Enhancing Agricultural Commaodity Forecasting: A Median-Based
Combination of Time Series Models

Abstract

This study explores the efficacy of combining forecasts using the median operator to enhance
forecasting performance. The traditional approach of assigning equal weights to individual
models often struggles with extreme forecasts. A new methodSimple Combination of
Univariate Models (SCUM) is utilized, which uses the median operator to combine forecasts
from four distinct time series models: Exponential Smoothing (ETS), Auto Regressive
Integrated Moving Average (ARIMA), Dynamically Optimised Theta Model (DOTM), and
Complex Exponential Smoothing (CES). This approach aims to.mitigate the influence of
extreme forecasts and improve overall accuracy.

Our empirical analysis investigates the use of the SCUM approach for the agricultural
commodity data.Yearly production of Rice is used, sourced from the Ministry of Agriculture
& Farmers Welfare, Government of India. The forecasting performance of the SCUM
approach is compared against individual models and a mean-based combined forecast using
key performance metrics such as Mean Absolute Percentage Error (MAPE), Root Mean
Squared Error (RMSE), and Relative Efficiency.The results demonstrate that the SCUM
model outperforms all other models in terms of the considered performance measures,
establishing it as a robust and effective method for time series forecasting. This research
underscores the potential of median-based forecast combinations in achieving superior
predictive accuracy and reliability.
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1. Introduction

Quantitative data collected over successive time intervals constitute time series data.
Examples include monthly, quarterly, or yearly records of consumption and production of
various commaodities. Time series analysis helps in understanding the underlying forces that
drive trends and in forecasting by fitting appropriate models. This type of analysis is
instrumental in numerous fields, such as planning new economic schemes and improving
agriculture, health, and other sectors. Although various models have been developed for

forecasting, they often suffer from model specification errors, leading to additional



forecasting errors and complicating the model selection process for forecasters. This issue
can be mitigated by combining multiple candidate models, a method known as combined

forecasting.

The initial efforts in combined forecasting employed general analytical models (Reid, 1968;
Bates and Granger, 1969), which expanded the theoretical foundation for this approach. Early
combined forecasts included Bayesian combinations (Dickinson, 1973), minimum variance
models (Bunn, 1975), and approaches that consider the appropriateness of" different
probabilities for combining forecasts (French, 1980; Bunn, 1981). These combined forecasts
can outperform the best single component forecast (Bates and Granger, 1969). Combination
weights can be equally distributed or proportionally adjusted based on past model errors, with
numerous sophisticated combination schemes proposed in the literature. For instance,

Granger and Ramanathan (1984) suggested the use of unconstrained and negative weights.

Hibon and Evgeniou (2005) explored the trade-offs between combining forecasts and the risk
of incorrect model selection, concluding that combining forecasts can help avoid significant
errors from incorrect model selection. The arithmetic mean combination is susceptible to
extreme values; thus, trimmed means are used-to reduce extreme errors (Jose and Winkler,
2008). Attention has also been directed towards alternative strategies, such as using the
median and mode, as well as trimmed and winsorized means (Genre et al., 2013; Jose et al.,
2014; Grushka-Cockayne et al., 2017), due to their robustness and lower sensitivity to

extreme forecasts compared to simple averages (Lichtendahl and Winkler, 2020).

Kourentzes et al..(2014) conducted empirical comparisons of mean, mode, and median
combination operators using kernel density estimation. Their findings indicated that these
operators handle extreme values differently, with the mean being the most sensitive and the
mode the least. These results have led to calls for further research into the use of mode and
median operators, which have been underexplored in the literature. Even in the big data era,
where sophisticated combination methods and machine learning algorithms are prevalent,
simple combinations remain relevant. An example is the M-competition, the first forecasting
competition organized by Spyros Makridakis and Michele Hibon, which involved 1001 time
series (Hyndman, 2020). The recent M4 competition (Makridakis et al., 2020) showed that
simple combinations still achieve competitive forecasting performance. Specifically, a simple

equal-weight combination ranked third for yearly time series (Shaub, 2019), and a median



combination of four basic forecasting models placed sixth for point forecasting (Petropoulos
and Svetunkov, 2020).

