1

9 + n+
8+6n
9�22n + j(

17
9 +

10+12n
9�22n + n) + "( 739 +

8+24n
9�22n + n) + j"(

233
9 � 8�48n

9�22n + n):

(c):
Pn

k=0
bC�2k+1 = 17

9 +n+
10+12n
9�22n + j(

73
9 +

8+24n
9�22n +n)+ "(

233
9 �

8�48n
9�22n +n)+ j"(

649
9 �

64�96n
9�22n +n):

5. Matrices related with Dual Hyperbolic Generalized Woodall Numbers

In this section, we give matrices related with dual hyperbolic generalized Woodall numbers.

Now, we recall fGng de�ned by the third-order recurrence relation as follows

Gn = 5Gn�1 � 8Gn�2 + 4Gn�3 with the initial conditions G0 = 0; G1 = 1; G2 = 5:

We present the square matrix A of order 3 as

A =

0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
such that detA = 1. Then, we give the following Lemma.

Lemma 32. For all integers n the following identity is true.0BBB@
cWn+2cWn+1cWn

1CCCA =

0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
n0BBB@

cW2cW1cW0

1CCCA :
Proof. First, we suppose that n � 0. Lemma (32) can be given by mathematical induction on n: If n = 0

we get 0BBB@
cW2cW1cW0

1CCCA =

0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
00BBB@

cW2cW1cW0

1CCCA
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which is true. We assume that the identity given holds for n = k: Thus the following identity is true.

0BBB@
cWk+2cWk+1cWk

1CCCA =

0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
k0BBB@

cW2cW1cW0

1CCCA
For n = k + 1; we get

0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
k+10BBB@

cW2cW1cW0

1CCCA =

0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
k0BBB@

cW2cW1cW0

1CCCA

=

0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
0BBB@
cWk+2cWk+1cWk

1CCCA

=

0BBB@
5cWk+2 � 8cWk+1 + 4cWkcWk+2cWk+1

1CCCA

=

0BBB@
cWk+3cWk+2cWk+1

1CCCA :
If we suppose that n < 0 the proof can be done similarly. Consequently, by mathematical induction on n;

the proof is completed. �
Note that

An =

0BBB@
Gn+1 �8Gn + 4Gn�1 4Gn

Gn �8Gn�1 + 4Gn�2 4Gn�1

Gn�1 �8Gn�2 + 4Gn�3 4Gn�2

1CCCA
For the proof see [30].

Theorem 33. If we de�ne the matrices NcW and EcW as follow.

NcW =

0BBB@
cW2

cW1
cW0cW1

cW0
cW�1cW0

cW�1 cW�2

1CCCA ; EcW =

0BBB@
cWn+2

cWn+1
cWncWn+1

cWn
cWn�1cWn

cWn�1 cWn�2

1CCCA :
then the following identity is true:

AnNcW = EcW :
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Proof. We can use the following identities for the proof.

AnNcW =

0BBB@
Gn+1 �8Gn + 4Gn�1 4Gn

Gn �8Gn�1 + 4Gn�2 4Gn�1

Gn�1 �8Gn�2 + 4Gn�3 4Gn�2

1CCCA
0BBB@
cW2

cW1
cW0cW1

cW0
cW�1cW0

cW�1 cW�2

1CCCA ;

=

0BBB@
b11 b12 b13

b21 b22 b23

b31 b32 b33

1CCCA
where

b11 = cW2Gn+1 +cW1 (�8Gn + 4Gn�1) +cW04Gn;

b12 = cW1Gn+1 +cW0 (�8Gn + 4Gn�1) +cW�14Gn;

b13 = cW0Gn+1 +cW�1 (�8Gn + 4Gn�1) +cW�24Gn;

b21 = cW2Gn +cW1 (�8Gn + 4Gn�1) +cW04Gn�1;

b22 = cW1Gn +cW0 (�8Gn + 4Gn�1) +cW�14Gn�1;

b23 = cW0Gn +cW�1 (�8Gn + 4Gn�1) +cW�24Gn�1;

b31 = cW2Gn�1 +cW1 (�8Gn + 4Gn�1) +cW04Gn�2;

b32 = cW1Gn�1 +cW0 (�8Gn + 4Gn�1) +cW�14Gn�2;

b33 = cW0Gn�1 +cW�1 (�8Gn + 4Gn�1) +cW�24Gn�2;

Using the Theorem (17) the proof is done. �
From Theorem (33), we can write the following corollary.

Corollary 34. We have the following identity.

(a): If we de�ne N bG and E bG as follows.

N bG =
0BBB@

bG2 bG1 bG0bG1 bG0 bG�1bG0 bG�1 bG�2

1CCCA ; E bG =
0BBB@

bGn+2 bGn+1 bGnbGn+1 bGn bGn�1bGn bGn�1 bGn�2

1CCCA ;
then we get

AnN bG = E bG:
(b): If we de�ne N bH and E bH as follows.

N bH =
0BBB@

bH2 bH1 bH0bH1 bH0 bH�1bH0 bH�1 bH�2

1CCCA ; E bH =
0BBB@

bHn+2 bHn+1 bHnbHn+1 bHn bHn�1bHn bHn�1 bHn�2

1CCCA ;
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then we get

AnN bH = E bH :
(c): If we de�ne N bR and E bR as follows.

N bR =
0BBB@

bR2 bR1 bR0bR1 bR0 bR�1bR0 bR�1 bR�2

1CCCA ; E bR =
0BBB@

bRn+2 bRn+1 bRnbRn+1 bRn bRn�1bRn bRn�1 bRn�2

1CCCA :
then we get

AnN bR = E bR:
(d): If we de�ne N bC and E bC as follows.

N bC =
0BBB@

bC2 bC1 bC0bC1 bC0 bC�1bC0 bC�1 bC�2

1CCCA ; E bC =
0BBB@

bCn+2 bCn+1 bCnbCn+1 bCn bCn�1bCn bCn�1 bCn�2

1CCCA ;
then we get

AnN bC = E bC :
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[1] Akar, M., Yüce, S., Şahin, Ş., On the Dual Hyperbolic Numbers and the Complex Hyperbolic Numbers, Journal of

Computer Science & Computational Mathematics, 8(1), 1-6, 2018.

[2] Baez, J., The octonions, Bull. Amer. Math. Soc. 39(2), 145-205, 2002.

[3] P. Berrizbeitia, J. G. Fernandes, M. J. González, F. Luca, V. J. M. Huguet, On Cullen numbers which are Both Riesel and
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