2. Methodology
2.1. Exponential Smoothing (ETS) Model

Exponential smoothing involves forecasting by assigning exponentially decreasing weights to
past observations, making recent data more influential in the forecast. Various‘methods of
exponential smoothing have evolved since its inception. These include Simple Exponential
Smoothing (Brown, 1957), Holt’s Exponential Smoothing for trend analysis.(Holt; 1975), and
Holt-Winter’s Exponential Smoothing for capturing both trend and-seasonality (Holt, 1957;
Winters, 1960)

2.1.1. Simple Exponential Smoothing (Brown, 1959)

Simple Exponential Smoothing is applied to time series data that lacks any trend or seasonal
pattern. It can be represented as follows:

Forecast equation: ¢, ¢ = I

Smoothing equation: [, = ay, + (1 — a)l,_,

where « is the smoothing parameter,0 < a <1
2.1.2. Holt’s Exponential Smoothing for trend (Holt, 1957)

Holt’s Exponential Smoothing is utilized for time series data exhibiting a linear trend without
seasonal effects. This method is characterized by a forecast equation along with two
smoothing equations (one for level and one for trend):

Forecast equation:y,, | =1, + b,

Level equation:l;, = ay, + (1 — a)(l;—1 + bs—1)

Trend equation: b, = B( L — l_1) + (1= B)b;_y
where « is the smoothing parameter, 0 < a < 1; f is the trend parameter, 0 < f < 1.

2.1.3. Holt-Winter’s Exponential Smoothing for trend and seasonality (Holt, 1957;
Winters 1960)



Holt (1957) and Winters (1960) enhanced Holt’s exponential smoothing method to account
for seasonal patterns in time series data. The Holt-Winters Exponential Smoothing method is
defined by the following forecast equation along with three additional equations (level, trend,
and seasonal equations):

Forecast equation:y,, | =1, + b, + S(t-m+ )

Level equation:l; = a(y; — S¢—m) + (1 — @)(lg41 + bisr)

Trend equation:b, = B(l; — l;—;) + (1 — B)b;—_4

Seasonal equation: s, = y(y; — l; — be_1) + (L — y)s;_s
where « is the smoothing parameter, O < a < 1; where g is the smoothing:parameter,
0 < B < 1; whereyis the smoothing parameter for seasonality, 0 < y <-1.mdenotes the order

or frequencyof the seasonality and *,, = [(h — 1)mod m] + 1.

Exponential smoothing methods were initially categorized by Pegels (1969). Subsequent
modifications and extensions were made by Gardner (1985), Hyndman et al. (2002), and
Taylor (2003). This classification is primarily based on the“trend and seasonality patterns
observed in the time series. The trend component can fall into one of five categories: absent
(N), additive (A), additive damped (Ad), multiplicative (M), or multiplicative damped (Md).
Similarly, the seasonal component can be categorized as absent (N), additive (A), or
multiplicative (M). Altogether, these elassifications result in fifteen distinct exponential
smoothing methods documented in.the literature.

Table 1 Types of exponential smoothing methods

Trend Seasonal component
component N A M
N NN | NNA | NM
A AN | AA|AM
Ad Ad,N | Ad, A | Ad, M
M M,N | M,A | M,M
Md Md, N | Md, A | Md, M

Hyndman et al. (2008) presented two potential innovations for state space models, based on
the error term being either additive or multiplicative, for each of the fifteen exponential

smoothing models. This resulted in a total of thirty different ETS models. Additionally,



Hyndman (2002) developed an automatic forecasting method to accommodate these thirty
ETS models.
Table 2 Additive ETS Model

Trend Seasonal component
component N A M
N N,A, N NAA | NAM
A AAN | AAA | AAM
Ad AAd,N | AAd, A | AAd, M
M AMN | AMJA | AMM
Md AMd,N | AMd, A | AMd, M

Table 3 Multiplicative ETS Model

Trend Seasonal component
component N A M
N M,A, N MA A MAM
A M,A, N MA A | MAM
Ad M,Ad, N-{ M,Ad, A | M,Ad, M
M MM, N L“MM, A | MM, M
Md M,Md,N | M,Md, A | M,Md, M

2.2. ARIMA model (Box and Jenkins, 1976)
The Auto-Regressive Moving-Average (ARMA) model can be extended to the ARIMA
model by incorporating. differencing. The ARMA model itself is a combination of an
autoregressive model and a moving average model. Thus, the ARIMA model includes past
values and past error terms, along with the differencing level of the dataset. Differencing is
essential“to ensure the series is stationary, which is a crucial assumption in time series
modeling. The ARIMA model is denoted as ARIMA(p, d, q), where 'p' represents the order of
the autoregressive model, 'd" indicates the degree of differencing, and '’ specifies the order of
the moving average model. Therefore, an ARIMA model can be expressed as follows:
$(B)(1 — B)4Y, = 0(B)e;
where,¢(B) =1 — ¢,B — ¢,B*—...—¢,BP is the autoregressive operator of order p,
Withey, ¢, ..., Pppas the corresponding autoregressive  parameters;§(B) =1 — 6,8 —

6,B*>—...—6,B%s the moving average operator of order g, with;,6,,...,6,as the
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associated moving average parameters; and(1 — B)Zis the differencing operator of order

dproduce stationarity of the d* differenced data.In this ae model equation, B is used as a

backshift operator on Y, and is defined as Bi(Y;) = Y,_;.

Analyzing time series data with an ARIMA (p, d, gq) model involves the following steps:

Observe the Dataset and Ensure Stationarity: Begin by examining the internal
components of the time series data, such as trend, seasonality, and cycles. The dataset
should be checked for stationarity. If the data is non-stationary, use the differencing
method to make it stationary. Typically, first differencing is sufficient, but in some
cases, second differencing may be necessary to achieve stationarity.

Identification: Identify the order of the model parameters p;. d, and g. The
differencing level d is straightforward, as it corresponds to the number of differences
applied to achieve stationarity. Use the autocorrelation function (ACF) and partial
autocorrelation function (PACF) to determine the order of the autoregressive (AR)
and moving average (MA) components. If the ACF exponentially declines to zero, the
significant lags in the PACF indicate the AR parameters. Conversely, if the PACF
exponentially declines to zero, the significant. lags in the ACF indicate the MA
parameters.

Estimation: Precisely estimate the~model parameters using the method of least
squares.

Diagnostic Checking: Select the best-fitting ARIMA model using various model
selection criteria, such as Akaike Information Criterion (AIC), Bayesian Information
Criterion (BIC), or Schwarz-Bayesian Information Criterion (SBC). The model with
the lowest value of these statistics is considered the best fit. Additionally, perform
diagnostic checks on the residuals of the model using the Ljung-Box test:

h
Q*=n(n+2) ) (n—k)r?
; :

whereh is'the' maximum lag being considered and n is the number of observations in
the series.

Forecasting: Conduct short-term forecasting, typically up to 12 points ahead.

2.3. Complex Exponential Smoothing (Svetunkov and Kourentzes, 2015)

In Complex Exponential Smoothing, two key characteristics are proposed instead of

decomposing the time series: i) the observed value of the series; and ii) information potential,

a non-observable component that influences the observed values and contains additional

useful information about the series. This information potential enhances model flexibility,

enabling the capture of a wider range of behaviors, eliminating the need for an arbitrary
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distinction between level and trend, and resulting in increased forecasting accuracy. Complex

Exponential Smoothing can be represented as follows:
Vee1 + iPeyr = (o + ia))(ye +ip) + (L —ao + 1 —iay)(Je + ipy)

where, y,is the forecast of the actual series
P. is the estimate of the information potential

ay + ia, is complex smoothing parameter

Representing the complex-valued function as a system of two real-valued functions as:
Ver1 = (aye + (1 — ap)Pe) — (ype + (1 = aq)py)
Pesr = (¥ + (1 — a)P;) — (aop: + (L= ag)py)
The state-space model of CES used to further explore its properties given by:
Ve = le-1 + &
L=l — (L —ay)ceq + (ag — ay)e

e = L1+ (L —ag)ce—1 + (ap + 1) &

where, [, is the level component
c; is the information component on ebservation ¢
£~N(0,0?).

2.4.1. Theta method (Assimakopouloset al., 2000)

The Theta model is‘based on the concept of adjusting the local curvatures of the time series
as follows:
V%Z,(0) = OV?Y,

where Y3, .. ., Yy is the original time series (non-seasonal or deseasonalised), and V is the
difference operator. The initial values of Z; and Z, are obtained by minimising Y>7_[Y; —

Z:(0)]?. An analytical solution to compute Z(0) (Hyndman et al., 2003) is given by
Z.(0)=0Y,+ (1L —-0)(A, +B,t)t=1,...,n

where A, and B, are the minimum square coefficients of a simple linear regression over Yy, .

.., Ypagainstl, ..., n, given by



B = Z ——ZYt)

t=

2.4.2. DOTM (Fiorucci et al., 2016)

For A; and B; as fixed coefficients for all t.these coefficients as dynamic functions. This
means that for updating the state t to t +1 , only consider the prior informatien Y7, . .,

Ywused when computing A; and By. Therefore, state space framework for DOTM is given by:

Ve = U T &
. (1L )t
HUe—1 = L 1+<1——>{(1—0()At [f]Bt}

L=a¥,+(1—-a)l

- t+1

—[(t=2)B,_, + g (Ye=Yio1)

B. = t+1

— 1 —
Yy = r [(t = 1)Yeoq + Y]
where, u, is the mean component
L, is the level component

A, and B.are‘dynamic square coefficient
&~N(0;c2).

The forecast equation at h = 1 is given by

?t+1|t =1+ (1 - 1) {(1 —a)tA + [#—G)t“] Bt}

2.5. Simple Combination of Univariate Models (SCUM)(Petropoulos and Svetunkov,
2020)

This approach utilizes the median to combine forecasts, as illustrated in Figure 1. Models that

produce the most extreme forecasts are discarded, and the median of the point forecasts from



the four models is taken as the final combined forecast. If the pool of models is small, the
difference between the final forecast and those obtained from individual models is minimal.
This method reduces the influence of models that perform poorly for certain time series. For
example, if the ARIMA model produces a forecast with a downward trend while other
models predict an upward trend, the final forecast derived from the median will reflect an

upward trend.

ets(y) " Fers

auto.arima(y) —— Varima

<

median y

auto.ces(y) | Ycrs

dotm(y) " Fporm

Figure 1 Flowchart of SCUM model

3. Results and Discussion

3.1. Data Description
To illustrate the discussed models, the annual production data of rice, an agricultural
commodity produced in _India, was analyzed. The data was sourced from the Ministry of
Agriculture & Farmers Welfare, Government of India. The dataset comprises 58 data points,
covering the years 1961-62 to 2018-2019.

Table 4 Summary statistics of the datasets

Statistics Value
Minimum(in Lakh Tonnes) 304.40
Maximum(in Lakh Tonnes) 1164.20
Mean(in Lakh Tonnes) 693.80
Median(in Lakh Tonnes) 723.40
Standard Deviation(in Lakh Tonnes) 253.94
Coefficient Of Variation 0.36
Kurtosis -1.34
Skewness 0.10




Table 4 provides the summary statistics of the dataset. The summary statistics reveal that the
annual production of rice in India has a minimum value of 304.40 lakh tonnes and a
maximum value of 1164.20 lakh tonnes, with a mean of 693.80 lakh tonnes. The median
value of 723.40 lakh tonnes indicates a slight skew towards higher production values, as
supported by the positive skewness of 0.10. The dataset exhibits a moderate level of variation
with a standard deviation of 253.94 lakh tonnes and a coefficient of variation of 0.36. The

negative kurtosis value of -1.34 suggests a relatively flat distribution compared to a normal

distribution.
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Figure 2 Line Graph of the dataset
Figure 2 displays line graph of the annual rice production in India from 1961-62 to 2018-
2019. The line graph shows an overall increasing trend in rice production over the years, with
some noticeable fluctuations. This visual representation provides an essential context for
understanding. the underlying patterns and trends in the data, which will be crucial for

modeling and forecasting.

3.2. ARIMA model

First, ARIMA model is used to fit the dataset. Stationarity in the dataset is one of the
important assumptions. To determine whether the dataset is stationary, three statistical tests
were employed: the Augmented Dickey—Fuller (ADF) test, the Phillips-Perron (PP) test, and
the Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test.The null hypothesis of the ADF test and
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PP test posits that the dataset is non-stationary. The null hypothesis of the KPSS test posits

that the dataset is stationary.

Table 5 Test for stationarity

Dataset
ADF test PP test KPSS Test
Test Statistics -3.77 -50.96 0.12
p-value 0.02 0.01 0.10
Alternative Hypothesis Stationary Stationary Stationary.

From Table 5, the ADF test, PP test, and KPSS test suggest that the dataset is stationary for

the purposes of further analysis.

The best ARIMA model is selected by comparing the Akaike Information Criterion (AIC)
values of the models. The model with the lowest AIC value is.chosen. Among all the ARIMA
models, ARIMA (1, 0, 0) was selected and fitted“to the dataset. The parameter estimates of
ARIMA (1, 0, 0) are presented in Table 6.The actual and fitted values of the ARIMA (1, 0, 0)
model are shown in Figure 3. For implementation of best ARIMA model, the “auto.arima()

function available in the forecast 8.11 package was used.

Table 6.Parameters estimate of ARIMA(1,0,0) model

Parameters AR1
Estimate 0.98
Standard Error 0.02
AIC value 661.40

3.3. Exponential Smoothing (ETS) Model

The implementation of the Exponential Smoothing (ETS) model was done using the “smooth®
2.5.5 package with the “ets()” function. The model selected from this package is ETS
(A,A,N), known as Holt’s Exponential Smoothing for trend. The parameter estimates of the
ETS model are provided in Table 7, while the actual and fitted values of the ETS model are
shown in Figure 3.

Table 7 Parameters of the ETS model

11



Model: ETS (A, A, N)

a 0.24
B 0.0001
AIC value 700.87

3.4. CES Model

Implementation of Complex Exponential Smoothing (CES) Model is done by smooth 2.5.5

package by auto.ces() function. The parameters estimate of CES model are provided-in the

Table 8,while the actual and fitted values of the CES model are shown in Figure 3.

Table 8 Parameters of the CES model

Parameter Value
a 1.32
a, 1.02
AIC value 628.05

3.5. DOTM Model

Implementation of Dynamically Optimized Theta Model (DOTM) is done by forecTheta 2.2

package by dotm() function. The parameters estimate and of DOTM model are provided in

the following Table 9,while the actual and fitted values of the DOTM model are shown in

Figure 3.

Table 9 Parameters of the DOTM model

Parameter Value
ly 51.28
a 0.27
(7] 1232255.86
AIC value 632.60

3.6. Mean Combination

A mean combined forecast is obtained in which weights are given using arithmetic mean. The

Weights in the combined forecasts are equally assigned to each model. The fitted value of all
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the candidate model based on the original time series data are estimated. The fitted value of
their respective candidate model is combined by using arithmetic mean. The mean used for
combination is implemented by apply() function.The actual and fitted value of mean

combination is shown in the figure 4.

3.7. SCUM (Median Combination)

A combined forecast is obtained in which median is used to combined the forecasts. The
fitted value of all the candidate model based on the original time series data are estimated.
The fitted value of their respective candidate model is combined by using median. The
median used for combination is implemented by apply() function. After implementation if the
fitted value has value less than zero, then assigned the value to zero.The actual and fitted
value of SCUM is shown in the figure 4.
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Figure 3 Fitted Graph of Candidate Models
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Figure 4Fitted Graph of Mean combination and SCUM Models

The Table 10 lists the forecasting models used in the analysis along with the corresponding R
packages and functions utilized for their implementation:

Table 10 Forecasting models and the corresponding R functions.

Model R package Function
ARIMA | forecast8.11 | auto.arima()
ETS forecast 8.11 ets()
CES smooth 2.5.5 ces()
DOTM | forecTheta 2.2 dotm()

3.8. Performance Measures

The forecasting performance of the SCUM forecasts have been compared with their
counterparts using threeevaluation measures:

Root Mean Squared Error (RMSE):This metric measures the average magnitude of the
errors between the predicted and actual values. Lower RMSE values indicate better model

performance. RMSE is calculated by

where e, = y, — yand h is the forecast horizon

Mean Absolute Percentage Error (MAPE):MAPE measures the average absolute
percentage error between the predicted and actual values. Similar to RMSE, lower MAPE

values indicate better model performance. MAPE is calculated by
h
MAPE = %Zletllyt % 100
t=1
where e, =y, — ¥y, and h is the forecast horizon

Relative Efficiency: This metric compares the efficiency of each model relative to
SCUM, with SCUM set as the benchmark (0.00%). The lower the relative efficiency
percentage, the closer the model's performance is to that of SCUM.A positive value of
Relative Efficiency show that SCUM is better than other model. Relative Efficiency of
SCUM is calculated by
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MAPEModel - MAPESCUM
MAPEcyy

Relative Ef iciency = x 100

These performance measures provide a comprehensive assessment of the forecasting

accuracy and efficiency of the SCUM method compared to other models.

The Table 11 compares the in-sample performance of various univariate forecasting
models and combined forecast methods. The models compared include ARIMA, ETS,
CES, and DOTM, as well as two combined forecast methods: the mean combination and
the SCUM.

Table 11 Comparisons among the models (in sample)

Univariate Models Combined'Forecasts
ARIMA ETS | CES DOTM Mean SCUM
RMSE 66.92 60.68 | 55.60 53.63 52.92 51.89
MAPE 8.42 7.44 7.22 7.40 7.13 6.90
Relative
Efficiency (in 22.11 782 | 4.64 7.30 3.33 0.00
%)(SCUM)

According to Table 11, SCUM has the lowest RMSE (51.89), indicating it provides the
most accurate in-sample predictions among the models. SCUM also demonstrates the best
performance with a MAPE of 6.90, followed closely by the Mean combination (7.13) and
CES (7.22). ARIMA has the highest relative efficiency percentage (22.11%), indicating it
is the least efficient compared to SCUM, while the Mean combination method (3.33%) is
closest in performance to SCUM. Overall, the SCUM method demonstrates superior
performance in terms of both RMSE and MAPE, making it the most efficient and accurate

model-for in-sample forecasting in this comparison.

4. Conclusion

This study uses the SCUM approach, which leverages the median operator to combine

forecasts from multiple univariate time series models, specifically ETS, ARIMA, DOTM,

and CES models. The SCUM method aims to mitigate the impact of extreme forecasts,

thereby enhancing overall forecasting accuracy. The study presents several key contributions.

Firstly, it introduces median-based combination approach for time series forecasting, offering

an alternative to traditional methods that often suffer from the influence of outliers. Through
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rigorous empirical analysis using annual rice production data from India, the performance of
SCUM is benchmarked against individual models and mean-based combined forecasts. The
results demonstrate that SCUM outperforms all other models in terms of RMSE and MAPE,
indicating its robustness and effectiveness. By using the median operator, SCUM
successfully reduces the influence of extreme forecasts, which is a common drawback of
mean-based combinations. Additionally, the SCUM model shows the lowest relative
efficiency percentage, underscoring its superior performance in forecasting accuracy
compared to individual models like ARIMA, ETS, CES, and DOTM.

The findings of this study have significant implications for researchers and practitioners in
the field of time series forecasting. The introduction of SCUM provides a powerful tool for
improving forecast accuracy, particularly in scenarios where traditional models are prone to
bias from extreme values. This research highlights the potential of median-based combination
strategies, encouraging further exploration and adoption in various forecasting applications.
Moreover, the use of common R packages for implementing SCUM ensures that this method

can be readily adopted and integrated into existing-forecasting workflows.

While the SCUM method demonstrates clear advantages, several avenues for future research
are identified. Future work could test the SCUM approach across diverse datasets and
domains to validate its generalizability. and robustness. Additionally, exploring advanced
techniques to optimize the combination weights dynamically, potentially incorporating
machine learning and .deep learning algorithms, could further enhance the method.
Conducting comprehensive comparative studies with other sophisticated combination
methods would help establish the relative benefits of SCUM. Extending the analysis to long-
term forecasting horizons is also suggested to assess the stability and reliability of the SCUM

method.over.extended periods.

In“summary, ‘this research underscores the efficacy of the SCUM approach in enhancing
forecasting accuracy by effectively mitigating the impact of extreme values. The
contributions and findings pave the way for future advancements in model combination

strategies, offering valuable insights for both academic researchers and industry practitioners.
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